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Abstract
Probabilistic programming is an increasingly popular technique for
modeling randomness and uncertainty. Designing semantic mod-
els for probabilistic programs is technically challenging and has
been extensively studied. A particular complication is to precisely
account for nondeterminism, which is often used to represent ad-
versarial actions in probabilistic models, and to power refinement-
based development. This paper studies a denotational semantics for
probabilistic programs that is based on a novel treatment of the non-
determinism, which involves nondeterminacy among transformers
instead of states. The studied language combines nondeterminism
with interesting features such as continuous sampling, conditioning,
unstructured control-flow, general recursion, and local variables.
The semantics is based on a domain-theoretic characterization of
sub-probability kernels, defining a notion of transition maps, as well
as constructing powerdomains over transition maps to model non-
determinism. Semantic objects in the powerdomain enjoy general
convexity, which is a generalization of convexity. As an application,
the paper studies the semantic foundations of an algebraic frame-
work for static analysis of probabilistic programs and demonstrates
that the denotational semantics is instrumental for the effectiveness
of the analysis.

Keywords Probabilistic program, Denotational semantics, Power-
domain, Nondeterminism

1 Introduction
Probabilistic programming provides a powerful framework for im-
plementing randomized algorithms [2], cryptography protocols [3],
cognitive models [19], and machine learning algorithms [18]. One
important focus of recent studies on probabilistic programming
is to reason rigorously about probabilistic programs and systems
(e.g. [21, 24, 30, 31, 35]). The first step in such works is to pro-
vide a suitable formal semantics for probabilistic programs (e.g.,
[5, 7, 14, 22, 23, 27, 28, 37–39]).

Nondeterminism is an important feature of probabilistic program-
ming from two perspectives. First, it arises naturally from prob-
abilistic models, such as the policy for a Markov decision process
[4] or the unknown input distribution for modeling fault tolerance
[25]. Second, it is required by the common paradigm of abstraction
and refinement1 on programs [13, 31]: a nondeterministic choice
not only can (i) abstract deterministic conditional choices (N1),
e.g., z > 1, but can also (ii) abstract probabilistic choices (N2), e.g.,
Bernoulli(0.5), whereBernoulli(p) represents a coin flip that returns

1 Abstraction enables reasoning about a program through its high-level specifications,
and refinement allows stepwise software development, where programs are “refined”
from specifications to low-level implementations.
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true with probability p. While there are domain-theoretic studies
that focus on nondeterminism in the sense of (N2) [12, 30, 32, 33, 40],
nondeterminism in the sense of (N1) has not received much atten-
tion. One reason is of the following commonplace principle of
semantics research:

A nondeterministic function can be represented as a deter-
ministic set-valued function, where the set contains all the
values that the nondeterministic function can output for a
given input.

This approach of “resolving nondeterminism last” causes (N1) to
become a special case of (N2). For example, consider the program
if ⋆ thenA else B fi, where⋆ represents a nondeterministic choice.
We can view Bernoulli(0) and Bernoulli(1) as two candidates for the
refinement of ⋆, which correspond to false and true, respectively.
Abstracting from the details of the probabilistic semantics, this
roughly implies that the behavior of the program contains the set
{A,B}. On the other hand, if ⋆ is refined as a standard conditional
choice then the refined program performs either A or B, which is
included in {A,B}.

However, “resolving nondeterminism last” is not always satis-
factory because it is often desirable to resolve nondeterminism
first. For example, suppose that a program using nondeterminism
is proposed as a specification of a system that is intended to be free
of side-channel-attack vulnerabilities. Then it is desirable to show
that for every implementation of the specification (i.e., a refined
program with all nondeterminism resolved), its behaviors on all
inputs are indistinguishable (e.g., the running times are equal). In-
tuitively, if a deterministic program is a function in X → X then
the nondeterminism-last approach defines semantics with the sig-
nature X → P(X ), while nondeterminism-first leads to P(X → X ),
where P(S) is a collection of subsets of S . As a consequence, the
nondeterminism-first resolution makes (N1) and (N2) substantially
different—(N1) can observe program states while (N2) can not.

This paper develops a denotational semantics for a first-order
probabilistic programming language, with nondeterminism-first
resolution. The language supports the mixture of deterministic-
conditional and probabilistic choices, unstructured control-flow,
general recursion, local variables, as well as standard probabilistic
constructs like continuous sampling and conditioning. Probabilistic
programs are defined using control-flow graphs, or more precisely,
hyper-graphs, which are capable of describing unstructured control-
flow in probabilistic programming. The denotational semantics
of a probabilistic program is defined directly with respect to its
control-flow hyper-graph, as a least solution to the equation system
transformed from the hyper-graph. General recursion and local
variables are added to the language in a standard way.

For each probabilistic program, the semantics defines a semantic
object, which is a subset with some desirable properties, and each
element of the subset represents the meaning of a refined version
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of the program (i.e, all nondeterministic choices are resolved as de-
terministic ones). Technically, this means that the semantic domain
is a convex powerdomain over sub-probability kernels. However,
there is a gap between measure-theoretic studies on kernels and
domain-theoretic studies on powerdomains. The mixture of two
nondeterminism also requires a generalized form of convexity. This
paper defines a notion of transition maps, a domain-theoretic char-
acterization of kernels, as well as develops Hoare and Smyth pow-
erdomains over transition maps, corresponding to partial and total
correctness of programs, respectively. This paper also defines a no-
tion of general convexity of semantic objects, describing each object
is stable under arbitrary (possibly mixed) deterministic choices—as
the standard convexity is used to describe stability under arbitrary
probabilistic choices.

We also illustrate an application of the denotational semantics—
to prove the soundness of a static analysis framework of probabilis-
tic programs [41]. The properties of our powerdomain construc-
tions motivate an algebraic design of abstract domains used for
static analyses. The soundness for the analysis framework is proved
with respect to the denotational semantics, based on a notion of
probabilistic abstractions.

2 Background
In this section, we first introduce probabilistic programming by
example and then discuss existing semantic models for probabilistic
programming languages.

2.1 Probabilistic Programming
We briefly discuss several important and interesting features of
probabilistic programming, based on some examples of arithmetic
probabilistic programs with real-valued variables.

Discrete and continuous sampling. Fig. 1a illustrates a mixed
model of Gaussian distributions. Bernoulli(0.5) is a sampling ex-
pression that represents a fair coin flip. Sampling expressions can
be treated as inhabitants of the boolean type. As a result, we can
mix standard and probabilistic choices, e.g., Bernoulli(0.5) ∧n ≥ 10.
The collection of such mixed choices is called deterministic choices.
The sampling statement x ∼ Gaussian(0, 1) draws a value from a
Gaussian distribution, and assigns it to the variable x . In Fig. 1a,
based on outcome of the coin flip, x is sampled from a Gaussian
distribution with mean 0 or mean 1, and standard derivation 1.

Conditioning. Fig. 1b draws two independent values from the uni-
form distribution on the interval (0, 1), assigns them to x and y
respectively, and conditions possible program states on the obser-
vation x > y. Intuitively, the program expresses priori knowledge
about x and y and then a measurement determines that x is greater
than y. The probability distribution at the end of Fig. 1b should put
weight 0.5 on those combinations of x and y such that x > y, and
weight 0 on other combinations.

if Bernoulli(0.5) then
x ∼ Gaussian(0, 1)

else
x ∼ Gaussian(1, 1)

fi

x ∼ Uniform(0, 1);
y ∼ Uniform(0, 1);
observe(x > y)

z ∼ Uniform(0, 2);
if ⋆ then x := x + z
else y := y + z
fi

(a) (b) (c)

Figure 1. (a) Sampling; (b) Conditioning; (c) Nondeterminism

n := 0;
while Bernoulli(0.9) do
n := n + 1;
if n ≥ 10 then break
else continue

od

proc p begin
if Bernoulli(0.6) then skip
else
t := t + 1; call p;
t := t + 1; call p

fi
end

Figure 2. (a) Unstructured control-flow; (b) Recursion

Nondeterminism. The program in Fig. 1c samples z from a uni-
form distribution on the interval (0, 2) and then nondeterministically
adds it to either x or y. The symbol ⋆ stands for a nondeterministic
choice that can behave like arbitrary deterministic choices. Intu-
itively, a nondeterministic program is executed with respect to an
oracle, which interprets every nondeterministic choice in the exe-
cution as a deterministic one. In Fig. 1c, an oracle can interpret⋆ as
a standard choice z > 1, or as a probabilistic choice Bernoulli(0.5),
or even as a mixed choice z > 1 ∧ Bernoulli(0.5).

