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1 Structure of the Appendix

This appendix considers the following additions to the main paper.

e Two additional types: trees and the constrained type C' D 7. The latter is eliminated

with the e.. construct.

e We generalize the unrelated type U A to U (A1, As), allowing us to relate two expres-

sions of two different unary types A; and Ao, respectively. As a result of this change,
switch rule, — exec subtyping rule, and some of the asynchronous rules are also
generalized. The advantage of this generalization is useful for the 2Dcount example,
explained in depth in Section 2.

We first present RelCost’s syntax, typing and subtyping rules and semantic model. The
remaining sections describe the necessary definitions, lemmas and theorems for proving the
soundness of the RelCost’s unary and binary (relational) typing with respect to the abstract
cost semantics. Finally, we present three additional examples.

We use some abbreviations throughout. STS stands for “suffices to show”, TS stands
for “to show”, and RTS stands for “remains to show”.
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Typing judgments

Terms e =

Values v =

diff
T n= unit |int |7 X1 | T+ T2 | T SSLON 7o | list[n]® T |

iff
tree[n]“ T | Vi ¢ ::(t) S.t | JiS. 7| U (A1, A2) | O7 |
C&t|CDOT
A s= unity | int, | Ay x As | Ay + As | A SEE0 A4 list[n] A |
exec(k,
treefn] A [ Vi "V g 43S A|C& A|CD A
S = NJ|R
Lkt == i|0|oo|I+1|Lh+L|h—I| & [L-Io|[1]][I]]
In
Logy(1) | I* | min(Iy, 1) | max(Iy, 1) | S5 1
i=I
C = IliIQ|Il<I2|_'C|
o = T|CAD
A = 0]Ai:z
Q = 0]Quz:A
r = 0|T,z:7
T _ @’T, - diff(¢t) . ‘ Y, A, exec(k,t) Ay

Q}—Ze:A
FFer®ey<St:r

Figure 1: Syntax of types and contexts

20| fix f@)e | enen | Cel (enea) [ mile) | ma(e) |
inle | inre | case (e,z.e1,y.e2) | nil | cons(ey,ez) |
case e of nil — ey | h i1 tl — eg | leaf | node(e, e, e,) |
case e of leaf — €1 | node(l,z,7) — ea | Ae | e[] |
pack e | unpack e; asxineg | let x =ejiney | () |
cletejasxiney | .c e

n | fix f(z).v | (vi,v2) | inlv | inr v | nil | cons(vi,ve) | leaf |
node(v, v, v,) | Ae | pack v | ()

Figure 2: Syntax of values and terms



Binary type 7 is well-formed.

A;® A Awf| Unary type A is well-formed.

- wf-unit ———— wi-int
A; @+ unit, wf A;® +int, wf
A; O F 7 owf A; O F o wf A; Q7 owt A; P F 7wt
wf-prod wf-sum
A; P71 X 19wt A; P+ o wf
A; P F 7 owf A; D F 7o wf A;OFt:R
0 wi-fun

AP — 1 uf
A;dFn:N A;dFHa: N A; P+ T wf

wi-list
A; @ F list[n]* 7wt
A;dFn N A;OFa:: N A;QF T wf
wi-tree
A; @ F tree[n]® T wE
1S5 A0 T wf P S, AT R 1S, AQ 7wt
T wif-V : wif-3
A;®dFVi STt A; @ F JinS. 7wt
A;®HA Ay we A;® A Ay we A; P 1wt
wi-U ——— wi-box
A; O U (A, Ag) wE A;OFO7 wf
A;QFC wf A;CANOE 1wt A;QFC vt A;CANDE 7wt
wi-CD wi-C&
Ao+ C D7t A+ C & 7wt

Figure 3: Well-formedness of relational types



A;® A A wf| Unary type A is well-formed.

A; ® FA unit wt A; ® HA int wf
A;dHA Ay et A;d A Ay wf
A;® A Ay x Ay wt
A;®HA Ay we A;®HA Ay wf
A;d A Ay + Ag we
A;dHFA A wE ABPHFA AywE AdFHE=R  ADdFE:R

wf-u-prod

wi-u-sum

wfi-u-unit — wf-u-int

"D wf-u-fun
Ao A A 20 A uf
A;dFn: N A;®HA A wt . A;dFn: N A;®HA A wt
A wif-u-list A
A; @ " list[n] A wi A; @ " tree[n] A wt
i S A DA A wt 1S A0FHECR 18, A0t R
exec(k,t) wiu-¥
A;dHFAYE S At
i S A DA A ut A;QFC wf A;CADHA A wt
Iy wi-u-3 A wi-u-CD
A; O™ FiS. A wf A; O C D A wt
A;QFC wf A;CADHA A wt
A wi-u-C&
A;OHC & A wt
Figure 4: Well-formedness of types
AFC uf
AFIL:: S AFIL:: S AFIL:: S AFIL:: S
S e {N,R} S e {N,R} )
wf-cs < - wf-cs =
AF11<IQWf AFh:Iwa
AFC wf
——— wif-cs =
AF-C uf

Figure 5: Constraint well-formedness

wil-u-tree



|-‘ie{1,2}

|unit, |;
|i1’1tr|i
|T1 X 7’2’@'

|7’1 + Tg’z‘
diff(t)
|7’1 — 7’2|7;

[list[n]* 7|;
[tree[n]® 7|;

diff
|Vj s, i

|3j::S. 7l
|C D) T|Z'

|U (A1, A2);
|DT|Z'

|01

|F7 € T|i

Binary type — Unary type

unit

int

|Tl\z‘ X !72|7;
|T1li + |72ls

exec(0,00)
|71i |72
list[n] |7|;
tree[n] |7];

. . exec(0,00)
Vi=7j :
35S |7
C> ‘T|z
C&|rl;

S. |7

A;

|7

0

IT|i, @ |7l

Figure 6: Refinement removal operation

A(i):S_V cfinit AFIT:N !
—_— _ ———— infini ———— plus
Arizs v AF0:N 2° AFoo:R Y A}—(I—l—l)::Np
ArFIL =N AFI; N ¢ € {min,max, +, —, *, +,} .
op-bin-N
A"(Il<>12) =N
AFT:R oe{l |,[ 1} N
op-un-
AF (0S) =N P
AFt; =R Abty R * € {min, max, +, —, , /,} . AFt:R
op-bin-R ———————— op-log
Ab(tpxta) = R AF log,(t) = R
AFT =N AFT,:N AjizNFET::S S e {N,R} AFT:N |
iIsum — iC
In AFT:=R
A+ ZI::S
i=1I

Figure 7: Sorting rules



General rules

A; (I); ’F’l F};ll (AN Al

A;(I); ‘F‘Q F?Z €9 A2

switch

A;@;Fl—el@egﬁtl—kg:U(Al,Ag)
A;d:TFeoceSt: T

Vo € dom(T).

A;® = T(2) COT(x)

nochange

AT, T:QFece<0:0O7

Constant integers and unit ‘

const

A;CI);QI—gn:int

i — unit
A;@;Q p () : unit

Qz)=A
A;@;Ql—gzc:A

var

A; P: Q) l—’,;e:Al
A;®;QFinle: A + Ay

A;®; QL e Ay
A;®; QL inre: A + Ay

A;® A Ay wf
inl

A;® A Ay uf
inr

’ case (e, x.e1,y.2) ‘

A;®;QF e Ap + As

- r-const
A;&:TFnon <0:int,

r-unit

A; ;T F()o () £0: unit,

(z)=r71
A;o:TFzez<0:7

r-var

A;d;ThHeoe <t:m A; Dby wf

. — r-inl
A;®O;T'Finlesinle St:m+m

AP THeoed <t:m A;PETowE |
r-inr

A;@;x:Al,QI—Z, e1: A

A;®;THinteoinre St:m + 7

A; Dy As, I—Z, es: A
case

/
A’ ¢’ Q '_t+t +Ccase

k+k'+ccase

case (e,z.e1,y.e3) : A

A;d;ThHeoed <tim+m

A®;x:m,Theioe St T

A®y o, Theyoe, St 7

r-case

A;®;T F case (e,x.e1,y.e2) © case (€/,z.€],y.e5) St+t':7

Figure 8: Typing rules (Part 1)



fix f(x).e

A A Ay ZEED A e A;@;x:Al,f:Almzélg,Ql—Ze:AgﬁX
A; 0 QY fix f(x).e: Ay oxeelb), As
A;(I)I—Tlmmwf A;@;x:ﬁ,f:ﬁng,F}—q@eggt:Tg q
A; O T Ffix f(x).ep ©fix f(x).ea S0: 7y D), T2 o
diff(¢) diff()

A;dFT —5 1wt A;Oix:r, f:0(mp — mn),'Fecest:n
Vz € dom(T'). A;® =T'(z) COT(x)

A;®; T+ fix f(z).e ©fix f(x).e S0:0(ny diff(t) )

r-fixNC

AB Qe A 20 4 ABQRR ¢ 4

app
. . t1+t2+t+capp .
A, ¢)7 Q |—k1+k2+k+capp €1 €2: A2

diff(t
A;®;THe o€ St . 2EO, o

A;@;Fl—eg@eéthZTl
A;®;Thelesoeey Sty +ta+t:m

r-app

(e1,e2)

A; P Q I—i}l e1: Aq A; P: Q) I—';fQ e : Ag
A; @ QTR (e eg) 1 Ay X Ay
A The 0, St1:im AT e 06y Sto:m

A; DT e, e0) © (€], eh) Sty +ta 171 X T

prod

r-prod

m1(e)

A;®;QF e Ap x Ay . A;®;THeoe Stim xm

- pro

A; ®; Q |_§:~_Ccprog' 71'1(6) DAy J A; 0T - my(e) @7‘1’1(6,) <t:mn
proj

r-projl

ma(e)

Symmetric rules.

Figure 9: Typing rules (Part 2)



nil

A;® A At . A; O ¢ 7wt .
nil r-nil

A; ®; Q) nil - list[0] A A;®;T Fnil onil <0:list[0]* 7

cons(ey, e2)

A QHL et A AR QF2 e list[n] A
A;®;Q l—?lité cons(ey, ez) : list[n + 1] A
A;®;THe o€ Sty A;O;T Fey e Sty list[n]*r
A; ®;T F cons(er, ez) © cons(e], eh) <ty + to : list[n + 1]°T1 1
A;®;The o€ Sty :07 A;®;T ey ©ehy Sty list[n]*r
A;®;T F cons(eq, e2) © cons(e], eh) Sty + to : list[n + 1] 7

cons

r-consl

r-cons2

case e of nil —)61’h2:tl—>62‘

A;®;QFL e list[n] A
A;@/\nzO;QI—Z, er: A i,WA;PAn=1i+1;h: A tl:listi] A, Q l—g/ eo: A

; caseL
A; 9:Q l—;ttk,tf;jz; case eof nil — ey | hutl —eg: A
A;®;THeoe <t:listn]*r A®dAn=0;TFe 06, St 7
B A;®An=7d+ 1;h:Ortl:list[i]* T, T Fes ey St/ o7
LB, A PAnN=i4+1ANa=B+Lh:rtl:listfi]’ T Feyoel <t : 7
; r-caseLL

A;®;TF caseeofnil — e |hutl—e30 casee ofnil =€) |hutl—ehb St+t' 7

leaf

A;®HA A wf A; O F 7wt
o leaf —— r-leaf
A; ®;Q Fg leaf : tree[0] A A; ®;T +leaf © leaf S 0 : tree[0]” 7

node(ey, e, e;.)

A;®; Qe A A;9:Q I—le e : treefi] A A;9:Q I—ZZ er : tree[j] A

node
A; D Q I—Z:%ﬁ% node(e;, e, e,) : tree[i +j + 1] A
A;d;ThHeoed Sttt
A;®;T e oe Sty ot treeli]® T A; BT Fe o€l Sty tree[f]P 1
— — P r-nodel
A; ®; T F node(ey, e, e,) ©node(e), €', e,.) St 4ty + to : tree[i + j + 1] T
A THece <t:0Or

A;®;T e e Sty s treeli]® T A;®;T ke o€ <ty tree[f]? 1

r-node2

A; ®;T F node(ey, e, e,) ©node(e}, €, el) St 4ty +to : treefi + j 4+ 112 7

Figure 10: Typing rules (Part 3)
9



case e of leaf — e; | node(l,z,7r) — ey ‘

A;®: Qe tree[n] A A;®An=0;QF e : A
i,j,A;<I>/\n=i+j—|—1;x:A,l:tree[i]A,r:tree[j]A,QI—}‘;/, ey A

!
A; ®;Q l—';;tkffg’“eTT case e of leaf — e1 | node(l,x,7) — eg : A’

A;®;THeoe St:treeln]*r A An=07NTFe o€ St 7
i,j,ﬂ,ﬁ,A;@/\nzi%—j%—l/\a:ﬁ—I—Q;a::DT,Z:tree[i]BT,r:tree[j]eT,Fl—egeeégt':T'
L5, B 0, AP AN =i4+j+1ANa=B+0+1;z:7,1:tree[i]’ 7,7 : tree[j]’ 7, T F ey o el <t : 7/

A;®;T F case e of leaf — e1 | node(l, z,7) — e2 © case €' of leaf — €] | node(l,z,7) = St+t ey T

caseT

; I-Cas

i S, A0 QF e: A i ¢ FIV(®;Q) |

exec(k,t) iLam
A QR Ae:Vi S A
inS A0 T Fece <t:T i ¢ FIV(®;T) |
T r-iLam
A;d;THAecAed S0:Vi 0 S.7

]
AB O e vi Y g4 ArTiS
1)) . iApp
A; D5 Q l_k—i-k’[l/i] el] - A{I/i}
iff (¢’
A;@;F"B@GIStIVidist)S.T AFT:S ‘A
r-i
AT Fe[] 0[] <t+¢[1/i]: m{1/i} PP
A;®; Qe A{T)i} AFT::S
; - pack
A;@;QF) packe: JinnS A
A;d;TFeoe St:r{l/i} AFT:S
r-pack

A;®; T+ packe S pack e <t:3Ji:S. 71

unpack e as z in €’

A QL e : JinS. Ay
in S, AP AL QER ep: Ay i @ FV(®iT, Ay, ko, to)

A; P: Q) '_11;111332 unpack e as x in eg : As

A;d:ThHeroe] <ty :3inS.m
imS, APz, TFeaoe, Sty i ¢ FV(®;T,19,t2)

A; ®;T + unpack e; as x in es © unpack €} as zin ey <ty +to: 1

unpack

r-unpackl

10
Figure 11: Typing rules (Part 4)



Primitive application ‘

exec(k,t)
_—

T(C) = A Ay ABQFL e A

B L e o
A; D QT e Ay

primapp

T(()=mn LLLONS A;d:THeoe St':im

AP THCeol(ed <t+t:m

r-primapp

’ C & 7 intro. rules‘

A E=C A;ONC;QFL e A
A QF e C& A

A;DEC AdANCTReoe St:oT
A;d;TFece <t:C&T

c-andI

c-andl

’ C & 7 elim. rules‘

A;@;Ql—zllelzC&Al A;@/\C;.CII:Al,Q'_ZQQCQ:AQ

A; P Q F?lflfz clet e1 as x in eg : Ao

A;®;THer0e, St :C&m AONCiz:1,TFeOey Sto:m
A;®;Thclet ey asziney Oclet €] aszinel, Sty +to: 7

c-andE

r-c-andE

C D 7 intro. rules‘

NOANC;QF e A AOANC;TFeoe St:T
; c-impl ;
A QL e:CDA A;P;THeoe St:CDT

r-c-impl

C D 7 elim. rules‘

A;d;QFLe:CD A A;DE=C
A;®;QF celime: A
A;d:THeoed <t:CDT A; O E=C
A;®: Tk celimeScelime <t:r

c-implE

r-c-implE

let x = €1 in ey

A;<I>;Q}—';€11 e1: Aq A;(ID;x:Al,QI—',?Qeg:AQ

. H- tit+ta+ciet _ : .
A; P Q '_k1+/c2+qet let z =epines: Ag

A;®;Ther0e) St1im A;®;x:m,Thesoel, Styim
A;®O;ThHletz=ejinesOletz =¢)inel Sty +to: 7

let

r-letl

11



A;;QFLe: A APREACA AdEK<E  AdEt<t
A;@;Ql—g,e:A/

A;d:THeoed Sttt AdETCT Ad =t <t C

Ad;ThHeoe <t .7 .

C exec

Constraint dependent typing

NPANC;TH e: A AOA-C;TH.e: A AFCwf
A;®d;TH e: A
A PANC,THeg0ea St A;PAN-CiT e ©ey St AFC wf

split

r-split
AP THeg ey St
A;®E L A;®HA Q we A E L A; QT wf
7 contra r-contra
A;o;THpe: A A;O:THegOey St
Heuristic typing ‘
A;(I);‘F‘l Z,lleerl A;‘I’;w:U(Al,Al),Fl—(iQ@eth:TQ let
r-let-e
A;O:THletx=e1inesSe <ty +to+ e T2
A;@;\F\kallel:/h A; QU (AL, A1), TFeSes Sta:m ot
r-e-le
A;O:TFecletx =ejiney Sto— k| — et : T2
A; @ Ty }—211 e1: Ay oxeelht), Ao AT Eeroey Sty U(Ag, AY) r-app-e
A;@;I‘l—el62665§t1+t2+t+capp:U(AQ,AIQ)
xec(k
A [Tl Hit e AL 20 0 AT ey el Sto: U (Ag, AY)
r-e-app

AT e 06 e§§t2—k1—k—capp:U(A2,A§)

A ;T Fre: Ay 4 Ay
A®;x:U (AL A),ThRegoe St ot A;®;y:U(Ag, Ag),THesoe St'or

r-case-e
A;®;T F case (e,7.e1,y.e2) O St +1t+ cegse 1 T
A; @ |T|g i€ 0 A + Ag
A;®;x:U (AL, A),TFeoe Ster A;®;y:U (A, Ag),TFeoey, StoT
r-e-case

A;®;TFeo case (¢, m.e),y.eh) St—K —cegse 1 T

Figure 12: Typing rules (Part 6)
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Ccase =
Capp

CcaseL
CeaseT =
Cproj -
Clet

—_ = e =

Figure 13: Evaluation costs
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’ A lE=TCn ‘ Binary type 7 is a subtype of relational type 7

A d ):A Ay C As| Unary type A; is a subtype of type Ao

int-] UU-int
A; ® = int, C Oint, A;® = 0OVU (int, int) C int,

unit

A; ® = unit, C Ounit,

AdETCr A®ET T A<t

diff(¢ diff(¢
A;OET SLON T C 7 L), 5

— diff

diff(¢) diff(0) Bl
A;‘I) ):D(Tl —>7’2) COm —=0mn
exec(k,t) exec(k’,t") diff(t—k") 7 execdiff
AjD U (A =2 A, A 5520 AL U (A, A)) —— U (Ag, A))
i SN ETCTY i S A <Y z'g_iFV(q))v R
di
iff iff (¢’
A; D }:Wd::(t) S.TEVid th)S.T/
v O
diff diff
A;® = D0(Vi 1 S.T)C Vi 1 S.Or
exec(k,t) exec('k,t’) diff(t—k") vu
ANOEU (W = S AV TS AYEVE S U((AA)
A =7 7 A® =T C 7 .
X X
AOET X T X1 A;® =0n xOn=0(m X m)

U
Aid = U (A x A, A, x AY) T U (Ay, AL) x U (Az, Ab)

AdENCT  APERLCT
AdEM+R T+ A EOR+0rn CO(1 + 72)
AdEn=n"  A;dEa<d AdETCT
A;® = list[n]® 7 C list[n/]* 7/

+0

11

AP E=Ea=0 12 0
A; @ = list[n]Y 7 C list[n|* O 7 A; @ = list[n]* O 7 C O (list[n]* 1)

Figure 14: Subtyping rules (part 1)
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’A; PETC ‘ Binary type 71 is a subtype of type m

A =n=n AdEa<d Ao =TT

: t1
A; @ = tree[n]® 7 C tree[n’]* 7/
AP E=a=0
t2 tU
A; @ = tree[n|* T C tree[n|* 07 A; @ = tree[n|* O 7 C O (tree[n]® 1)
it S, AP ETET i ¢ FV(®) . .
A;® = Ji:S. T C Ji:S. 7 A;® =TS .07 C O (FiS.7)
AOANCEC Ao ETCT
. ; c-and c-and-[]
ANOPECETEC &7 A EC&OrCOC&T)
AONC EC ANdETCT | .
y ; c-impl c-impl-[]
A O E=COTCC DT A =0(Co>rm)CCo0Or
A; P C
T D ) ):TI_TQ B-0O
A;oE=0O7CT A0 =E0O7CO0O7 A =0m COm
w ———refl
2;@ LU (7l [rl2) AOErET
AeETLCR  APERLCT
tran
AR S

Figure 15: Subtyping rules (Part 2)
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Ai® A A C Ay

A;® A AL C A,

A; @ =R Ay C A

Unary type A; is a subtype of type As

NOEKE <k Aottt

— exec

A0 R A
it S NPEAMAC A

exec(k,t exec(k’,
k), gy D),

in S, AP K<k

(k/ t,) Al2

in S, AP EL<Y i ¢ FV(®)

u-Vexec

exec(k,t)

A;®EAY
A @M A C A

SACVYi =

exec(k’,t")

S. A
A @ M Ay C A

u-Xx

A;® N A x Ay T A x Al

AOEMAIC A AR AL A

A;D N A+ Ay C AL+ A
A;dER=n ADEAAC A
A; ® = tree[n] A C tree[n'] A’

A PANC EC

A;dEn=n ADEAAC A
A; @ =2 list[n] A C list[n'] A’
i S, AP ENAC A i FV(®)
A; P |:A Ji:S.AC Ji:S. A
ADEAAC A

u-

u-c-and

APEACLKACC & A

ABAC = C

AdEAAC A

ADEACDACC DA
A0 R A C A

u-c-impl u-refl

ADEAAC A
AR Ay C A

u-tran

A;@ M AT A

Figure 16: Unary subtyping rules
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Expression e evaluates to value v with cost ¢

elw X elv .
—— const —————— inl ———— inr
n{ " n inl e |} inl v inr e |° inr v

e |¢inlv eifv/z] I v, e | inr v ea[v/y] 4 vy,

‘U/CJFCTJFCC“SS Case-lnl uc‘f'cr‘f'ccase

case-inr
Uy case (e, x.e1,y.2)

case (e, z.e1,y.63) Uy

fix
fix f(z).e |° fix f(z).e
e1 4 fix f(x).e e %% vy elva/z, (fix f(z).€)/f] 1 v,

\U]CI +c2 +C7'+Ca,pp Uy

€1 €2
el v ¢(v) = (crs vy)
C e UC+CT+Capp Uy
e |° Aey ep 17 v, elwv

iA ack
e[] 4T v, 1APP pack e || pack v P

e1 4 pack v eslv/x] I v,
unpack e; as z in ey 172 v,
e I vy ez 12 vy
cons(e1, e2) 17 cons(vy, v2)
e {¢ nil e1 4 v,
caseeofnil — ey | h:tl— ey Jeterteeaser o

e ||¢ cons(vy, vg) ealvi/h,va /] I vy

case e of nil — ey | h i tl — eg JOTOrTCeasel oy

er 1 vy el er 4 vy

Uc«#q +cr

rima —— Lam
P PP Ae l}o Ae

unpack —— nil
P nil 40 nil

cons

caselLi-nil

caseL-cons

node
node(vy, v, v,.)

