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Abstract

Theempiricalerrorona testset,thehold-outesti-
mate, oftenis a morereliableestimateof general-
izationerrorthantheobservederroronthetraining
set,the training estimate. K-fold crossvalidation
is usedin practicewith thehopeof beingmoreac-
curatethanthehold-outestimatewithout reducing
the numberof training examples. We argue that
the k-fold estimatedoesin fact achieve this goal.
Specifically, weshow thatfor any nontrivial learn-
ing problemandlearningalgorithmthat is insen-
sitive to exampleordering,the k-fold estimateis
strictly moreaccuratethana singlehold-outesti-
mateon 1/k of thedata,for �������	� ( ��
�� is
leave-one-out),basedonits varianceandall higher
moments. Previous boundswere termedsanity-
checkbecausethey comparedthe k-fold estimate
to the trainingestimateand,further, restrictedthe
VC dimensionandrequireda notionof hypothesis
stability [2]. In orderto avoid thesedependencies,
we considera k-fold hypothesisthat is a random-
izedcombinationor averageof the � individualhy-
potheses.

Weintroduceprogressivevalidationasanotherpos-
sible improvementon thehold-outestimate.This
estimateof thegeneralizationerroris, in many ways,
asgoodasthatof a singlehold-out,but it usesan
averageof half asmany examplesfor testing.The
procedurealsoinvolvesahold-outset,but afteran
examplehasbeentested,it is addedto thetraining
setandthelearningalgorithmis rerun.

1 INTRODUCTION
In many situations,alearningalgorithmmustsimultaneously
producea hypothesishaving low generalizationerroranda
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high-accuracy estimateof this error. We maketheusualas-
sumptionthatdatais drawn independentlyfrom somefixed
distribution,andtheerrorof a hypothesisonexamplesfrom
this distribution is calledthegeneralizationerroror true er-
ror.

Severalproceduresexist for generatingpairsof theform�
hypothesis� estimatederror� . Suchaprocedurecanbescored

in two dimensions:the true errorof its hypothesis,andthe
error discrepancy: ��� estimatederror����� trueerror��� .

The resubstitutionprocedure generatesa hypothesisby
training on all the dataandgeneratesan error estimateby
measuringthenumberof mistakesof thelearnedhypothesis
on the samedatausedfor training. Sincethe trainingerror
canbe a very optimistic estimateof the true error, quanti-
ties suchasthe VC dimensionareusedto boundthe error
discrepancy.

The hold-out procedure divides the data in two parts:
the trainingset,on which the hypothesisis trained,andthe
hold-outset,on which its performanceis measured.Among
the nice propertiesthat this procedureobeys areHoeffding
boundsguaranteeing,regardlessof the learningalgorithm,
thatwith highprobabilitytheerrordiscrepancy will besmall.

Thek-foldproceduredividesthedatainto � equallysized
folds. It thenproducesahypothesisby trainingon ����� folds
andtestingon theremainingfold. This is repeatedfor each
fold, andtheobservederrorsareaveragedto form thek-fold
estimate. It is not obviouswhat hypothesisto outputalong
with this error estimate. In previous analysis[2], the final
hypothesiswasa new hypothesistrainedonall thedata.Be-
causethis hypothesiswasconstructedusingmoredatathan
thehypothesesusedfor computingtheerrorestimate,in or-
derto arguefor theaccuracy of theestimateoneneedssome
assumptionthatlimits theeffectof thisextratrainingdata.In
particular, previous work givessanity-check boundswhich
show that thek-fold estimateis almostasgoodasthetrain-
ing errorestimatein theresubstitutionprocedure,underthe
assumptionthatthelearningalgorithmhassomeform of hy-
pothesisstability.

