Beating the Hold-Out:
Boundsfor K-fold and Progressive Cross-Validation

Avrim Blum*
Schoolof ComputerScience
Carngjie Mellon University

Pittskurgh, PA 15213
avrim+@cs.cmu.edu

Abstract

Theempiricalerroron atestset,the hold-outesti-
mate oftenis a morereliableestimateof general-
izationerrorthantheobsenederroronthetraining
set,thetraining estimate K-fold crossvalidation
is usedin practicewith thehopeof beingmoreac-
curatethanthehold-outestimatewithout reducing
the numberof training examples. We argue that
the k-fold estimatedoesin fact achieve this goal.
Specifically we show thatfor ary nontrivial learn-
ing problemandlearningalgorithmthatis insen-
sitive to exampleordering,the k-fold estimateis
strictly more accuratehana single hold-outesti-
mateon 1/k of thedata,for2 < k < n (k =nis
leare-one-out)basednits varianceandall higher
moments. Previous boundswere termedsanity-
checkbecausahey comparedhe k-fold estimate
to the training estimateand, further, restrictedthe
VC dimensiorandrequireda notionof hypothesis
stability [2]. In orderto avoid thesedependencies,
we considera k-fold hypothesighatis a random-
izedcombinatioror averageof thek individualhy-
potheses.

Weintroduceprogressiveralidationasanothempos-
sibleimprovementon the hold-outestimate.This
estimateof thegeneralizatiorrroris, in mary ways,
asgoodasthatof a singlehold-out,but it usesan
averageof half asmary examplesfor testing.The
proceduralsoinvolvesa hold-outset,but afteran
examplehasbeentestedjt is addedo thetraining
setandthelearningalgorithmis rerun.

1 INTRODUCTION

In mary situationsalearningalgorithmmustsimultaneously
producea hypothesishaving low generalizatiorerroranda
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high-accurag estimateof this error. We makethe usualas-
sumptionthat datais drawvn independentlyfrom somefixed
distribution, andtheerror of a hypothesion examplesfrom
this distribution is calledthe generalizatiorerror or true er-
ror.

Severalproceduresxist for generatingpairsof theform
(hypothesisestimatecerror). Suchaprocedureanbescored
in two dimensions:the true error of its hypothesisandthe
error discrepancy |(estimatederror) — (trueerror)]|.

The resubstitutionprocedue generates hypothesidy
training on all the dataand generatesn error estimateby
measuringhe numberof mistakef thelearnedhypothesis
on the samedatausedfor training. Sincethetrainingerror
canbe a very optimistic estimateof the true error, quanti-
ties suchasthe VC dimensionare usedto boundthe error
discrepang

The hold-out procedue divides the datain two parts:
thetraining set,on which the hypothesigs trained,andthe
hold-outset,on whichits performancés measuredAmong
the nice propertiesthat this procedureobeys are Hoeffding
boundsguaranteeingregardlessof the learningalgorithm,
thatwith high probabilitytheerrordiscrepang will besmall.

Thek-fold procedue dividesthedatainto & equallysized
folds. It thenproduces hypothesidby trainingonk — 1 folds
andtestingon theremainingfold. Thisis repeatedor each
fold, andthe obserederrorsareaveragedo form thek-fold
estimate It is not obvious what hypothesido outputalong
with this error estimate. In previous analysis[2], the final
hypothesisvasa new hypothesigrainedon all the data.Be-
causethis hypothesisvasconstructedusingmore datathan
the hypothesesisedfor computingthe errorestimatejn or-
derto aguefor theaccurag of the estimateoneneedsome
assumptionthatlimits theeffectof this extratrainingdata.In
particular previous work gives sanity-hed& boundswhich
shav thatthe k-fold estimatds almostasgoodasthetrain-
ing errorestimatdn the resubstitutiorprocedurepnderthe
assumptionhatthelearningalgorithmhassomeform of hy-
pothesisstability.