Unstructured control-flow. As in standard programs, unstruc-
tured control-flow is introduced by goto, break, and/or continue
statements. Fig. 2a presents a probabilistic while-loop which models
a variant geometric distribution, where all probabilities of n > 10
accumulate to the probability of n = 10. The break statement exits
the while-loop, and the continue statement jumps to the loop head.

General recursion. Fig. 2b shows an example of recursive prob-
abilistic programs. It defines a procedure p, in which there are
two procedure calls call p to itself. When a call to the procedure p
returns, the increase in the variable t records the number of proce-
dure calls during the execution. Note that our language also permits
mutual recursion, i.e., two procedures can call each other.

2.2 Semantic Models
Semantics for probabilistic programming languages have been ex-
tensively studied.

Deterministic models. We first discuss semantics for probabilis-
tic programming languages without nondeterminism. Kozen [27]
provides a classic semantics for probabilistic programs in terms
of distribution transformers. To reduce redundancies, other mod-
ern approaches use probability kernels [28, 37], sub-probability
kernels [7], and s-finite kernels [5, 38]. A different approach uses
measurable functionsA → P(R≥0×B)where P(S) stands for the set
of all probability measures on S [39]. For higher-order languages,
Jones and Plotkin [22, 23] have developed a probabilistic powerdo-
main that is a set of continuous evaluations on a state space. They
show that the powerdomain can be used to solve recursive domain
equations. Ehrhard et al. [14] provide a Cartesian-closed category
on stable and measurable maps between cones, and use it to give a
semantics for probabilistic PCF.

As baseline and starting point for our development, we adopt
Borgström et al.’s approach [7] to introduce an operational model
for a simple probabilistic language without nondeterminism in §3.

Nondeterministic models. Many works use weakest pre-
expectations to reason about probabilistic programs with
nondeterminism. McIver and Morgan [30, 31] develop probabilistic
predicate transformers. Jansen et al. [21] extend the reasoning
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to support conditioning. Kaminski et al. [24] develop a weakest-
precondition logic for expected run-times. Olmedo et al. further
adopt the reasoning to recursive programs, for analysis of both
predicates and expected run-times [35]. They use an operational
semantics that is based on Markov decision procedures.

Other studies on combining probability and nondeterminism
utilize domain-theoretic powerdomain constructions. Informally,
powerdomain means “nondeterministic construct”, and the seman-
tics in these studies has the form X → P(D(X )), where X is the
state space, D(X ) denotes the set of distributions over X , and P(S)
is a powerdomain over S . McIver and Morgan build a Plotkin-style
powerdomain over probability distributions on a discrete state space
[30]. Mislove et al. [32, 33] study powerdomain constructions for
probabilistic CSP. Tix et al. [40] generalize McIver and Morgan’s re-
sults to continuous state spaces, and construct three powerdomains
for the extended probabilistic powerdomain.

As discussed in §1, we are interested in developing a semantics
that resolves nondeterminism first, and then input. Intuitively, the
form of our semantics should be P(X → D(X )).

3 A Measure-Theoretic Operational Semantics
In this section, we sketch ameasure-theoretic operational semantics
for an imperative, single-procedure, and deterministic probabilistic
programming language, following the approach of Borgström et al.’s
distribution-based semantics [7]. We use the operational semantics
to illustrate (i) how to use probability distributions and kernels in
the semantics, and (ii) how to model executions of probabilistic
programs operationally.

3.1 A Hyper-Graph Model of Probabilistic Programs
We define the operational semantics on control-flow graphs of pro-
grams. We adopt a common approach for standard control-flow
graphs, in which the nodes represent program locations, and edges
labeled with instructions describe transitions among program lo-
cations (e.g., [15, 29, 34]). Instead of standard directed graphs, we
make use of hyper-graphs [17].

Definition 3.1 (Hyper-graphs). A hyper-graph H is a quadruple
⟨V ,E,ventry,vexit⟩, where V is a finite set of nodes, E is a set of
hyper-edges,ventry ∈ V is a distinguished entry node, andvexit ∈ V
is a distinguished exit node. A hyper-edge is an ordered pair ⟨x ,Y ⟩,
where x ∈ V is a node and Y ⊆ V is an ordered, non-empty set of
nodes. For a hyper-edge e = ⟨x ,Y ⟩ in E, we use src(e) to denote
x and Dst(e) to denote Y . Following the terminology from graphs,
we say that e is an outgoing edge of x and an incoming edge of each
of the nodes y ∈ Y . We assume ventry has no incoming edges, and
vexit has no outgoing edges.

Definition 3.2 (Probabilistic programs). A probabilistic program
contains a finite set of procedures {⟨Hi ,LVi ⟩}1≤i≤n , where each
procedure is a pair where Hi = ⟨Vi ,Ei ,v

entry
i ,vexiti ⟩ is a control-

flow hyper-graph in which each node except vexiti has at least one
outgoing hyper-edge,vexiti has no outgoing edge, and LVi is a finite
set of local variables. We assume that the nodes and local variables
of each procedure are pairwise disjoint. To assign meanings to prob-
abilistic programs modulo data actions A and deterministic condi-
tions L, we associate with each hyper-edge e ∈ E =

⋃
1≤i≤n Ei a

A ::= x := e | x ∼ D | observe(φ) | skip
φ ∈ L ::= true | false | e ▷◁ u where ▷◁∈ {=, ≤, ≥} | ¬φ | BD
e,u ∈ Exp ::= x | c where c ∈ R | e • u where • ∈ {+,−,×,÷}

x ∈ Var ⊇
⋃

1≤i≤n LVi ::= x | y | z | · · ·

BD ∈ BDist ::= Bernoulli(e) | sampleBoolf (e)
D ∈ Dist ::= Uniform(e,u) | Gaussian(e,u) | sampleRealf (e)

Figure 3. Examples of data actions and deterministic conditions

control-flow action Ctrl(e), where Ctrl is
Ctrl ::= seq[act] where act ∈ A | cond[φ] where φ ∈ L

| call[i → j] where 1 ≤ i, j ≤ n

where the number of destination nodes |Dst(e)| of a hyper-edge e
is 1 if Ctrl(e) is seq[act] or call[i → j], and 2 otherwise.

See Fig. 3 for data actionsA and deterministic conditions L that
would be used for an arithmetic program. sampleBoolf (e) samples
a Boolean value with respect to the probability density function f ,
where e is a vector of parameters, while sampleRealf (e) samples
a real value. For example, Gaussian(e,u) can be represented as

sampleRealf (e,u) where f = λ(µ,σ ).λx . 1√
2πσ 2 e

−
(x−µ )2

2σ 2 . Note that
goto, break, and continue are not data actions, and are encoded
directly as edges in control-flow hyper-graphs in a standard way.

Example 3.3. Fig. 4 shows the control-flow hyper-graph of the
program in Fig. 2a, where v0 is the entry and v4 is the exit.
The hyper-edge ⟨v2, {v3}⟩ is associated with a sequencing action
seq[n := n + 1], while ⟨v1, {v2,v4}⟩ is assigned a deterministic-
choice action cond[Bernoulli(0.9)].

3.2 Background from Measure Theory
To define semantics for probabilistic programs modulo data ac-
tions A and deterministic conditions L, we review some standard
definitions from measure theory [6, 36].

A measurable space is a pair ⟨X , Σ⟩ where X is a non-empty set
called the sample space, and Σ is a σ -algebra over X (i.e., a set of
subsets of X which contains ∅ and is closed under complement
and countable union). A measurable function from a measurable
space ⟨X1, Σ1⟩ to a measurable space ⟨X2, Σ2⟩ is a mapping f :
X1 → X2 such that for all A ∈ Σ2, f −1(A) ∈ Σ1. The measurable
functions from a measurable space ⟨X , Σ⟩ to a Borel space B(R≥0)
on nonnegative real numbers (the smallest σ -algebra containing
all open intervals) are called Σ-measurable.