node(e, e, ;)
e |€ leaf e1 4 v,
case e of leaf — e1 | node(l, z,7) — ey | TCeaseT o
e ¢ node(vy, v, v;) ealv /1, 0]z, 00 /7] 4 vy

case e of nil — ey | node(l, z,r) — eg ||“T ¢ HCeaseT 4
ep 4 v e2 4 vy e I (v1,v2) ) e ¢ (v1,v2)

S rod e projl e
{e1, e2) 717 (vr, v2) mi(e) $Trs vy ma(e) YT vy
e1 4% v ea[vy/a] 47 oy er 4 vy ealvy/x] I v,

3 c1+crtc let ; c1+c
letx =ejiney | TTClet . clet e as x in es |} T Uy

elwv

celime ¢ v

caseT-leaf

caseT-node

proj2

clet

celim

Figure 17: Evallu?ation semantics



(7)» C Step index x Value x Value
()t C Step index x Expression x Expression

€

(tree[0]* 7)),
(tree[i+j+1]“ 7)), =

diff
(1 & 7o)

{(m,v,v) | (m,v,v) € (7)o}

= {(m,v1,v2) [ Vj. (J,v1) € [Ai]o A (5, v2) € [A2]o}

{(m,n,n)}

{(m, (), )}

{(m, (v1,v2), (v],09)) | (m,v1,07) € (mi)w A (M, 02,0) € (2o}

{(m,inl v,inl V") | (m,v,v") € (11)s} U {(m,inr v,inr v') | (m,v,v") € (m2)y}
{(m,v,v") | (myv,v") € (1) A (Mm,v,0") € (m2)s}

{(m,nil ,nil )}

= {(m, cons(ey, e3),cons(e}, e5)) | ((m,e1,€e}) € (OT)y A (m,ea,€h) € (list[n]* 7)) V

((m,e1,€}) € (T)o A (m, e2,€h) € (list[n]* L)y, A > 0)}

= {(m, leaf, leaf) }

{(m,node(ey, e, e,),node(e;, €, €.)) |

((m, e, e)) € ¢ (treefi]® )y A (m, e, €l) € (treei]’ 7)o A (m,e,€) € (D7) A a=p+y) V
((m, e e)) € (treefil® )y, A (m,ep,el) € (tree[f]Y 7Dy A (m,e,€’) € (T A a=B+y+1)}
= {(m, fix f(x).e1,fix f(z).e2) | (Vj < m. Yvi,v2. (j,v1,v2) € (T1)y. =

(J,e1[vr/z, fix f(x).e1/ f], ealva/a, fix f(z).e2/f]) € (2DL) A
(V.07 fix f(2).e1) € Il 222 oyl A (G fix f(2)-2) € Dl 0% [ry]a],))
{(m,Ae,Ae’) | VI. F1:8. ((m,ee) e (r{I/i})/Ny A
(V4.(G,e) € Ir{T/i}h]2™ A (€') € [IT{I/i}]2]2%)}
{(m,pack v,pack v') | L. -1 :: S A(m,v,v") € (T{I/t}),}
{(m,v1,v2) | EC V (m,v1,v2) € ()}
{(myvi,v2) | EC AN (m,v1,v2) € ()}

(m,0,0)}

{
{(m, 0]z — v1],0 [z — va]) | (M,0,0") € G(T) A (m,v1,v2) € (7)o}

= {(m,e1,e2) | (e1 4" v1 A ea§?v2 A ¢; <m) =

1. C1 — C2 S t
2. (m — c1,v1,v2) € (7)o

Figure 18: Relational interpretation of types



[A]l, C Step index x Value
[A]5* C Step index x Expression

[int], = {(m,n)}
[unit]., = {(m, ()}
[A1 x As]y = {(m, (v1,v02)) | (m, v1) € [Ai] A (m, v2) € [A2]o}
[A1 + A2]y = {(m,inl v) | (m,v) € [A1]o} U {(m,inr v) | (m,v) € [A2],}
[A1 A A, = {(m,v) | (m,v) € [A1]v A (m,v) € [A2]}
[list[0] A], = {(m,nil )}
[list[n+1] A], = {(m,cons(e1, e2)) | (m,e1) € [A]s A (m,e2) € [list[n] A, }
[tree[0] A], = {(m, leaf) }
[tree[i+j+1] A], = {(m,node(e, e, e,)) | (m,e;) € [treefi] A], A (m, e,) € [tree[j] A], A (m,e) € [A],}
[A; oxeellt), Aslly = {(m, fix f(z).e) | Vi < m. Yv. (5,v) € [A1]o = (j,e]v/x,fix f(z).€]) € IIAQ]]];7t}
v Y 5 Al = {(m, Ae) | VI F T3 8. (m,e) € [A{T/i}]FH/ /Ty
[Fi::S. A], = {(m,packv) | II.-1:: S A(m,v) € [A{I/t}].}
[C > 4], — {(mv) | EC v (m,v) € [4],}
[C & A, =A{(m,v) | EC A (m,v) € [A]o}
gl = {(m,0)}
g,z : A] = {(m,y[z = v]) | (m,7) € G[Q] A (m,v) € [A].}
1. elw
[A]% ={(m,e) | t<m = 2. c<t ) A

3. (m—c,v) € [A],

1. k<c¢

((ellcv/\c<m):> 9. (m_cyfu)e[[A]]fu}

Figure 19: Non-relational interpretation of types
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Lemma 1 (Value evaluation)
v{%v

Proof. Proof is by induction on the value term v. O

Lemma 2 (Value interpretation containment)
The following hold.

1. (m,v1,v2) € (7)y then (m, vy, vs) € (7)2.
2. (m,v) € [A], then (m,v) € [A]2".
Proof of (1). Assume that (m,v1,v2) € (7)) (%).
TS: (m,v1,v2) € (7).

€
Following the definition of (7)Y, and assume that (v §° v; A 0 < m) (cost and resulting

value obtained by Lemma 1).
Then, we can immediately show

1. vy 2 vy by Lemma 1
2. 0 —0 <0 is trivially true.

3. (m —0,v1,v2) € (7)), follows from the main assumption (x).

Proof of (2). Assume that (m,v) € [A], (%).
TS: (m,v) € [A4]2".
Following the definition of [[A]]g’t, there are two parts:

e Assume that t < m. Then we can immediately show

1. v {° v (by Lemma 1)
2.0<¢
3. (m —0,v) € [A], which follows from the assumption ().

e Assume that v ||° v (cost and the resulting value obtained by Lemma 1) and 0 < m.
Then, we can immediately show

1. 0<0
2. (m —0,v) € [A], which follows from the assumption ().

Lemma 3 (Value Projection)
The following holds.

1. If (m,v1,v2) € (7)o then Vm.(m,v1) € [|7|1]» and (m,v2) € [|7]2]v-

2. If (m, 01, 062) € G(I') then Ym.(m,d1) € G[|I'|1] and (m, d2) € G[|T|2]-
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Proof. Proof of statement (1) is by induction on (7)),. Proof of statement (2) follows by
proof of (1). O

Lemma 4 (Downward Closure)
The following hold.

1. If (m,v1,v2) € (7)) and m’ < m, then (m/,v1,v2) € (7))y

2. If (m,v) € [A], and m’ < m, then (m/,v) € [A],

t

. If (myeq,e2) € (7)L and m/ < m, then (m/,e1,e2) € (1)t

w

IS

ot

(
(
(
. If (m,e) € [A]¥" and m < m/, then (m/, e) € [A]F
_If (m, 61,82) € G(T) and m/ < m, then (m/,61,82) € G(T)
(m

CIf

=]

,7) € G[Q] and m’ < m, then (m/,v) € G[Q]

Proof. (1,3) and (2,4) are proved simultaneously by induction on 7. (5,6) follows from
(1,2). O

Lemma 5 (Subtyping Soundness)
The following hold.

1. f A;® =7 C 7 and o € D[A] and (m,v,v") € (o7)y, then (m,v,v") € (o77)y-
2. If A;® A AC A’ and o € D[A] and (m,v) € [0 A],, then (m,v) € [0 A],.

3. f A;® =7 C 7/ and 0 € D[A] and (m,e,e’) € (o7)l and t < ¢/, then (m,e,e’) €
(o7’ Dt,

4. If A;® E* AC A and o € D[A] and (m,e) € [0 A]¥" and k' < k and t < t, then
(m,e) € [[UA’]]]g/’t,.

5. If A;® =7 C 7/ and 0 € D[A] and Vi € {1,2}. (m,v) € [|lo7|i]v, then (m,v) €

[lor"lilo-

6. If A;® =7 C 7 and 0 € D[A] and Vi € {1,2}. (m,e) € [lor|;]5" and ¥’ < k and
t <t then (m,e) € [|or';]5.

Proof. Statements (1),(2) and (5) are proven simultaneously by induction on the subtyping
derivation. We first show the proof of statements (3), (4) and (6). O

Proof of statement (3). Assume that A;® =7 C 7’ and o € D[A] and (m,e,¢€’) € (o7)t
and t < ¢.
TS: (m,e,€) € (o7)*
Assume that
a) ev
b) e UC/ v
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c)c<m

By unfolding the assumption (m,e,¢€’) € (o7)t
d) e—d <t

e) (m—c,v,v) € (o7)y

using (a-c), we obtain

We can conclude as follows:
1. Since ¢ — ¢ <t from d) and ¢ < ¢ from the assumption, we get ¢ — ¢ < t'.
2. By IH 1 on e), we get (m — ¢,v,v") € (o7'),.
O
Proof of statement (4). Assume that A;® = A T A’ and o € D[A] and (m,e) € [cA]JE
and k¥’ < k and t S/t’;
TS: (m,e) € [cA']E
There are two parts to show:

e Assume that ¢’ < m.
By unfolding the main assumption (m, e) € [c AJP" with ¢ < ¢’ < m, we get

a) elv
b) <t
c) (m—c,v) € [oA],

We can conclude as follows:

1. By a),e ‘v
2. Since ¢ <t from b) and t <t from the assumption, we get ¢ < t'.

3. By IH 2 on the main assumption using c), we get (m — c,v) € [0 A],.

e Assume that e ||¢ v and ¢ < m.
By unfolding the main assumption (m,e) € [[aA]]?’t with e |} v and ¢ < m, we get

d) E<c<t
e) (m—c,v) € [cA],

We can conclude as follows:
1. Since ¥ < k and t < ¢’ (from the assumption) and k£ < ¢ < ¢ (from a), we get
EF<c<t.
2. By IH 2 on the main assumption using e), we get (m — ¢,v) € [0 A'],.
O

Proof of statement (6). Assume that A;® =7 C 7 and o € D[A] and (m,e) € [|lo7|;]5"
andk’gkandtgt’;/
TS: (m,e) € [|lo7|,]5 "
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There are two parts to show:

e Assume that ¢ < m.
By unfolding the main assumption (m, ) € [|o7|;]5" with ¢ < ¢/ < m, we get

a) elv
b) <t
c) (m—c,v) € [loT|i]w

We can conclude as follows:
1. By a),e ‘v
2. Since ¢ <t from b) and t <t from the assumption, we get ¢ < t'.
3. By IH 5 on the main assumption using c), we get (m — ¢, v) € [|o7’|]o-
e Assume that e ||¢ v and ¢ < m.
By unfolding the main assumption (m,e) € [[|a¢\i]]'§’t with e || v and ¢ < m, we get

d) k<c<t
e) (m—c,v) € [lo|i]v

We can conclude as follows:

1. Since ¥ < k and t < ¢’ (from the assumption) and k£ < ¢ < ¢ (from a), we get
E<e<t.

2. By IH 5 on the main assumption using e), we get we get (m — ¢,v) € [|o7'|i].-

Proof of statement (1). Proof is by induction on the subtyping derivation.

AdE=TCT A =1 C 1 AdE=t<t
Case FnEn d_ﬁ(t)': 2= 2d_ﬁ(t,) Fts — diff
1 1
AP =7 —>7'2E7'{ —>T£
Assume that o € D[A].

We have

(m, fix f(x).e,fix f(x).€') € (o (ot o)y (1)

TS: (m, fix f(z).e, fix f(z).¢/) € (o7] Aifftot), o) w-

There are two cases to show.

subcase 1: Assume that j < m and (j,v,0") € (o7{)5.
STS: (j, elv/=, (fix f(x).e)/f],€'v'/z, (fix f(x).')/f]) € (om3)Z".
By IH 1 on (j,v,v") € (o7{), using the first premise, we get
(U, v, 0") € (o7 (2)

By unrolling (1) with (2) using j < m, we get
(4, e[v/z, (fix f(z).e)/fl, €'l [z, (fix f(z).)/f]) € (o)’ (3)
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By Assumption 13 on the third premise, we get ot < ot’.
We conclude by applying IH 3 to (3) using the second premise and ot < ot’.

subcase 2: STS: Vj.(j,fix f(x).e) € [|o7]1 exec(00) lorsli]w A (4, fix f(x).€') € [|oT|2 saectf,0)
|o73)2]-
We just show the first part, the second one is similar.
Pick j and assume that
j<m (4)
(4, 0) € llorih]o (5)
STS: (j,e[v/x, (fix f(x).€)/f]) € [lomsh &
By IH 5 on (??) using the first premise, we get
(4, 0) € [loa ] (6)
By unrolling the definition of (1) with (??) and (?7?), we get
(J,elv/z, (fix f(z).e)/f]) € [lom21]2> (7)
We can conclude by IH 6 on the second premise using (77).
Case exec(k,t) exec(k’,t") diff(t—k") 77 execdiff
A; @ =U (A4 — A, A} ———— A5) CU (A1, 4Y) U (Az, A3)
Assume that o € D[A].
We have
exec(ok,ot) (oK ,ot")

(m, fix f(z).e, fix f(z).€) € (U (cA; oAy, oA =5 oAy (1)

TS: (m,fix f(z).e.fix f(2).€) € (U (041, 0.47) S0

There are two cases to show.

U (O‘AQ, UAIQ)[)v.

subcase 1: Assume that

a) j<m

b) (.77 v, Ul) € (]U (UA17 UAIl)Dv
STS: (j,e[v/x, (fix f(x).e)/f],e' [V /z, (fix f(x).€')/f]) € (U (O’AQ,O’A/Z)Dgt_Uk/.
Assume that

c) elv/x, (fix f(x).e)/f] I v,

d) e'[v'/z, (fix f(z).')/f] I vl

e) o <J
STS 1: ¢, — ¢, < ot — ok’
STS 2: (m — ¢y, vp,0)) € (U (0Az, 0 AY)),.
We first show the second statement, the first one shown later.
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Then, it suffices to show Vj.(j,v,) € [0A2], A (J,v})[0AL],. Pick j.
RTS1 : (j,v,) € [0 As],

RTS2 : (j,v))[oAL],

By (1), we know that

exec(k,t)
%

vi(7 fix f(x).€) € (A Ay A (7 fix f(z).¢) € 4] ZED a1 (2)

By instantiating j’ in the first part of (2) with j + ot + 2, we get

exec(ok,ot)

(j + ot +2,fix f(x).e) € (0 A o Aal)y (3)

By unrolling the definition of b) and instantiating the universal quantifier with j+ot+1,
we get

(j+ot+1,v) € [cA1]y (4)
Then, unrolling the definition of (3) with (4) using j + ot + 1 < j + ot + 2, we get
(j+ot+ 1e[v/x, fix f(x).e/f]) € [cAz],okot (5)

By unrolling the definition of (5) using ot < j + ot + 1, we get
f) ¢ < st
g) (J+ot+1—cv,) € [oA2]y
Next, we instantiate j’ in the second part of (2) with j 4 ¢, + 2, we get

(oK ,ot’)

(G + ¢ +2,fix f(z).e) € (cA, =272 5 AL), (6)

By unrolling the definition of b) and instantiating the universal quantifier with j+¢.+1,
we get

(G + ¢+ 1L,0") € [0Al]y (7)
Then, unrolling the definition of (6) with (7) using j + ¢, +1 < j + ¢, + 2, we get
(j+ .+ 1, )z, fix f(x).€/f]) € [cA,]pok ot (8)

By unrolling the definition of (8) using d), ¢, < j+ ¢, + 1, we get
h) ok’ <,
1) (+1vp) € [o45],

Now, we can conclude as follows

1. By f) and h), we get ¢, — ). < ot — ok’

2. By downward closure (Lemma 4) on g) using
j<j4ot—c +1 by f), ¢, < ot

We get (j,vr) € [oAz2],
By downward closure (Lemma 4) on i) using

J<j+1

We get (j,v).) € [oAS], These conclude this subcase.
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subcase 2: STS: Vj.(j,fix f(z).e) € [A1

Case

exec(0,00)

grte]y A (4,fix f(z).€/) € [4] M ALl

exec(0,00

Pick j.

STS1: (4, fix f(z).e) € [A s Al

STS2: (j, fix f(x).¢/) € [A; O 407

We will only show the first statement above, the second one is similar.
Assume j' < j and (j',v) € [A1]y-

RTS1: (j,e[v/z, (fix f(x).€)/f]) € [A2].

By unrolling the first part of (1)’s definition, we get

Vim.(m, fix f(z).e) € [A1 202 4,1, 9)
By instantiating first part of (9) with j, we get
. exec(0,00)
(J,fix f(z).e) € [A; As]y (10)

Then, the conclusion follows by unrolling (10) with (j/,v) € [A1], and 5’ < j.

diff(t) diff(0) =+ Dlaser
Ao O —— ) COn ——=0On
Assume that o € D[A].
We have i
(m, fix f(z).e, fix f(z).) € (O (or 2 5r)), (1)

iff(0)

TS: (m, fix f(x).e,fix f(z).e) € (Qom 4O, OoTa)y.
There are two cases:

subcase 1: Assume that j < m and (j,v,v) € (Ho7), (we have the same values due to box).

STS: (j, e[v/x, (fix f(z).e)/f],elv/z, (fix f(x).)/f]) € (Qoma)?.

Assume that

a) elv/x, (fix f(x).e)/f] 4 v
b) elv/z, (fix f(z).e)/ ] 4 v

c) ¢ <m

By unrolling first part of the definition of (1) with j < m and (j,v,v) € (o71)s , we get

(J,ev/@, (fix f(x).)/ fl, elv/z, (fix f(z).e)/f]) € (om)’ (2)
Unrolling the definition of (2) with (a-c), we get

d) ¢ —¢ <ot
e) (m—cp,vp,v,) € (0T2)y

We can conclude as follows

1. Trivially ¢, — ¢, <0
2. By e), we get (m — ¢, vr,vp) € (oTa)y
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subcase 2:

f£(0) exec(0,00)

C diff(0
STS: Vj.(5,fix f(z).e) € [|[Dory ——= Qonrli]s = [|lon1]1 loTa]1])v-

Immediately follows by unrolling the second part of the definition of (1) since we have

iff iff
|0 (011 E—(% oro)|l1 = |Jon f_(% Oorali.

Case

A;® =7 CU(|7]1[7]2)
Assume that o € D[A].
We have

TS:

(m,v1,v2) € (o7)y (1)

(m,v1,v2) € (U (loT]1, |oT(2))0.

Proof is by induction on 7.
We show a few representative cases below.

subcase 1:

subcase 2:

subcase 3:

Ad En=n Ad Ea<d AR RS

(m,v1,v2) € (U (A1, A2))y (%)
Since o7 = U (A1, A2) = U (o1, |oT|2), we immediately conclude by (x).
(m,inl v1,inl va) € (oT1 + 0T2)y (%)
TS: (m,inl v1,inl v2) € (U (lo11 + o721, |01 + 072(2))0-
STS: Vj.(j4,inl v1) € [[lom1 + om2|1]v A (J,inl ve) € [|lo1 + o72|2]s-
By unrolling their definition and noting that |om + o7|; = |oT1]; + |oT2|i Vi € {1,2},
RTS:
Vj-(G,v1) € flomihle A (4, 02) € [lomf2]w (2)

By unrolling the definition of (x), we have (m,v1,v2) € (071)y-
By IH, we get (m,v1,v2) € (U (|o71|1, |o71|2))» which is equivalent to (2).
(m, fix f(x).e1,fix f(x).e2) € (o1 M o)y (%)
diff(k) diff(k)
TS: (m,fix f(x).e1,fix f(x).e2) € (U (lor) — o721, |oT1 — 072]2))w

.. exec(0,00 .
STS: vj.(j, fix f(x).e1) € [lomix 0 loT2l1]v A (4, fix f(z).e2) € [loTi]2

loTa)2]v-
Follows by unrolling the second part of the definition of (%).

exec(0,00)

11

Case

A;® = list[n]® 7 C list[n/]* 7/

Assume that o € D[A] and | 6® and (m,v,v") € (list[n]® 7).

TS: (m,v,v") € (list[on']7® o7'),

From Assumption 13 applied to the first premise, on = on’. Therefore,

STS: (m,v,v') € (list[on]” or'),

From Assumption 13 applied to the second premise, ca < oga/. Therefore,

We prove the following more general statement

Y m,v,v,n,a,d. ifa <o and (m,v,v') € (listlon]”® o)), then (m,v,v') € (list[on)’® o7’),.
We establish this statement by subinduction on v and v’.

subcase 1:

v =0 =nil
We can immediately conclude that (m, nil ,nil ) € (list[0]7® ¢7’), by definition.
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V)

subcase 2: v = cons(vy, v2) and v' = cons(v]
') € (list[I 4 117 o7’), for some I + 1 = on.

TS: (m, cons(vy, va), cons(v], v
We have two possible cases:
e (m,v1,v}) € (Oo1)y (T) and (m, va,vh) € (list[I]7 o7y (T1).
By subIH on (f1), we get

(m, vy, vy) € (list[1)7 o7')),

By IH on (f), we get
(m,v1,v}) € (Do7'),

Combining (2) with (1), we get (m, cons(vi,v2), cons(v}, vh)) € (list[I + 1]7

o (m,v1,v]) € (o7)y (¢) and (m,ve,vh) € (list[I]7* L oT), (00).
By subIH on (¢¢), we get

(m, vg, vh) € (list[1]7% 1 o7'),

By IH on (¢), we get
(m,v1,v]) € (7)o

(1)

(2)

o)y

(3)

(4)

Combining (4) with (3), we get (m,cons(vy, va), cons(v}, vh)) € (list[I + 1]° o7),.

subcase 3: v =il and v = cons(v], v})

This case is impossible since they can’t be related.
subcase 4: v = cons(v1,v2) and v/ = nil

This case is impossible since they can’t be related.

AP E=Ea=0 12
A; @ = list[n]* 7 C list[n]|*O7
Assume that o € D[A] and = 0® and (m,v,v") € (list[n]* 7),.
TS: (m,v,v) € (listfon]”* Do),
We prove the following more general statement by subinduction on n.