Ourk-fold procedure,instead,outputsthek-foldhypoth-
esis, a meta-hypothesisthat,givenanexample � , randomly
choosesoneof the � generatedhypotheses� � andoutputs
thepredictionof thathypothesis,� �!�"�#� . Alternatively, if hy-
pothesesareallowedto makepredictionsin $ % �&�(' andweare
using )+* loss,this is equivalent,in termsof its trueerror, to
outputting the averagevalueof �,*&�-�.�/�&0�0&0!�!�212�-�.� whenthe
truelabelsare % �&� . We show thatthis k-fold procedurepro-



ducesa betterestimatethanthehold-outprocedurein sense
thatthat

3
theerrordiscrepancy hassmallerabsolutemoments,

andthatHoeffding boundsstill apply.1

The progressivevalidation procedure, like the hold-out
procedure,first selects4 examplesfor testing,and the re-
mainderare for training only. It generatesa sequenceof4 hypotheses,wherethe 5 th hypothesisis trainedon all of
trainingdataplus thefirst 56�7� examplesof thetestset,and
testedon the 5 th exampleof the testset. Repeatingthis for�98�5:8�4 , we countthenumberof mistakesto producean
errorestimate.Thehypothesisreturned,asabove, is a meta
hypothesiswhich randomlyselectsamongthe 4 generated
hypothesesto makeits prediction. This procedureis very
similar to methodsusedto convert online to batchlearning
algorithms[9, 7], but thekindsof guaranteeswearelooking
for aresomewhat different. In particular, we arguethat the
progressive validationproceduregivesasgoodan estimate
as the hold-outprocedurewith a hold-outof size 4 , while
trainingonmoreexamples.

2 PRELIMINARY DEFINITIONS

Let ; be the instancespaceandlet < be a fixed distribu-
tion over ; . We also assumea fixed target function =?>;@�.ACBD% �&�FE . A learningalgorithmproducesa hypothesis�G>H;I�6AJ$K% �&�(' . We allow therangeto be $K%2���!' , for con-
venience,sothatwe have a notionof averaginghypotheses.
Theerrorof this hypothesison a particularexample �MLN;
is O&P#�"�#�Q
R� �S�-�.�T�U=S�-�.����0 The true error of this hypothesis
is VO P 
XWZY\[D]^$KO P �"�#�-'_0
3 K-FOLD ANALYSIS

Imaginethat we will flip an unfair coin ten times,andwe
wantto estimatetheprobabilityof heads̀ . Thefull estima-
tor “ a`H*_bN
I� totalnumberof heads�_c2��% ” seemsbetterthan
the one-flipestimator“ a`,*d
e� if thefirst flip is a headanda` * 
f% otherwise”,but in what sense?For `g
h��c2�&%\% , the
chancethat �_a` * �g`��#i�%20K%\j is 1/100,while thechancethat�_a`H*_b\�Z`k�\i�%20K%lj is nearly10/100,namelythechancethatany
of theflips wereheads.Thus, a` *_b doesn’t completelydomi-
nate a` * underevery conceivablenotionof “better”. Instead,
whatcanbesaidis that WG$m�_a`H*_bn�o`k� pq'k��WG$r�_a`,*��s`�� pQ' , for
all tIuv� . We makea similar statementaboutthe k-fold
procedurein comparisonto a hold-outof size �Hcl� .

Saywehavea labelleddatasetof size � , and �:�7�w8���0
We divide thedatainto � equallysizedfolds. Thenwe gen-
erate � hypotheses,�,*&��0&0�0!�x� 1 , where �2� is trainedon all
the dataexcept the 5 th fold. We let VO � 
yVO P{z be the true
error of �2� , and aO/� be the measurederror frequency of � �
on the 5 th fold. As discussedin the introduction, the k-
fold hypothesis, � K , makesa predictionon an example �
by randomlychoosing��8f5^8f� andoutputting � � �-�.� or,
equivalently in termsof true error, by choosing � K �"�#�g
�"�,*{�"�#�}|~�#�\�"�#�}|������D|	� 12�"�#�_��cl�H0 In eithercase,the true
errorof thek-fold hypothesisis theaverageof thetrueerrors

1Sinceour boundscomparean estimateto the hold-out esti-
mateinsteadof thetrainingerrorestimate,they arenotsanity-check
bounds,sothey mustbe insanity-check bounds.

of its k hypotheses,

VO K 
 VOF*{�"�#�H|XVO��l�-�.��|����&��|XVO�1#�"�#�� 0
Finally, welet thek-fold errorestimatebetheaverageof the
fold estimates,aO K 
��&aOF*k|�aO��}|����&��|�aO�1��_c\�H0

Notice that the estimatedand true errorsof the � hy-
pothesesandk-fold hypothesis,aO � ��VO � �laO K ��VO K , arerandomvari-
ablesthat arefunctionsof the dataset. We would like the
errordiscrepancy �"aO K ��VO K � to besmallin absolutevalue.