Ourk-fold procedureinstead putputsthek-fold hypoth-
esis a meta-hypothesithat, givenan examplez, randomly
chooseone of the k generatechypotheses; and outputs
thepredictionof thathypothesish; (z). Alternatively, if hy-
pothesesareallowedto makepredictionsn [0, 1] andwe are
usingL; loss,thisis equialent,in termsof its true error, to
outputtirg the averagevalueof hy(z), ..., hg(z) whenthe
truelabelsare0, 1. We show thatthis k-fold procedureoro-



ducesa betterestimatethanthe hold-outproceduren sense
thatthattheerrordiscrepang hassmallerabsoluteanoments,
andthatHoefding boundsstill apply?*

The progressivevalidation procedug, like the hold-out
procedure first selectss examplesfor testing,and the re-
mainderare for training only. It generates sequenceof
s hypotheseswherethe ith hypothesids trainedon all of
trainingdataplusthefirst i — 1 examplesof thetestset,and
testedon the ith exampleof the testset. Repeatinghis for
1 < i < s, we countthe numberof mistakego producean
errorestimate. The hypothesigeturned asabove, is a meta
hypothesiswhich randomlyselectsamongthe s generated
hypothesedo makeits prediction. This procedures very
similar to methodsusedto corvert online to batchlearning
algorithmg[9, 7], but thekinds of guaranteewe arelooking
for aresomeavhat different. In particular we amguethatthe
progressie validation proceduregivesas good an estimate
asthe hold-out procedurewith a hold-outof size s, while
trainingon moreexamples.

2 PRELIMINARY DEFINITIONS

Let X betheinstancespaceandlet D be a fixed distribu-
tion over X. We also assumea fixed tamget function f :
X — {0,1}. A learningalgorithmproducesa hypothesis
h : X — [0,1]. We allow therangeto be [0, 1], for con-

veniencesothatwe have a notionof averaginghypotheses.

Theerror of this hypothesin a particularexamplez € X
isen(x) = |h(z) — f(z)|. Thetrue error of this hypothesis
iS€, = Exep[eh(l‘)].

3 K-FOLD ANALYSIS

Imaginethat we will flip an unfair coin ten times, andwe
wantto estimatethe probability of heads. Thefull estima-
tor “p1p = (totalnumberof head$/10” seemsbetterthan
the one-flipestimator‘p,; = 1 if thefirst flip is a headand
p1 = 0 otherwise”,but in whatsense?or p = 1/100, the
chancehat|p; — p| > 0.05 is 1/100,while the chancethat
|pro—p| > 0.05 is nearly10/100,namelythechancehatary
of theflips wereheads.Thus,p;q doesnt completelydomi-
natep; underevery concevablenotionof “better”. Instead,
whatcanbesaidis that E [|p1o — p|™] < E [|p1 — p|™], for
all m > 1. We makea similar statemengaboutthe k-fold
procedurén comparisorto a hold-outof sizen/k.

Saywe have alabelleddatasetof sizen, andl < k£ < n.
We divide the datainto £ equallysizedfolds. Thenwe gen-
eratek hypothesesh,, ..., hx, Whereh; is trainedon all
the dataexcept the ith fold. We let e; = €, bethetrue
error of h;, andé; be the measureckerror frequeng of h;
on the ith fold. As discussedn the introduction, the k-
fold hypothesis hx, makesa predictionon an example =
by randomlychoosingl < ¢ < k andoutputtingh;(z) or,
equivalently in termsof true error, by choosinghg(z) =
(h1(x) + ha(z) + - - - + hi(x))/k. In eithercase the true
errorof thek-fold hypothesiss theaverageof thetrueerrors

!Since our boundscomparean estimateto the hold-out esti-
mateinsteadof thetrainingerrorestimatethey arenot sanity-check
boundssothey mustbeinsanity-tied bounds

of its k hypotheses,

_e(x)+ea(r) 4+ ex ()

= k )

Finally, we let thek-fold errorestimatebethe averageof the
fold estimateséx = (€1 + €2+ -+ - + éx) / k.