Case

subcase 1: n =0
Then, we know that v = v/ = nil

We can immediately conclude that (m,nil ,nil ) € (list[0]° Jo7), by definition.

subcase 2: n=1+1
Then, we know that v = cons(v1,v2) and v' = cons(v], v4)
TS: (m, cons(vy,va), cons(v],vh)) € (list[ + 1]° 0 o7),.
We have two possible cases:
o (m,v1,v]) € (Do), (1) and (m,va,vh) € (list[I]° o7)y (11).
By subIH on (f1), we get (m, vz, v}) € (list[I]° O o7,.

Combining the (1) with the previous statement, we get (m, cons(v1, v2), cons(v],v})) €

(list[I +1)° 0 o7),.
o (m,v1,v}]) € (o7)y and (m,v2,vh) € (list[I]°~L o7),.
This case is impossible since 0 — 1 2 0.
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C 10
ase A;® = list[n]*0O7 C O(list[n]* 7)

Assume that o € D[A] and | o® and (m,v,v") € (listfon]”* OoT),.

TS: (m,v,v") € (O (list[n]* 7))y

We prove the following more general statement

Vi, B, 7. if (m,v,v) € (list[i]® O 1)y, then (m,v,v) € (O (list[i]® 7)), by subinduction on i.

subcase 1: n =0

Then, we know that v = v’ = nil
We can immediately conclude that (m,nil ,nil ) € (Olist[0]°® o7), by definition.

subcase 2: n=1+1

TS: (m, cons(vy,ve), cons(vy, vh)) € (Dlist[I + 1]7% s7))y.
We have two possible cases:
e (m,v1,v]) € (HOo7), (1) and (m,va,v2) € (list[I]7*Oot)y (11)-
Instantiating subIH on (1), we get

(m, ve,vh) € (Olist[I]7* o7), and vy = v} (1)

By (1), we also know that
(m,v1,v1) € (BoT)y (2)

Combining (2) with (1), we get (m, cons(vy, v2), cons(vy, ve)) € (Dlist[I+1]7% o7),.
o (m,v1,v1) € (Dot)y, (¢) and (m,va,v2) € (list[I]7* L D7), (00).
Instantiating subIH on (¢¢), we get

(m, va,vh) € (Dlist[1]7 o7), and vy = v} (3)

Combining (¢) with (3), we get (m, cons(vy, v2), cons(vy,ve)) € (Dlist[I+1]7% o7),.

O
Proof of statement (2). Proof is by induction on the subtyping derivation.
. AR A E A A;d =M Ay T A AD =K <k A;cb):z:gt’_>
ase Y, exec
A:d ):A Ay exec(k,t) Ay T A/1 exec(k’,t") A/2
Assume that o € D[A].
We have i
(m, fix f(z).e) € (cA; execlohoh) o Aa)y (1)
TS: (m, fix f(z).e) € (0 A} oxeclo’ot), g Ab)y.
STS: (m, fix f(z).e) € [oA, ST a1,
Pick j and assume that
j<m (2)
(4,v) € [oAi] (3)
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STS: (j,elo/, (fix f(x).)/f]) € [oA3)Z""""
By IH 2 on (3) using the first premise, we get

(4,v) € [oAi]o (4)
By unrolling the definition of (1) with (4) and j < m, we get
(4, elv/z, (fix f(z).e)/ f]) € [oA] 2" (5)

By Assumption 13 on the third and fourth premises, we get ok’ < ok and ot < ot’.
We conclude by applying TH 4 to (5) using o, i.e ot < ot’ and ok’ < ok.

Lemma 6 (Sort Substitution)
The following hold.

I.HAFT:Sand Ayi: SETI S then AFT'[I/i]:: S
2. If AFT:Sand AjFi:SEC wE, then AF C[I/i] wet.
3. f AF1T: S and o € D[A], then o1 :: S.

Proof. (1) and (2) are established by simultaneous induction on the second given derivations.
(3) follows from (1). O

Assumption 7 (Constraint Well-formedness)
If A;® = C then A C wf

Lemma 8 (Well-formedness)
The following hold.

L. IfA; ;T Feoe <t:7and A;® T wf and FIV(T') C dom(A), then ®; A+ 7 wf
and FIV(¢,7) C dom(A).

2. f A;@;QFL e Aand A;@ A Q wE and FIV(Q) C dom(A), then ®; A FA A wf and
FIV(k,t, A) C dom(A).

3. IfA; 0T Hece <t:r,then FV(e) C dom(I") and FV(e) C dom(T).
4. It A; @;QH e : A, then FV(e) C dom(Q).
Proof. The proof is by induction on the typing derivations. O

Lemma 9 (Refinement Removal Well-formedness)
If ®; A b 7 wf, then ®; A FA |7|; wf for i € {1,2}.

Lemma 10 (Subtyping well-formedness)
The following hold.

e If A;® =7C 7 and A;® F 7 wf and FIV(7) C A, then ®; A+ 7/ wf and FIV(7') C
A.
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o If A;® EA AC A and A;® FA A wf and FIV(A) C A, then ®;A - A’ wf and
FIV(A') C A.

Proof. The proof is by induction on the subtyping derivations. O

Both of our fundamental theorems rely on the assumption that the semantic interpre-
tation of every primitive function lies in the interpretation of the function’s type. This is
explained below.

Assumption 11 (Soundness of primitive functions (relational))

Suppose that ¢ : 7 O, 9 and (m,v,v') € (r1)y and ¢ v = (¢, v,) and ' = (&, 0))

Ty Er
then
b (m7vrvv;) € (]TQD’U

e ¢, —c <t

Assumption 12 (Soundness of primitive functions (non-relational))

Suppose that ¢ : Ay execlkt), Ag and (m,v) € [A1]y, then
i é v = (cr,vr)
o (m,v,) € [A2]y

e k<. <t

We assume that the constraint judgment A; ® = C satisfies some standard properties.

Assumption 13 (Constraint conditions)
The following hold.

1. [Substl] If A,i:: S;® |=C and AF T :: S, then A;®[I/i] = C[1/i].
2. [Subst2] If A;® = C and A; & AC = C7, then A; @ = C'.

3. [Neg] A; @ |=—=C iff A;® j~= C.
4. [Corrl] If = ny < ng, then ny < no.
5. [Corr2] If I =1 then I =TI

Theorem 14 (Fundamental theorem)
The following holds.

1. Assume that A; ®;T'F ey © e St:7and o € D[A] and | o® and (m, §,d") € G(oT).
Then, (m,de1,d'es) € (o)

e

2. Assume that A;®:Q I—Z e: A and 0 € D[A] and = 0® and there exists Q' s.t.
FV(e) € dom() and & C 9 and (m,) € G[o]. Then, (m, e) € [0 AJ7*".
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Case

Case

3. Assume that A;®;I'e; ©ex St:7and o € D[A] and = 0®. Then for i € {1,2},
if there exists I} s.t. FV(e;) C dom(I%) and I, C I' and (m,d) € G[|oT%];], then
(m, de;) € [loThi]o> .

Proof. Proofs are by induction on typing derivations. We show each statement separately.

Proof of Statement (1). We proceed by induction on the typing derivation. We show the
most important cases below.

Nx)=r71
AP THFzox<0:7
Assume that = o® and (m,d,d’) € G(oT).
TS: (m,6(z),d' (z)) € (o).
By Value Lemma (Lemma 2), STS: (m,d(x),d'(z)) € (o7)y-
This follows by I'(x) = 7 and (m, §,4") € G(oT).

r-var

A;d:Theroey Styor A; DT ey Ol Sty list[n]* T

r-consl
A; ®;T - cons(ey, e2) © cons(e, eh) <ty + to : list[n + 1]*TL 7

Assume that (m,d,d") € G(oT) and = o®.
TS: (m,cons(dey, de), cons(8'e), 8'ehy)) € (listlon + 1]7FL gr)gtitotz,

Following the definition of ()., assume that

dep 1 vy (%) dea 12 vy (0) cons and 8l U o) (k) el 1% v (00) cons
cons(deq, dea) |17 cons(vy, vo) cons(8'¢}, 8'el) 11 cons(v), vh)
and

c1+co < m.

oty

By IH 1 on the first premise, we get (m, dey,d’e}) € (or)2". Unrolling its definition with

(x) and (*%) and ¢; < m, we get

a) ¢ —c) <oty

b) (m —e1,v1,v)) € (oT)0

By IH 1 on the second premise, we get (m, deg, 8'eh) € (listjon]7® or)2t2. Unrolling its

definition with (¢) and (¢¢), and c2 < m, we get

c) cg —ch < oty

d) (m — ca,v9,vh) € (list[on]? o),
Now, we can conclude as follows:

1. Using a) and c), we get (c1 + ¢2) — (¢} + &) < oty + oty
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2. By downward closure (Lemma 4) on b) and d) using
m—(c1+c2) <m—c

m—(c1+c2) <m—co

we get (m — (¢1 + ¢a),v1,v]) € (o7)y and (m — (1 + ¢2),v2,v)) € (listjon]”® o7),, when

combined, gives us (m — (c1 + ¢2), cons(vy,v2), cons(v, vy)) € (listfon + 1]7¢TL o7,

A;d:ThHer0e, Sty 07 A; DT e Oehy Sty list[n]* 7
Case r-cons2
A; ®;T F cons(ey, e3) © cons(e], eh) Sty +to : list[n + 1% 7

Assume that (m, d,0") € G(oT) and = o®.
TS: (m, cons(deq, dez), cons(d'e), 8'eh)) € (list[on + 1]7% or)gtrtotz,

Following the definition of (-).-, assume that

dep 1 vy (%) dea 12 vy (0) cons and 8t I vl () el 12 vl (00) cons
cons(der, dea) 1T cons(vy, vo) cons(8'e’, 8'ey) 117 cons (v, vh)
and

c1+co < m.
By IH 1 on the first premise, we get (m,dey,d’e}) € (Dor)?%. Unrolling its definition

with (%) and (%%), and ¢; < m, we get

a) ¢ — ) <oty

b) (m —eq,v1,v)) € (DoT)y

By IH 1 on the second premise, we get (m, deq, 8'e)) € (list[on]?® o7)2%2. Unrolling its

definition with (¢) and (¢¢), and ca < m, we get

c) ca —ch < oty

d) (m — ca,ve,v)) € (list[on|” o7),
Now, we can conclude as follows:

1. Using a) and c), we get (c1 + ¢c2) — (¢} + &) < oty + oty

2. By downward-closure (Lemma 4) on b) and d) using
m—(c1+c2) <m-—c

m— (c1+c2) <m—co
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Case

we get (m —(c1+c¢2),v1,v]) € (Dot), and (m—(c1 +c¢2),v2,v)) € (listfon|?® o7)),, when

combined, gives us (m — (¢1 + ¢2), cons(v1, v2), cons(vi, vh)) € (listfon + 1]7* o),

A;d;THeoed <t:T
A;®;TFe e Sty treeli]® T A;®;T ke €. <ty:treef]’ 7

r-nodel
A;®;T + node(e;, e,e,) © node(e), e’ el) St +tg +ty : treefi + j + 1]4FF+ 7
Assume that (m,0,d") € G(oT)) and = o®.
TS: (m, node(de;, de, de, ), node(d'e}, d'e’, §'el)) € (tree[oi + oj + 1]70FToB+L gr)gttotitots,
Following the definition of ()., assume that
der v (%) dedlfu (o) dep U ur ()

node(dey, de, de,.) T node(vy, v, vy)
8ey 19 v (5k) §e 19 v (00) Ser 4 vl (11)

node(d'e;, 8'e, 8e;) yetater node(vy, v', v).)

(e +c+e) <m.
By IH 1 on the first premise, we get (m,de, d’e’) € (o7)2". Unrolling its definition with (o)

node and

node and

and (o) and ¢ < m, we get
a) c—d <ot
b) (m —c,v,v') € (o7

ot
3

By IH 1 on the second premise, we get (m, de;, d'e;) € (tree[oi]”® or)Z%. Unrolling its

definition with (%) and (%*), and ¢; < m, we get

c) q—c <oty

d) (m — ¢, v, v;) € (tree[oi]” o7,

oty

By IH 1 on the second premise, we get (m, de,., 8'el) € (tree[o]7? o7)Zt. Unrolling its
definition with (1) and (1), and ¢, < m, we get

e) ¢ —c. < oty

f) (m — ¢, vy, v)) € (tree[o]7P o)y
Now, we can conclude as follows:

1. Using a), c¢) and e), we get (¢; +c+c¢,) — (¢ + + ) <ot + oty + oty

2. By downward-closure (Lemma 4) on b), d) and e) using

m—(¢qg+ct+ce)<m—c
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Case

m—(qg+c+e)<m-—g¢
m—(g+c+c)<m-—c

we get (m — (g +c+c¢),v,v") € (o7)y and (m — (¢ + ¢+ ¢,), v, v]) € (tree[oi]”® o7y
and (m — (¢; +c+¢), v, vl € (tree[oj]°? o), , when combined, gives us (m — (¢; + ¢+

¢r),node(vy, v, v,.), node(v],v', vl)) € (tree[oi + oj + 1]°2+ 7P+ o7),

A;d;THeoed <t:0O7

AT Fe©ep Sty treefi]™ T A;®;The 06, Sty tree[j]ﬁ T
r-node2

A;®;T + node(e;, e,e,) © node(e), e’ el) St 41 +ty : tree[i + 5 + 1]°HF 7
Assume that (m,0,d") € G(oT)) and = o®.
TS: (m, node(de;, Se, de, ), node(d'e}, d'e’, §'el)) € (tree[oi + oj + 1]79FTo8 gr)gttotitatz,
Following the definition of (-).-, assume that
deg J v (%) de v (o) der I vy

node(dey, de, de,) LT node(vy, v, vy)
§ep U v (%) e lv (00) Se v !

node(d’e;, d'e, §'e,) T node(vy, v, vy)

(e +c+¢) <m.
By IH 1 on the first premise, we get (m,de,d’e’) € (Do7)2". Unrolling its definition with

node and

node and

(x) and (xx), and ¢; < m, we get

a) c—d <ot

b) (m—c,v,v") € (QoT),

By IH 1 on the second premise, we get (m,de;, 8'e)) € (tree[oi]”® or)2". Unrolling its

definition with (x) and (%*), and ¢; < m, we get

c) q—c <oty

d) (m — ¢, v, v;) € (tree[oi]” o7,

By IH 1 on the second premise, we get (m, de,., 8'el) € (tree[o]7? o7)Zt. Unrolling its
definition with (1) and (1), and ¢, < m, we get

e) ¢ —c. <oty

f) (m — ¢, vy, v)) € (tree[of]7P o),

Now, we can conclude as follows:
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1. Using a), c¢) and e), we get (¢, +c+c,) — (g + +¢,.) <ot + oty + oty

2. By downward-closure (Lemma 4) on b), d) and e) using
m—(qg+c+c¢)<m—c

m—(g+c+e)<m-—g
m—(q+c+e)<m-—c

we get (m — (g +c+¢),v,0") € (QoT)y and (m — (¢ + ¢+ ¢r), v, v)) € (tree[oi]”® o7y
and (m — (¢; +c+ ), v, vl) € (tree[o]°” o), , when combined, gives us (m — (¢; + ¢+

cr),node(vy, v, v,),node(v], v', v})) € (tree[oi + oj + 1]°*+78 7)),

A THeoe St:listln]*r A;dAn=0;TFe 0] St 7
i, A;®An =i+ 1;h: 07t listfi]* T, T Feyoey St o7
i,ﬁ,A;CI)/\n:z'—i—l/\a:ﬂ—i—l;h:T,tl:list[z’]ﬁT,Fi—egeeIQSt’:T'

Case r-
A;®;T+ caseecofnil —ej | hutl—>ex© casee ofmnil —e) |hutl—ehb St+t 7

caseL

Assume that (m,d,d") € G(oT)) and = o®.

TS: (m, case de of nil — dey | h = tl — deq, case d’e’ of nil — §'e) | h = tl — §'€,) €
(]O'T,Dgt+at/ )

Following the definition of ()., assume that

case de of nil — dep | h = tl — ey 1€ v, (1)
case 0'¢’ of nil — 0'¢} | h i tl — 'l 4 0, (2)

and C' < m.
Depending on what de and d§’¢’ evaluate to, there are four cases.
de ¢ nil (%) der Y7 vy (0)
subcase 1: - caseL-nil and
case de of nil — dey | h 2 tl — deg JJetertceaseL o
e’ U< nil (k) def Y vl (00)
case §'¢’ of nil — 8¢} | h:: tl — 'l ¢ HrHeeaser o
C =c+cr+ Ceaser, <M

caseL-nil and

By IH 1 on the first premise, we get (m,de,d’e’) € (list[on]?® o7)2t. Unrolling its

definition with (%), (*x) and ¢ < m, we get
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a) c—cd <ot
b) (m — ¢,nil ,nil ) € (list[on]”® o),
By b), on = 0.
Then, we can instantiate IH 1 on the second premise using = c® A on = 0, to obtain
(m, de1,d'eh) € (or)2t .
Unrolling its definition using (¢) and (¢¢) and ¢, < m, we get
c) ¢ — ¢ <ot
d) (m—¢p,vp,0)) € (o7')y

We conclude with

1. By a) and c), we get (¢ + ¢ + Ceaser,) — (¢! + ¢ + Ceaser,) < ot + ot

2. By downward closure (Lemma 4) on d) using
m — (C+CT+CcaseL) <m-—c,

we get (m — (¢ + ¢ + CeaseL), U, VL) € (07)0.

de nil (x de; Y7 v (o
subcase 2: ) r () caseL-nil and
case de of nil — dey | h i tl — deg JeterteeaseL o

8¢’ I cons(v),vh) (k%) &eb[v) /b, vh ] I ol (00)

. / /
case 0'¢/ of nil — &’e] | h:: tl — §ely ||© TorTCeaseL vl
C:C+CT+CcaseL <m

caseL-cons and

By IH 1 on the first premise, we get (m, de, d’e’) € (list[on]”® or)2t. Unrolling its

definition with (%), (xx) and ¢ < m, we get

a) c—cd <ot

b) (m — ¢,nil, cons(v], v)) € (list[on]?® o7,

However, b) is false since two lists of different length are not related, therefore this case

is vacuously true.

de ¢ cons(vy,va) (%) dea[vy/hyva [t I vy (o)
subcase 3: caseL-cons and

case de of nil — dey | h:: tl — dey Jeterteeaser o
§'e 1 cons(vf,vh) () Geb[v]/h,vh/H] U ] (00)
case §'e’ of nil — §'e} | h::tl — 0'€) ucurc'ﬂrccaseL "

By IH 1 on the first premise, we get (m, de) € (list[on]?® o7)?%. Unrolling its

caseL-cons
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definition with (%) and (xx) and ¢ < m, we get

a) c—c <ot

b) (m — ¢, cons(vy,v2), cons(v], vh)) € (list[on]? o7,
For b), there are two cases:

subsubcase 1: on = I + 1 such that we have

(m —c,v1,v}) € (DoT)y (3)
(m — ¢, ve,vh) € (list[I]7* o7y (4)

In addition, by downward closure (Lemma 4) on (m,d,0") € G(I'), we have
(m —c,8,8") € G(oT) (5)

Then, we can instantiate IH 1 on the third premise using
e oli— 1] €D[i::N,A]
o =ofi— I|(® An =i+ 1) obtained by
— | 0® by main assumption
— Eon =1+ 1 by sub-assumption
o (m —c,dlh — v, tl = va],8'[h — Vi, tl — vy]) € G(oli — I|(T,z : Ot :
list[i]* 7)) using (3) and (4) and (5).
we get (m — ¢, deafvy /h, va/tl], 8 €L [v] /R, vy /tl]) € (ofi — I]7)
Since, i ¢ FV (', 7,7'), we have (m — ¢, dea[vy /h, va/tl], §'ey[v) /b, vy /tl]) € (o7 .

Unrolling its definition using (¢), (¢¢) and ¢, < m — ¢, we get

oIt
15 .

¢) ¢ —c. <ot
d) (m—(c+cr),v,0.) € (67
We conclude with

1. By a) and c), we get (¢ + ¢, + Ceaser,) — (¢ + ¢ + Ceaser) < ot + ot + Ceaser

2. By downward closure (Lemma 4) on f) using
m — (C+CT+CC(156L) <m-— (C+Cr)

we get (m — (¢4 ¢ + CeaseL), U, VL) € (07)0.

subsubcase 2: on =1 +1 and ca = J + 1 such that we have
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(m — c,v1,v}) € (o7)o (6)
(m — ¢, v, vh) € (list[I]7 o), (7)

In addition, by downward closure (Lemma 4) on (m, d,d’) € G(['), we have
(m—¢,6,8) € GloT) (8)

Then, we can instantiate IH 1 on the fourth premise using
e gli—I,f—J €D[i=N,g:NA]
o =ofli—I,0— J(®PAn=i+1Aa=p+1) obtained
— | 0® by main assumption
— Eon =1+ 1 by sub-assumption
— Eoa = J + 1 by sub-assumption
o (m—c,0lh— v, tl = v2],8'[h — V], tl — Vb)) € Glofi— 1,8 — J|(T,x : 7, :
list[i]? 7)) using (6) and (7) and (8)
we get (m — ¢, dea[vi/h, va/t], 8'el[v) [h, vy tl]) € (ofi — I, B s J)7)ZE 1A
Since, i, 8 & FV(t',7,7"), we have
(m — ¢, deg[vy /h, va/t], 8'eb ) /b, vh /H]) € (oT')7E.
Unrolling its definition using (¢), (¢¢) and ¢, < m — ¢, we get
e) ¢ — . <ot
f) (m—(c+c¢),vr,v)) € (o7

We conclude with

1. By a) and e)a we get (C + e + CcaseL) - (CI + C;n + CcaseL) < ot+ot' + CcaseL

2. By downward closure (Lemma 4) on d) using
m — (C+Cr+ccaseL) <m-— (C+Cr)

we get (m — (¢ + ¢ + Ceaser), Uy VL) € (07)0.

de ¢ cons(vy,va) (%) dealvi/h,va/tl] I v, ()
subcase 4: caseL-cons and
case de of nil — ey | h i tl — Geg |0 TCeasel oy,
§e 19 nil (k) 0e) L vl (00)

T

. ) 7 PP ; caseL-nil and
case 0'¢’ of nil — e} | h i tl — §'ef || T Ceasel gy

C=cHcr+ Ceaser, <M
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By IH 1 on the first premise, we get (m, de, §’e’) € (list[on]?® o7)?". Unrolling its
definition with (%), (x) and ¢ < m, we get

a) c—cd <ot

b) (m — ¢, cons(vy,va),nil ) € (list[on]?® o),
However, b) is false since two lists of different length are not related, therefore this case

is vacuously true.

A;®;THeoe <t:treen]*r A An=07NTFeoe St 7
0,5, 8,0, AP An=i4+j+1ANa=pB+0;x:071:tree[i]’ r,r: tree[j]’ r,T F ey el <t/ : 7'
é,j,B,H,A;CD/\n:i+j+1/\a:6+9+1;x:T,l:tree[i]BT,r:tree[j]eT,Fl—egee'QSJt’:T'

Case A;®;T + case e of leaf — ¢ | node(l,z,7) — e2 © case ¢’ of leaf — ¢} | node(l,z,7) - Jt+t ey
caseT

Assume that (m,d,d") € G(oT) and = o®.