We begin by showing thatmomentsof theerrordiscrep-
ancy �"aO K ��VO K � areno larger than thoseof a singlehold-out
of size �Hcl� . Notice that the error discrepancy of a single
hold-outis �-aOF*H�UVO{*l� . Thefollowing theoremtakesthetrivial
observation that the k-fold error is an unbiasedestimateof
the trueerrora stepfurther. Expectations,unlessotherwise
noted,areovercompletedatasetsdrawn i.i.d. from < .

Theorem 1 For all tvu�� , WU$m� error discrepancy��p:' is no
larger for thek-fold procedure thanfor a hold-outof a ��cl�
fractionof thedata,i.e.,Ww$��-aO K ��VO K � p 'S8GW�$r�"aO * ��VO * � p '_0
Proof. Jensen’s inequality for any convex function = and
reals� � is,

= � �H*S|G�#�k|X���&��|��2�� � 8 =S�-�H*&�H|�=S�-�.�{�H|X���&�!|G=S�-�2�.�� 0
Because� ��� p is convex for all t�u	� ,

�-aO K �XVO K � p 
 ����
aOF*}��VOF*k|X���&��|�aO�1^��VO/1� ����

p
8 �"aO * �~VO * � pU|~�����x|	�-aO 1 ��VO 1 � p� 0

Using linearity of expectationand that, for �X8�5�8�� ,W�$r�-aO * ��VO * � pq'd
vW�$r�"aO � ��VO � � pZ' the expectedvalueof the
right-handsideis Ww$��-aOF*H�NVOF*l� pq' , whereastheexpectedvalue
of the left-handsideis W�$r�"aO K �	VO K � p ' . This completesthe
proof.

Now we wish to show that the k-fold error is a better
estimate.However, it is possiblethat thehold-outerror is a
perfectestimateof thetrueerror, if, for example,thelearned
hypothesishastrueerrorequalto 0 or 1. To saysomething
meaningful,we needto assumethe learningalgorithmhas
thepropertythat ����$�aO *��
�VO * 'Si7% (all probabilitiesaretaken
over the draw of the full dataset). In addition,our proof
will needto assumethat the instancespace; is finite, and
thatthelearningalgorithmis insensitivetoexampleordering.
This insensitivity can be enforcedin our k-fold procedure
simplyby shuffling thetrainingexamplesbeforegiving them
to thelearningalgorithm,oneachof the � runs.

It is interestingto note that the k-fold estimatecan be
identicalto thesinglehold-outestimateif ��
�� or ��
�� .
In the casewhere ��
�� (leave-one-out),KearnsandRon
[8] give severalniceexamplesof poorperformance.For in-
stance,a learningalgorithmthatusestherule “if I have seen
aneven numberof positive examplesthenpredictpositive,
elsepredictnegative” will have the propertythat no matter



what the data, aO{*N
JaO&�n0&0�0�
JaO/� ; thus the leave-one-out
estimate� will be exactly the sameas a hold-out of size 1.
Furthermore,if theunderlyingdistribution has50%positive
examples,thenthe true errorswill be the sameaswell. In
the casewhere ��
e� , an exampleis as follows. Suppose
thatwe areto predictthe labelof integersdrawn uniformly
in somerange $m�l��0&0�0_�!����' , andthe truth is thatall labelsare
0. Our hypotheseshave a singleparameter̀ , predicting `
onevenintegers,and ����` onoddintegers,thushaving true
error 50% regardlessof ` . Furthermore,our “learning” al-
gorithmchooses̀ to bethe fractionof evenexamplesseen
in the input. Now, if ��
e� , we will have two hypotheses
with `H* and `.� , and aOF*�
�`,*"`.�Z|��_�:�N`H*��������N`.�/�d
 aO&� .
So the two-fold estimate,which is identical to the hold-out
estimate,is nobetteranestimateof the50%trueerror.