A measure µ on a measurable space ⟨X , Σ⟩ is a function from
Σ to [0,∞] such that: (i) µ(∅) = 0, and (ii) for all pairwise-disjoint
countable sequences of sets A1,A2, · · · ∈ Σ (i.e., Ai ∩Aj = ∅ for all
i , j) we have

∑∞
i=1 µ(Ai ) = µ(

⋃∞
i=1Ai ). The measure µ is called a

(sub-probability) distribution if µ(X ) ≤ 1. If µ is a distribution and
c ∈ [0, 1], we write c · µ for the distribution λA.c · µ(A). If µ,ν are
distributions and c,d ∈ [0, 1] such that c+d ≤ 1, we write c ·µ+d ·ν
for the distribution λA.c · µ(A)+d ·ν (A). Ameasure space is a triple

v4

v0 v1

v2 v3n := n + 1
n := 0

B(0.9)

f alse

f alse

true
n ≥ 10true

Figure 4. Control-flow hyper-graph of the program in Fig. 2a
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�x := e = λω .δ ((x 7→ e(ω))ω) t̂rue = λω .1�x ∼ D = λω .λF .µD ({v | (x 7→ v)ω ∈ F }) �false = λω .0�observe(φ) = λω .φ̂(ω) · δ (ω) �e ▷◁ u = λω .[e(ω) ▷◁ u(ω)]
ŝkip = λω .δ (ω) ¬̂φ = λω .1 − φ̂(ω)

B̂D = λω .pBD (true)

Figure 5. Interpretation of actions and conditions

M = ⟨X , Σ, µ⟩ where µ is a measure on the measurable space
⟨X , Σ⟩. The integral of a Σ-measurable function f over the measure
space M = ⟨X , Σ, µ⟩ can be defined following Lebesgue’s theory
and denoted either by

∫
f dµ or

∫
f (x)µ(dx). The Dirac measure

δ (x) is defined as λA.[x ∈ A], where [φ] is an Iverson bracket, which
evaluates to 1 if φ is true, and 0 otherwise. The zero measure 0 is
defined as λA.0.

A (sub-probability) kernel from a measurable space ⟨X1, Σ1⟩ to
a measurable space ⟨X2, Σ2⟩ is a function κ : X1 → Σ2 → [0, 1]
such that:2 (i) for each x in X1, the function κ(x) is a distribution
on ⟨X2, Σ2⟩, and (ii) for each A in Σ2, the function λx .κ(x)(A) is
Σ1-measurable. We write the integral of a Σ2-measurable function
f with respect to the distribution κ(x) in (i) as

∫
f (y)κ(x)(dy). The

property (ii) is used to define kernel composition.
Intuitively, kernels describe transformers from state space X1 to

X2.3 Let us consider kernels over a single state spaceX . A sequence
of actions act1; act2 with κ1 and κ2, respectively, is modeled by
their composition, defined as follows:4

λx .λA.

∫
κ1(x)(dy)κ2(y)(A). (1)

3.3 An Operational Semantics
The next step is to define semantics based on the control-flow hyper-
graphs. We adopt Borgström et al.’s distribution-based small-step
operational semantics for lambda calculus [7] to our imperative
program model, while we suppress the features of multi-procedure
and nondeterminism for now.

Three components are used to define the semantics:
• A measurable space P = ⟨Ω,F ⟩ over program states (e.g., finite
mappings from program variables to values).

• Amapping from data actions act to kernels âct : Ω → F → [0, 1]
from Ω to itself. The intuition to keep in mind is that âct(ω)(F )
is the probability that the action, starting in state ω ∈ Ω, halts
in a state that satisfies F ∈ F [28].

• A mapping from deterministic conditions φ to measurable func-
tions φ̂ : Ω → [0, 1].
For an arithmetic program with a finite set Var of program vari-

ables, Ω is defined as Var → R and the measurable state space
P is defined as the Borel space on Ω. Fig. 5 shows interpretation
of the data actions and deterministic conditions in Fig. 3, where
e(ω) evaluates expression e in state ω, (x 7→ v)ω updates x in ω
with v , µD : B(R) → [0, 1] is the measure corresponding to the
distribution D on reals, and pBD : {true, f alse} → [0, 1] is the
probability mass function corresponding to the distribution BD
on Booleans.
2 Kernels are originally formalized as X1 × Σ2 → [0, 1]. We use the curried version.
3 As explained by Kozen [28], for finite or countable X1, X2 , a kernel has a represen-
tation as a Markov transition matrix M , in which each entry M (x1, x2) for a pair of
states ⟨x1, x2 ⟩ gives the probability that x1 transitions to x2 .
4 For finite or countable state spaces X , and the matrix representation described in
footnote 3, the integral in Eqn. (1) degenerates to matrix multiplication [28].

Suppose that P = ⟨V ,E,ventry,vexit⟩ is a single-procedure de-
terministic program. Therefore, each node in P except vexit is as-
sociated with exactly one hyper-edge. The program configurations
T = V × Ω are pairs of the form ⟨v,ω⟩, where v ∈ V is a node
in the control-flow hyper-graph, and ω ∈ Ω is a program state.
Because V is a finite set of nodes and V

def
= ⟨V , 2V ⟩ is naturally a

measurable space, we define T as the product space of V and P
to be a measurable space over program configurations T .

We then define one-step evaluation as a relation ⟨v,ω⟩ −→ µ
between configurations ⟨v,ω⟩ and distributions µ on configurations,
as shown in Fig. 6.

⟨v,ω⟩ −→ λA.âct(ω)({ω ′ | ⟨u,ω ′⟩ ∈ A})
where e = ⟨v, {u}⟩ ∈ E,Ctrl(e) = seq[act]

⟨v,ω⟩ −→ φ̂(ω) · δ (⟨u1,ω⟩) + (1 − φ̂(ω)) · δ (⟨u2,ω⟩)
where e = ⟨v, {u1,u2}⟩ ∈ E,Ctrl(e) = cond[φ]
Figure 6. One-step evaluation relation

Example 3.4. In Fig. 4, some one-step evaluations are
⟨v0,n 7→ 233⟩ −→λA.[⟨v1,n 7→ 0⟩ ∈ A]
⟨v1,n 7→ 1⟩ −→λA.0.9 · [⟨v2,n 7→ 1⟩ ∈ A] + 0.1 · [⟨v4,n 7→ 1⟩ ∈ A]
⟨v3,n 7→ 9⟩ −→λA.[⟨v1,n 7→ 9⟩ ∈ A]

Lemma 3.5. −→ is a kernel.

Thenwe define step-indexed evaluation as the family ofn-indexed
relations ⟨v,ω⟩ −→n µ between configurations ⟨v,ω⟩ and distri-
butions µ on program states inductively, as shown in Fig. 7.

⟨v,ω⟩ −→0 0
⟨vexit,ω⟩ −→n δ (ω) if n > 0

⟨v,ω⟩ −→n+1 λF .
∫
µτ (F )µ(dτ )

where ⟨v,ω⟩ −→ µ
and τ −→n µτ for any τ ∈ supp(µ)

Figure 7. Step-indexed evaluation relation

Example 3.6. In Fig. 4, some step-indexed evaluations are
⟨v4,n 7→ 10⟩ −→1 λF .[(n 7→ 10) ∈ F ]
⟨v1,n 7→ 0⟩ −→2 λF .0.1 · [(n 7→ 0) ∈ F ]
⟨v1,n 7→ 0⟩ −→5 λF .0.1 · [(n 7→ 0) ∈ F ] + 0.09 · [(n 7→ 1) ∈ F ]

Lemma 3.7. −→n is a kernel for all n.

Because the set of distributions with the pointwise order forms
anω-cpo (i.e., anω-complete partial order), we define the semantics
of the program P = ⟨V ,E,ventry,vexit⟩ as

⟦P⟧os def
= λω . sup

n∈N
{µ | ⟨ventry,ω⟩ −→n µ}.

Example 3.8. In Fig. 4, ⟦P⟧os(ω) for any initial state ω is given by

λF .
9∑

k=0
(0.1×0.9k ) · [(n 7→ k) ∈ F ]+0.3486784401 · [(n 7→ 10) ∈ F ].

Theorem 3.9. ⟦P⟧os is a kernel.
3.4 Adding Nondeterminism
For probabilistic programming, nondeterminism is often introduced
by the notion of a scheduler, which resolves a nondeterministic
choice from the computation that leads up to it (e.g., [8, 9, 16]).
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When the scheduler is fixed, a program can be interpreted determin-
istically. In this paper, a nondeterministic choice abstracts every pos-
sibly probabilistic deterministic choice (e.g., z > 1∧Bernoulli(0.5)),
which only observe current program states. As a consequence, we
consider memoryless schedulers, which make decisions based on
current program states.

To introduce nondeterminism to the hyper-graph model, we
allow some nodes to have two outgoing hyper-edges. We then
annotate a one-step evaluationwith the edge e onwhich it evaluates,
as −→e . Let P = ⟨Ω,F ⟩ be the measurable space over program
states. We define a scheduler σ as a measurable function Ω → [0, 1].
A scheduler trace t is a finite sequence [σ1, · · · ,σm ] of schedulers.
We redefine step-indexed evaluations as

t
−→n , where t is a scheduler

trace, in Fig. 8.

⟨v,ω⟩
t

−→0 0

⟨vexit,ω⟩
t

−→n δ (ω) if n > 0
⟨v,ω⟩

t
−→n+1 λF .