TS: (m, case de of leaf — dey | node(l,xz,r) — dea, case §'e’ of leaf — &’e| | node(l, z,r) —

5ey) € o)zt

Following the definition of ()., assume that

case de of leaf — de; | node(l, z,r) — dea 1€ v, (1)
case 0'¢’ of leaf — &'¢/ | node(l, z,r) — &'eh 4 0. (2)

and C' < m.
Depending on what de and d§’e’ evaluate to, there are four cases.
oe € leaf (% oer Y v (¢
subcase 1: ) - r ©) caseT-leaf and
case de of leaf — ey | node(l, x,r) — Jeg T orTCeaseT o

5’ I leaf (xk) 8l U vl (00)

caseT-leaf and

11 17 11 +cl 4Cease I
case §'¢’ of leaf — &'e] | node(l, x,r) — §'ey || T T easeT ¢

C =c+cr+ Ceaser <M

By IH 1 on the first premise, we get (m, de, §'¢’) € (tree[on]”® o7)2t. Unrolling its

definition with (%), (xx) and ¢ < m, we get

a) c—cd <ot
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subcase 2:

subcase 3:

b) (m — ¢, leaf, leaf) € (tree[on|” o7,

By b), on = 0.
Then, we can instantiate IH 1 on the second premise using = o® A on = 0, to obtain
(m, dey,8'e,) € (o).

Unrolling its definition using (¢) and (¢¢) and ¢, < m, we get

¢) ¢ —c. <ot

d) (m—cp,vp,0)) € (o7)y
We conclude with

L. By a) and C)a we get (C +c + CcaseT) - (C/ + C/r + CcaseT) <ot + ot

2. By downward closure (Lemma 4) on d) using
m — (C+CT+CcaseT) <m-—c¢

we get (m — (¢ + ¢ + Ceaser)s Vr, VL) € (0T )0

de ¢ leaf (%) der I vp (o)

caseT-leaf and
case de of leaf — ey | node(l, x,7) — Seg || TCeaseT ¢

§'e llcl node(vy, v, v].) (%x) §ehv /1,0 [z, vl 7] l}clr vl (00)
caseT-node and

. / !
case ¢'e’ of nil — (5/6,1 | node(l, z,r) — 6’6’2 ¢ Terteeaser v,ﬁ

C=c+cr+ Cegser <M

By IH 1 on the first premise, we get (m,de,d’'e’) € (tree[on]® o)t Unrolling its

definition with (%), (%x) and ¢ < m, we get

a) ¢c—cd <ot

b) (m — ¢,leaf, node(v], v})) € (tree[on]?® o7,
However, b) is false since two trees of different length are not related, therefore this

case is vacuously true.

de ¢ node(v, v, v,) (%) dealvi/l, vz, v /7] U7 v (0)
caseT-node and

case de of nil — dey | node(l, z,r) — dey Jeterteeaser

5'¢/ U node(v), ') (k) Seblof/L, v/ [z vl fr] U5 ol (o0)
caseT-node and

11 . 11 1 0 chtceaseT !
case 0'¢’ of nil — ¢’e] | node(l, z,7) — d'ey || T v,

C = c+cr+ Ceaser <M
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By IH 1 on the first premise, we get (m,de) € (tree[on]?® o)2'. Unrolling its

3
definition with (x) and (xx) and ¢ < m, we get

a) c—c <ot
b) (m — ¢,node(vy,v2),node(vy, v})) € (tree[on]?® o7,
For b), there are two cases:

subsubcase 1: on=1+J +1 and caa = M + N such that we have

(m—c,v,v") € (doT)y
(m — ¢, v, v]) € (tree[I]™ o7,

N

(m — c,vp,v,.) € (tree[J]" o7y

In addition, by downward closure (Lemma 4) on (m, d,d’) € G(I'), we have
(m—¢,8,8") € G(oT)

Then, we can instantiate IH 1 on the third premise using

eoli—I,j—J MO~ N e€D[li :Nj:N:N6:N AJ

o =ofi—I,j—JB— M0~ N|(®PAn=i+j+1Aa=/+0) obtained by

— | 0® by main assumption
— Eon =1+ J+ 1 by sub-assumption
— Eoa = M + N by sub-assumption

o (m—c bz —uvl—ur—=uvldz—l—uvr—u))eGlfi—Ij—
J, B+ M,0 — N|(T,z:Or,1 : tree[i]® 7,7 : tree[]? 7)) using (3), (4), (5) and

(6)

we get (m — ¢, dea[v/z, v/l v /1], 0 €4V [z, vy /1, v)./r]) € (oli— I, J,B

M0 N]T/Dg[iHI,jHJ,ﬁHMﬁ»—)N}t"

Since, i,7, 8,0 € FV(t',7,7"), we have

(m — ¢, dea[v/z, v/l v, /1), 8'ey[v [z, v] /1,0 /r]) € (oI
Unrolling its definition using (¢), (¢¢) and ¢, < m — ¢, we get
c) ¢ —d. <ot

d) (m—(c+¢p),vp,00) € (o7)y

We conclude with

1. By a) and c), we get (¢ + ¢ + Ceaser) — (¢ + €. + Ceaser) < ot + ot + Ceaser
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subsubcase 2:

2. By downward closure (Lemma 4) on d) using
m — (¢ + ¢ + Ceaser) <M — (c+¢;)

we get (m — (¢ + ¢ + Ceaser)s Vr, VL) € (07T)0-

on=1+J+1and cao = M + N + 1 such that we have

(m —c,v,v") € (o7)y (7)
(m — ¢, v, v]) € (tree[I]™ o7, (8)

(m — ¢, v,,v.) € (tree[J]N o7, 9)

In addition, by downward closure (Lemma 4) on (m,d,40") € G(T'), we have
(m—c¢,8,0") € G(oL) (10)

Then, we can instantiate IH 1 on the fourth premise using

eoli—I1,j—J B MO— N e€D[li:Nj:N:N6O:NA]

o =ofi—I,j— J B~ M,0— N|(PAn=i+j+1Aa=[+60+1) obtained by
— | 0® by main assumption
— Eon =1+ J+ 1 by sub-assumption
— Eoa= M+ N + 1 by sub-assumption

o (m—cdlz—uvl—u,r—uv,dz—1—uvr—uv)) eGloi—Ij—
J,B s M0+ N|(T,x:7,1:tree[i]’ 7,7 : tree[5]? 7)) using (7), (8), (9) and (10)

we get (m — ¢, dea[v/x, v/l v /1], 0 €4V [z, vy /l,v).)r]) € (oli— I, J,B
M. 6O — N]T/Dg[iHI’jHJ7ﬁHM79HN}t/.

Since, i,7, 8,0 € FV(t',7,7"), we have
(m —c,dea[v/x, v/l v.[1], 0 4V [, v] /1, v} /r]) € (]UT/Dgt/.

Unrolling its definition using (¢), (¢¢) and ¢, < m — ¢, we get
e) ¢ —c. <ot

f) (m—(c+cr),vp,0) € (o)
We conclude with

1. By a) and e), we get (¢ + ¢ + Ceaser) — (¢ + €. + Ceaser) < ot + ot + Ceaser

43



2. By downward closure (Lemma 4) on d) using
m — (¢ + ¢ + Ceaser) <M — (c+¢;)

we get (m — (¢ + ¢ + Ceaser)s Vr, VL) € (07T)0-
de ¢ node(v;, v, v * oesfvi/l, v/, v /T 4 v (o
subcase 4: ( r) ) o/l vl v ] r ©) caseT-node and
case de of nil — dey | node(l, z, 1) — deg JTerTCeaseT o)

5 I leaf (x%) el I vl (00)

caseT-leaf

case 8¢’ of leaf — '€} | node(l, z,7) — §'¢} llc/Jrch“’“T vl
By IH 1 on the first premise, we get (m,de,d’e’) € (tree[on]® o)t Unrolling its

definition with (%), (%x) and ¢ < m, we get
a) c—cd <ot
b) (m — ¢,node(vy,v2),leaf) € (tree[on]”® o),
However, b) is false since two trees of different length are not related, therefore this

case is vacuously true.

diff diff|
A; D1 o, ) T wf AT, f i o0, ® T, ke Se St

Case diff(1)
A; 0T Ffix f(z).eg ©fix f(z).ea S0:11 — T

r-fix

Assume that (m,0,¢") € G(oT)) and |= o®.

TS: (m, fix f(x).0e1,fix f(z).0'e3) € (o7 diffto), oma))?.

By Lemma 2, STS: (m, fix f(x).deq, fix f(x).0'es) € (o7 Ao, o))y
Let F = fix f(x).de; and F' = fix f(x).0 es.

We prove the more general statement

Vm' <m.(m',F,F') € (o Aiffto), o)y

by subinduction on m/’.

There are two parts to show:

subcase 1: m' =0
By the definition of function types, there are two parts to show:

subsubcase 1: Vj <m/ =0---

Since there is no non-negative j such that j < 0, the goal is vacuously true.
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exec(0,00) exec(0,00)

subsubcase 2: STS: Vj.(j, F) € [lori1 ———= |o21]o A (4, F)[|oTi|2
Pick j.
e STS 1: (4, F) € [lom|1

We prove the more general statement

loTa|2])y-

exec(0,00) |O'T2 | 1]]
v

0,
Ym/ <7 (m F) S [[‘0'7'1|1 m |0'7'2|1]]v

by subinduction on m/’.
There are two cases:
-—m' =0
Since there is no non-negative j such that j < 0, the goal is vacuously true.
—m'=m"+1<m
By sub-IH
exec(0,00)

(m",ﬁx f(a:)éel) S [[|0'T1|1 o ’0’7’2’1]]1} (1)

exec(0,00)

STS: (m” + 1,fix f(x).0e1) € [loTi|1 ——— |o72|1]e-

Pick 77 < m” 4+ 1 and assume that (7, v) € [|om1]1]-

STS: (j",de1[v/z, F/f]) € [loTa|1 Q00

This follows by TH 3 on the premise instantiated with (5, d[x — v, f — F]) €

oxee(0.00) |oT2|1, |oT'|1] which holds because
x FV(e1) C dom(x : 71, f : 71 m 79,1") using Lemma 8 on the second

Glz :|om|i, f:lomh

premise
« (§".9) € lloTh] using Lemma 3 on (m,6,5") € G(oT)
x (j",v) € [lom1]1]w, from the assumption above
x (j", fix f(x).de1) € [lom1]1
(Lemma 4) on (1) using j” < m”
e STS 2: (4, F') € [loTi|2 loT2l2]

We prove the more general statement

0, .
exec(0,00) |oT2|1]w, obtained by downward closure

exec(0,00)

exec(0,00)

vm' < j. (m!, F') € [lori]s ———= |om2|2]»

by subinduction on m/’.

There are two cases:
- m' =0

Since there is no non-negative j such that j < 0, the goal is vacuously true.
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subcase 2:

_m,:m,/—’—].gj

By sub-IH
exec(0,00
(m" F) € [lon |2 =%, |oy]o], (2)
STS: (m” + 1,fix f(z).0'e2) € [|om]2 oxect0.00) loTa|2]w.

Pick 77 < m” 4+ 1 and assume that (7, v) € [|om1]2]-

STS: (5,8 eslv/z, F'/f]) € [|lora|2] 2.

This follows by ITH 3 on the premise instantiated with (j”,0[z — v, f —
(fix f(z).0'e2)]) € G[x : |oT1l2, f : |oT1|2 exec(0,20) |oT2]2, |oT'|2] which holds
because

x FV(ez) C dom(x : 71, f : 71 SLION 72,I") using Lemma 8 on the second

premise
x (j",v) € [lor1]2]v, from the assumption above
x (7",0) € G[|oT|2] using Lemma 3 on (m,4d,d") € G(oT)
« (§,F') € [lom]p 20

4) on (2) using j” < m”

) |oT2)2]», obtained by downward closure (Lemma

m =m"+1<m
By sub-IH
(m", F,F') € (or1 220, 5ro), (3)

TS: (m” + 1, fix f(x).dey, fix f(x).0'e2) € (071 diffto), o)y

Pick j < m” + 1 and assume that (j,v1,v2) € (o71)y-
STS: (], deq [7)1/:]3, F/f], 5/62[1)2/.%, F,/f]) € (]O'TQDgt.
This follows by IH on the premise instantiated with

diff(ot)

(4,0[x = v1, f — F|,d'[x — v, f — F']) € G(oT,z : o1, f : 01 —— 072) which

holds because
e (j,0,0") € G(oT) obtained by downward closure (Lemma 4) using (m, d,0’) € G(oT)
and 7 <m/ < m.
e (j,v1,v2) € (071)y, from the assumption above

e (j,F,F') € (on i), 0T2)y, obtained by downward closure (Lemma 4) on (3)

using 7 < m”

This completes the proof of this case.

46



A@FTlmrgwf A;®iz:T, fe D(ﬁﬂm)rl—e@eszm
Ve € dom(I'). A; P z)C O
Case @) =) @) r-fixNC

A; O T - fix f(x).eofix f(z)eS0:0(n ﬂw')

Assume that (m, §,0") € G(oT) and = o®.

TS: (m, fix f(x).de, fix f(x).0'¢e) € (O (om M o1))?.

€
By Lemma 2, STS: (m, fix f(x).d¢, fix f(z).8'¢) € (O (om1 22 570)).

By Lemma 5 using (m,d,d’) € G(oT)) and the third premise, we get (m,d,d’) € G({OoT),
ie. 0 =10

Therefore, STS: (m, fix f(x).de, fix f(z).0e) € (on1 Aiflto), o).

Let F = fix f(x).0e .

We prove the more general statement

diff(ot
vVm' <m.(m',F,F) € (on Aif(ot), oT2))w
by subinduction on m/’.

There are two parts to show:

subcase 1: m' =0

By the definition of function types, there are two parts to show:

subsubcase 1: Vj <m/=0---
Since there is no non-negative j such that j < 0, the goal is vacuously true.

exec(0,00)

subsubcase 2: STS: Vj.(j, F) € [lomi )1 loTo|1]w.

exec(0,00)

Pick j. STS: (4, F) € [lomi)1 —— |o72|1]v

We prove the more general statement

0,
Ym/ <7. (m F) S [HUTl’l m ‘07'2|1]]v

by subinduction on m/’.
There are two cases:
em' =0
Since there is no non-negative j such that j < 0, the goal is vacuously true.
em' =m"+1<j
By sub-IH

exec(0,00)

(m", fix f(x).0e1) € [loTi[1 —— |o72/1]s (1)
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exec(0,t

STS: (m” 4+ 1,fix f(z).0e1) € [loTi|1 ) loTo|1]w-
Pick j” < m” 4+ 1 and assume that (j”,v) € [|o7i|1]e-
STS: (5", de1lv/x, F/f]) € [lorahi ]2

This follows by IH 3 on the premise instantiated with

iff
— FV(e) Cdom(z : 7y, f: 7y L), T2,1") using Lemma 8 on the second premise

exec(0,00)

— (j", 0z = v, f = F]) € Gz : |o7i|1, f 1 o1l loTa|1, [oT'[1] which

holds because

x (5”,0) € G[|oT'|1] using Lemma 3 on (m, d,0) € G(oT)

x (j",v) € [lor1]1]v, from the assumption above
exec(0,00)

x (5", fix f(z).0e1) € [loT1|/1 ———— |o72]1]w, obtained by downward closure

(Lemma 4) on (1) using j” <m”

subcase 2: m' =m"+1<m
By sub-IH
iff
(m”",F,F) € (o dl—(at)> oT9)y (2)

TS: (m” + 1,fix f(z).deq, fix f(x).0e2) € (o7 M o2

Pick j < m” + 1 and assume that (j,v1,v2) € (o71)).

STS: (j,0e1[v1/z, F/ f],deava/x, F/f]) € (om)2t.

This follows by IH on the premise instantiated with

(J,0lz = v1, f = F),0[x — vo, f — F)|) € GloT,z : omy, f : O(om i), o72)) which

holds because

e (7,0,9) € G(oT) obtained by downward closure (Lemma 4) using (m, d,d) € G(oT)
and j <m' <m.

e (j,v1,v2) € (071)y, from the assumption above

o (j,F,F)e (O(om Aiflto), 072))w, obtained by downward closure (Lemma 4) on (2)

using j < m/”
This completes the proof of this case.
diff(¢
A@The o6 Stiin b

A;®;Thesoey Sty:m
Case r-app
A; P T F e 62@6’1 6/25151 +to+1t:7o

Assume that (m,d,d") € G(oT)) and = o®.
TS: (m,de; (562,(5’6’1 (5’6’2) c (]O-T2Dg't1+0't2+0't.

Following the definition of ()., assume that
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dep | fix f(x).e (%) deg 2 vg (0) elve/x, (fix f(z).e)/f1 4 v (1)

‘U’Cl +c2 +C7‘+Capp v
r

app and
deq Oes

el U4 fix f(x).! (x%)  eh U2 (00)  €uh/x, (fix f(z).)/f] U5 vl (1)

1 1 st 1ok 4ch+cl e /
661562‘U’1 2 T CLPP/UT

app

and
(c1+ ¢+ ¢ + Capp) <M.
diff
By IH 1 on the first premise, we get (m,de1,d’e}) € (on i), o19)2%. Unrolling its

definition with (x) and (%*), and ¢; < m, we get

a) 1 — ) <oty
’ diff(ot)
b) (m — ¢y, fix f(z).e,fix f(x).€/) € (671 ——= o7y

By IH 1 on the second premise, we get (m, deg, d'e)) € (o71)2%2. Unrolling its definition

with (¢) and (¢0), and ¢y < m, we get

c) cg —ch < oty

d) (m — ca,v9,05) € (oT1)y
Next, we apply downward-closure (Lemma 4) to d) using
m — (c1 + 2 + Capp) <M — 2

and we get

(m — (c1+ 2 + Capp), v2,vh) € (oT1)o (1)

We unroll b) using (1) since
m — (c1+ ¢ + Capp) <M — 1 note that 0 < cqpp
and get
(m — (c1+ 2+ capp), e[va/x, fix f(x).e/f], €' )/, fix f(z).€'/f]) € (om2hZ"  (2)

Next, we unroll (2) using (1) and () and ¢, < m — (¢1 + ¢z + capp)

to obtain

e) ¢ —c. <ot

f) (m— (c1 +ca+cr + capp), Ur, 1)) € (0T2)0
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Case

Now, we can conclude as follows:

1. Using a), ¢) and e), we get (c1 + ¢2 + ¢ + Capp) — (¢} + ¢ + ¢ + Capp) < ot1 + 0ota + ot
2. By f)

A THe oe, <t m NPT Fepoey Sto:m

r-prod

A; ;T F (1, e2) © (€, €5) Sti4ta:m X 7y
Assume that (m,0,¢") € G(oT)) and = o®.
TS: (m, (deq1, deq), (0€),8'eh)) € (om x om)dirtotz,
Following the definition of (-).-, assume that
dep YT vy (%) dea Y2 vg (o) §ep U1 vf () §eg 42 v (00)

prod and — prod
(Seq,dea) T2 (vy,v9) (8'e1, 8 ea) 1112 (v, v))

and ¢1 + co < m.

By IH 1 on the first premise, we get (m,de,d’e’) € (or)2%. Unrolling its definition with

£

(x) and (*%) and ¢; < m, we get

a) ¢ —c) <oty

b) (m —ey,v1,v7) € (o71)s

By IH 1 on the first premise, we get (m,de, §’e’) € (o72)2%. Unrolling its definition with

£

(x) and (xx) and c2 < m, we get

c) ca —ch < oty

d) (m — ca,v2,vh) € (oT2)y
We can conclude as follows:

1. By a) and c), we get (c1 + ¢2) — (¢] + &) < oty + oty

2. By downward closure (Lemma 4) on b) using
m—(c1+c2) <m—c

we get

(m - (Cl + CQ), U1, 1)2) € (]UTIDU (1)

By downward closure (Lemma 4) on d) using

m—(c1+c2) <m—co
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Case

Case

we get

(m — (14 ¢2),v],v5) € (0T2)

(2)

By combining (1) and (2), we can show that (m—(c14c2), (v1, v2), (v],v5)) € (011 X o7y

A;d:ThHeoe <t xm

r-projl
A;®;TEm(e)em(ed)Stin
Assume that (m,0,d") € G(oT) and = o®.

TS: (m, w1 (de), 1 (8'€")) € (o)t
Following the definition of (-).-, assume that

de 4 (v1,v2) (%) d'e J° (v),vh) (5%)
projl and - projl and ¢ + ¢proj < M.
w1 (de) |Jeerroi 4y my(8'e) Y€ Ferroi o

By IH 1 on the first premise, we get (m, de, d’e’) € (o1)2". Unrolling its definition with

(x) and (*%) and ¢ < m, we get

a) c—cd <ot

b) (m — G, <’U1, ’U2>, (vllv ’Ué)) S (]JTl X JTQDU
We can conclude as follows:

1. By a), (¢ + ¢proj) — (¢ + cproj) < ot
2. By unrolling the definition of b), we get (m — ¢, v1,v]) € (071))y.

By downward closure (Lemma 4) on this using
m — (c+ cproj) <m —c
we get (m — (¢4 cproj)), v1,v7) € (07T1)0.

A;d;THeoe <t:n A; P F 7o wf
r-inl

A;®;ThHinlecinle <t:m +m
Assume that (m, §,40") € G(oT) and = o®.
TS: (m,inl (de),inl (8'¢’)) € (om1 + o).
Following the definition of (-).-, assume that
M inl and i d vl/ 6) inl and ¢ < m.
inl de |} inl v inl &€’ |} inl v’

By IH 1 on the first premise, we get (m, de,d’e’) € (o1)2t. Unrolling its definition with

(x) and (%%) and ¢ < m, we get

o1



a) c—cd <ot

b) (m —c,v,v") € (oT1)y
We can conclude as follows:

1. Bya),c— ¢ <ot

2. Using b), we can show that (m — ¢,inl v,inl v') € (o7 + o72),

A;d;ThHeod <t:im+m
AO;z:m,Theioe, St T ADyy o, Theyoe, St 7
Case r-case
A;®;T + case (e,z.e1,y.e2) © case (¢/,x.€],y.e)) St+t 7

Assume that (m, §,40") € G(oT) and = o®.

TS: (m, case (Je,de1,dez), case (8¢, 8¢}, d'eh)) € (o)t
Following the definition of ()., assume that

case (de,deq,dez) |€ v, and case (8'¢/,d'e], 8ehy) 19 v and C < m.