Theorem 2 Supposetheexamplespaceis finite, our learn-
ing algorithm is insensitiveto exampleordering, and the
hold-outestimateis not alwaysperfect,i.e. �¡��$�aOF* �
hVO{*�'¢i% . Then,for �¡�7�w�7� and t�u7� ,W�$r�-aO K ��VO K � p '��+W�$r�-aO * ��VO * � p '��
where, unlike the previoustheorem,we now havestrict in-
equality.

Proof. Without lossof generality, we assumethatall exam-
plesin our finite examplespacehave positiveprobabilityso
thateverydatasethaspositiveprobability. Now, for astrictly
convex function,suchas � ��� p , t@uf� , Jensen’s inequality
holdswith equalityif andonly if all theterms � � areequal.
Substituting� �¢
£aO����XVO�� , we seethat if aO����XVO�� �
eaO_¤^�XVO_¤
for somedataset,thenwe aredone. Otherwise,for contra-
diction,assumethataO��H�¥VO/�S
RaO�¤:��VO_¤2� for all datasets,and �^8�5���¦�8���0 (1)

Now, we considerseveral possibledatasets. To describe
these,let §�* bea setof � 1 ��� examples,let §H� bea setof� 1 ��� examples,andlet §#¨��!§#©l�&0�0�0x�!§#1 besetsof � 1 examples
each. The basicidea is that we will be swappingthe first
elementof thefirst fold with first elementof thesecondfold.
Specifically, the datasetswe consider(usingsemicolonsto
separatethefolds) are:

A. ª �x���x§�*�«kªF¬"�!§H�l«�§#¨­«�§#©�«&���&�
B. ªF¬��!���x§�*�«�ª2�!§H�l«�§#¨­«�§#©�«&���&�
C. ª �x® �x§�*{«kªF¬��x§H�{«�§#¨�«k§#©�«&�����
D. ªF¬��!®2�!§�*{«Sª2�!§H�l«�§#¨�«k§#©�«&�����

To distinguishbetweenthehypothesesof differentdatasets,
we’ll referto theerrorsby their letters,e.g. VO/¯ � refersto the
trueerrorof thehypothesis� ¯ � trainedoneverythingbut the5 th fold in datasetB.

By theassumptionof insensitivity to exampleorder, we
seethat aO/°H¨���VO/°H¨±
²aO ¯ ¨���VO ¯ ¨ . By (1), we seethataO/°�*Z�	VO/°�*d
³aO ¯ *:�	VO ¯ * . Similarly, insensitivity to exam-
ple orderingimplies that aO&´,¨���VO�´H¨N
µaO/¶}¨9��VO�¶}¨ so we
have aO ´�* ��VO ´T* 
�aO ¶Z* ��VO ¶Z* . Noting that � °�* 
	� ´�* and� ¯ *+
¥�2¶Z* , wesubtractequationsto get,aO/°�*}��VO/°�*}���&aO&´T*}�~VO&´T*(�·
 aO ¯ *¢��VO ¯ *¢���&aO/¶Z*}�¥VO�¶q*(�aO/°�*Q�±aO�´�*¸
 aO ¯ *¢�±aO�¶Z*{0

Now, againusingthe fact that � °�*¹
��#´�* and � ¯ *�
��2¶Z*
wehave:O °�* �-�.���UO °�* �-®l�µ
 O/¯ * �"�#���ºO/¯ * �-®l�/�
where O�°�*{�"�#� denotestheerrorof � °�* onexample � . Since
this lastequationholdsfor arbitrary ª , ª{¬ , and §#� , it means
that changinga single training example( ª to ªF¬ ) doesnot
changethequantity Ol�-�.�n��O\�"®\� . Therefore,O P �-�.�T��O P �-®l�
mustbe the samefor any trainingset,becauseonetraining
setcanbechangedto any otherby a sequenceof individual
changes.Sincethis is alsotrue for arbitrary ® , this means
the the function =S�-�S�!®l��
³O�P#�"�#�Z�~O�P#�"®l� is well-defined
(i.e.,it doesn’t dependonthetrainingdata).In particular, we
seethat O&P#�-�.�Q�	VO�Pg
hWq» [ ¶�$ O�P2�-�.�+�7O�P#�"®l��' is a constant
quantityacrosstrainingsetsfor � .