∫
µτ (F )µ(dτ )

where v has 1 outgoing edge e, ⟨v,ω⟩ −→e µ

and τ
t

−→n µτ for any τ ∈ supp(µ)

⟨v,ω⟩
σ ::t
−→n+1 σ (ω) · µ1 + (1 − σ (ω)) · µ2
where v has 2 outgoing edges e1, e2
and ⟨v,ω⟩ −→ei νi , µi = λF .

∫
µτ (F )νi (dτ )

τ
t

−→n µτ for any τ ∈ supp(νi )
Figure 8. Annotated step-indexed evaluation relation

We define the set of all scheduler traces as T =
⋃
m∈N Tm , where

Tm is the set of all scheduler traces with lengthm. For eachm, we
collect a set Sm of kernels:

Sm = {λω . sup
n∈N

{µ | ⟨ventry,ω⟩
t

−→n µ} | t ∈ Tm }

Intuitively, Sm describes all program refinements in which no more
thanm nondeterministic choices are resolved. Then we want to
define the nondeterministic semantics as the “limit” of the sequence
{Sm }m∈N, i.e., limm→∞ Sm .

However, it is unclear whether the “limit” exists or not. We
need to study the structure of Sm and characterize its properties.
Observing that Sm is an element of the power set of kernels, we turn
to utilize existing studies of powerdomains. Unfortunately, domain-
theoretic studies on powerdomains require the underlying set to be
a continuous (or even coherent) domain, which is fundamentally
different from themeasurable spaces withwhich kernels are defined.
We address this challenge in §4 and §5.

On the other hand, for rigorous reasoning about program mean-
ings, it is more desirable to develop the semantics in a compositional
manner—that is, the property of a whole program can be established
from properties of its proper constituents. The nondeterministic op-
erational semantics proposed above is not compositional—it always
looks at the whole program. Therefore, we develop a denotational
semantics in §6.

4 Domain-Theoretic Characterization of
Kernels

In this section, we first review some standard notions from domain
theory [1]. We develop domain-theoretic characterizations of ker-
nels. We study general convexity, setting the stage for development
of powerdomain constructions over transition maps in §5.

4.1 Background from Domain Theory
Let X be a partially ordered set, i.e., a poset. A subset of D of X
is directed if it is nonempty and each pair of elements of D has
an upper bound in D. If a directed set D has a supremum, then it
is denoted by

∨
D. X is called directed complete or a dcpo if each

directed subset D has a supremum
∨

D in X . A dcpo X is pointed
if X contains a least element. A function f : X → Y between two
dcpos is Scott-continuous if it is monotone and preserves directed
joins, i.e., f (

∨
D) =

∨
f (D) for all directed subsets D. The set

of all Scott-continuous functions between X and Y is denoted as
[X → Y ].

The lower closure of a subset A is defined as ↓ A
def
= {x ∈ X |

∃a ∈ A.x ≤ a}. The upper closure of a subset A is defined as
↑ A

def
= {x ∈ X | ∃a ∈ A.a ≤ x}. A subset A with ↓ A = A is called a

lower set. A subset A with ↑ A = A is called an upper set. A subset
A of a dcpo X is Scott-closed if A is a lower set and if

∨
D ∈ A for

every directed set D ⊆ A. The complement X \A of a Scott-closed
setA is called Scott-open. The Scott-open sets form a topology on X .
For any topological space X we denote the collection of open sets
by O(X ). A function f : X → Y between two topological spaces
is topologically continuous if for all U ∈ O(Y ), f −1(U ) ∈ O(X ).
Between dcpos, topologically continuous functions are precisely
the Scott-continuous functions with respect to Scott topologies
[1, Prop. 2.3.4]. In the rest of this paper, we sometimes call these
continuous functions.

Let X be a dcpo. For two elements x ,y of X , we say that x ap-
proximates y, denoted by x ≪ y, if for all directed subsets D of X ,
y ≤

∨
D implies x ≤ d for some d ∈ D. We define ⇓ A

def
= {x ∈ X |

∃a ∈ A.x ≪ a} and ⇑ A
def
= {x ∈ X | ∃a ∈ A.a ≪ x}. X is called

continuous if for all x of X , the set ⇓ x is directed and x =
∨

⇓ x . A
continuous dcpo is also called a continuous domain.

The closure of a subset A of a dcpo X is the smallest Scott-closed
set containing A, denoted by A. A cover C of a subset A of a dcpo X
is a collection of subsets of X whose union contains A as a subset.
A sub-cover of C is a subset of C that still covers A. C is called an
open-cover if each of its member is an open set. A subset A of a
dcpo X is compact if every open-cover of A contains a finite sub-
cover. A subset A of a dcpo X is saturated if A is intersection of
its neighborhoods. The saturation of compact sets is also compact.
With respect to the Scott topology, saturated sets are precisely the
upper sets.

4.2 Transition Maps
We now review a domain-theoretic characterization of distributions
(e.g., as in [23, 40]), and extend the ideas to kernels.

LetX be a dcpo. A function µ : O(X ) → [0, 1] is called a valuation
on X if: (i) µ(∅) = 0, (ii) U ⊆ V implies µ(U ) ≤ µ(V ) for all U ,V ∈

O(X ), and (iii) µ(U ) + µ(V ) = µ(U ∪V ) + µ(U ∩V ) for all U ,V ∈

O(X ). If µ is also Scott-continuous, i.e., µ(
⋃
i ∈I Ui ) =

∨
i ∈I µ(Ui )

for all directed collections of open sets in O(X ), then µ is called a
continuous valuation. The set of all continuous valuations on X is
denoted by D(X ). Given that X is a dcpo, valuations are defined
with respect to the Scott topology, and they are ordered pointwise.

The integration of a continuous function f from X to [0, 1] with
respect to a valuation µ is defined following Lebesgue’s theory,
denoted as

∫
f dµ.

5
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Now we define the notion of transition maps. Let X be a dcpo.
A continuous function κ ∈ [X → D(X )] is called a transition map.
Let K(X )

def
= [X → D(X )]. Then K(X ) is naturally a dcpo with

the pointwise order, denoted by ⊑. We will show the definition of
transition maps is reasonable with respect to that of kernels.

Lemma 4.1. Let κ be a continuous function in [X → D(X )].
• For all x of X , κ(x) is a valuation.
• For allU of O(X ), λx .κ(x)(U ) is a continuous function.

We write the integral of a continuous function f with respect to
the valuation obtained by giving an element x to a transition map
κ as

∫
f (y)κ(x)(dy). We then define composition of transition maps

κ1,κ2 as κ1 ⊗ κ2
def
= λx .λU .

∫
κ1(x)(dy)κ2(y)(U ), and conditional-

choice of transition maps κ1,κ2 conditioning on f as κ1 f ^κ2
def
=

λx . f (x) ·κ1(x)+ (1− f (x)) ·κ2(x), where f is a continuous function
from X to [0, 1].

Example 4.2. Recall the development of an operational semantics
in §3.3. We can now reformulate it in a domain-theoretic way.
• Ω is a dcpo over program states, with a Scott topology. For
arithmetic programs, the state space Ω is defined as Var →

(R ∪ {+∞}), with the pointwise order.
• Data actions are interpreted as transition maps âct ∈ K(Ω). For
simplicity, suppose the program only has one variable and Ω is
treated asR∪{+∞}. The open sets inO(Ω) have the form (a,+∞]

for any a ∈ R ∪ {+∞}. The Dirac measure δ (x) is represented
as λ(a,+∞].[x > a] in D(Ω). The distribution with probability
density function f can be denoted as λ(a,+∞].

∫
x>a f (x)dx ,

which is also a continuous valuation. Using the methodology of
these two constructs, we can reformulate interpretations of data
actions in Fig. 5 as transition maps.

• We interpret deterministic conditions as continuous function
from Ω to [0, 1]. The interpretation in Fig. 5 is still valid.

The rest of §3.3 also holds for transition maps—for a probabilistic
program P , the operational semantics ⟦P⟧os for it can be derived
as a transition map. We will override ⟦P⟧os to denote the domain-
theoretic operational semantics in the following sections.

Here we state a useful lemma:

Lemma 4.3. ⊗ and f ^ are Scott-continuous.

4.3 General Convexity
For standard program semantics, a nondeterministic choice of two
semantic objects is usually interpreted as set union, i.e., the result
can exhibit behaviors from both objects. In probabilistic program-
ming, a nondeterministic choice can also model a probabilistic one.
For example, if semantic object A establishes property φ and B
establishes ψ , then a nondeterministic choice of A and B should
include a semantic object that establishes φ with probability 0.3
and ψ with 0.7. Therefore, if the underlying set of the semantic
domain is equipped with addition and scalar multiplication, the
nondeterministic choice of A and B should at least model the mean-
ing of {p · a + (1 − p) · b | a ∈ A ∧ b ∈ B ∧ 0 ≤ p ≤ 1}. This
set is the convex combination of A and B. On the other hand, the
nondeterministic choice of A and A is usually supposed to be A
exactly. As a consequence, every semantic object should be closed
under convex combination.