Depending on what de and §’¢’ evaluate to, there are two cases:

de Y inlv (%) Ser[v/z] 4 v (o)
subcase 1: case-inl and
case (de, x.0eq,y.0eg) |JoTorTeease ¢

8 I il v (ox) el fa] Lo ol (00)

case-inl

/ / / c+cl+c /
case (8'e,x.0"e1,y.0'eq) || T Cease ¢

Note that C' = ¢+ ¢ + Cegse < M .
By IH 1 on the first premise, we get (m,de,d’e’) € (o1 + om)?%. Unrolling its
definition with (%) and (xx) and ¢ < m, we get
a) c—cd <ot
b) (m —¢,inl v,inl V') € (o1 + o72)y
By TH 1 on the second premise using (m — ¢, [z +— v],§'[x — V']) € G(oT,z : ony)
obtained by
o (m—c¢9,8) € GoT) by downward-closure (Lemma 4) on (m,d,4") € G(oT') using
m—-—c<m
e (m—c,v,v") € (o71), by unfolding b)
we get (m — ¢, deq[v/z], 8¢, [V /x]) € (or)?". Unrolling its definition with () and (co),
and ¢, < m — ¢, we get
c) ¢ —dc, <ot

d) (m—(c+cr),vr,0)) € (0T
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Now, we can conclude this subcase by

1. By a) and ¢) (¢c+ ¢ + Cease) — (¢ + €. + Cease) < ot + ot

2. By downward closure (Lemma 4) on d) using
m — (c+ ¢ + Cease) <m — (c+cp,d + )

we obtain (m — (¢ + ¢ + Cease), Vr, v).) € (0T)0.

de 4cinrv (x)  dealv/y] 4 v (0)
subcase 2: case-inr and
case (de, x.0e1, y.0eg) |JcTorTCease ¢
5 4 inr v’ (x) /] 4 vy (o0)

! !
case (8'e,w.8'e1,y.0'eq) ||© Terteease o]

case-inr

This case is symmetric, hence we skip its proof.

i8S, AP TFece <t:T i ¢ FIV(®;T)
Case - r-iLam
’ . diff(¢)
A;O:THAeoAe S0:Vi 27 S.1
Assume that (m,d,d") € G(oT) and = o®.
diff (o
TS: (m, Ade, Ad'e") € (Vi ( ) S.o7)2.
diff(o
By Lemma 2, STS: (m, Ade, Ad'e’) € (Vi L) S.oT)y.
By unrolling its definition, assume that - I :: S.

There are two cases to show:

subcase 1: STS: (m,de,d'e’) € qu{I/i}Dgt”/”.
This follows by IH 1 on the premise instantiated with the substitution o[i — I] € D[i ::
S, A].
subcase 2: STS: V5.(j,d¢) € [lor{I/i}1]2™° A (j,8'¢) € [lor{I/i}]2]>>.
Pick j.
subsubcase 1: STS1: (j,d¢) € [lor{I/i}|1]>*
Follows by IH 3 on the premise using
e FV(e) C dom(T") using Lemma 8 on the first premise
o oli— 1] €D[i:: S, A]
o (4,6) € G[|o[i — I|T'|;] = G[|oT|1] by Lemma 3 on the main assumption (note
that i ¢ FV([; ®))
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subsubcase 2: STS2: (j,0'¢) € [|or{I/i}|2]>>
Follows by IH 3 on the premise using
e FV(¢') C dom(T") using Lemma 8 on the first premise
o oli— 1] €D[i: S A]
e (j,0') € G[|oi = I|T|2] = G[|oeT|2] by Lemma 3 on the main assumption (note
that i ¢ FV(T; ®))
Ad:Theod <t:Vi"sr AFI:S
Case r-iApp
AT e[l of] St+t[1)i]:m{I/i}
Assume that (m, d,0") € G(oT) and = o®.
TS: (m,de[],8'¢[]) € (or{cl/i})s ot/

Following the definition of ()., assume that

de 1€ Aey (% ep 17 v (o §'e 11 e, (xx e I vl (00
b (%) b ()iAppand b ( ), . ( )iAppand
Se[] T v, Se[] JeTer v,

(c+c) <m.

diff(at’)

S.oT)7t.

By IH on the first premise, we get (m, de, §'e’) € (Vi

By unrolling its definition with (), (%) and ¢ < m, we get

a) c—cd <ot

diff(ot’
b) (m — ¢, Aey, Aey) € (Vi v s, o7y

By Lemma 6 on the second premise using o € D[A], we get
Fol::S (1)
By unrolling the definition of b) with (1), we get
(m —c,ep, e) € (]UT{UI/i}I)gt/[UI/i] (2)

By unrolling the definition of (2) with (¢) and (¢¢) and ¢, < m — ¢, we get

¢) ¢ —c. < ot'lol]i]
d) (m—(c+c),v,0) € (o7{cI/i})s

We conclude as follows

1. By a) and c¢), we get (c+¢,) — (¢ +¢.) <ot + ot'[o]/i]
2. By d)
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Case

Case

A;d;TReoe St:r{l/i} AFI:S

r-pack

A;®; T+ pack eopack e <t:3JiS.7
Assume that (m,0,¢") € G(oT)) and = o®.
TS: (m, pack de, pack &'¢’) € (Fi::S. o).
Following the definition of ()., assume that

de v (% §'e! U< v (dk

&) pack and - () pack and

pack de || pack v pack &’e’ || pack v’

c<m.
By IH on the first premise, we get (m,de,d'e’) € (or{ol/i})2".

By unrolling its definition with (x), (%x) and ¢ < m, we get

a) c—cd <ot

b) (m —c,v,v") € (om{cl/i})s

By Lemma 6 on the second premise, we get
Fol:S

We can conclude as follows

1. By a)
2. TS: (m — ¢, pack e, pack v') € (Fi::S. o),
STS1: oI :: S follows directly by (1).
STS2: (m —¢,v,v") € (om{ol/i}]), follows by b)

A;®;The 06 Sty:3inS.my
i8S A;®; T, TFea0e,Sty:m i € FV(®;T,79,12)

r-unpackl
A; ®;T I unpack e; as z in e; © unpack €| as z in e, St +1y: 7

Assume that (m,0,d") € G(oT) and = o®.

TS: (m, unpack de; as x in deg, unpack &'e) as z in §'ely) € (om)2i1 ot

g
Following the definition of ()., assume that

der It pack v (%) dea[v/x] Y2 vy (o)
unpack and

unpack de; as z in deg |1 v,

8¢l 1% pack v (k%) §eb[v’ Jx] 12 vl (00)

— unpack and
unpack 8¢ as x in &'}, |12 o]
(c1 4 c2) < m.

oty
e -

By IH 1 on the first premise, we get (m,de1,d’e}) € (Fi::S. o7
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Case

By unrolling its definition with (x), (¥x) and ¢; < m, we get

a) 1 — ) <oty

b) (m — 1, pack v, pack v') € (Fi::S. o7,

By unrolling the definition of b), we get
FI:S

(m —c1,v,v") € (om{I/i})v

By downward closure (Lemma 4) on (m,d,d’) € G(T)), we have
(m —ec1,0,8") € G(oT)

By IH 1 on the second premise using

o gli— I] € D[i:: S, A] using (1)
o (m—cy,d[x—v],d[x—]) € Gofi— I|(T,z: 7)) using (2) and (3)

we get

(m — 1, deafv/a], d'es[v’ [2]) € (oma)Z"
By unrolling (4)’s definition using (¢), (¢¢) and ¢a < m — ¢1, we get

c) ca —cy < oty

d) (m— (c1 +c2),vr,0;) € (072
We can conclude as follows
1. By a) and c), we get (c1 + c2) — (¢} + &) < ot1 + oto

2. Follows by d)

A;d:Ther0e] Styim A;®;z:m,Thesoey,Sto:m
r-letl

A;d:Thletz=e;inesOletx =¢) ine, Sty +ty: 1
Assume that (m,d,d") € G(oT) and = o®.
TS: (m,let = = dey in deg,let x = §'e) in §'e}) € (om)2tHot2.

Following the definition of ()., assume that
der 4 vy (o) deglor/x] Y ur (1)

let © = deq in Jeg 1T Tkt o

let and
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Case

O'eh Y vp (o0)  debfur/a] 47 o) (1)
let x = §’eq in &'ey UC/1+C§~+Czet v;,

By IH 1 on the first premise, we get (m, deq,d’€}) € (o1)2"'. Unrolling its definition with

let and (¢1 + ¢, + cler) < m.

(¢) and (00) and ¢; < m, we get
a) ¢ —c) <oty

b) (m —e1,v1,0)) € (o71)s

By IH 1 on the second premise using (m — c¢1,d[x — v1],8'[z — v]]) € G(oT,z : o)
obtained by

e (m—c1,0,0") € G(oI') by downward closure (Lemma 4) on (m,d,d’) € G(oT') using
m—cy <m
e (m—cy,v,v") € (o71)y by b)
we get (m — c1, dealvy /], 8'eb[vy/x]) € (oma)?®2. Unrolling its definition with (1) and (11),

and ¢, < m — c1, we get

c) ¢ —d, <oty

d) (m—(c1+¢),v,0.) € (oT2)y
Now, we can conclude with

1. By a) and ¢) (c1 + ¢ + i) — () + ¢ + crer) < oty + ota

2. By downward closure (Lemma 4) on d) using
m—(c1+ ¢+ ce) <m— (a1 +¢)
we obtain (m — (¢1 + ¢ + Clet), vr, v).) € (072)0.

A;®; [T H er: Ay A;®;|Tla H2 e 0 Ay
A; ;T FepSer St — kot U(Ag, Ag)

Assume that (m, d,0") € G(oT) and = o®.

TS: (m, de1,d'ez) € (U (A1, 0Ag))2 k2,

Assume that

switch

a) dep It v
b) 5/62 »UCQ V2

c) cg<m

o7



TS 1: ¢g — 3 < oty — ko

TS 2: (m — c1,v1,v2) € (U (0A1,042))y

We first show the second statement, the first one will be shown later.
By unrolling (U (cA1, 0A2)),’s definition,

STS: Vm.(m,v1) € [oA1]y A (m,v2) € [0A2]y.

Pick m.

By IH 2 on the first premise using

e FV(e;) C dom(|ol'|;) using Lemma 8 on the first premise
o =0d
e Vj.(4,0) € G[|oT|1] obtained by Lemma 3 on (m,,d") € G(oT)

we get
V](], 561) c [[O-Al]]gkl,atl (1)

By IH 2 on the second premise using

e F'V(e2) C dom(|oT'|2) using Lemma 8 on the second premise
o =0d
e Vj.(j,8") € G[[|oT|2] obtained by Lemma 3 on (m,d,d") € G(oT)

we get
Vj.(j, 0'e2) € [oAg]gF> 0t (2)

We instantiate j with m + ot; + 1 in (1) and we get
(m + oty +1,6e;1) € [0 A]7Fo0 (3)
We instantiate j with m + ¢ + 1 in (2) and we get

(m+co+1,0e) € [[JAQ]]gk%Ut? 0

Next, unrolling first part of (3) using ot < m + ot + 1, we get

d) 561 llcl V1
e) C1 S O'tl

f) (m+ot1 —c1+1,v1) € [0A41]y
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Next, unrolling second part of (4) using b) and ca < m + co + 1, we get

g) O'kg S (&)
h) (m+1,v3) € [0 As],

Now, we can conclude as follows:
1. By e) and g), we get ¢1 — co < oty — oko
2. By downward closure (Lemma 4) on f) using

m<m+ot; —c1+1 (note that by e), ¢; < ot7)

we get (m,v1) € [0A1]y-

By downward closure (Lemma 4) on h) using
m<m-+1

we get (m,v2) € [o0A2]y.

A;®=C AdANCTFeoe St:T
Case c-andl
A;d:TFece <t:C&r
Assume that (m,0,d") € G(oT) and = o®.
TS: (m,de,d'e’) € (0C & oT)7t.

Following the definition of (-).-, assume that

a) de v
b) 5'e lld o'

c) c<m.
By IH 1 on the first premise using

e = 0(C A ®) hold by the main assumption = oc® and = ocC' (x) obtained by Lemma 6
using the premise A; ® = C

we get (m, de, 8'e’) € (o7)2'. Unrolling its definition with (a-c), we get

d) c—d <ot

e) (m—c,v,v) € (o7)y

We can conclude as follows:
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Case

1. Byd),c—d <ot

2. Using e) and (%), we can show that (m — ¢,v,v") € (0C & o7),

A;®;THe 0, St :C&m AONCiz:7,TFesOey Stoim
r-c-andE

A;®:Thclete;aszinesOclet €] asxiney, Sty +1t: 7
Assume that (m, d,0') € G(oT') and | 0.

TS: (m,clet de; as z in Jeq, clet §'e] as z in §'ely) € (o)t otz

£

Following the definition of ()., assume that
der Y v (o) dea[vr/x] 4 v ()
clet deq as x in deg 1T v,
§ey U oy (00)  debfuy/a] U7 u ()
clet §'e; as z in es l}clﬁclr vl

By IH 1 on the first premise, we get (m,deq,d8'e}) € (0C & or)?". Unrolling its definition

clet and

clet and (¢; + ¢,) < m.

with (¢) and (¢¢) and ¢; < m, we get

a) ¢ —c) <oty

b) (m —e1,v1,v)) € (0C & o1y

By IH 1 on the second premise using (m — c¢1,d[x — v1],d'[z — v]]) € G(oT,z : o)
obtained by

e =0(C A ®) hold by the main assumption |= 0® and = ¢C obtained by unrolling the
definition of b)

e (m—c1,0,0') € G(oT') by downward closure (Lemma 4) on (m,d,d’) € G(ol') using

m—cy <m

e (m —cy,v1,v]) € (071))y by unrolling the definition of b)

we get (m — c1,dea[vy/x], 8’ eh[v] /z]) € (om2)?"2. Unrolling its definition with (1) and (1),

and ¢, < m — c1, we get

¢) ¢ — ¢ <oty

d) (m—(c1+¢),v,0.) € (oT2)y
Now, we can conclude with

1. By a) and ¢) (c1 +¢) — (¢) + ) < oty + oto
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2. By downward closure (Lemma 4) on d) using
m—(c1+¢) <m—(c+c¢)
we obtain (m — (¢1 + ¢), v, v).) € (0T2)y-

AOANC;THeoed St:or
Case r-c-impl
A;d;TFece <t:CDr

Assume that (m,0,d") € G(oT)) and |= o®.
TS: (m, de,d'e’) € (0C & oT)2t.

Following the definition of (-).-, assume that

a) de J°v
b) §e! ‘UC/ V'

c) c<m.

We first show the second statement.
TS2: (m —¢,v,v") € (6C D o7y
Assume that = oC (%).

STS: (m —¢,v,v") € (o )y

By IH 1 on the first premise using

e = 0(C A ®) hold by the main assumption = o® and = oC (by *)
we get (m, de, 8'e’) € (o7)2'. Unrolling its definition with (a-c), we get
d) c—d <ot
e) (m—c,v,v") € (o7)y
We can conclude as follows:

1. Byd),c—d <ot

2. Using e) , we can show that (m — ¢,v,v") € (cC D o7,

A;d;THeoe <t:CDT A;DE=C
Case r-c-implE
A;®;TFcelimeccelime <t:r

Assume that (m, §,0") € G(oT) and = o®.

TS: (m, celim de, celim §’e’) € (o7)2%. Following the definition of ()., assume that
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Case

de v (o delv (o0
7() celim and A celim and ¢ < m ().
celim de || v celim 8'e ¢ v

By IH 1 on the first premise, we get (m,de,d’e’) € (¢C D o7)?%. Unrolling its definition

using (¢), (¢0) and (%), we get

a) c—d <ot

b) (m—c,v,v") € (0C D o1y
We can conclude as follows:

1. Bya),c—c <ot

2. Using b) and = oC' (obtained by Lemma 6 on the second premise) , we can show that

(m —c,v,0") € (o)

A;d;ThHeoed <t:m AP ThHeoed <t:m
r-interl

A THeoe StimAm

Assume that (m,d,d") € G(oT)) and = o®.
STS: (m,de,d'e’) € (o1 A oTa))2.
Assume that

a) de v

b) 5'e! “U'CI v

c)c<m
By IH 1 on the first premise using (a-c), we get (m,de, d’'e’) € (o)t
By unrolling its definition, we get

d) c—d <ot

e) (m—c,v,0v) € (o71)y
By IH 1 on the second premise using (a-c), we get (m, de, d'e’) € (or2)2t.
By unrolling its definition, we get

f) c—cd <ot

g) (m -G, UI) € (]UTQDU

We can conclude as follows

1. By d) or f), we get ¢ — ¢’ < ot
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2. TS: (m —c,v,v") € (o711 A 0T2)y.
Directly follows by e) and g).

Ad:ThHeod <t:im Am
Case r-interE;
A;d:ThHeoe <t:n
Assume that (m, §,40") € G(oT) and = o®.
STS: (m,de,d'e') € (omi)2".

Assume that

a) de v
b) 5'e! ‘UC/ v

c)c<m

By IH 1 on the first premise using (a-c), we get (m, de,d’e’) € (o1 A oTa))7.

By unrolling its definition, we get

d) e—d <ot

e) (m—c,v,0) € (om1 A oT2)y
We can conclude as follows

1. By d), we get c— ¢ < ot
2. TS: (m —¢,v,v") € (o71)0-
Directly follows by unrolling e).
T()=n L), T2 A Treoe St :im
Case r-primapp
A;d;THCeo(ed St+t:m
Assume that (m,d,d") € G(oT) and = o®.
TS: (m, ¢ de, ¢ &'¢’) € (o)t

£

Following the definition of ()., assume that
Selfu (%) E0) = (env) (o)
¢ Se |eterteam 4,
e U7 (o) L) = () (00)
C(;/e/ lic’+c;+cﬂpp U;
(c+ cr + capp) < m.
By IH 1 on the second premise, we get (m, de, 8'e’) € (or1)?". Unrolling its definition with

primapp and

primapp and

(x) and (%), and ¢ < m, we get
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a) c—cd <ot
b) (m —c,v,v") € (oT1)y

diff(ot
Next, by Assumption (11) using ¢ : o7y & oo (obtained by substitution on the first

premise), b), (x) and (x*), we get

Now, we can conclude as follows:

1. Using a) and c), we get (¢ + ¢, + Capp) — (¢ + €. + capp) < ot + ot

2. By downward closure (Lemma 4) on d) using
m — (¢4 cr + Capp) <M —c
we get (m — (c+ ¢ + Capp), Ur, U).) € (0T2)0

AP TFeoeSt:T
Vo € dom(I'). A;® =T'(z) COT(z)
Case nochange
AT, T :QFece<0:0O7
Assume that (m,d,0") € G(oT', oT”) and |= o®.
Then, § = §; Ude and &' = 6] U ) such that (m,d1,d7) € G(oT') and (m, d2,d5) € G(oT).
TS: (m,de, d'e) € (Dot)?.
Since e doesn’t have any free variables from I by the first premise,
STS: (m,d1e,8ie) € (Dot)?.

Assume that

a) dre v
b) &e | o
c)c<m
TS1: c— <0
TS 2: (m —c,v,v") € (Do),
By IH 1 on the first premise using
. (m,él,éi) S g(]O'FD
o =od
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ot
c

Unfolding its definition with a), b) and ¢), we get

we get (m,d1e,07e) € (o7)

d) c—c<ot

e) (m—c,v,v') € (or)y
We can conclude as follows

1. By Lemma 5 using (m,01,0;) € G(oT)) and the second premise, we get (m,d1,01) €
G(doT). This means that 6; = 0.

Therefore, a) and b) are equal, that is ¢ = ¢/ and v = v’. Hence, trivially we get c—c < 0.

2. Since v =’ and ¢ = ¢/, by using e), we get(m — ¢,v,v) € (doT),.

A PANC,THeSey Ster A;PA-CiTHeg0ey Ster AFC wf
Case r-split
A;P;THe ©ey St

Assume that = o® and (m,d,0’) € G(oT).
TS: (m, dey,d'es € (oT)7*.

There are two cases:

subcase 1: =0® A C
Follows immediately by IH on the first premise.

subcase 2: = o0® A -C

Follows immediately by IH on the second premise.

A;d:THeoed <t:r Ao E=TCT A Et<t
Case r- C
A THece <t .7
Assume that (m,0,d") € G(oT)) and = o®.

TS: (m,de,d'e") € (o7)2" .

Following the definition of (-).-, assume that

a) de v
b) 5'e UC’ V'
c) c<m.
By IH 1 on the first premise using (a-c), we get
d) c—d <ot

e) (m—c,v,v) € (o7)y
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Case

We can conclude as

1. By Assumption (13) on the third premise, we get ot < ot’. Combining this with d), we
get ¢ —c < ot'.

2. By Lemma 5 on the second premise with e), we get (m — ¢, v,v") € (o7'),

exec(k,t)
—_—

A;®; [Ty L er: Ay Ay A;®iT Fex©ey Sto: U (A, A))

r-app-e
A DT e ea ey Sty +ta+t+ copp: U(Ag, AY)

Assume that (m,d,d") € G(oT) and = o®.

TS: (m,de1 de, 0'ely) € (U (0 Ag, o A))ZH Tttt Hcar,

Following the definition of ()., assume that

dey I fix f(x).e (%) deg 12 vy (o) elve/x, (fix f(x).e)/f]1 1 v (1)
561 562 u01+02+cr+capp Uy

d'el, U< (00) and ¢1 + ¢2 + ¢ + Capp < M.

TS1:c1 + o + ¢ + Copp — ¢ < oty + oty + ot + Capp

TS2: (m — (c1 + c2 + ¢ + Capp), v, V') € (U (0 Az, 0 AL))y

We first show the second statement.

By unrolling the definition of (U (0 Az, 0 A}))w,

STS: Vj.(j vr) € [odols A (1) € [0 A4S

Pick j.

By IH 2 on the first premise using

app and

e F'V(e;) C dom(|oT'|2) using Lemma 8 on the first premise

e ¥Ym.(m,d) € G[|oT|1] using Lemma 3 on (m,d,0") € G(oT).

we get
exec(ok,ot

Vm.(m7(5€1) € [[O'Al ) O_AQ]]gkl,otl (1)

Instantiating (1) with j + ot + ot1 + 1 + cqpp, We get

exec(ok,ot

(J + ot + ot + 1+ capp, de1) € [0 4 ) aAz]]Skl"’“ (2)

Unfolding the first part of the definition of (2) with oty < j + ot + ot1 + 1 + capp, We get

a) der U fix f(x).e
b) C1 S O’tl
C) (j+0t+at1+1+capp_clvﬁxf(‘r)'e> € [[UAI

exec(ok,ot)

oAs]y
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By IH 1 on the second premise, we get (m,deq,d'e}) € (U (0 Ay, aAf))2t2.
Unrolling its definition with (¢) and (o), and c2 < m, we get

d) o —d <oty

e) (m— ca,v2,0") € (U (cA1,04%)),

By e), we get Ym.(m,v2) € [0Ai], A (m,v") € [0 A5],.

Instantiating m with j + ot + capp, We get
(j + ot + Capp, UQ) S [[(TAl]]»U (3)

(4 + ot + Capp, V') € [0 A5], (4)

Unrolling ¢) with (3) since j + ot + copp < j + 0t + 0t1 — c1 + 1 + cqpp and ¢ < oty by (b),
we get
(j + Ot + Capps €[va/x, (fix f(z).€)]) € [0 A]7H (5)

By unrolling first part of (5) with ot < j + ot + capp, we get

f) elva/z, (fix f(z).€)] 47 vy
g) ¢ <ot
h) (j + capp + 0t — ¢, 0p) € [0 A2]y

Now, we can conclude as follows:

1. Using b), d) and g), we get (c1 + c2 + ¢ + Capp) — ¢ < ot1 + oo + 0t + Capp

2. By downward closure (Lemma 4) on h) using
J<J+capp+ot—c, since ¢, <ot by (g)

we get (j,vr) € [oAz]y-
By downward closure (Lemma 4) on (4) using j < j + ot + capp, we get (j,0") € [0 A5],.
Ay @ [Dlp e A D g AB T ey oy Sty U (Ag, A))
Case 1 r-e-app
A;(I);FFeg@ell 6/2 StQ_kl —k’—Capp : U(AQ,AIQ)
Assume that (m, §,0") € G(oT) and = o®.
TS: (m,deq, 8¢} del,) € (U (UAQ,UA’Q)[)th_Ukl_ak_capp.