This strict requirementthat O P �"�#���~VO P is constantleads
usto concludethat O�P.�-�.�Q
	O�P.�-®l� always.To seethis,con-
siderthefollowingdataset:

E. ���x����0&0�0��x��«S® �x® �&0�0&0/�x® «k§ ¨ «k§ © «Q�&���
By applying(1) to datasetE, weseethataO/¼}*n��VO/¼}*+
XO/¼}*{�"�#����VO/¼}*+
XO/¼k�{�-®l�n��VO/¼k�\0

But, from thepreviousparagraph,weknow thesedifferences
donot dependon thespecifictrainingdata.Thus, O ¼}* �"�#���VO ¼}* 
XO ¼n* �-®l�,��VO ¼n* , O ¼}* �"�#�}
XO ¼n* �"®\��� and O P �"�#�k
XO P �-®l�
for any � learnedfrom trainingdata. This implies all indi-
vidual fold error estimatesareperfectlyaccurate,violating����$�aOF* �
�VO{*�'Si�% .

It is interestingto considerwhenthek-fold estimatewill
bemuchbetterthanthehold-out. It is sufficient that aO�����VO��
have a significantchanceof differentthan aO�¤^�	VO�¤ , i.e. that
thesevariablesarenot completelycorrelated.Onescenario
in which this is thecaseis whenyou have a form of hypoth-
esisstability, whichcouldguaranteethat VO�¤ is closeto VO/� .

Finally, weshow aworst-casetypeof result,thatHoeffd-
ing boundscanstill beusedfor thek-fold estimate,asif we
hadjusta hold-outof size �Hcl� :

Theorem 3 Hoeffdingboundsholdasif weused�Hcl� testing
examples.In particular,����$�aO K i	VO K |^½F'k8�OF¾ �!¿�À��­Á�1 and ����$�aO K ��VO K �q½F'S8�OF¾ �!¿�À���Á�1 0
Proof (sketch). Theproofof Hoeffding boundsfor thestan-
dardhold-outcaseof aOF* and VOF* with a hold-outsetof size4�
��Hcl� , e.g. [1], beginsby boundingW�$KO�Â{Ã!Ä�ÅÆ(Ç ¾SÈÆ(Ç�É '_0 Then
they useMarkov’s inequalitywith thisbound,

����$�aO * i	VO * |N½F'6
X����$KO Â{Ã(Ä�ÅÆ!Ç ¾SÈÆ!Ç"É i�O Â ¿ 'S8 W�$KO�Â{Ã!Ä�ÅÆ Ç ¾,ÈÆ Ç É 'O Â{Ã ¿ 0
However, since O Â{Ã Y is a convex functionof � , Jensen’s in-
equalityimpliesthat,O Â{Ã(Ä�ÅÆ K ¾SÈÆ K É 
 O#Ê�ËÌ Ä�ÅÆ!Ç ¾SÈÆ!Ç�Í�ÎKÎKÎ Í ÅÆ Ì ¾SÈÆ Ì É8 O�Â{Ã!Ä�ÅÆ(Ç ¾SÈÆ(Ç�É |X�&���x|GO�Â{Ã!Ä�ÅÆ Ì ¾,ÈÆ Ì É� 0
ThusW�$KO Â\Ä�ÅÆ K ¾SÈÆ K É '�8�W�$KO Â\Ä�ÅÆ!Ç ¾SÈÆ!Ç�É ' , andtheproofgoesthrough.