Notice that the estimatedand true errorsof the k£ hy-
potheseandk-fold hypothesisé;, €;, éx, €k, arerandomnvari-
ablesthat arefunctionsof the dataset. We would like the
errordiscrepang |éx — éx | to besmallin absolutevalue.

We begin by shaving thatmomentf the errordiscrep-
ang |éx — ex| arenolarger thanthoseof a singlehold-out
of sizen/k. Notice that the error discrepang of a single
hold-outis |é; — €;]. Thefollowing theorentakesthetrivial
obsenationthatthe k-fold erroris an unbiasedestimateof
thetrue errora stepfurther. Expectationsunlessotherwise
noted,areover completedatasetsdravn i.i.d. from D.

Theorem 1 For all m > 1, E [(error discrepancy™] is no
larger for the k-fold procedue thanfor a hold-outof a 1/%
fractionof thedata,i.e.,

Ellék — ex|™] < E[léq — er|™].
Proof. Jensers inequality for any convex function f and
realsz; is,

f<a:1+:c2+~~~+a:n) < fE) + ) +- -

n - n

+ f(za)

Becauséz|™ is corvex for all m > 1,

. m 1—ér+ - +ép—én|”
léx —ex|™ = :
< |él_él|m+"'+|ék_ék|m.
- k
Using linearity of expectationandthat, for 1 < i < k,
E[|é, — e1|™] = EJ|é; — €|™] the expectedvalue of the

right-handsideis E[|é; — €,|™], whereashe expectedvalue
of theleft-handsideis E[|éx — ek|™]. This completeghe
proof.l

Now we wish to shov that the k-fold error is a better
estimate.However, it is possiblethatthe hold-outerroris a
perfectestimateof thetrue errory; if, for example thelearned
hypothesidhastrue errorequalto 0 or 1. To saysomething
meaningful,we needto assumehe learningalgorithm has
thepropertythat Pr[é; # €;] > 0 (all probabilitiesaretaken
over the draw of the full dataset). In addition, our proof
will needto assumehattheinstancespaceX is finite, and
thatthelearningalgorithmis insensitveto exampleordering.
This insensitvity can be enforcedin our k-fold procedure
simplyby shufling thetrainingexamplesbeforegiving them
to thelearningalgorithm,on eachof the k runs.

It is interestingto note that the k-fold estimatecanbe
identicalto the singlehold-outestimatef £ = n ork = 2.
In the casewherek = n (leave-one-out),KearnsandRon
[8] give several nice examplesof poorperformanceFor in-
stancealearningalgorithmthatusestherule “if | have seen
an even numberof positive examplesthen predictpositive,
elsepredictnegative” will have the propertythat no matter



whatthe data,e; = ¢é5... = ¢é,; thusthe leave-one-out
estimatewill be exactly the sameas a hold-out of size 1.
Furthermoreif theunderlyingdistribution has50% positive
examples,thenthe true errorswill be the sameaswell. In
the casewherek = 2, anexampleis asfollows. Suppose
thatwe areto predictthe label of integersdravn uniformly
in somerange([l, ..., 2t], andthetruthis thatall labelsare
0. Our hypothesedave a single parametep, predictingp
onevenintegers,and1 — p onoddintegers,thushaving true
error 50% regardlessof p. Furthermorepur “learning” al-
gorithmchoose® to bethe fraction of even examplesseen
in theinput. Now, if £ = 2, we will have two hypotheses
with D1 andpg, andél = p1p2 + (1 — pl)(l — pz) = é9.
Sothe two-fold estimate which is identicalto the hold-out
estimateijs no betteranestimateof the50%trueerror.