Following the definition of ()., assume that
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g'el U4 fix f(x).e! ()  ehb U2 (o) €uh/x, (fix fz).e)/f] U vl (1)

deg I v (00) and —
5/6/1 5/6/2 *U/Cl+cQ+CT+Cﬂpp ’U;,

and ¢ < m.

TS1: ¢ — (¢} + ¢y + ¢ + capp) < oty — ki — 0k — Capp
TS2: (m —c¢,v,v).) € (U (0Az,aAL))y

We first show the second statement.

By unrolling the definition of (U (0 As, 0 A}))w,

STS: Vj.(j,0) € [oAs]y A (G0l € [oA3]..

Pick j.

By IH 2 on the first premise using

e FV(e}) C dom(|oT'|2) using Lemma 8 on the first premise

e Vm.(m,?d") € G[|oT|2] using Lemma 3 on (m,d,d") € G(oT).

we get

Vm.(m,d'e}) € [0 A] oxeclokot),

oAyt 1)
Instantiating (1) with j 4+ ¢1 + ¢ + 1 + capp, We get

(ok,ot)

(j+ 1+ ¢ + 1+ capp, 0'€y) € [o A} 20270 5 Aokt (2)

Unfolding the second part of the definition of (2) with (x) and ¢} < j + ¢} + ¢ + copp + 1,

we get

a) ok1 < ¢
b) (j+ ¢ + capp + 1,fix f(z).€') € [0 A] M‘_ﬂ_} oAb

By IH 1 on the second premise, we get (m,deq,d'eh) € (U (0 Az, A}))2%. Unrolling its

definition with (¢¢) and (¢), and ¢ < m, we get

c) ¢ —chy <oty

d) (m—c,v,v}) € (U (cA2,0A)))y

By d), we get Ym.(m,v) € [cAz2], A (m,v}) € [0 A]]o.

Instantiating m with j + ¢/ + capp, We get
(4 + ¢ + capp, v) € [0A2]s (3)

(J + & + Capp, v3) € [0 A1]y (4)
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Case

Unrolling b) with (4) since j + ¢ + capp < j + €} + Capp + 1, we get
(G + ¢+ Capps €' [v3/, (fix f(2).€)]) € [oAp]Z""

By unrolling (5) with (f) and ¢, < j + ¢} + capp, we get

e) ok <,

£) (J+ cappsvr) € [oA5]w
Now, we can conclude as follows:

1. Using a), ¢) and e), we get ¢ — (¢} + ¢ + ¢, + capp) < ota — 0k1 — 0k — Capp

2. By downward closure (Lemma 4) on (3) using
J <+ e+ Capp

we get (7,v) € [oAz2]y.

By downward closure (Lemma 4) on f) using
.j < .7 + Capp
we get (j,vp) € [o45]

A; 0 |T|y l—? e1: Aq A;®;x:U(A1,A1),TFea0e<ty:m
! r-let-e

A;o:THletz=e1inesSe Sty +to+ et : T2
Assume that (m,d,d") € G(oT) and = o®.

TS: (m,let x = dey in deg, d'e) € (oma)ZirHotzteret,
Following the definition of ()., assume that
der v (o) dea[vi/x] 4 v (1)

let © = deq in Jeg 1T Tkt o

To be able to instantiate the IH 1 on the second premise, we first show

Vm.(m,v1) € [0 A1]y

let and &’e || v/ (%) and (¢1 4 ¢, + cier) < m.

Subproof. Pick m.
By IH 2 on the first premise using
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e F'V(e;) C dom(|oT'|1) using Lemma 8 on the first premise
e (m+ oty +1,9) € G[|oT'|1] obtained by Lemma 3 using (m, d,0") € G(oT)

we get

(m+ oty +1,0e1) € [[UAl]]gkl’”tl (2)

Unfolding the first part of the definition of (2) with ot; < m + ot1 + 1, we get

a) e; v
b) C1 S O'tl
c) (m+oty +1—cp,v1) € [0A1]y

RTS: (m,v1) € [oAi1].
This follows by downward closure (Lemma 4) on ¢) using m < m + ot; —c¢; + 1 and
OSUtl—Cl (by (b)) [ |

Next, we instantiate IH 1 on the second premise using

o (m,d[x — v1],8 [z — v1]) € GloT,z : U (0cA1,0A1)) using
— (m,6,9") € G(oT)
— (m,vy,v1) € (U (6A1,0A1)), using (1)

and we get (m, dez[v1/z], 8e[v/z]) € (oT2)t2.

Since x doesn’t occur free in e, we have

oto
e -

(m, dealvy /x|, d8'e) € (o)
Unrolling its definition with () and (%), and ¢, < m, we get

g) o —c <oty

h) (m — ¢, v,.,0") € (o72)y
Now, we can conclude by

1. By b) and g) (c1 4+ ¢ + clet) — ¢ < oty + oty + Cley

2. By downward closure (Lemma 4) on h), using
m — (14 ¢+ Cler) <m— ¢

we obtain (m — (c1 + ¢ + Cet), vr, V') € (0T2)w.
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A;®; T Foe: Ay + Ay
A;®;ix:U (AL A, TRepoe St T A;®;y:U(Ag, Ag),Theyoe Stir
Case r-case-e
A;®: T+ case (e,x.e1,y.e2) O St +t+ Cogse : T
Assume that (m,d,d") € G(oT)) and = o®.
TS: (m, case (Je,deq,des),d'e’) € (o)t
Following the definition of ()., assume that
case (Je, dey, dez) € vy and 8¢’ € v (1) and C' < m.

Depending on what de evaluates to, there are two cases:

de J¢inlv (%) Ser[v/az] 4 v, (o)
subcase 1: case-inl
case (de, x.0eq, y.0eg) || TCease 4

Note that C' = ¢+ ¢ + Cegse < M .

To be able to instantiate the IH 1 on the second premise, we first show

Vm.(m,inl v) € [0 A1 + 0 As2], (1)

Subproof. Pick m.
By IH 2 on the first premise using
e FV(e) C dom(|oT|;) using Lemma 8 on the first premise
e (m+ot+1,6) € G[|oT|1] obtained by Lemma 3 using (m,d,d") € G(oT)

we get
(m + ot 4+ 1,8e1) € [0 Ay + g Ag]7"! (2)

Unfolding the first part of the definition of (2) with ot < m + ot + 1, we get
a) e {¢inlwv
b) ¢ <ot
c) (m+ot+1—cinlv) € [c A1 + 0A2],

RTS: (m,inl v) € [0 A1 + 0 As],.

This follows by downward closure (Lemma 4) on c) using m < m+ ot —c+ 1 and

0 <ot—c (by (b)). [ ]

Next, we instantiate IH 1 on the second premise using
o (m,d0[z— v],d'[x—v]) €Gol,z: U (cA1,0A1)) using
- (m7 (57 5,) S g(]UFD
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subcase 2:

— (m,v,v) € (U (0A1,0A1))y by unrolling the definition of (1)

and we get (m, de1[v/x], 8¢ [v/z]) € (o).
Since z doesn’t occur free in €/, we have
(m,der[v/x],d'e) € (]arl)gtl.

Unrolling its definition with (¢) and (), and ¢, < m, we get
i) ¢, — <ot
i) (m—cpyv, V") € (0T

Now, we can conclude by

1. By b) and i) (¢ + ¢, + Cease) — ¢ < ot + ot + Cease

2. By downward closure (Lemma 4) on j), using
m — (C+CT+CC(186) <m-—c¢

we obtain (m — (¢ + ¢, + Cease), Ur, V') € (0T)0.

de ¢ inr v (%) dea[v/yl 4 v, (o)

case-inr
case (de, x.0eq, y.0eg) |JoTerTeease ¢
Note that C' = ¢+ ¢ + Cegse < M .
Like in the previous case, we have
Vm.(m,inr v) € [0 A1 + 0Az2], (3)

Next, we instantiate IH 1 on the third premise using
e (m,0ly — v],8[y—v]) € Glol',y : U (cAz2,0A2)) using
- (m7 (57 5,) € g(]UFD
— (m,v,v) € (U (0Az,0A2)), by unrolling the definition of (3)
and we get (m, dea[v/y], 8¢ [v/y]) € (o).
Since y doesn’t occur free in €', we have
(m, des[v/y],d'e) € (]UTDgt/.
Unrolling its definition with (¢) and (), and ¢, < m, we get
k) ¢, — <ot
1) (m—cp,v,0") € (07

Now, we can conclude by
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Case

Case

1. By b) and k) (¢ + ¢ + cease) — ¢ < ot + ot’ + cease

2. By downward closure (Lemma 4) on 1), using
m— (C+C7‘+Ccase) <m-—c¢r

we obtain (m — (¢ + ¢ + Cease), Vr, V') € (0T)0.

O

Proof of Statement (2). Remember the statement (2) of Theorem 14:
Assume that A;®;Q H e: A and o0 € D[A] and |= 0® and there exists ' s.t. FV(e) C

dom(€Y) and ¥ C Q and (m,~) € G[oQ']. Then, (m,~e) € [oAJZ*".

Proof is by induction on the typing of e. We show a few selected cases.

Qz)=A
A; D, Q |—8 r: A
Assume that = 0® and there exists Q' s.t. FV(z) C dom () and ' C Q and (m, ) € G[ocV]
TS: (m,~(x)) € [oA]2°.
By Value Lemma (Lemma 2),
STS: (m,y(x)) € [0A],.
Note that z € dom(§’) and ' C , therefore '(z) = A,
RTS: (m,7(z)) € [oA],.
This follows by Q(z) = A and (m,~v) € G(c€)

var

A QH e A A;@;QH2 ey : list[n] A
A;P;Q l—?lité cons(ey,ez) : listin + 1] A
Assume that = o® and there exists Q' s.t. FV(cons(ey, ez)) C dom(Q') and Q' C Q and (m,d) € G[aQ']

TS: (m, cons(yey,ves)) € [list[on + 1] g A]ZF1Hokzotitatz

Following the definition of [-]2°, there are two parts to show

cons

e Assume that oty + ota < m.
By IH 2 on the first premise using

FV(e1) € dom(Q) and ' C Q and (m,d) € G[oQV]

we get (m,ve1) € [cAJZ™ " Unrolling its definition with ot; < m, we get

a) ver | vy
b) C1 S Utl
c) (m—ci,v1) € [0A],

By IH 2 on the second premise using

FV(ez) C dom(€Y) and ' C Q and (m,d) € G[o']
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oko,ota
c .

we get (m,ves) € [listfon] 0 A]
Unrolling its definition with oty < m, we get
d) vez I vy

e) C2 S Utg

f) (m — c2,v2) € [listfon] o A],

Now, we can conclude as follows:

1. Using a) and d), we get
er 7 v ez I vy
cons(er, ez) 17 cons(vy, vo)
2. Using b) and e), we get (c1 + ¢2) < oty + ot

3. By downward closure (Lemma 4) on c) using

cons

m—(c1+c2) <m-—c

we get (m — (c1 + c2),v1) € [0 A].
By downward closure (Lemma 4) on f) using

m— (c1+c2) <m—co

we get (m — (c1 + ¢2),v2) € [listjon] o A],.
By combining these two statements, we can conclude as (m—(c1+cz), cons(vy, v2)) €
[listjon + 1] o A],

yer 47 v (%) yea 4P v (9)
cons(yer,vez) 11 cons(vy, v2)
By IH 2 on the first premise using

Assume that cons and ¢ + ¢ < m.

FV(e1) € dom(Q) and ' C Q and (m,d) € G[oV]

oki,0t1

we get (m,ve1) € [0A]z2 . Unrolling its definition with (x) and ¢; < m, we get

a) O'kl S C1
b) (m —c1,v1) € [oA],

By IH 2 on the second premise using
FV(es) C dom(€Y) and ' C Q and (m,d) € G[o']

we get (m,yes) € [listjon] o AJZF2°%.
Unrolling its definition with (¢) and ca < m, we get

C) O'kg < C9
d) (m — ca,v2) € [listjon] o A],

Now, we can conclude as follows:

1. Using a) and c), we get oki + oke < (¢1 + c2)
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2. By downward closure (Lemma 4) on b) using
m—(c1+c) <m-—c

we get (m — (c1 + ¢2),v1) € [0A],.
By downward closure (Lemma 4) on d) using

m— (c1 4+ c2) <m—cy

we get (m — (c1 + ¢2),v2) € [listjon] o A],.
By combining these two statements, we can conclude as (m—(c1+¢3), cons(vy,v9)) €
[listjon + 1] o A],

A;@FAAlwAgwf A;@;x:Al,f:Alﬂi)—)Ag,Ql—ie:Ag
Case pw—T fix
A; @ QS fix f(x).e: Ay — 2 Ay

Assume that = 0® and there exists Q' s.t. FV(fix f(z)) C dom(Q’) and Q' C Q and (m,d) € G[o?]
TS: (m,fix f(x).ve) € [0 Ay sxen(ok,ot) o] 20,

xec(ok,o
By Lemma 2, STS: (m, fix f(z).ve) € [0 A; ~ selok,at
We prove the more general statement

) O'AQ]]U.

exec(ok,ot

vm! < m. (m/ fix f(z).ve) € [0 A; ) oAslly

by subinduction on m’.
There are two cases:

subcase 1: m' =0
Since there is no non-negative j such that j < 0, the goal is vacuously true.

subcase 2: m' =m"+1<m
By sub-IH

exec(ok,ot

(m"fix f(z)ve) € [0 A s o As], (1)

exec(ok,t)

STS: (m” + 1,fix f(x).ve) € [oA; aAs]y.
Pick j < m” + 1 and assume that (j,v) € [0 A1],.
STS: (j, velo/, (Bx f(x)-7e)/ f]) € [7 Al ",

This follows by IH on the premise instantiated with

exec(k,t) AQ,Q,) and x - Al,f LA exec(k,t)

e FV(e) Cdom(z: Ay, f: Ay
X : A1,f : A1 M)AQ,Q

o ([ = v, f = (fix f(z).ye)]) € GloQ,z: 01, f: 0
holds because

— (4,7) € G[o€?] obtained by downward closure (Lemma 4) on (m,v) € G[o€]
using 7 <m” +1 < m.

Ay, QY C

exec(ok,ot

) 0 Az] which

— (j4,v) € [0A1]w, from the assumption above

B (]7 fix f(l‘)'ye) c IIO'Al exec(ok,ot)
4) on (1) using j <m”

0 As]y, obtained by downward closure (Lemma
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A; D Q) I—le e1: Ay exec(kt) Ay JANR (3 9) }—',;22 ey Ay
A; P: Q) l—?litgf]jjx T; L e1ex: Ay
Assume that = o® and there exists Q' s.t. FV(eq e2) C dom(Q2) and Q' C Q and (m, d) € G[oQ']

k1+oko+ok+c ,ot1+ot e
TS: (m, ye1 yes) € [ Ag]IF1 ok tok+cam oti+otatot+cary,

Following the definition of [-]2°, there are two cases:

Case app

o Assume that oty + ota 4 ot + capp < M.
By IH 2 on the first premise using

FV(e1) C dom(€Y) and ' C Q and (m,d) € G[o']

exec(ok,ot

we get (m7’761) € [[UAl ) O—AQ]]gkl’Utl.
Unrolling its definition with ot; < m, we get

a) yer I fix f(z).e
b) C1 S O’tl

c) (m—ecy,fix f(x).e) € [0 A

exec(ok,ot)

oAs],
By IH 2 on the second premise using
FV(e2) C dom(Q) and ' C Q and (m,d) € G[oV]

oko,ota
€

we get (m,ve2) € [0A1] . Unrolling its definition with oty < m, we get

d) vea 2 vy
e) C2 S th
f) (m — ca,v2) € [0A1]s

By downward closure (Lemma 4) on f) using m — ¢; — ¢ — ¢qpp < m — c2, wWe get
(m — (c1+ c2 + capp), v2) € [0A1]y (1)
Next, we unroll ¢) with (1) using m — (¢1 + ¢2 + capp) < M — ¢1 to obtain
(m — (c1+ c2 + capp), eva/x, (fix f(z).e)]) € [0A2]Z"" (2)

To unroll first part of (2)’s definition, we need to show that ot < m — (¢1 + c2 + Capp)
or ot + (c1 + ¢2 + capp) < M.
By b) and e), we know that

c1+co < oty + oto (3)

By adding ot + cqpp to the both sides of (3), we have
c1+ o+ ot + copp < oty + ota + ot + copp (4)

By the main assumption, we know that ot + ota + ot + capp < M.
Therefore, we know that c¢i + c2 + ot + c4pp < m. Now, by unfolding we get

g) efva/x, (fix f(z).e)] 4 vr

76



h) ¢, <ot
i) (m—(c1+ca+cr+ capp),vr) € [0A2],

Now, we can conclude as follows:

1. Using a), d) and g), we get

e I fix f(x).e ez I vg elva/x, (fix f(z).e)/ f] 4 vy

‘U’Cl +cotcr +Capp v
T

app
€1 €2

2. Using b), e) and h), we get (c1 + c2 + ¢ + Capp) < ot1 + oty + ot + capp

3. By i)

Assume that

yer Y fix f(x).e (x)  ve2a §P w2 (o)  efve/w, (fix f(2).e)/f] 47 v (T)

app and
vey yea iJ(01+02+0r+Capp vy

1+ ca+ ¢+ Copp <M.
By IH 2 on the first premise using

FV(e1) C dom(€Y) and ' C Q and (m,d) € G[o']

we get (m,ve1) € [0 A1 Preclak:ot) 0 e

Unrolling its definition with (x) and ¢; < m, we get
a) O'kl < C1

b) (m — ¢y, fix f(z).e) € [0 Ay

exec(ok,ot)

O'AQ]]v

By IH 2 on the second premise using
FV(ez) C dom(€Y) and ' C Q and (m,d) € G[o']

we get (m,ves) € [0 A]Z"7". Unrolling its definition with (¢) and ¢y < m, we get

c) ko < ¢
d) (m — CQ,’UQ) c [[O'Al]]v

By downward closure (Lemma 4) on d) using m — ¢ — ¢a — capp < m — c2, We get
(m — (c1 4+ c2 + capp), v2) € [0 A1]w (5)
Next, we unroll b) with (5) and m — (¢1 + ¢2 + ¢qpp) < m — ¢1 to obtain
(m — (c1 + 2 + app), efva /2, (fix f(x).e)]) € [0A2]7%* (6)

By unrolling second part of (6)’s definition using () and ¢, < m — (¢1 + ¢c2 + Capp),
we get

e) ok <¢
£) (m — (c1+ca+ ¢+ capp)s vr) € [0A2]y

Now, we can conclude as follows:
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1. Using a), c¢) and e), we get ok + ko + 0k + cqpp < (c1 + 2 + ¢ + Capp)
2. By f)

AP QF e Ay A;<I>|—AA2wf.

Case in

A;®; QL inle: Ap + Ay
Assume that = o® and there exists Q' s.t. FV(inl ¢) C dom(§’) and ' C Q and (m, d) € G[o V]
TS: (m,inl (ye)) € [0 A1 + 0 A]2"".
Following the definition of [-]2", there are two cases:

e Assume that ot < m.
By IH 2 on the first premise using

FV(e) C dom(Y) and Q" C Q and (m,d) € G[oQ]

we get (m,ye) € [[UA]]gk’Ut. Unrolling the first part of its definition with ot < m, we

get
a) ve v
b) ¢ <ot
c) (m—c,v) € [oA],
We can conclude as follows:

1. By a),
e v
inl ve ¢ inl v
2. By b),c< ot
3. By ¢), we can show that (m — ¢,inlv) € [o A1 + 0 A2],
ve J°v (%)

e Assume that ——————— inl and ¢ < m.
inl ye ¢ inl v

By IH 2 on the first premise using

inl

FV(e) C dom()) and ' C Q and (m, ) € G[o )]

we get (m,ve) € [0AJZ"7". Unrolling the second part of its definition with (x) and
c < m, we get

a) ok <c

b) (m —ec,v) € [0A],
We can conclude as follows:

1. Bya), ok <c

2. By b), we can show that (m — ¢,inlv) € [0 A1 + 0 As],

A;@;Ql—ie:Al—kAg A;@;m:Al,Ql—z/ele A;@;y:AQ,Ql_Z/€2:A

Case case

. H- t+t'+c ]
A; @;Q 1T case (e, x.e1,y.e) 1 A

Assume that = o® and there exists ' s.t. FV( case (e, e1,e2)) C dom()') and ' C Q and (m, ) € G[oQ]
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ok,ot+ot’+cease
P .