However, a more complicated notion of complexity is needed to
develop semantics over transition maps. Let X be the state space.
Every semantic object should be closed under the f ^ operator for
every feasible function f from X to [0, 1]. Recall that the definition
κ1 f ^κ2 = λx . f (x) ·κ1(x)+ (1− f (x)) ·κ2(x) is similar to a convex
combination, except the coefficients can not only be constants, but
depend on the state x ∈ X . We formalize the idea by defining a
notion of general convexity.

Let X be a dcpo. A subset S of K(X ) is called generally convex if
for all κ1,κ2 ∈ S and all continuous functions f fromX to [0, 1], the
conditional-choice κ1 f ^κ2 is contained in S . General convexity
is a generalization of standard convexity, which is defined with
respect to constant functions.

We show that some operations preserve general convexity.

Lemma 4.4. Let S be a generally convex subset of K(X ). Then
• The closure S is generally convex.
• The saturation ↑ S and the lower closure ↓ S are generally convex.

Lemma4.5. Suppose S1 and S2 are generally convex subsets ofK(X ).
Then {a f ^b | a ∈ S1∧b ∈ S2} is generally convex for all continuous
function f from X to [0, 1].

The generally convex hull of a subset A of K(X ) is the smallest
generally convex set containing A, denoted by conv(A).

Example 4.6. Suppose X = R∪ {+∞}. Let κ1
def
= λx .λ(a,+∞].[x +

1 > a] and κ2
def
= λx .λ(a,+∞].[x − 1 > a]. Intuitively, κ1 and κ2 de-

scribe the actions x := x+1 and x := x−1, respectively. By definition
of general convexity, the singleton sets {κ1} and {κ2} are generally
convex. Then the general convex hull of {κ1,κ2} should contain
all conditional-choice of two transition maps. conv({κ1,κ2}) can
be given by {λx .λ(a,+∞]. f (x) · [x + 1 > a] + (1 − f (x)) · [x − 1 >
a] | f ∈ [X → [0, 1]]}. Intuitively, the nondeterministic choice
if ⋆ then x := x + 1 else x := x − 1 fi should at least model the
meaning of conv({κ1,κ2}).

Following are some properties of the conv(·) operator.

Lemma 4.7. If S1 and S2 are generally convex, then conv(S1 ∪ S2)
is given by {κ1 f ^κ2 | κ1 ∈ S1 ∧ κ2 ∈ S2 ∧ f continuous}.

Lemma 4.8. Let S1 and S2 be compact generally convex subsets of
K(X ). Then conv(S1 ∪ S2) is also compact.

For a finite set F , by a simple induction we have conv(F ) =
{λx .

∑
κ ∈F fκ (x) · κ(x) | fκ ∈ [X → [0, 1]],

∑
fκ = Û1}.

Lemma 4.9. For an arbitrary S ⊆ K(X ), we have

conv(S) =
⋃

F ⊆S,F finite
conv(F ).

5 Powerdomains over Transition Maps
In this section, we first review some results from domain-theoretic
studies on powerdomains [1]. We then develop two powerdomain
constructions over transition maps, corresponding to partial cor-
rectness and total correctness, respectively.

5.1 A Sketch of Powertheories
The Plotkin powertheory is defined by one binary operation ⋓ and
the following laws: (i) x ⋓ y = y ⋓ x for all x ,y, (ii) (x ⋓ y) ⋓ z =
x ⋓ (y ⋓ z) for all x ,y, z, and (iii) x ⋓ x = x for all x . The operation

6
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⋓ is called formal union. The Hoare powertheory is the Plotkin
powertheory augmented by the inequality x ⊑ x ⋓ y, where ⊑

is a partial order. Similarly, the Smyth powertheory is the Plotkin
powertheory augmented by the inequality x ⊒ x ⋓ y.

There is an interesting connection between powerdomain con-
structions and partial/total correctness used in program verifi-
cation [20]. Intuitively, the formal union ⋓ is interpreted as
nondeterministic-choice, but partial and total correctness treat it
from different viewpoints. Partial correctness requires a program
behaves correctly if it terminates. Total correctness additionally
requires the program does terminate. Therefore, if a program A sat-
isfies φ under partial correctness, then A ⋓ B should also satisfy φ
for any B, i.e., the nondeterministic-choice behaves angelically. On
the other hand, if a programA⋓B satisfiesφ under total correctness,
then both A and B must satisfy φ, i.e., the nondeterministic-choice
behaves demonically. If we interpret the partial order ⊑ as an ab-
straction order—x ⊑ y means x is an abstraction of y—if x satisfies
some property, then so does y. Then we can establish the following
connections:
• x ⊑ x ⋓ y coincides with partial correctness, hence the Hoare
construction stands for partial correctness.

• x ⊒ x ⋓ y coincides with total correctness, hence the Smyth
construction stands for total correctness.

Example 5.1. Consider the following three programs:
x ∼ Uniform(0, 1) (2)
if ⋆ then x ∼ Uniform(0, 1) else observe(false) fi (3)
observe(false) (4)

Assume we model observation failure as nontermination. When
reasoning about partial correctness, the programs (2) and (3) are
indifferent, because partial correctness does not distinguish termi-
nation and nontermination. It indicates that the Hoare semantics
should give the same semantics to (2, 3). On the other hand, the pro-
gram (3) and (4) are indistinguishable in total correctness, because
they do not always terminate. It indicates that the Smyth semantics
should give the same semantics to (3, 4).

As a consequence, the Plotkin construction is capable of describ-
ing both partial and total correctness. In this paper, we succeed in
developing Hoare and Smyth powerdomains over transition maps—
but not in constructing the Plotkin one yet. To see the reason, we
review some representation theorems about powerdomains.

A continuous domain X is coherent if the intersection of two
compact saturated sets is again compact.

Two subsets A and B of a set equipped with a binary relation R
are in the Egli-Milner relation, written as A REM B, if the following
conditions hold: (i) for all a of A, there exists b in B such that a R b,
and (ii) for all b of B, there exists a in A such that a R b.

A lens on a dcpo X is a subset of X that is the intersection of a
Scott-closed subset and a Scott-compact saturated subset.

Theorem 5.2. The following representation theorems hold:
• The Hoare powerdomain of a dcpo X is isomorphic to the lattice of
all nonempty Scott-closed subsets of X [1, Thm. 6.2.13].

• The Smyth powerdomain of a continuous domain X is isomorphic
to the collection of nonempty Scott-compact saturated subsets of X
ordered by reversed inclusion [1, Thm. 6.2.14].

• The Plotkin powerdomain of a coherent domain X is isomorphic to
the collections of lenses of X ordered by the Egli-Milner order [1,
Thm. 6.2.22].

Without any constraints on X , we can only prove that K(X ) is
a dcpo. We provide a solution to adding constraints to X in order
to make K(X ) a continuous domain, but leave the question how to
make K(X ) coherent for future work.

5.2 An Axiomatic Characterization of Powerdomains
We now motivate our constructions by an axiomatic characteriza-
tion of desirable properties. Let X be a dcpo. We want to construct
a powerdomain over K(X ), which is a subset of 2K(X ). We denote
an instance of such a powerdomain as PX , Then we want to lift
composition ⊗ and conditional-choice f ^ to the powerdomain,
denoted as ⊗P and f ^P, respectively.

Nondeterministic-choice. Intuitively, nondeterministic-choice
should be idempotent, commutative, and associative. The following
holds in the traditional semantics.
• For a program A, a nondeterministic choice between A and A
itself should behave exactly the same as A.

• For two programs A and B, a nondeterministic choice between
A and B should be the same of the choice between B and A.

• For three programs A, B, and C , first deciding if executing A,
and then deciding between B andC if A is not chosen, should be
indifferent from first deciding if executing C , and then deciding
betweenA and B, ifC is not chosen, because exactly one program
among A,B,C is to be executed in either case.

In other words, the nondeterministic-choice is essentially a formal-
union operator ⋓P on PX .

Composition. For two elementsA,B of PX ,A⊗P B should contain
all pairwise compositions of transition maps in A and B, i.e., {κ1 ⊗
κ2 | κ1 ∈ A ∧ κ2 ∈ B}. Furthermore, there should be an identity
element 1P in PX representing the semantics of skip statements,
i.e., A ⊗P 1P = 1P ⊗P A = A for all A in PX . ⊗P also needs to be
associative, because programs should compose. In other words, ⊗P
is a monoid operator on PX .