4 PROGRESSIVE VALIDATION
AN
Ï

ALYSIS
Again,wesupposewehaveadatasetof size � . Thistimewe
breakit into two sets,a trainingsetandatestingset,with the
testsethaving 4 elements.In thissection,weredefine� � , aO � ,
and VO � . Hypothesis� � is generatedby trainingonthetraining
setandthefirst 5/��� elementsof thetestingset.It is testedon
the 5 th elementof thetestingsetto yield anestimateaO�� of its
trueerror, VO/� . Theprogressive hypothesischoosesrandomly
amongthe 4 hypothesesto labelanexample.Thusit hastrue
error VO P, with VO P 
 VO{*k|±VO��}|X�&���!|XVO Ã4 0
Finally, we let theprogressive errorestimatebetheaverageaO P 
��&aO * |�aO � |�������|�aO Ã ��cl4\0

We would like to show that the progressive errorwith a
hold-outof size 4 is as good an estimateof the true error
of the progressive hypothesisasthe hold-outerror is of the
hold-outhypothesis.First we show that thesameHoeffding
boundsapply:

Theorem 4 Hoeffdingboundshold asif weuseda hold-out
setof size 4 . In particular,����$�aO P i	VO P |U½F'S8�O{¾ �x¿ À Ã and �¡��$�aO P �	VO P �N½{'�87OF¾ �!¿ À Ã 0
Littlestone[9], givesaquitedetailedproofof themultiplica-
tive(Chernoff-style)versionof this theorem.Thesketchbe-
low usesthesamebasicargument.
Proof (sketch). As before,we only needto makea slight
modificationto thestandardproofof Hoeffding bounds.The
standardproof [1] begins by bounding W�$KO&Â{Ã(Ä�ÅÆ P ¾SÈÆ P É '_0 This
boundis achieved by writing O&Â{Ã(Ä�ÅÆ P ¾SÈÆ P É as a productof 4
terms O�Â�Ð z , with W�$KO Â�Ð z 'S8�O Â À_Á�Ñ 0 (2)

The Ò � ’s, in the standardproof are independentvariables,
perhapscoin flips, but areadjustedso that they eachhave
mean0. In our setting, Ò#� correspondsto aO����	VO/� , the error
discrepancy of the 5 th hypothesiswith the 5 th measurement.
In the ordinary settingtheseÒ � ’s are independentbecause
the 5 th hypothesisdoesn’t dependonany previousdatain the
hold-out.In oursetting,they arenot independent.But,while
thepreviousdatain thehold-outmaynot be independentof
thehypothesis,it is independentof the 5 th hold-outexample.
Since(2) holds regardlessof the hypothesis,we still have
that W�$KO�Â�Ð z � Ò * ��Ò � ��0�0&0!��Ò � ¾ * 'S87O�Â À Á�Ñ .

Now, for two non-negative randomvariablesÓ and Ô ,
with Ww$ Óq'}8�Õ�* and W�$KÔ�� ÓZ'}8�Õ�� , it is true that W�$ Ó^Ô:'¢8W�$ ÓÖÕ � 'd8hÕ * Õ � . Thus,by induction,even thoughthe Ò � ’s
aren’t independent,W�$KO�Â{Ã!Ä�ÅÆ P ¾,ÈÆ P É 'Ö
hW�$K×�O�Â�Ð z 'Ö8hO&Â À Ã Á�Ñ ,
which is all thatis neededfor theproof.

In fact, if we considerjust thevariance(thesecondmo-
ment)we canmakea strongerstatement.In particular, the
varianceof theprogressive validationestimate,with respect
to the trueerror of the progressive validationhypothesis,is
noworsethanthevarianceof anestimateproducedby testing
theprogressive validationhypothesison a new, extra, hold-
outof size 4 .