TS: (m, case (ye,ve1,ves2)) € [0 4]
Following the definition of [-]2°, there are two cases:

e Assume that ot + ot’ + ceqse < M.
By IH 2 on the first premise using

FV(e) C dom(Q)) and Q' C Q and (m, ) € G[o )]

ok,ot

we get (m,ve) € [0A;1 + 0 As]?
Unrolling the first part of its definition with ot < m, there are two cases. We only
show one, as the other is very similar. We have

a) ve ¢ inlv

b) ¢ <ot

c) (m—c,inlv) € [0 A1 + dAs],
By IH 2 on the second premise using (m — ¢ — Cease; ¥[x = v]) € G[oQ 2 : 0A1]
obtained by

— FV(e1) Cdom(z: A1, Q) and z: A1, Cz: A1, Q

— (m — ¢ — Cease,y) € G[oQ] by downward closure (Lemma 4) on (m,v) € G[oQ]

using m — ¢ — Cegse < M
— (m — ¢ — cease, V) € [0A1]y by downward closure (Lemma 4) on c¢), and unfolding

its definition

we get
(m — C — Ccase; ’}/61[1}/&?]) € [[UA]]gk 7t (1)

To unroll the first part of (1)’s definition, we need to show that ot’ < m — (¢ + cegse)
or ot’ + (¢ + Cease) < M.
By b), we know that

c<ot (2)

By adding ot’ + ccqse to both sides of (2), we have
c+ ot + copse < ot + 0t + Copse (3)

By the main assumption, we know that ot + ot’ + cegse < M.
Therefore, we know that ¢ + ot’ + ceqse < m. Now, we can unroll to obtain

d) ~ver[v/x] § v,
e) ¢ <ot
£) (m — (c+ ¢ + Cease), vr) € [0 A]w
Now, we can conclude as follows
1. By a) and d), we get
ve e inlo  Aeifv/a] U o,
case (ye, x.yey,y.yeg) |JCHerTcease
2. By b) and e) (¢ + ¢ + Cease) < ot + ot’ + Cease

case-inl

Uy
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3. By f)
e Assume that
~ve ¢ inlv (%) ver[v/z] 1 vy ()
case (’76, xT.yey, y~’Y€2) U/C"rCr“‘Ccase
By IH 2 on the first premise using

case-inl and ¢ + ¢ + Cegse < M.
Uy

FV(e) C dom()) and ' C Q and (m, ) € G[o€?]

we get (m,ve) € [c A1 + JAQ]]gk’Gt.
Unrolling second part of its definition with (x) and ¢ < m, we get
a) ot <c
b) (m —¢,inlv) € [0 A1 + cAs],
By IH 2 on the second premise using (m — ¢ — Cegse, Y[x +— v]) € GoQ, 2z : 0A4]
obtained by
— FV(e1) Cdom(z: Ay, Q) and z: A, Cz: Ay, Q
— (m — ¢ — cease),¥) € G[o'] by downward-closure (Lemma 4) on (m,~) € G[o€]
using m — ¢ — Cegse <M
— (m — ¢ — Cease, V) € [0 A1]y by downward closure (Lemma 4) on ¢), and unfolding

its definition

we get
(m — C — Ccase; 761[v/x]) € [[UA]]gk 7t (4)

By unrolling second part of (4)’s definition using (¢) and ¢, < m — ¢ — Cease, We get

c) ot <e¢
d) (m— (c+ ¢ + cease), vr) € [0A]y

Now, we can conclude as follows

1. By a) and ¢) ok’ + ot’ + cease < (¢ + ¢ + Cease)
2. By d)

A;®; Qe list[n] A
A; AR =0;Q l—g, e1: A WA AN =i+ 1;h: Ajtl: list[i] A, Q I—Z, eq: A
A; D Q I—Zitl;jrfgf;‘:; case cof nil — ey | hutl—eg: A
Assume that |= c® and there exists ' s.t. FV(caseeofnil — ey | h::tl — e2) C dom(Q') and ' C Q anc
TS: (m, case ve of nil — ey | h 12 tl — yep) € [o A/JIFTOF Fecaser ottot +ecaser
Following the definition of [-]2", there are two parts to show:

Case caseL

e Assume that ot + ot’ + cegser, < m.
By IH 2 on the first premise using

FV(e) C dom(£)) and ' C Q and (m, ) € G[o€?]

ok,ot
€

we get (m,ve) € [listjon] o A] . Unrolling its definition with ot < m, we get
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a) ve v
b) ¢ <ot
c) (m—c,v) € [listjon] oA,

Depending on what ve evaluates to, there are two cases.

subcase 1:

subcase 2:

~ve |J€ nil
By ¢), on = 0 since v = nil .
Then, we can instantiate IH 2 on the second premise using

— FV(e) C dom(Q) and @ C Q and (m, ) € G[oV]

— Eo0® A on =0 obtained by combining = c® with =on =0
we get (m,yey) € [[aA'}]gk"”t'.
Unrolling its definition using ot < m, we get
d) ver 47 vy

e) ¢ < ot

£) (m—crv) € [0A ]y
We conclude with

e ¢ nil e Cr v
1. Bya) and d), we get 7 b ver 4 or — caseL-nil
case ye of nil — ey | h i tl — yeg ST T Ceasel g,

2. By b) and e), we get ¢ + ¢ + Ceaser, < ot + ot’ + CeaselL,

3. By downward closure (Lemma 4) on f) using
m — (C+Cr+ccaseL) <m-—c

we get (m — (¢ + ¢ + Ceaser), vr) € [0 A ]y.

~ve ||€ cons(vy, va)
By c¢), on =1+ 1 and we have

(m —c,v1) € [0A], (1)

(m — c,v9) € [list[I] o A, (2)

Then, we can instantiate IH 2 on the third premise using
— FV(ez) C dom(h : A,tl : list[i] A, Q') and h : A, tl : list[i] A,Q C h: A ¢l :
list[i] A, Q
— oli— I € D[i = N, A]

— Eoli— I](® An =i+ 1) obtained by combining = c® with = on =1+ 1,
— (m —e,y[h = vi1,tl — va)) € Glofi — I)(Q,x : A tl : list[i] A)] using (1) and
(2) and (m — ¢,7) € G[oQ'] (obtained by downward closure (Lemma 4) ).

we get (m — ¢, yea[vi/h,va/tl]) € [o]i — I]A]]g[iHI]k,’U[iHI]t,.
Since, i ¢ FV (K, t', A, A'), we have (m — ¢, vea[v1 /h, va/tl]) € [c AJZ¥ Y.
To unroll its definition, we need to show that ot’ < m — c or ¢+ ot’ < m.
By b), we know that
c< ot (3)
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By adding ot’ to both sides of (3), we have
c+ ot <ot+ot (4)

By the main assumption, we know that ot + ot’ + cease < M.
Therefore, we know that ¢ + ot’ < ot + ot < ot + ot’ + Coaser, < m. Now, we can
unroll to obtain
g) veylvi/h,ve/tl] I} v,
h) ¢ <ot
i) (m—c—cp,v) € [cA]y
We conclude with
e € cons(vy, v eavi/h,va/tl] I v
1. Bya) and g), we get ned ( 1v2) vealvn/ 2/+Hi - caseL-cons
case ye of nil — ey | h i tl — yeg T Ceasel g,
2. By b) and h), we get ¢ + ¢, + Ceaser, < 0t + 0t’ + Ceaser,

3. By downward closure (Lemma 4) on i) using

m —C— ¢ — Ceasel, <M — € — Cp,

we get (m — (¢ + ¢ + Ceaser), vr) € [0 A ]y.

e Assume that case ye of nil — vey | h:: tl = ves € v, and C < m.
Depending on what e evaluates to, there are two cases.

~ve ¢ nil (%) ver 47 v ()

case ye of nil — yey | h i tl — yeg || TCeaseL oy
By IH 2 on the first premise using

subcase 1: caseL-nil

FV(e) C dom(£Y) and ' C Q and (m,d) € G[o]

we get (m,ve) € [listjon] o A]Z%". Unrolling its definition with () and ¢ < m,
we get
a) ok <c
b) (m — ¢,nil ) € [list{on] oA,
By b), on = 0 since v = nil .
Then, we can instantiate IH 2 on the second premise using
— FV(e1) C dom(fY) and @ C Q and (m,d) € G[oV]
— E 0® A on = 0 obtained by combining |= c® with = on =0
we get (m,ve1) € [oAJZ"
Unrolling its definition using (¢) and ¢, < m, we get
c) ok' <ec,
d) (m—cp,v.) € [cA],
We conclude with

1. By a) and C)a we get ok + k' + Ceaser, < ¢+ ¢ + Ceasel
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2. By downward closure (Lemma 4) on d) using
M —C— C — Cease, <M —C—Cp

we get (m — (¢ + ¢ + Ceaser), vr) € [0 A].

ve € cons(vy,va) (%) vealvr /h, va [t] I v, (00)

: p— caseL-cons
case ye of nil — ey | h i tl — yeg ST Ceasel g,

subcase 2:

By IH 2 on the first premise, we get (m, ye) € [listjon] o A]Z*". Unrolling its
definition with (x) and ¢ < m, we get

a) ot <c

b) (m — ¢, cons(vi, v2)) € [listlon] oA,

By b), on = I + 1 for some I and we have
(m—c,v) € [0A], (5)

(m — c,vy) € [list[I] 0 A, (6)
Then, we can instantiate IH 2 on the third premise using
— FV(ez) C dom(h : A,tl : list[i]] A, Q') and h : A, tl : list[i]] A,Q C h: At :
list[i] A, Q
—oli— Il € D[i = N, A]

— Eoli— I](® An =i+ 1) obtained by combining = o® with |=on =1 +1,
— (m —c,y[h = v1,tl = va)) € Goi — I)(Q,x : A tl : list[i] A)] using (5) and
(6) and (m — ¢,7) € G[oQ'] (obtained by downward closure (Lemma 4) ).

we get (m, yea[v1/h,va/tl]) € [oi — I]A]g[iHI]kl’U[iHI]t/.

Since, 1 & FV(K',t', A, A’), we have (m,yes[vi/h,va/tl]) € [0 A’ gk'ot’,
Unrolling its definition using (¢¢) and ¢, < m — ¢, we get

c) ot <e

d) (m—c—cp,v) € [cA]y

We conclude with

1. By a) and c¢), we get ok + ok’ + ceaser, < ¢+ ¢ + Ceasel

2. By downward closure (Lemma 4) on d) using
M —C— Cp — CegseL, <M —C—Cp
we get (m — (¢ + ¢ + Ceaser), vr) € [0 A].

A; QL e A{I)i} AT S
A; ®;QH pack e : 3i:S. A
Assume that = o® and there exists Q' s.t. FV(pack e) C dom(€') and ' C Q and (m, ) € G[oQ]

TS: (m, pack ve) € [Ji::S. A]7%".
Following the definition of [-]2°, there are two parts to show:

Case pack
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e Assume that ot < m.
By IH 2 on the first premise using

FV(e) C dom()) and ' C Q and (m, ) € G[o )]

we get (m,ve) € [oA{o1/i}]Z%".
Unrolling its definition with ot < m, we get

a) ye v
b) ¢ < ot
c) (m—c,v) € [cA{al/i}],

Then we can conclude as follows:

~ve v
1. By a), we get pack
pack ve || pack v

2. By b),c<ot
3. TS: (m — ¢, pack v) € [Ji::S. A],.

By Lemma 6 on the second premise we know that - ol :: S.

STS: (m —¢,v) € [oA{al/i}]s..

This follows by c).

e Assume that
ve v ()
pack ve |¢ pack v
By IH 2 on the first premise using

pack and ¢ < m.

FV(e) C dom()) and ' C Q and (m, ) € G[o€?]

we get (m,ve) € [cA{cI/i}]I"".

Unrolling its definition with (x) and ¢ < m, we get
a) ok <c
b) (m —ec,v) € [cA{cl/i}],

Then we can conclude as follows:

1. By a), ok <c

2. TS: (m — ¢, pack v) € [Fi::S. A],.
By Lemma 6 on the second premise we know that - oI :: S.
STS: (m —c,v) € [oA{al/i}]..
This follows by b).

A;@;Ql—zll e1: Aq A;@;SE:ALQI_?Q eg 1 Ay
A; D Q l—?lfﬁ;_cg; let z =¢; in ey : As
Assume that = o® and there exists Q' s.t. FV(let 2 = e in e2) C dom(Q’) and ' C Q and (m, ) € G[o Q]
okitoka+cie,ot1+0tatcret
g :

let

Case

TS: (m,let x = vey in ves) € [0 Aa]
Following the definition of [-]2°, there are two parts to show
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e Assume that oty + oty + cjep < M.
By IH 2 on the first premise using

FV(e1) C dom(€Y) and ' C Q and (m,d) € G[oQ']

we get (m,ver) € [oAJZ" 7", Unrolling its definition with ot; < m, we get

a) yer 41 vy

b) C1 S O’tl

c) (m—cy,v1) € [oA]y
By IH 2 on the second premise using (m — ¢1 — cjer, y[z — v]) € Go¥, 2 : 0A]
obtained by

— FV(ey) Cdom(z: A1, Q) and z: A, Cz: A1, Q

— (m —c1 — Cet,) € G[oQ'] by downward closure (Lemma 4) on (m,7y) € G[oQ]

using m — ¢y — Ciet <M

— (m —c1 — Clet,v) € [0A1]y by downward closure (Lemma 4) on c)

we get
(m — c1 = cler, ver[v/z]) € [oAz]ZH (1)

To unroll the first part of (1)’s definition, we need to show that ote < m — (¢ + ¢jet) or
oty + (¢ + clet) < m.
By b), we know that

C § O'tl (2)

By adding ots + ¢jer to both sides of (2), we have
c+ oty + et < oty + ote + et (3)

By the main assumption, we know that ot; + ota + cier < m.
Therefore, we know that ¢ + ots + ¢t < m. Now, we can unroll to obtain

d) vei[v/z] I v,
e) ¢ < oty
£) (m — (c1+ ca+ cet),vr) € [0A]y
Now, we can conclude as follows
1. By a) and d), we get
ver 4 v vez[vi/x] 4 vy
let © = ey in yeg AT et ¢,
2. By b) and e) (c1 + ¢ + cet) < oty + ota + et
3. By f)

let

ver 4 o1 (%) yesfvr/a] 47 v (o)
let © = ey in yeg AT et ¢,
By IH 2 on the first premise using

FV(e1) C dom(€Y) and ' C Q and (m,d) € G[o']

o Assume that

let and c; + ¢ + ¢l < M.

we get (m,ve1) € [oA1]Z¥°" . Unrolling its definition with (x) and ¢; < m, we get
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a) ok; <

b) (m —c1,v1) € [0Ai]y
By IH 2 on the second premise using (m — ¢1 — cer, y[z — v]) € Go¥,x : 0A1]
obtained by

— FV(es) Cdom(z: A1,Q) and z : A1, Cx: A1, Q

— (m —c1 = Cet,v) € G[oQ'] by downward closure (Lemma 4) on (m,~) € G[oQ]

using m — ¢y — Ciet <M

— (m —c¢1 — Cet,v) € [0A1]y by downward closure (Lemma 4) on c)

we get
(m — e1 = cler, ver[v/2]) € [oAz]ZM" (4)

Unrolling (4)’s definition using (¢) and ¢, < m — ¢1 — ¢jer, We get

c) oko < ¢,

d) (m—(c1+ca+ cet),vr) € [[O'A]]v

Now, we can conclude as follows

1. By a) and ¢) k1 + oka + cjet < (1 + & + Clet)

2. By d)
. exec(k,t) s ¢
T(C)—Al————)AQ A,(I),Ql—k/e.Al .
Case P primapp
A;P:QF wrCe: As

k+k'+cq
Assume that = o® and there exists €' s.t. FV(¢e) C dom(Y) and Q' C Q and (m,d) € G[oQ']

TS: (m,¢ ve) € [[UAz]]gHUk/““W’UHUt/JFC“”p.
Following the definition of [-]2", there are two parts to show

e Assume that ot + ot’ + cgpp < m.
By IH 2 on the second premise using

FV(e) C dom(£)) and ' C Q and (m, ) € G[o€?]

ok’ ot

we get (m,ve) € [0 A1]z . Unrolling its definition with ot’ < m, we get

a) ve v
b) ok' <c <ot
c) (m—c,v) € [oAi]y

exec(ok,ot)

Next, by Assumption (12) using ¢ : 0 A; oAy (obtained by substitution on

the first premise) and c), we get

d) {(v) = (e, vr)
e) ok <c¢ <ot
£) (m —c,v,) € [0A2]y

Now, we can conclude as follows:
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ve ¢ v é(”) = (cr,vr)
C ’}/6 UC+Cr+Capp Uy
2. Using b) and e), we get ok 4+ ok’ + capp < (¢ + ¢ + Capp) < 0t + 0t + Capp

3. By downward closure (Lemma 4) on f) using

1. Using a) and d), we get primapp

m — (c+ ¢ + capp) <m—c
we get (m — (c+ ¢ + Capp), vr) € [0 A2]y

A QFL e A Ao EAC A AOEE <k AdEt<t
Case 7 ; exec
A;®; QL e A
Assume that = o® and there exists Q' s.t. FV(e) C dom(Q2') and Q' C Q and (m,d) € G[o Q']
TS: (m,ve) € [c A2 7.
Following the definition of [-]2", there are two parts to show

subcase 1: Assume that ot’ < m.
By Assumption (13) on the fourth premise, we get

ot < ot/ (1)
By IH 2 on the first premise using

FV(e) C dom(©Y) and Q' C Q and (m, ) € G[oV]

we get (m,vye) € [[aA]]?’“""t'. Unrolling its definition with ot < ot’ < m, we get
a) ve v
b) ¢ <ot

C) (m - C,U) S [[UA]]U
We can conclude this subcase

1. By a)
2. By b) and (1), we get ¢ — ¢ < ot/

3. By Lemma 5 on the second premise using c¢), we get (m — ¢,v) € [0 A'],

subcase 2: Assume that

a) ye v
b) ¢ <m.

By IH 2 on the first premise using
FV(e) C dom(Y) and ' C Q and (m,d) € G[o ]

ok’ ot

we get (m,ye) € [0 A]Z . Unrolling its definition with a) and ¢ < m, we get

c) ok <c
d) (m—c,v) € [0A],
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We can conclude this subcase

1. By Assumption (13) on the third premise, we get ok’ < ok. By ¢) we know ok < ¢,
therefore we get ok’ < ¢

2. By Lemma 5 on the second premise using c), we get (m — c,v) € [0 A'],
O

Proof of Statement (3). Remember the statement (3) of Theorem 14:

Assume that A;®; ' Fe; ©ex St:7 and 0 € D[A] and = 0®. Then for i € {1,2}, if
there exists I, s.t. FV(e;) € dom(I") and I'; C T and (m, ) € G[|oT%|;], then (m,de;) €
[lorliJ=> .

For the structural rules, we will only show the left side since the right side is similar.
For asynchronous rules, we first show the left side and then the right side in the same case.
INz)=1
Case r-var
Ao TFzez<0:7
Assume that = o® and there exists I s.t. FV(z) C dom(I') and I'" C T and (m,d) € G[[|oT"]1].
TS: (m,d(x)) € [lor| ]2
By Lemma 2, STS: (m,d(z)) € [|o7]1]e-
By (m,d) € G[|oT’|1] and = € dom(I), we can conclude that (m,d(z)) € [|o7|1]-

A;@Fﬁﬂﬂgwf AT, f i T, e Ges St
Case &) r-fix
A; ;T Ffix f(z).er ofix f(x)ea S0 —> 1

Assume that = o® and there exists I s.t. FV(fix f(z).e) C dom(I”) and IV C T and (m, ) € G[|oT"[1].
exec(0,00 00
TS: (m, fix f(x).0e1) € [|lom 1 (0.20) loTa|1 ]2

By Lemma 2, STS: (m, fix f(x).de1) € [|lom1]1 exec(0,00
We prove the more general statement

diff(t)
—

s oo

exec(0,00

vm' < m. (m/,fix f(z).6e1) € [lor1]1 oxee(0,00), loTal1]v

by subinduction on m/’.
There are two cases:

subcase 1: m' =0
Since there is no non-negative j such that j < 0, the goal is vacuously true.

subcase 2: m'=m"+1<m
By sub-IH

exec(0,00)

(m”,ﬁx f(x)éel) (S [[‘07'1|1

exec(0,00)

loT2l1]w (1)

STS: (m” + 1,fix f(x).0e1) € [lom1 ] loTa|1]v-
Pick j < m” + 1 and assume that (j,v) € [|lo7i|1]o-
STS: (j,0e1[v/, (fix f(x).0e1)/f]) € [lom2h ]2,

This follows by IH 3 on the premise instantiated with
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exec(0,00)

o (j,0[z — v, f — (fix f(x).0e1)]) € Gl : |om1|1, f : loT1h
which holds because

loT2|1, |oT 1]

— FV(e;) Cdom(x : 7, f : 71y % ), M and z : 7, f : 7y M 79, IV C x :

T, f 1T mm,f‘

— (3,9) € G[|oT|1] using downward closure (Lemma 4) on (m,d) € G[|lol'}1]
using 7 <m” +1 < m.

— (4,v) € [lo71]1]v, from the assumption above

= (U fix f(z).0e1) € [lom|s
(Lemma 4) on (1) using j < m”

0, :
exec(0,00) |oT2|1]», obtained by downward closure

diff(t
A;d;THer0e] Sty :711—()> T

A;CI);FI—eg@e’QSth 1T
A;®;Theiesoe) ey Sty +ta+t:m
Assume that = o® and there exists I s.t. FV(e; e2) € dom(IV) and IV C T and (m,d) € G[|oT]1].

0,00
TS: (m,éel (562) S [HUTQ’l]]E .
Following the definition of [-]2", there are two cases:

Case r-app

e Assume that co < m.
Since m is finite, this case is vacuously true.

e Assume that
ber U1 fix fla)e (x)  des U7 vy (o) eluo/a, (fix f(a)e)/f] U7 v (1)

\U]Cl +c2+cr+cCapp )
r

app and
(561 562 PP

1+ c2+ ¢+ Copp <M.
By IH 3 on the first premise using

FV(e1) C dom(I") and IV C T and (m,d) € G[|oT"[1]

0

we get (m,deq) € [|omi |1 oxec(000), o721 ]2

Unrolling its definition with (x) and ¢; < m, we get
a) 0< ¢

b) (m — ¢y, fix f(z).e) € [loTi|1

exec(0,00) ’0_7_2 ‘ 1ﬂ
v

By IH 3 on the second premise using
FV(e3) C dom(I") and IV C T and (m,d) € G[|oT"[1]

we get (m, dez) € [|lo|1]0°°. Unrolling its definition with (¢) and ¢y < m, we get

c) 0<c
d) (m —co,v2) € [loTi|1]w

By downward closure (Lemma 4) on d) using m —¢; — co — Capp < M — c2, we get

(m — (c1 + c2 + Capp), v2) € [lomi]1]o (1)
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Next, we unroll b) with (1) and m — (¢1 + ¢2 + cqpp) < m — 1 to obtain

(1~ (c1 + €2 + capp), eloa/ ., (B f(z).€)]) € [lormali ]2 )
By unrolling second part of (2)’s definition using () and ¢, < m — (¢1 + ¢c2 + Capp),
we get
e) 0<ec,

f) (m—(c1+ca+cr + capp), vr) € [lom2|1]w
Now, we can conclude as follows:

1. We can trivially show 0 < (¢1 + ¢2 + ¢, + Capp)
2. By f)

A;®;The o€, Sty:T A;®;TFex 06y Sty listin]* T

A; ®;T - cons(ey, e2) © cons(e), eh) <ty +to : list[n + 1]*TL 7
Assume that = o® and there exists I s.t. FV(cons(e, ez)) C dom(I') and I" C T" and (m,d) € G[|oT]1].
0,00

TS: (m, cons(dey, des)) € [|listlon + 1170 7|1 ]2 = [list[on + 1] |or|1]2
Following the definition of [-]2', there are two parts to show

r-consl

Case

e Assume that co < m.
This is vacuously true.
der Y v (%) deg Y2 vy ()

e Assume that cons and ¢ + ¢ < m.
cons(deq, bea) 17 cons(vy, vo)

By IH 3 on the first premise using

FV(e1) € dom(I'") and IV C T and (m,d) € G[[|oT"|1]

we get (m,de;) € [|or|1]2°°. Unrolling its definition with (x) and ¢; < m, we get

a) 0 < (6]
b) (m — 01,’1)1) c [[‘O’T’l]]v

By IH 3 on the second premise using
FV(ez) C dom(I'") and IV C T and (m,d) € G[[|oT’|1]
we get (m, deg) € [|listlon]7® or]1 ]2
Unrolling its definition with (¢) and ¢y < m, we get
c) 0<c
d) (m — c2,v2) € [listjon] |oT]1]s
Now, we can conclude as follows:

1. We can trivially show that 0 < (¢1 + ¢2)

2. By downward closure (Lemma 4) on b) and d), we get (m — (¢1 +¢2),v1) € [loT|1]
and (m — (c1 + c2),v2) € [listlon]|o7|1]», when combined, gives us (m — (c1 +
c2),cons(vy, ve)) € [listlon + 1] |o7|1]s = [|list[on]7*L o7|1],
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A& THeroe; St :0O7 A; DT Feg ey St list[n]* T
Case — - - r-cons2
A; ®;T + cons(eq, e2) © cons(e, €5) < tq + to : list[n + 1] 7

Assume that = o® and there exists I s.t. FV(cons(eq, ez)) C dom(I') and IV C T" and (m,d) € G[|oT]1].
TS: (m, cons(dey, des)) € [llistjon + 1]7% o7, )0 = [list[on + 1] |o7[1]2.
Following the definition of [-]2', there are two parts to show

e Assume that co < m.
This is vacuously true.

der 41 vy (%) des 12 vy (o)

cons(deq, 6ea) 1172 cons(vy, vo
By IH 3 on the first premise using

cons and ¢ + ¢y < m.

e Assume that

FV(e;) C dom(I'") and I C T and (m,d) € G[|oT"[1]

we get (m,der) € [|[Do7|1]2°. Unrolling its definition with (x) and ¢; < m, we get
a) 0< ¢
b) (m —eci,v1) € [|[0o7|1]o = [loTh]w

By IH 3 on the second premise using
FV(es) C dom(I'") and I C T and (m,d) € G[|oT"[1]

we get (m, deg) € [|listlon]7® o)1 ]2
Unrolling its definition with (¢) and ¢y < m, we get

c) 0<c
d) (m — ca,v9) € [liston]|oT]1]y
Now, we can conclude as follows:

1. We can trivially show that 0 < (¢1 + ¢2)

2. By downward closure (Lemma 4) on b) and d), we get (m — (¢1 +¢2),v1) € [loT|1]
and (m — (c1 + c2),v2) € [listlon]|o7|1]s, when combined, gives us (m — (¢1 +
¢2),cons(vy,v2)) € [listlon + 1] |oT)1]y = [[list[on]”®* o7|1]

A; ;[T e Ay A;0;[Tlg 2 ez : Ay

A;P: T e 6eg 5 t1 — ko : U(Al,AQ)
The are two parts to show.