Conditional-choice. For two elements A,B of PX , and a con-
tinuous function f from X to [0, 1], A f ^PB should contain all
pairwise conditional-choices of transition maps in A and B, i.e.,
{κ1 f ^κ2 | κ1 ∈ A ∧ κ2 ∈ B}. Furthermore, some variants of idem-
potence, commutativity, and associativity listed in Fig. 9 should
hold. These laws are desirable because we consider conditional-
choice as a deterministic choice that depends on current program
state.

A f ^PA = A

A f ^PB = B
Û1−f ^PA

(A f ^PB) д^PC = A f ′^P(B д′^PC)

where f ′ = f · д and (Û1 − f ′) · (Û1 − д′) = Û1 − д

Figure 9. Laws for conditional-choice

5.3 The Hoare Construction
Let X be a dcpo. We consider the collection

HX
def
= {S ⊆ K(X ) | S nonempty, generally convex, Scott-closed}

ordered by A ⊑H B
def
= A ⊆↓ B, which is equivalent to inclusion ⊆.

Lemma 5.3. ⟨HX , ⊆⟩ is a dcpo.
7
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The bottom element in HX is defined as ⊥H
def
= {λx .λU .0}. The

directed suprema in HX is performed as
∨
Ai =

⋃
Ai . Then we

can lift kernel composition ⊗ and conditional-choice f ^ to the
powerdomain HX .

A ⊗H B
def
= conv{a ⊗ b | a ∈ A ∧ b ∈ B}

A f ^HB
def
= {a f ^b | a ∈ A ∧ b ∈ B}

Lemma 5.4. ⊗H and f ^H are Scott-continuous, ⟨HX , ⊗H, 1H⟩ is a

monoid where 1H
def
=↓ {λx .λU .[x ∈ U ]}, and laws in Fig. 9 hold for

f ^H.

The formal union operation in HX is defined as A ⋓H B
def
=

conv(A ∪ B).

Lemma 5.5. ⋓H is Scott-continuous, idempotent, commutative, and
associative.

Example 5.6. Consider the three programs shown in Ex. 5.1. Sup-
pose X = R ∪ {+∞}. The transition maps for x ∼ Uniform(0, 1)
and observe(false) are κ1 = λx .λ(a,+∞].max(0,min(1, 1−a)) and
κ2 = λx .λ(a,+∞].0, respectively. Then program (2) and (4) are rep-
resented as ↓ {κ1} and {κ2} in HX , respectively. Note that {κ2} is
actually ⊥H. Because κ2 ⊑ κ1, we know that {κ2} ⊆↓ {κ1}. The
semantics of program (3) is then derived as ↓ {κ1} ⋓H {κ2} =

conv(↓ {κ1} ∪ {κ2}) =↓ {κ1}, which is the same as the semantics
of program (2).

5.4 The Smyth Construction
Let X be a dcpo. However, K(X ) = [X → D(X )] is not always
continuous. We review the notion of FS-domains to resolve the
issue.

Let X be a dcpo and f : X → X be a continuous function. f is
finitely separate from the identity on X if there exists a finite set
M such that for any x of X there ism ∈ M with f (x) ≤ m ≤ x . A
pointed dcpoX is called an FS-domain if there is a directed collection
{ fi }i ∈I of continuous functions on X , each finitely separated from
identity, with the identity map as their supremum.

Theorem 5.7. IfX is an FS-domain andY is pointed and continuous,
then [X → Y ] is continuous [1, Prop. 4.2.10].

LetX be an FS-domain. ThenX is continuous and henceD(X ) is
pointed and continuous [40, Thm. 2.10]. Therefore K(X ) = [X →

D(X )] is continuous by Thm. 5.7.
We consider the collection
SX

def
= {S ⊆ K(X ) | S nonempty, generally convex, Scott-compact,

saturated}

ordered by A ⊑S B
def
=↑ A ⊇ B, which is equivalent to reverse

inclusion ⊇.

Lemma 5.8. ⟨SX , ⊇⟩ is a dcpo.

The bottom element in SX is defined ⊥S
def
= K(X ). The directed

suprema in SX is performed as
∨
Ai =

⋂
Ai . Then we can lift ker-

nel composition ⊗ and conditional-choice f ^ to the powerdomain
SX .

A ⊗S B
def
= ↑ conv{a ⊗ b | a ∈ A ∧ b ∈ B}

A f ^SB
def
= ↑ {a f ^b | a ∈ A ∧ b ∈ B}

Lemma 5.9. ⊗S and f ^S are Scott-continuous, ⟨SX , ⊗S, 1S⟩ is a

monoid where 1S
def
= {λx .λU .[x ∈ U ]}, and the laws in Fig. 9 hold for

f ^S.

The formal union operation in SX is defined as A ⋓S B
def
=↑

conv(A ∪ B).

Lemma 5.10. ⋓S is Scott-continuous, idempotent, commutative, and
associative.

Example 5.11. Let X = R ∪ {+∞}, which is an FS-domain. Con-
sider the three programs in Ex. 5.1 and recall the discussion in
Ex. 5.6. The program (2) and (4) are represented as {κ1} and ↑ {κ2}
in SX , respectively. Note that ↑ {κ2} is actually⊥S. Becauseκ2 ⊑ κ1,
we know that ↑ {κ2} ⊇ {κ1}. The semantics of program (3) is then
derived as {κ1}⋓S ↑ {κ2} =↑ conv({κ1}∪ ↑ {κ2}) =↑ {κ2}, which
is the same as the semantics of program (4).

6 A Domain-Theoretic Denotational Semantics
The operational semantics described in §3.3 and later reformulated
in Ex. 4.2 presents a reasonable model for evaluating probabilis-
tic programs without nondeterminism. However, a denotational
semantics is more suitable to reason about program properties,
because it abstracts away how a program is evaluated and concen-
trates only on the effect of the program.

In this section, we first develop a denotational semantics for the
restricted programming language in §3.3 and show its equivalence
to the domain-theoretic operational semantics. We then consider
features like nondeterminism, recursion, and local variables.

6.1 A Denotational Semantics for a Restricted Language
For standard programs, a denotational semantics can assign to a
control-flow node v either backward meanings—about the com-
putations that can lead up to v—for forward meanings—about the
computations that can continue from v [10, 11]. Because we work
with hyper-graphs rather than standard directed graphs, there is
a difference in how things “look” in the backward and forward di-
rection: hyper-edges fan out in the forward direction. Hyper-edges
can have two destination nodes, but only one source node.

When there is no nondeterminism, we can assign a single transi-
tion map to every control-flow node v , which represents the effects
from v to the exit node. Recall the three components used to define
semantics:
• A dcpo P = Ω with a Scott topology over program states.
• A mapping from data actions act to transition maps âct ∈ K(Ω).
• A mapping from logical conditions φ to continuous functions
φ̂ ∈ [Ω → [0, 1]].
Given a probabilistic program P = ⟨V ,E,ventry,vexit⟩, letS⟨v⟩ ∈

K(Ω) be the semantics assigned to the node v ; the following local
properties should hold:
• if e = ⟨v, {u1, · · · ,uk }⟩ ∈ E, then S⟨v⟩ =�Ctrl(e)(S⟨u1⟩, · · · ,S⟨uk ⟩), and
• otherwise, S⟨v⟩ = λω .λF .[ω ∈ F ].
The function �Ctrl(e) for different kinds of control-flow actions is
defined as follows:�seq[act](κ1) def

= âct ⊗ κ1 �cond[φ](κ1,κ2) def
= κ1 φ̂^κ2

8
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Example 6.1. Recall the control-flow hyper-graph in Fig. 4. It
can be transformed to the equation system in Fig. 10. Then the
semantics can be represented as a solution to the system.

We can then define a function FP whose fixed points satisfy the
local properties above:

λS.λv .

{ �Ctrl(e)(S(u1), · · · ,S(uk )) e = ⟨v, {u1, · · · ,uk }⟩ ∈ E
λω .λF .[ω ∈ F ] otherwise

Recall Kleene’s fixed point theorem:

Theorem 6.2. Suppose ⟨X , ≤⟩ is a dcpo with a least element ⊥, and
let f : X → X be a Scott-continuous function. Then f has a least
fixed point, denoted by lfp≤⊥ f .

By the Scott-continuity of ⊗ and f ^ (stated in Lem. 4.3), we
derive the Scott-continuity of FP .

Lemma 6.3. The function FP is Scott-continuous on ⟨V →

K(Ω), Û⊑⟩, which is a dcpo with the least element λv .⊥K, where

⊥K
def
= λω .λF .0.