Theorem 5 Let aO P ¬ be an estimateof the progressivevali-
dationhypothesis’serror measuredon a new, independently
chosenhold-outof size 4 . Then,W�$m�&aO P ��VO P � � 'S8�W�$m�&aO ¬P �¥VO P � � '_0
Proof. Both quantitiesabove areaveragesof 4 terms. The
RHSis thevarianceof thesumof independentterms,which
is thesumof thevariances.Eachof thesei.i.d. termshasa�&c\4 chanceof beingdistributedlike aO � , for each5 . Thusthe
RHSis W�$KØ Ã�rÙ�* �&aO/�S��VO P � � '4 � 
 W�$KØ Ã�rÙ�* �&aO �� �¥VO �P �-'4 � 0
TheLHS is W�$m�&aO P �MVO P � � 'H
~W�$m� Ø �&aO/���gVO���� � '"cl4 � 0 Wewould
like to againusethe fact that the varianceof a sumof in-
dependenttermsis thesumof variances.While theseterms
arenot independent,we do have the martingale-likeprop-
erty that W�$�aO�¤:�~VO�¤.�-aO/�H�~VO��-'S
	% for 5n�G¦ . Now, W�$ Ó�� ÔÖ',
%�
HÚ¸Ww$ Ó^Ô:'�
h%2� so that W�$m�&aO�¤¡�	VO�¤l����aO�����VO/����'q
�% for5 �
7¦ . Thismeansthateventhoughthetermsaren’t indepen-
dent,thevarianceof thesumis still thesumof thevariances.
ThustheLHS is,W�$ Ø ��aO�����VO/�_� � '4 � 
 Ww$ Ø �&aO �� ��VO �� �-'4 � 0
Thus the LHS and RHS arequite similar. They only dif-
fer in that theRHShas VO P’s andthe LHS has VO�� ’s. Because�!VO � * |G�&���!|�VO �Ã �_c\4^u	�_�!VOF*S|G�&���!|�VO Ã �_c\4&� � 
�VO �P, we’re done.
Unfortunately, this argumentdoesnot work on the higher
moments.

5 EXPERIMENTS

Themotivationbehindprogressivevalidationis thatit allows
one to train on more examplesthanthe hold-outestimate.
With the extra examplestrainingalgorithmsshouldbeable
to choosea betterhypothesis.Many learningproblemsex-
hibit thresholdingwherea small increasein the numberof
examplesdramaticallyimprovestheaccuracy of thehypoth-
esis.Consideran Û dimensionalfeaturespacein theboolean
settingwhereit is known thatonefeatureis anexactpredic-
tor. Considerthe learningalgorithm: crossoff featuresin-
consistentwith the training dataandoutput the hypothesis
thattakesa majority voteover all featuresremaining.If the
exampledistribution is uniform over BD% �&�FE&Ü , thenthis ex-
ampleexhibitsa thresholdingbehavior becausetheaccuracy
of thecurrenthypothesisis almost50%until thenumberof
consistentfeaturesis reducedto a constant,atwhichpoint it
quickly increasesto 100%. In expectation, *� of thefeatures
will beeliminatedwith eachexample,leadingusto expecta
thresholdnearÝmÞ¢Û .

In our experiments,we built a syntheticdatagenerator
which picks a featureuniformly at randomthen produces
somenumberof correctly-labeledexamplesconsistingof ÛR
�&%\%l% booleanfeatures,with ����� true�9
£0Kj . The outputof
thisgeneratorwasgivento thelearningalgorithm.

In thefirst test,wetrainedon �:���&% examplesandtested
on �&% examples. In the secondtest,we trainedon ���±��%
examplesandappliedprogressive validationto the next ��%
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Figure1: Trueerrorvs. trainingsizefor hold-outandpro-
gressive validation

examples.Werepeatedthis experiment1000timesfor �&%¡8�M8~ß\% andaveragedtheresultsin orderto getanempirical
estimateof thetrueerrorof all hypothesesproduced,shown
in Figure1. Errorbarsin thefigureareatonestandarddevi-
ation.

Asexpected,thehold-out’sperformancewasmuchworse
thanthatof progressive validation.In general,thedegreeof
improvementin empiricalerrordueto the progressive vali-
dationdependson thelearningalgorithm.Theimprovement
canbe large if the datasetis small or the learningproblem
exhibits thresholdingbehavior atsomepointpastthenumber
of trainingexamples.