Case switch

subcase 1: Assume that = o® and there exists I s.t. FV(e1) € dom(I"”) and IV C T and (m,d) € G[|oT”|1].
TS: (m,de1) € [|U (0 A1, 0A2)[1]2 = [0 A1)
There are two parts to show.

e Assume that co < m.
This is vacuously true.

e Assume that

a) dey | v,
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b) ¢ <m.
By IH 2 on the first premise using

FV(e1) € dom(|T”|1) and |[I]; C |T'}; and (m, ) € G[[|oT']1]
we get (m,de;) € [o A7
By unrolling second part of its definition with a) and b), we get
a) ok < e
b) (m —¢p,vr) € [0A1]w
We can conclude as follows
1. Trivially, 0 < ¢,
2. By d)
subcase 2: Assume that |= o® and there exists I s.t. FV(e3) C dom(I”) and IV C T and (m,d) € G[|oT”|2].
TS: (m,des) € [|U (0 Ay, 0A2)]]2™ = [0 A5]2%.
There are two parts to show.

e Assume that co < m.
This is vacuously true.
e Assume that
a) des | v,
b) ¢ <m.

By IH 2 on the second premise using

FV(es) C dom(|T”|2) and |IV|]a C ||z and (m,§) € G[[|oT”|2]
we get (m,des) € [oAg]ZF2"
By unrolling second part of its definition with a) and b), we get
a) oke < ¢
b) (m —¢p,v,.) € [oA2]y
We can conclude as follows
1. Trivially, 0 < ¢,
2. By d)

exec(k,t)
EE—

A;(I);Fll_tl e1: Ay As A;@;Fl—egee'th:U Al,AIQ
k1 2

Case
A; 0T ey 62@e§§t1+t2+t+capp : U(AQ,A/Q)

r-app-e

There are two parts to show: left and right sides. We first show the left side.

subcase 1: Assume that |= o® and there exists I s.t. FV(ey e2) C dom(I'V) and IV C T and (m, d) € G[[|loT"1].
TS: (m, dey dez) € [|U (0 Az, 0 AY)[1]E™ = [0 Ax]2™.
Following the definition of [-]2", there are two cases:

e Assume that co < m.
Since m is finite, this case is vacuously true.
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e Assume that
dep 4 fix f(x).e () deg 2 vy (0) elva/x, (fix f(z).e)/f] 4 vr (1)
561 562 UC1+Cg+cr+capp Uy
and ¢ + c2 + ¢ + Capp < M.
By IH 2 on the first premise using

app

FV(e1) C dom(|T”|;) and |[IV]; C |T}; and (m, ) € G[[|oT'|1]

k
we get (m, (561) = [UAI M UAQ]]gkl’U“.

Unrolling its definition with (x) and ¢; < m, we get
a) ok; <
b) (m — ¢y, fix f(x).e) € [0 A1 oAs]y
By IH 3 on the second premise using (m — ¢, ) € G[|oI”|1] which hold since
— FV(ez) Cdom(I") and IV C T
— (m —¢,9) € G[loT"]1] by downward closure (Lemma 4) on (m,d) € G[|oT|2]
using m —c <m

exec(ok,ot)

we get (m,des) € [oA1]2°°. Unrolling its definition with (o) and ¢y < m, we get
c) 0<c
d) (m —c2,v2) € [0As2],

By downward closure (Lemma 4) on d) using m — ¢; — ¢z — Cqpp < m — c2, We get
(m — (c1+ 2+ capp), v2) € [0A1]w (1)

Next, we unroll b) with (1) and m — (¢1 + ¢2 + ¢qpp) < m — ¢1 to obtain
(m — (c1+ 2 + Capp), e/, (fix f(@).€)]) € [0A]ZH (2)

By unrolling second part of (2)’s definition using (1) and
¢ <m — (c1+ 2+ capp), We get
e) ok <c¢
f) (m—(c1+ca+ ¢+ capp), vr) € [0A2],
Now, we can conclude as follows:
1. We can trivially show 0 < (¢1 + c2 + ¢ + Capp)
2. By f)
subcase 2: Assume that = c® and there exists I s.t. FV(e},) C dom(I”) and IV C T and (m, d) € G[|oI"]2].
TS: (m, 8¢h) € [|U (0 As, 0 Ab)[2] 2™ = [A5]2%°
Following the definition of [-]2°, there are two cases:
e Assume that co < m.

Since m is finite, this case is vacuously true.

e The conclusion follows by TH 3 on the second premise using (m — ¢, d) € G[|oT"|2]
which hold since

— FV(e}) Cdom(I") and IV C T
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— (m —¢,9) € G[|oT|2] by downward closure (Lemma 4) on (m,d) € G[|oT|2]
using m —c <m
i.e. we get (m,dey) € [o AL]2.

A; O (T2 l—',;ll e1: Aq A;O;x:U (A1, A1), TFeSey Sta:m

A;@;Ft—e@let T = e 1IN ey Stg—kl — Clet - T2
There are two parts to show.

r-e-let

Case

subcase 1: Assume that = c® and there exists I s.t. FV(e) C dom(I”) and I' C T and (m, ) € G[|oT"|1].
TS: (m,de) € [|ora|1]>™
There are two parts to show
e Assume that co < m.
This is vacuously true.

e By IH 3 on the second premise using (m,d) € G[|loI"[1] since we know that
FV(e) € dom(I”) and IV C T,z : A; since x doesn’t occur free in e, we get
. . 0,00
immediately (m,de) € [|oT2|1]e .

subcase 2: Assume that |= o® and there exists I s.t. FV(let © = €1 in e2) C dom(I”) and IV C T and (m, d) € G|
TS: (m,let © = dey in dey) € [[|a7'2|2]]2’°°
There are two parts to show
e Assume that co < m.
This is vacuously true.
e Assume that
der Y v (%) deavr/x]) U vy (0)
2) let z = deq in Jeg J1TEr Tkt o
b) ¢1 4+ ¢ + et <m

let

By IH 2 on the first premise using
FV(e1) C dom(|TI”|2) and |IV|]3 C ||z and (m, ) € G[[|oT’|2]

oki,0t1
E .

we get (m,dey) € [oA1]
Unrolling second part of its definition using (x) and ¢; < m, we get
c) ok1 < ¢
d) (m—c1,v1) € [0A1],
By IH 3 on the second premise using (m — ¢, §[z — v1]) € G[x : 0 A1, |oT”|2] which
hold since
— FV(e2) Cdom(z : U (A1, 41),I") and z : U (A1, A1), T Cx: U (41, 4,),T
— (m —¢,9) € G[|loT|2] by downward closure (Lemma 4) on (m,d) € G[|oT|2]
using m —c<m
— (m—rc,v) € [oAi]y
we get (m — ¢, deavy /z]) € [|oma|2] 2.
Unfolding its definition using (¢) and ¢, < m — ¢1, we get

e) 0<¢,
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f) (m—(c1+c),vr) € [lomzl]y
Then we can conclude as follows
1. Trivially, 0 < ¢1 + ¢ + Cet

2. By downward closure (Lemma 4) on f) using
m— (c1 + ¢ +cet) <m—(c1 +¢)
we get (m — (c1 + ¢ + Cer), vr) € [|oT2]2]0

A; P, |F|2 l_k/ e : A+ Ay
A;®;x:U (A, A1), TFeoe, St:r A;®yy:U (A, Ag), Tece, Stor
A;®;T e case (¢, x.€],y.e5) St—k — Coase = T
There are two parts to show.

Case r-e-case

subcase 1: Assume that |= o® and there exists I s.t. FV(e) C dom(I') and IV C T and (m, d) € G[[|loT]1].

TS: (m,de) € [lor]1]2
There are two parts to show

e Assume that oo < m.
This is vacuously true.

e By IH 3 on the second premise using (m,d) € G[|loI"|1] since we know that
FV(e) € dom(I”) and IV C T,z : Ay since x doesn’t occur free in e, we get
. . 0,00
immediately (m,de) € [lo7T|1] .

subcase 2: Assume that |= o® and there exists I s.t. FV( case (¢/, €], ¢})) C dom(I") and I" C T and (m,0d) € G[|
TS: (m, case (5¢',8¢},6¢b)) € [lor]] 2™
There are two parts to show

e Assume that co < m.
This is vacuously true.
e There are also two parts to show here depending on what de evaluates to. We
only show one for brevity, the other one is similar.
Assume that
s’ ¢ inl v’ (%) selj [’ /2] I vl (o)

UCI+C;‘ +Ccase ,U/
T

case-inl

case (de, z.0e1,y.0ez)
b) ¢ + ¢l + Cease <M
By IH 2 on the first premise using
FV(¢/) C dom(|T’|2) and [T’|2 C |T|2 and (m,d) € G[|oT”|2]
we get (m,d¢') € [0 Ay + o A7 .
Unrolling second part of its definition using (x) and ¢ < m, we get
c) ok' <
d) (m—d,inlv') € [oA + 0As],
By IH 3 on the second premise using (m — ¢, §[x — v']) € G[x : 0 Ay, |oT”|2] which
hold since
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— FV(e}) Cdom(z : U (A1, 41),T") and = : U (A1, A1), T" Cx: U (41, 4,),T
— (m—{,0) € G[|oT"]2] by downward closure (Lemma 4) on (m,d) € G[|oT|2]
using m —c <m

— (m—=d,v) € oAy
we get (m — d,8ey[v' /z]) € [|loT|2].
Unfolding its definition using (¢) and ¢, < m — ¢, we get

e) 0<d.

f) (m— (' +¢),v) € [loTl2]w
Then we can conclude as follows
1. Trivially, 0 < ¢ + . + ¢t

2. By downward closure (Lemma 4) on f) using
m— (' +c. 4+ cler) <m— (' +)

we get (m — (¢ + ¢ + cet), v;) € [loT]2]w
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2 Example Programs

2.1 Two-dimensional count (in-depth)

The following example demonstrates that by using relational analysis we can show that
one program is faster than the other in a case where non-relational reasoning does not
suffice to do so. Let us consider 2Dcount an algorithm that counts how many rows of a
two-dimensional matrix contain a key = and satisfy a predicate p. Such an algorithm could
be used in many scenarios, e.g. in the context of web analytics, a data analyst might be
interested in how many rows of a matrix storing the number of top m frequently visited
websites contains “google.com” and satisfy a predicate. We can define 2Dcount as follows:

fix 2Dcount(find).\z.\M.case M of
nil — 0
| 1:: M’ — let r = 2Dcount find z M’ in
if plthen r + (find x 1)
else r

Suppose that we have the following two different implementations for find.

fix find1(x).Al.case [ of
nil — 0
| h::tl — if h = 2 then 1 else find1 x ¢l

fix find2(x).Al.case [ of
nil — 0
| h::tl — if (find2 x tl) = 1 then 1 else if (h = ) then 1 else 0

The first function £ind1 scans the row from left to right and returns 1 for the first element
that matches the key whereas the second function £ind2 scans the list from right to left and
returns 1 for the last element that matches the key. Assume that the matrix M has type
list[m]® (list[n]? int) and the predicate p has the same worst- and best-case execution cost.
For simplicity, let us also assume that we only account for application steps; the analysis
generalizes to non-zero costs for other elimination steps as well. What can we say about
the relative cost of 2Dcount with respect to these two find implementations?

A naive non-relational reasoning reveals that the minimum and the maximum execution
costs for £ind1 are 1 and 3 - n, respectively whereas the minimum and maximum execution
costs for £ind2 are 3 - n and 4 - n, respectively. Unlike the sam example where we used a
representative linear cost function, for this example, we show the concrete costs to emphasize
the importance of precise cost counting. '

exec(1,3-n)

find1 : int — Vn:N. list[n| int ———— int.

. . diff| .. .. .
MIf ¢ is omitted from 7 l—<t)> T, it is assumed to be zero (similarly for unary functions).
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find2 : int — Vn:N. list[n] int oxecBnAT), 4.

So, we can conclude that find1 is faster than find2 because the difference in find1’s
maximum and £ind2’s minimum execution cost is less than or equal to 0. However, a similar
naive analysis for the whole top-level program cannot establish that 2Dcount with find1 is
faster than 2Dcount with £ind2. When the predicate is always false, 2Dcount find1 runs
slowest with cost 3-n-m + 7-m and when the predicate is always true, 2Dcount find2
runs fastest with cost 4 - m, i.e. their difference is not upper bounded by 0.

Instead, we can establish this by performing a relational analysis of 2Dcount and using
the fact that we are interested in the relative cost of the same matrix M. We can type
2Dcount as follows:

 2Dcount © 2Dcount < 0 :
. . . . . . diff(0 .
(U (int, int) — Vn::N. U (list[n] int, list[n] int) SLCNGS (bool, bool)) — int, — VYm, n::N.
diff(0
list[m]® (list[n]° int,.) SO (int, int).

Note that 2Dcount takes as input the find function with 0 relative cost (find’s type is
given in parentheses above). We can instantiate find with find1 or £ind2. To show that
their relative cost is upper bounded by 0, based on the non-relational types of find1 and
find2 obtained above, we use the following subtyping rule

— diff
, exec(k't) execdt

8@ U (4 T, g, Ay S, ) C 4y, ) S,

U (As, A)

Next, let us see how we establish 0 relative cost for 2Dcount in RelCost. In particular,
let us focus on the more interesting case in which the two matrices contain at least one row.
Since the rows do not differ between the two executions, the result of the predicate p will
be the same, hence both programs will take the same branch in the two runs. It suffices to
show that the two “then” branches and the two “else” branches are related. For the “then”
branches, the analysis is trivial since we recursively call 2Dcount which is assumed to have
0 relative cost. For the “else” branches, since we know that the relative cost of find and
2Dcount are 0, we can immediately establish 0 cost.

Comment on how this example is typed in the type system in the paper Note
that in the above example, the subtyping rule — execdiff is more general than the following
subtyping rule that is shown in the paper:

- — execdiff
diff(t—k)
_—

Ao U (A, B 4 oA, U Ay

The above subtyping rule is more restricting: it forces the two functions to have the same
lower and upper bounds. So, if we don’t allow unrelated types to talk about two different
unary types, we would be forced to subtype the functions find1l and find2 to have the
same costs as follows:

exec(1,3-n) exec(1,4-n)

findl : (int — Vn:N. list[n] int int) C (int — Vn:N. list[n] int ———— int)
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exec(3-n,4-n) exec(1,4-n)

find2 : (int — Vn:N.list[n] int int) C (int — Vn::N. list[n] int int).

Then, we cannot show that find1 and £ind2 have 0 execution cost difference using the rule

— execdiff since 4-n — 1 £ 0. For the system in the paper, the proof is completed using the
following rule which can be shown sound.

exec(k,t]) exec(kl,th)
— —e

|F| "2,11 €1 A1 A2 |F| |—Z,22 €9 . A1

diff(t] —k})
_—

Az

fun-switch.

F|_€1@625t1—]{321UA1 U Ay

In the generalized system with U (A1, A2), we do not need fun-switch since we can derive
an analogous rule using the generic subtyping rule — execdiff.

2.2 Loop unswitching

Next, we consider a compiler optimization technique known as loop unswitching that moves
a conditional inside a loop to the outside. For simplicity, we consider a variant in which the
else branch just returns a unit. Consider the function loop that iterates over a list .

fix loop(l).case [ of
nil — ()
| h::tl — ifbthen let -= f hin loop tl else ().

This program can be transformed to a version that pulls out the conditional from the
loop body as follows:

loopOp = if b then
fix loop/(l).case [ of
nil — ()
| h:tl — let _= f hin loop’ tl
else Al.()

Suppose that the list [ has type list[n]" int,., i.e. it is substituted by the same list for two
(0)

. . diff(0) . . . . .
programs, and the function f has type int, —— int,, i.e. given related integers, it returns
related integers with 0 execution cost difference. Assuming that the boolean input b is
equal between two runs, what can we say about the relative cost of these two programs?
Intuitively, loopOp is an optimization: rather than checking b at each iteration, it only
checks it once outside of the function definition. Here, we do a more fine-grained cost
counting and assume all elimination forms to have a unit cost. Then, intuitively one would
expect that the execution cost difference between these two programs is n.

If we resort to the non-relational execution cost analysis, using the switch rule we have
introduced in Example 1 from the paper, we can establish the following type

F Ab.loop © Ab.loopOp < 0: U ((bool — Vn:N.

n+1
list[n] int oxecomtL), unit), .)
xec(k, xec(k,
by typing the two programs independently. Then, via subtyping U ((A; M As), (Aq M

diff(t—k)
e

A2)) CU (A1, Ar) U (A2, Az), we can establish a relative execution cost difference
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of 5 - n for these two functions. However, this bound is not precise enough: it is 5 times
more than what we expected, because it completely ignores the fact that b doesn’t change
between the two programs.

Instead, we can obtain a more precise bound using relational analysis. To achieve
this, we make use of asynchronous rules that allows us to compare programs with different
structure. For instance, we can compare an arbitrary expression e to an if statement as
follows:

Clabj e’ :bool  Theoe St':r  Theoey St':7
IF'Feo(ife thene)elseey) St —k—1:7

e-if

In this rule we relate e to the branches of the conditional and separately establish lower and
upper bounds on the execution cost of the guard of the conditional. This rule allows us to
compare loop to the inner recursive function loop’ in loopOp. Similarly, using a symmetric
variant of e-if rule, we can compare the inner conditional branch of loop to the body of
loop’ (shown in shaded boxes above). Note that, in the latter, we want to avoid comparing
the “else” branch () to let - = f hin loop’ /. This can be taken care of by refining the
boolean type with its value as follows: bool.[B]. 2 Then, we can type these two programs
with a more precise relative cost n

F Ab.loop © Ab.loopOp < 0: VB :: {true, false}.
diff(—1) . . diff(n) .
bool[B] ——— ¥n::N. list[n]° int, —— unit,..
The negative cost 1 comes from the fact that the optimized version incurs a unit cost for
the outer “if” statement and the expected cost n comes from the fact that the conditional
elimination incurs a unit cost for each recursive call.

2.3 Selection Sort

Consider the standard selection sort algorithm that finds the smallest element in a list and
then sorts the remaining list recursively. In RelCost, we can show that ssort is a constant
time algorithm, i.e. its relative cost is 0.

We briefly explain its typing. The first ingredient is the function select that takes an
element x and a list of size n and returns the minimum among «x :: [ and the rest of the list.

fix select(z).\l.case [ of
nil — (x,nil)
| hotl — let (small,big) = if x < h then (x, h) else (h, z)
let (smaller,rest) = select small tl in
in (smaller, cons(big, rest))

It can be given the following relational type:

- select ©select S0:Uint AiHO), Vn, a::N. list[n]* U int L), 3B:N. (Uint x list[n]? Uint) .

The selection sort function ssort first finds the minimum element and the rest of the
list members and then returns the minimum element appended to the rest of the sorted list.

2 Although we do not consider indexed booleans in this paper, they can be easily simulated by lists.
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fix ssort(l).case [ of
nil — nil
| h::tl — let (smallest,rest) = select h tl in cons(smallest, ssort rest)

Then, we can relationally show that ssort has zero relative cost with respect to two lists
that differ by a elements.
. diff(0 . . diff(0 . .

F ssort & ssort < 0: unit, LLON Vn, a::N.list[n]* U int L), 3B::N. list[n]? U int.
We briefly explain how we derived this type. We focus on the part where the list has at least
one element. From the type above, we know that select’s relative cost is 0 and “cons”’ing
is constant time. In addition, we assumed that recursively, ssort incurs 0 cost. Hence we
can conclude that relative cost of ssort is 0.

2.4 Approximate sum

The next example is from the approximate computing domain in which one often runs an
approximate version of the program to save resources. For instance, consider two imple-
mentations of a calculation that computes the mean of a list of real numbers. The first
function computes the sum of a list of reals and divides the sum by the length of the list
whereas the second function (its approximate version) only computes the sum of the half
of the elements, divides this sum by the total length of the list and then doubles the result
afterwards. The first version could be operating over precise real numbers whereas the
second—approximate—version could be operating over approximate numbers. How can we
type these two implementations in RelCost?

We first show the two helper functions sum and sumAppr that correspond to precise and
approximate summation over a list of numbers.

fix sum(acc).\l.case [ of
nil — acc
| h::tl — case tl of
nil — h+acc
| W tl! — sum (h+ W'+ acc) ¢l

fix sumAppr(acc).\l.case [ of
nil — acc
| h::tl — case tl of
nil — h+acc
| Wt — sum (h'+ acc) tl

Assume that addition and division operations are constant time and the helper function
length can be given the following type

 length © length < 0 : Vn:N.list[n|* U (int, int) 4O, int,.

Then, we can show that the two helper functions sum and sumAppr can be given the following
relational type with relative cost n.
diff(0 diff
F sum © sumAppr < 0: Uint GO, N, list[n]* U int LN
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Intuitively, these two functions only differ by an addition operation for each recursive call,
therefore we obtain n difference cost in their execution time: for each recursive call (which
goes down in size by 2), a unit cost for the addition and a unit cost for the primitive
application.

Then we can type these two functions as follows:

diff(n—2)

z Appr 01
- ()\l ﬂ) o ()\l. 2. M) <0 : VnuN. list[n]® U (int, int) “—"—2 U (int, int) .

" length | length [

Since the approximate version performs an additional multiplication operation, we use the
symmetric version of the rule r-app-e and subtract two unit costs: one for the cost of the
multiplication and one for the cost of the application of the primitive application.
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