Hence we define the semantics of the program P as ⟦P⟧ds def
=

(lfp Û⊑
λv .⊥K

FP )(v
entry). We can then prove its equivalence to the op-

erational semantics ⟦·⟧os described in Ex. 4.2.

Theorem 6.4. ⟦P⟧os = ⟦P⟧ds.
6.2 Nondeterminism and Recursion
We now add nondeterminism and recursion to the restricted lan-
guage in §6.1. Recall the original definition of probabilistic pro-
grams in Defn. 3.2. Nondeterminism is introduced by allowing
each control-flow nodes except the exit nodes to to have at least
one outgoing edge. Recursion is introduced by enabling multiple
procedures and the calling actions call[i → j], which denotes a
procedure call from the i-th procedure to the j-th procedure.

We denote the powerdomain construction used to define seman-
tics by PΩ, which is either HΩ or SΩ, depending on if we want to
reason about partial correctness or total correctness, respectively.
Given a probabilistic program P = {Hi }1≤i≤n , let S⟨v⟩ ∈ PΩ be
the semantics assigned to the nodev ; the following local properties
should hold:
• if v , vexiti , then S⟨v⟩ =

⋓P
e=⟨v, {u1, ··· ,uk }⟩∈E

�Ctrl(e)(S⟨u1⟩, · · · ,S⟨uk ⟩), and
• otherwise, S⟨v⟩ = 1P.
The function �Ctrl(e) for different kinds of control-flow actions is
defined as follows:�seq[act](S1) def

= P⟨âct⟩ ⊗P S1 �cond[φ](S1, S2) def
= S1 φ̂^PS2�call[i → j](S1)

def
= S⟨v

entry
j ⟩ ⊗P S1

where P⟨κ⟩ is the most precise representation of {κ} in the pow-
erdomain PΩ. In HΩ, it is the lower closure; while in SΩ, it is the
upper closure.

S⟨v0 ⟩= �seq[n := 0](S ⟨v1 ⟩) S ⟨v3 ⟩= �cond [n > 10](S ⟨v5 ⟩, S⟨v1 ⟩)
S ⟨v1 ⟩= �cond [B(0.9)](S ⟨v2 ⟩, S⟨v5 ⟩) S ⟨v4 ⟩=λω .λF .[ω ∈ F ]
S ⟨v2 ⟩= �seq[n := n + 1](S ⟨v3 ⟩)

Figure 10. The system corresponding to Fig. 4

Similarly, we can then define a function FP whose fixed points
satisfy the local properties above:

λS.λv .

{
⋓P

e=⟨v, {u1, ··· ,uk }⟩∈E
�Ctrl(e)(S(u1), · · · ,S(uk )) v , vexiti

1P otherwise

Lemma 6.5. The function FP is Scott-continuous on ⟨V → PΩ, Û⊑P⟩,
which is a dcpo with the least element λv .⊥P.

Hence we define the semantics of the procedure Hi as ⟦Hi⟧ds def
=

(lfp Û⊑P
λv .⊥P

FP )(v
entry
i ).

6.3 Local Variables
We can extend the semantics in §6.2 to handle local variables fol-
lowing a standard approach introduced by Knoop and Steffen [26].
Suppose every procedure Hi in a probabilistic program P has a
finite set of local variables LVi . At a call site where procedure Hi
calls procedure Hj via a calling action call[i → j], the values of
local variables in LVi are recorded and inaccessible toHj and proce-
dures transitively called by Hj—we introduce a projection operator
to restore the values of local variables after Hj returns.

Definition 6.6. The projection on a variable x of a semantic object
A is also a semantic object, denoted by Project[x](A), where the
following hold, for any • ∈ {⊗, f ^, ⋓}:

Project[x](Project[y](A)) = Project[y](Project[x](A))
Project[x](Project[x](A) •P B) = Project[x](A) •P Project[x](B)
Project[x](A •P Project[x](y)) = Project[x](A) •P Project[x](B)

We also require the operator Project[x] to be Scott-continuous.

With the projection operator, we can interpret the calling ac-
tion as �call[i → j](S1)

def
= Project[LVi ](S⟨v

entry
j ⟩) ⊗P S1. Because

Project[x] is Scott-continuous, Lem. 6.5 still holds.
We then show a concrete example of projection operators.

Suppose the language is arithmetic and all program variables
are real-valued. Let Var be the set of program variables; the
set of program states is Ω = Var → (R ∪ {+∞}). Then for
a variable x ∈ Var and transition map κ, we define ∃x(κ) def

=

λω .λF .(κ ⊗ �x := ω(x))(ω)(F ). For Hoare construction, we define
ProjectH[x](A)

def
= {∃x(κ) | κ ∈ A}. For Smyth construction, we de-

fine ProjectS[x](A)
def
=↑ {∃x(κ) | κ ∈ A}.

Lemma 6.7. We state the continuity of projection operators.
• ∃x(·) is a Scott-continuous operator on K(Ω).
• ProjectH[x](·) is a Scott-continuous operator on HΩ.
• ProjectS[x](·) is a Scott-continuous operator on SΩ.

7 Application: Soundness of Static Analysis
In this section, we discuss an application of the new denotational
semantics as the concrete semantics of a static analysis framework
for probabilistic programs. More details about the static analysis
and its soundness proof can be found in a companion paper [41].

Definition 7.1 (Pre-Markov algebras). A pre-Markov algebra
(PMA) over a set of deterministic conditions L is a 7-tuple M =

⟨M,⊑, ⊗, φ^, ⋓,⊥, 1⟩, where ⟨M,⊑,⊥⟩ forms anω-cpo with a least
element⊥; ⟨M, ⊗, 1⟩ forms a monoid (i.e., ⊗ is an associative binary
operator with 1 as its identity element); φ^ is a binary operator
parametrized by φ which is a condition in L; ⋓ is a binary operator
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that is idempotent, commutative, and associative; ⊗, φ^, and ⋓ are
pre-ω-continuous and the following properties hold:

a φ^b ⊑ a ⋓ b a ⊑ a true^b

a ⊑ a φ^a a φ^b = b ¬φ^a

(a φ^b)ψ ^c = a φ ′^(b ψ ′^c) where φ ′ = φ ∧ψ ,φ ′ ∨ψ ′ = ψ

The precedence of the operators is that ⊗ binds tightest, followed
by φ^ and ⋓.

Lemma 7.2. The denotational semantics in §6.2 is a PMA C =

⟨PΩ,⊑P, ⊗P, φ̂^P, ⋓P,⊥P, 1P⟩.

Definition 7.3 (Interpretations). An interpretation is a pair I =
⟨M, ⟦·⟧⟩, where M is a pre-Markov algebra, and ⟦·⟧ : A → M,
whereA is the set of data actions for probabilistic programs.We call
M the semantic algebra of the interpretation and ⟦·⟧ the semantic
function.

Given a probabilistic program P and an interpretation I =

⟨M, ⟦·⟧⟩, We define F ♯P as

λS♯ .λv .

{
⋓

e=⟨v, {u1, ··· ,uk }⟩∈E
�Ctrl(e)♯(S♯(u1), · · · ,S♯(uk )) v , vexiti

1 otherwise
where�seq[act]♯(a1) def

= ⟦act⟧ ⊗ a1 �cond[φ]♯(a1,a2) def
= a1 φ^a2�call[i → j]

♯
(a1)

def
= S♯(v

entry
j ) ⊗ a1

We use the least prefixed point of F ♯P to define the interpretation

of a probabilistic program P as I [P] = lpp Û⊑
λv .⊥F

♯
P , where lpp

denotes the least prefixed point (i.e., the least ρ such that f (ρ) ≤ ρ
for a function f ). The interpretation of a control-flow node v is
then define as I [v] = I [P](v).

Definition 7.4 (Probabilistic abstractions). A probabilistic under-
abstraction5 from a PMA C to a PMAY is a concretization mapping,
γ : Y → C, such that
• γ is monotone, i.e., for all Q1,Q2 ∈ Y, Q1 ⊑A Q2 implies
γ (Q1) ⊑C γ (Q2),

• γ (⊥Y ) ⊑C ⊥C ,
• γ (1Y ) ⊑C 1C ,
• for all Q1,Q2 ∈ Y, γ (Q1 ⊗Y Q2) ⊑C γ (Q1) ⊗C γ (Q2),
• for all Q1,Q2 ∈ Y, γ (Q1 φ^YQ2) ⊑C γ (Q1) φ^Cγ (Q2), and
• for all Q1,Q2 ∈ Y, γ (Q1 ⋓Y Q2) ⊑C γ (Q1) ⋓C γ (Q2).