Theorem 2 Supposehe examplespaceis finite, our learn-
ing algorithm is insensitiveto exampleordering, and the
hold-outestimates not alwaysperfect,i.e. Pr[é; # €1] >
0. Thenfor2 < k < nandm > 2,

E[léK — éK|m]<E[|é1 - éllm]a

whee, unlike the previoustheoem, we now havestrict in-
equality

Proof. Without lossof generalitywe assumeahatall exam-
plesin our finite examplespacehave positive probability so
thatevery datasehaspositive probability. Now, for a strictly
corvex function,suchas|z|™, m > 2, Jensers inequality
holdswith equalityif andonly if all thetermsz; areequal.
Substitutingz; = é; — €;, we seethatif ¢; — e; # ¢; — ¢;
for somedatasetthenwe aredone. Otherwise for contra-
diction,assumehat

€ —e; =¢€; —¢;, foralldatasetsand 1 <i,5 <n. (1)

Now, we considerseveral possibledatasets. To describe
theselet S; beasetof 7 — 2 examples et S, be a setof
7— 1l examplesandlet Ss, S, . . ., Sk besetsof 7 examples
each. The basicideais that we will be swappingthe first
elemenbf thefirst fold with first elemenbof thesecondold.
Specifically the datasetswe consider(usingsemicolongo
separatehefolds) are:

A. z,z,51; 2/, S9; S3; Sy;- -
B. z/,x,51; z,59; S3; S4;---
C. z,y,51; 2/, 52; Ss; Sa;---
D. 2',y, 515 2, 52; Ss; Sa;- -

To distinguishbetweerthe hypothesesf differentdatasets,
we'll referto the errorsby their letters,e.g.ép; refersto the
trueerrorof thehypothesis g; trainedon everythingbut the
ith fold in dataseB.

By theassumptiorof insensitvity to exampleorder we
seethatéy3 — €43 = éps — €ps. By (1), we seethat
€41 — €41 = €p1 — €p1. Similarly, insensitvity to exam-
ple orderingimpliesthatécs — é¢cs = éps — €ps SOwe
have éc1 — éc1 = ép1 — €p1. Notingthath 4, = h¢y and
hp1 = hp1, wesubtractequationdo get,

€a1— €41 — (éc1 —€c1) = €p1—¢€p1— (€p1—€p1)

€41 — €c1 €B1 — €D1.

Now, againusingthefactthath4; = h¢1 andhpy = hp:
we have:

ear(x) —ear(y) = epi(z)—eBi(y),

wheree 41 () denotegheerrorof h4; onexamplez. Since
this lastequationholdsfor arbitrary z, 2/, and.S;, it means
that changinga single training example (= to z’) doesnot
changethe quantitye(z) — e(y). Thereforeep () — en(y)
mustbe the samefor ary training set, becaus@netraining
setcanbechangedo ary otherby a sequencef individual
changes.Sincethis is alsotrue for arbitraryy, this means
the the function f(z,y) = en(z) — en(y) is well-defined
(i.e.,it doesnt dependnthetrainingdata).In particular we
seethate,(z) — €, = Eyeplen(z) — en(y)] is a constant
guantityacrosdrainingsetsfor h.

This strictrequirementhate, (z) — €, is constanteads
usto concludethate, (z) = e, (y) always.To seethis, con-
siderthefollowing dataset:

Y3 S35 Saj -
By applying(1) to datasetE, we seethat

E. z,z,...,2; y,y, ..

ép1 —€ép1 = ep1(2) — ép1 = epa(y) — €ga.
But, from the previousparagraphywe know thesedifferences
donotdependn thespecifictrainingdata. Thus,e g1 (z) —
€m = er1(y) — €, ep1(z) = er(y), andep (z) = ep(y)
for ary h learnedfrom training data. This implies all indi-
vidual fold error estimatesare perfectly accurateyiolating
Pr[é1 75 51] >0.1

It is interestingio considemwhenthek-fold estimatewill
bemuchbetterthanthe hold-out. It is sufficientthate; — e;
have a significantchanceof differentthane; — ¢;, i.e. that
thesevariablesare not completelycorrelated.One scenario
in whichthis is the caseis whenyou have a form of hypoth-
esisstability, which couldguarante¢hate; is closetoe;.