In order to comparethe quality of error estimation,we
did anothersetof runscalculatingtheerrordiscrepancy � true
error� estimatederror� . Five training exampleswereused
followedby eitherprogressivevalidationon tenexamplesor
evaluationona hold-outsetof sizeten.The“true error” was
calculatedempirically by evaluatingthe resultinghypothe-
sisfor eachcaseonanotherhold-outsetof �&%\%l%\% examples.
The hold-outestimateon five exampleshaslarger variance
thentheprogressive validationestimate.Onemight suspect
that this is not dueto a goodestimationprocedurebut due
to the fact that it is easierto estimatea lower error. To in-
vestigatethis further, we performeda hold-out test which
wastrainedon nine examples,becausethe true errorof the
progressivevalidationhypothesiswith fivetrainingexamples
andtenprogressivevalidationexampleswascloseto thetrue
errorof a hypothesistrainedon nineexamples,asshown in
thefollowing table:

trueerror � trueerror � est.�
Prog.Val. �"j �&��%l� 0K�l%\j¢àX0K%l%\ß 0K%lá\á¢à¥0K%2�l�
Hold-out �"j �&��%l� 0 â­ß\ã¢àX0K%l%\j 0m�&�\%¢à¥0K%2�&j
Hold-out �"ä �&��%l� 0K�lß\j¢àX0K%l%\j 0m�&%\ä¢à¥0K%2�&j

Averagesof the true error and estimateaccuracy favor
progressive validationin this experimentwith a hold-outset
of size10. In fact, the progressive estimateandhypothesis
onadatasetof size15werebetterthanthehold-outestimate

andhypothesisona datasetof size19.

6 RELATED WORK, FUTURE WORK,
AND CONCLUSIONS

Leave-one-outcross-validation,whichis alsocommonin prac-
tice,correspondsto �9
X� , andthebounds[8] dependonthe
VC dimensionandhypothesisstability. Restrictionsof some
kind seemunavoidable,asthereareinterestingexamplesof
situationswherethe leave-one-outestimateis alwaysoff by
50% [8]. Theseterrible-caseexamplesdo not exist for k-
fold cross-validationwith small � , becauseit is betterthan
a hold-outsetof a reasonablesize,which is a goodestima-
tor. In addition,certainalgorithms,suchasnearestneighbor,
have beenshown to have goodperformancewith leave-one-
out[4]. Ourbounds,however, arenotveryinformativein the
leave-one-outcase,becausewe would becomparingit to a
hold-outof asingleelement.

Anthony andHolden[2] extendthe analysisof Kearns
andRon[8] to thek-fold setting.They judgethek-fold er-
ror asanestimateof the trueerrorof thehypothesistrained
on all the data. This is a naturalformulationof the prob-
lem, becausein practicethe hypothesisoftenchosenis this
untestedhypothesis.However, becausethe new hypothesis
is untested,their performanceguaranteesdependon VC di-
mension,andtheir resultsaresanity-checkboundswhichre-
latethek-fold errorto thetrainingerror. For large � , leaving
a small numberout, the trainingerror may bea betteresti-
matethanthecorrespondinghold-out,andtheirboundsmay
bridgethe gapbetweenleave-one-out( �U
£� ) andtypical
k-fold ( � is asmallconstant).

Onanothernote,if thek-fold hypothesisis chosenasan
averageof the � generatedhypothesesratherthan the ran-
domizinghypothesis,it is similar to bagging[3]. In thatsit-
uation,the goal is to reducethe generalizationerror, which
Breimanclaimscanbeachievedby reducingthevariancein
the hypothesis.On the otherhand,we areconcernedmore
with thevariancein our errordiscrepancy. Thusdecreasing
thegeneralizationerrorof the final hypothesiswould make
thek-fold errora worseestimate.It would alsobe interest-
ing to exploretheconnectionbetweenhypothesisinstability,
whichBreimandiscussesfor thepurposesof reducinggener-
alizationerror, to hypothesisstability, whichKearnsandRon
[8] tracebackto DevroyeandWagner[5] for thepurposesof
accurateerrorestimation.

In conclusion,we have shown that the k-fold estimate
of generalizationerror is betterthantestingona hold-outof�&c\� of thedata. In futurework, it would beniceto analyze
how much betterthe k-fold estimateis. We have also in-
troducedprogressive validation.We provide theoreticaland
experimentalevidencethatit doesnot reduceour erroresti-
mateaccuracy, while providing moreexamplesfor training
thana simplehold-outset.
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