A probabilistic abstraction leads to a sound analysis:

Theorem 7.5. Let C and Y be interpretations over PMAs C andY;
let γ be a probabilistic under-abstraction from C toY; and let P be an
arbitrary program. If for all data actions act, γ (⟦act⟧Y ) ⊑C ⟦act⟧C ,
then for all control-flow nodes v of P , we have γ (Y [v]) ⊑C C [v].

References
[1] S. Abramsky andA. Jung. 1994. Domain Theory. InHandbook of Logic in Computer

Science. Oxford University Press Oxford, UK.
[2] G. Barthe, T. Espitau, M. Gaboardi, B. Grégoire, J. Hsu, and P.-Y. Strub.

2016. Formal Certification of Randomized Algorithms. Technical Report.
http://justinh.su/files/papers/ellora.pdf.

[3] G. Barthe, B. Grégoire, and S. Zanella Béguelin. 2009. Formal Certification of
Code-based Cryptographic Proofs. In Princ. of Prog. Lang.

[4] R. Bellman. 1957. A Markovian Decision Process. Indiana Univ. Math. J. (1957).

5 A dual notion of probabilistic over-abstraction is also defined and the corresponding
soundness theorem is proved. We omit these due to the space limit.

[5] B. Bichsel, T. Gehr, and M. Vechev. 2018. Fine-grained Semantics for Probabilistic
Programs. In European Symp. on Programming.

[6] P. Billingsley. 2012. Probability and Measure. John Wiley & Sons, Inc.
[7] J. Borgström, U. D. Lago, A. D. Gordon, and M. Szymczak. 2016. A Lambda-

Calculus Foundation for Universal Probabilistic Programming. In Int. Conf. on
Functional Programming.

[8] K. Chatterjee, H. Fu, P. Novotný, and R. Hasheminezhad. 2016. Algorithmic Anal-
ysis of Qualitative and Quantitative Termination Problems for Affine Probabilistic
Programs. In Princ. of Prog. Lang.

[9] K. Chatterjee, P. Novotný, and Ð. Žikelić. 2017. Stochastic Invariants for Proba-
bilistic Termination. In Princ. of Prog. Lang.

[10] P. Cousot and R. Cousot. 1977. Abstract Interpretation: A Unified Latice Model
for Static Analysis of Programs by Construction or Approximation of Fixpoints.
In Princ. of Prog. Lang.

[11] P. Cousot and R. Cousot. 1979. Systematic Design of Program Analysis Frame-
works. In Princ. of Prog. Lang.

[12] J. I. den Hartog and E. P. de Vink. 1999. Mixing Up Nondeterminism and Proba-
bility: a preliminary report. Electr. Notes in Theor. Comp. Sci. (1999).

[13] E. W. Dijkstra. 1997. A Discipline of Programming. Prentice Hall PTR Upper
Saddle River, NJ, USA.

[14] T. Ehrhard, M. Pagani, and C. Tasson. 2018. Measurable Cones and Stable,
Measurable Functions. In Princ. of Prog. Lang.

[15] A. Farzan and Z. Kincaid. 2015. Compositional Recurrence Analysis. In Formal
Methods in Computer-Aided Design.

[16] L. M. Ferrer Fioriti and H. Hermanns. 2015. Probabilistic Termination: Soundness,
Completeness, and Compositionality. In Princ. of Prog. Lang.

[17] G. Gallo, G. Longo, S. Pallottino, and S. Nguyen. 1993. Directed Hypergraphs
and Applications. Disc. Appl. Math. (1993).

[18] Z. Ghahramani. 2015. Probabilistic machine learning and artificial intelligence.
Nature (2015).

[19] A. D. Gordon, T. A. Henzinger, A. V. Nori, and S. K. Rajamani. 2014. Probabilistic
Programming. In Future of Softw. Eng.

[20] C. A. Gunter, P. D. Mosses, and D. S. Scott. 1989. Semantic Domains and Denota-
tional Semantics. Technical Report. University of Pennsylvania Department of
Computer and Information Science.

[21] N. Jansen, B. L. Kaminski, J.-P. Katoen, F. Olmedo, F. Gretz, and A. K. McIver.
2015. Conditioning in Probabilistic Programming. Electr. Notes in Theor. Comp.
Sci. (2015).

[22] C. Jones. 1989. Probabilistic Non-determinism. Ph.D. Dissertation. University of
Edinburgh Edinburgh.

[23] C. Jones and G. Plotkin. 1989. A Probabilistic Powerdomain of Evaluations. In
Logic in Computer Science.

[24] B. L. Kaminski, J.-P. Katoen, C. Matheja, and F. Olmedo. 2016. Weakest Precondi-
tion Reasoning for Expected Run—Times of Probabilistic Programs. In European
Symp. on Programming.

[25] M. Kattenbelt, M. Kwiatkowska, G. Norman, and D. Parker. 2009. Abstraction
Refinement for Probabilistic Software. In Verif., Model Checking, and Abs. Interp.

[26] J. Knoop and B. Steffen. 1992. The Interprocedural Coincidence Theorem. In
Comp. Construct.

[27] D. Kozen. 1981. Semantics of Probabilistic Programs. J. Comput. Syst. Sci. (1981).
[28] D. Kozen. 1985. A Probabilistic PDL. J. Comput. Syst. Sci. (1985).
[29] A. Lal, T. Touili, N. Kidd, and T. Reps. 2008. Interprocedural Analysis of Concur-

rent Programs Under a Context Bound. In Tools and Algs. for the Construct. and
Anal. of Syst.

[30] A. K. McIver and C. C. Morgan. 2001. Partial correctness for probabilistic demonic
programs. Theor. Comp. Sci. (2001).

[31] A. K. McIver and C. C. Morgan. 2005. Abstraction, Refinement and Proof for
Probabilistic Systems. Springer Science+Business Media, Inc.

[32] M. Mislove. 2000. Nondeterminism and Probabilistic Choice: Obeying the Laws.
In Concurrency Theory.

[33] M. Mislove, J. Ouaknine, and J. Worrell. 2004. Axioms for Probability and Nonde-
terminism. Electr. Notes in Theor. Comp. Sci. (2004).

[34] M. Müller-Olm and H. Seidl. 2004. Precise Interprocedural Analysis through
Linear Algebra. In Princ. of Prog. Lang.

[35] F. Olmedo, B. L. Kaminski, J.-P. Katoen, and C. Matheja. 2016. Reasoning about
Recursive Probabilistic Programs. In Logic in Computer Science.

[36] P. Panangaden. 1999. The Category of Markov Kernels. Electr. Notes in Theor.
Comp. Sci. (1999).

[37] S. Smolka, P. Kumar, N. Foster, D. Kozen, and A. SIlva. 2017. Cantor meets Scott:
Semantic Foundations for Probabilistic Networks. In Princ. of Prog. Lang.

[38] S. Staton. 2017. Commutative Semantics for Probabilistic Programming. In
European Symp. on Programming.

[39] S. Staton, H. Yang, C. Heunen, and O. Kammar. 2016. Semantics for proba-
bilistic programming: higher-order functions, continuous distributions, and soft
constraints. In Logic in Computer Science.

[40] R. Tix, K. Keimel, and G. Plotkin. 2009. Semantic Domains for Combining
Probability and Non-Determinism. Electr. Notes in Theor. Comp. Sci. (2009).

[41] D. Wang, J. Hoffmann, and T. Reps. 2017. PMAF: An Algebraic Framework for
Static Analysis of Probabilistic Programs. Available on: http://www.cs.cmu.edu/
~janh/papers/WangHR17.pdf. (2017).

10

http://www.cs.cmu.edu/~janh/papers/WangHR17.pdf
http://www.cs.cmu.edu/~janh/papers/WangHR17.pdf

	Abstract
	1 Introduction
	2 Background
	2.1 Probabilistic Programming
	2.2 Semantic Models

	3 A Measure-Theoretic Operational Semantics
	3.1 A Hyper-Graph Model of Probabilistic Programs
	3.2 Background from Measure Theory
	3.3 An Operational Semantics
	3.4 Adding Nondeterminism

	4 Domain-Theoretic Characterization of Kernels
	4.1 Background from Domain Theory
	4.2 Transition Maps
	4.3 General Convexity

	5 Powerdomains over Transition Maps
	5.1 A Sketch of Powertheories
	5.2 An Axiomatic Characterization of Powerdomains
	5.3 The Hoare Construction
	5.4 The Smyth Construction

	6 A Domain-Theoretic Denotational Semantics
	6.1 A Denotational Semantics for a Restricted Language
	6.2 Nondeterminism and Recursion
	6.3 Local Variables

	7 Application: Soundness of Static Analysis
	References