Finally, we shav aworst-caseypeof result,thatHoefd-
ing boundscanstill be usedfor thek-fold estimateasif we
hadjusta hold-outof sizen/k:

Theorem 3 Hoefdingboundsholdasif weusedn /k testing
examplesln particular,

Prléx > éx+a] < em2en/k and Prléx < ex—al < gm20n/k,

Proof (sketch). Theproof of Hoeffding bounddor the stan-
dardhold-outcaseof ¢; ande; with a hold-outsetof size
s = n/k, e.g.[1], begins by boundingE[e**(¢1=¢1)]. Then
they useMarkov’sinequalitywith this bound,

E[e)\s(él—él)]

Pr[él > €1+ Cl] = P?”[e)‘s(él_él) > 6)\‘1] S S
e sa

However, sincee*** is a cornvex functionof z, Jensers in-
equalityimpliesthat,

6)‘5(éK—éK) — el—s(él—él-l-"'-l-ék—ék)
< 6)\5(é1—51) _|_ . _|_ e)\s(ék—ék)
- k
ThusE[e**k—%k)] < E[e*é1~41)], andtheproofgoesthrough.



4 PROGRESSIVE VALIDATION
ANALYSIS

Again,we supposeve have adatasetof sizen. Thistimewe
breakit into two sets atrainingsetandatestingset,with the
testsethaving s elementsin thissectionwe redefineh;, é;,
ande;. Hypothesish; is generatedby trainingonthetraining
setandthefirsti — 1 element®f thetestingset.It is testecbn
theith elementof thetestingsetto yield anestimate:; of its
trueerror, €;. The progressie hypothesishoosesandomly
amongthe s hypotheseto labelanexample. Thusit hastrue
errorep, with

_ €1+ €+ -+ 6

€p = .

S

Finally, we let the progressie error estimatebe the average
ép=(é1+éx+ - -+&)/s.

We would like to shaw thatthe progressie errorwith a
hold-outof size s is asgood an estimateof the true error
of the progressie hypothesisasthe hold-outerroris of the
hold-outhypothesis Firstwe shav thatthe sameHoeffding
boundsapply:

Theorem 4 Hoefdingboundshold asif we useda hold-out
setof sizes . In particular,

Priép>ep+al < gm2e%s andPrlép < ép —a] < e=2%%s.

Littlestone[9], givesaquitedetailedproof of themultiplica-
tive (Chernof-style) versionof thistheorem.Thesketchbe-
low useghe samebasicargument.

Proof (sketch). As before,we only needto makea slight
modificationto thestandargroof of Hoeffding bounds.The
standardproof[1] begins by boundingE[e**(¢P=¢P)]. This
boundis achieved by writing ¢**(éP—#P) asa productof s
termse*Y+, with

E[eMi] < eN'/8, (2)

The Y;’s, in the standardproof are independenvariables,
perhapscoin flips, but are adjustedso that they eachhave
mean0. In our setting,Y; correspondso ¢; — ¢é;, the error

discrepang of the ith hypothesiswvith the ith measurement.

In the ordinary settingtheseY;’s areindependenbecause
theith hypothesigioesnt dependnary previousdatain the
hold-out.In oursetting they arenotindependentBut, while
the previousdatain the hold-outmay not be independenof
thehypothesisit is independentf the:th hold-outexample.
Since (2) holdsregardlessof the hypothesiswe still have
that E[e*Y:|Yy, Vs, ..., Yioq] < e*'/8.

Now, for two non-n@ative randomvariablesA and B,
with E[A] < ¢; andE[B|A] < ¢g, it istruethat E[AB] <
E[Acy] < c¢ieq. Thus, by induction, even thoughthe Y;'s
arent independentf[e*:(ép—2p)] = E[[]e*Yi] < e*'4/8,
whichis all thatis neededor the proof.li

In fact, if we considerjust thevariance(the secondmo-
ment)we canmakea strongerstatement.In particular the
varianceof the progressie validationestimatewith respect
to the true error of the progressre validationhypothesisjs
noworsethanthevarianceof anestimatgroducedy testing
the progressie validationhypothesion a new, extra, hold-
outof sizes.

Theorem 5 Let ép’ be an estimateof the progressivevali-
dationhypothesis error measuedon a new, independently
chosenhold-outof sizes. Then,

El(ép — p)’] < E[(ép — ep)?].

Proof. Both quantitiesabore are averagesof s terms. The
RHSis thevarianceof the sumof independenterms,which
is the sumof the variances Eachof thesei.i.d. termshasa
1/s chanceof beingdistributedlike ¢;, for eachi. Thusthe
RHSis

BT (6 - )]

52

TheLHSis E[(ép—ep)?] = E[(>_(é: —&:)?]/s%. Wewould
like to againusethe fact that the varianceof a sum of in-
dependentermsis the sumof variances While theseterms
are not independentwe do have the martingale-likeprop-
ertythatE[é; — €;]é; — &;] = 0fori < j. Now, E[A|B] =
0 = E[AB] = 0, sothat E[(é; — €;)(é; — &)] = 0 for
¢ # j. Thismeanghateventhoughthetermsarent indepen-
dent,thevarianceof thesumis still thesumof thevariances.
ThustheLHS is,

BRC(6 —a)?] _ ERC(eF — &)l

52 52 '

Thusthe LHS and RHS are quite similar. They only dif-
fer in thatthe RHS hasep’s andthe LHS hase;’s. Because
(24 -+e%)/s>((e1+- +és)/s)? = e, weredone.
Unfortunately this agumentdoesnot work on the higher
momentsll

5 EXPERIMENTS

Themotivationbehindprogressie validationis thatit allows
oneto train on more examplesthanthe hold-out estimate.
With the extra examplestraining algorithmsshouldbe able
to choosea betterhypothesis.Mary learningproblemsex-
hibit thresholdingwherea smallincreasen the numberof
examplesdramaticallyimprovestheaccurag of the hypoth-
esis.Considelan N dimensionafeaturespacen theboolean
settingwhereit is known thatonefeatureis anexactpredic-
tor. Considerthe learningalgorithm: crossoff featuresin-
consistentith the training dataand outputthe hypothesis
thattakesa majority vote over all featuregemaining.If the
exampledistribution is uniform over {0, 1}¥, thenthis ex-
ampleexhibits athresholdingpehaior becauséheaccurag
of the currenthypothesigs almost50% until the numberof
consistenfeaturess reducedo a constantatwhich pointit
quickly increaseso 100%. In apectation,% of thefeatures
will beeliminatedwith eachexample,leadingusto expecta
thresholdhearlg V.

In our experimentswe built a syntheticdatagenerator
which picks a featureuniformly at randomthen produces
somenumberof correctly-labele@xamplesconsistingpf N =
1000 booleanfeatureswith Pr(true) = .5. The outputof
this generatowasgivento thelearningalgorithm.

In thefirst test,we trainedonn — 10 examplesandtested
on 10 examples. In the secondtest, we trainedon n — 10
examplesand appliedprogresare validationto the next 10



0.6 T T T
“Holdout" ——+—
"Progressive_Validation" ---x--~

04% T B

error %
E3

03 x g

0.2 x B

0.1 T ]

[

0 2 4 6

L L t *
g training , jsetsize 14 16 18 20

Figurel: Trueerrorvs. training sizefor hold-outandpro-
gressie validation

examples.We repeatedhis experimentLl000timesfor 10 <
n < 30 andaveragedheresultsin orderto getanempirical
estimateof thetrueerror of all hypotheseproducedshavn
in Figurel. Error barsin thefigure areat onestandardievi-
ation.

As expectedthehold-out'sperformancevasmuchworse
thanthatof progressie validation. In generalthe degreeof
improvementin empiricalerrordueto the progressie vali-
dationdepend®nthelearningalgorithm. Theimprovement
canbe largeif the datasetis small or the learningproblem
exhibitsthresholdingehaior atsomepoint pasthe number
of trainingexamples.

In orderto comparethe quality of error estimation,we
did anotheisetof runscalculatingtheerrordiscrepang |true
error—estimatederror. Five training exampleswere used
followedby eitherprogressie validationon tenexamplesor
evaluationon a hold-outsetof sizeten. The*“true error” was
calculatedempirically by evaluatingthe resultinghypothe-
sisfor eachcaseon anotherhold-outsetof 10000 examples.
The hold-outestimateon five exampleshaslarger variance
thenthe progressie validationestimate.Onemight suspect
thatthis is not dueto a good estimationprocedurebut due
to the fact thatit is easierto estimatea lower error. To in-
vestigatethis further, we performeda hold-out test which
wastrainedon nine examples becausehe true error of the
progressievalidationhypothesisvith five trainingexamples
andtenprogressie validationexamplesvascloseto thetrue
error of a hypothesidrainedon nine examples,asshavn in
thefollowing table:

trueerror | [trueerror — est] |

Prog.Val. (5,10) | .205 £ .003 .088 £+ .011
Hold-out(5, 10) | .436 + .005 120+ 015
Hold-out(9,10) | .235+ .005 109+ .015

Averagesof the true error and estimateaccurag favor
progressie validationin this experimentwith a hold-outset
of size10. In fact, the progressie estimateand hypothesis
onadatasetof sizel5werebetterthanthehold-outestimate

andhypothesi®n a datasetof size19.

6 RELATED WORK, FUTURE WORK,
AND CONCLUSIONS

Leave-one-outross-alidation,whichis alsocommonin prac-
tice,correspond® k& = n, andtheboundq8] dependnthe
VC dimensiorandhypothesistability. Restrictionsof some
kind seemunavoidable,asthereareinterestingexamplesof
situationswherethe leave-one-oukestimates alwaysoff by
50%[8]. Theseterrible-caseexamplesdo not exist for k-
fold cross-alidationwith small &, becauset is betterthan
a hold-outsetof a reasonablsize,which is a goodestima-
tor. In addition,certainalgorithms suchasnearesheighbor
have beenshavn to have goodperformancevith lease-one-
out[4]. Ourboundshowever, arenotveryinformativein the
leare-one-outcase becausave would be comparingit to a
hold-outof asingleelement.

Anthory and Holden[2] extendthe analysisof Kearns
andRon[8] to the k-fold setting. They judgethe k-fold er
ror asan estimateof the true error of the hypothesidrained
on all the data. This is a naturalformulation of the prob-
lem, becauseén practicethe hypothesioften chosernis this
untestechypothesis.However, becausehe new hypothesis
is untestedtheir performanceguaranteedependon VC di-
mensionandtheirresultsaresanity-checlboundswhichre-
latethek-fold errorto thetrainingerror. For largek, leaving
a small numberout, the training error may be a betteresti-
matethanthe correspondindpold-out,andtheirboundsmay
bridgethe gapbetweenleave-one-out(k = n) andtypical
k-fold (k is asmallconstant).

Onanothemote,if the k-fold hypothesiss choserasan
averageof the k generatechypothesesatherthanthe ran-
domizinghypothesisijt is similarto bagging[3. In thatsit-
uation,the goalis to reducethe generalizatiorerror, which
Breimanclaimscanbe achieved by reducingthevariancein
the hypothesis.On the otherhand,we are concernednore
with the variancein our errordiscrepang Thusdecreasing
the generalizatiorerror of the final hypothesisvould make
the k-fold errora worseestimate.It would alsobe interest-
ing to explorethe connectiorbetweermypothesisnstability,
whichBreimandiscussefor thepurpose®f reducinggener
alizationerror, to hypothesistability, which KearnsandRon
[8] tracebackto DevroyeandWagnel[5] for thepurpose®f
accurateerrorestimation.

In conclusion,we have shavn that the k-fold estimate
of generalizatiorerroris betterthantestingon a hold-outof
1/k of the data. In futurework, it would be niceto analyze
how much betterthe k-fold estimateis. We have alsoin-
troducedprogressie validation. We provide theoreticaland
experimentalevidencethatit doesnot reduceour error esti-
mateaccurag, while providing more examplesfor training
thana simplehold-outset.
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