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Abstract. Most state-of-the-art SAT solvers are based on DPLL seandire-
quire the input formula to be in clausal form (cnf). Howewgpical formulas that
arise in practice are non-clausal. We present a new nosal&AT-solver based
on General Matings instead of DPLL search. Our techniquéblis 8 handle
non-clausal formulas involving,, v, = operators without destroying their struc-
ture or introducing new variables. We present techniquepddorming search
space pruning, learning, non-chronological backtrackirtfe context of a Gen-
eral Matings based SAT solver. Experimental results shaw dlar SAT solver
is competitive to current state-of-the-art SAT solvers ocless of non-clausal
benchmarks.

1 Introduction

The problem of propositional satisfiability (SAT) is of ceadtimportance in various ar-
eas of computer science, including theoretical compuiense, artificial intelligence,
hardware design and verification. Most state-of-the-af $rocedures are variations
of the Davis-Putnam-Logemann-Loveland (DPLL) algorithmd aequire the input for-
mula to be in conjunctive normal form (cnf). Typical formslgenerated by the pre-
viously mentioned applications are not necessarily in &sf.argued by Thiffault et
al. [17] converting a general formula to cnf introduces tvead and may destroy the
initial structure of the formula, which can be crucial in effint satisfiability checking.

We propose a new propositional SAT-solving framework basethe General Mat-
ings technique due to Andrews [6]. It is closely related t® @onnection method dis-
covered independently by Bibel [8]. Theorem provers basethese techniques have
been used successfully in higher order theorem provindifbihe best of our knowl-
edge, General Matings has not been used in building SAesofoer satisfiability prob-
lems arising in practice. This paper presents techniquelsuitding an efficient SAT-
solver based on General Matings.

When applied to propositional formulas the General Matigsroach can be sum-
marized as follows [7]. The input formula is translated iat@-dimensional format
calledvertical-horizontal path form (vhpform)n this form disjuncts (operands of)
are arranged horizontally and conjuncts (operands)adre arranged vertically. The
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formula issatisfiablaf and only if there exists aertical paththrough this arrangement
that does not contain two opposite literalsand—(). The input formula is not required
to be in cnf.

We have designed a SAT procedure for non-clausal formulssdoan the General
Matings approach. At a high level our search algorithm emates all possible vertical
paths in the vhpform of a given formula until a vertical patfound which does not
contain two opposite literals. If every vertical path cansatwo opposite literals, then
the given formula is unsatisfiable. The number of verticahpaan be exponential in
the size of a given formula. Thus, the key challenge in oloigian efficient SAT solver
is to prevent the enumeration of vertical paths as much asitjesWe present several
novel techniques for preventing the enumeration of vdrfieghs. Our contributions
can be summarized as follows:

e The vhpform of a given formula succinctly encodes: 1) disfive normal form
(dnf) of a given formula as a set of vertical paths 2) conjiveabormal form (cnf)
of a given formula as a set bbrizontal pathsOur solver employs a combination of
both vertical and horizontal path exploration for effici@KT solving. The choice
of which variable to assign nextiécision makingis made using the vertical paths
which are similar to the terms (conjunction of literals) e tdnf of a given formula.
Conflict detection is aided by the use of horizontal pathscWlare similar to the
clauses (disjunction of literals) in the cnf of a given folenu

e We show how to adapt the techniques found in the current-sfettee-art SAT
solvers in our algorithm. We describe how to perf@a®arch space pruningonflict
driven learning non-chronological backtrackinggy using the vertical paths and
horizontal paths in the vhpform of a given formula.

e We present graph based representations of the set of Veyéittes and the set of
horizontal paths which makes it possible to implement ogodihms efficiently.

Related WorkMany SAT solvers have been developed, most employing some co
bination of two main strategies: the DPLL search and hearistal search. Heuristic
local search techniques [12] are not guaranteed to be ctentiiat is, they are not guar-
anteed to find a satisfying assignment if one exists or progaitisfiability. As a result,
complete SAT solvers (such as GRASP [11], SATO [18], zChbdf| [ BerkMin [10],
Siege [4], MiniSat [2]) are based almost exclusively on tH&LD search. While most
DPLL based SAT solvers operate on cnf, there has been sonkeom@applying DPLL
directly to circuit [9] and non-clausal [17] representasoThe key differences between
existing work and our approach are as follows:

- Unlike heuristic local search based techniques, we pmpamplete SAT solver.

- Unlike DPLL based SAT solvers (operating on either cnfcait or non-clausal rep-
resentation), the basis of our search procedure is Geneatihds. There is a crucial
difference between the two techniques. In DPLL the searahbesjs the set of all possi-
ble assignments to the propositional variables, where&@eimeral Matings the search
space is the set of all possible vertical paths in the vé+tiosizontal path form of a
given formula. We give an example illustrating the diffecerin Section 2. In contrast
to current cnf SAT solvers which produce a complete satigfydssignment (all vari-
ables are assigned), our solver produces partial satggsgssignments when possible.



- The General Matings technique is designed to work on nauasall forms. In particu-
lar, any arbitrary propositional formula involving Vv, — is handled naturally, without
introduction of new variables or loss of structural infotroa.

Semantic Tableaux [16]is a popular theorem proving teamighe basic ideais to
expand a given formulain the form of a tree, where nodes aeddd with formulas. If
all the branches in the tree lead to contradiction, then trengormula is unsatisfiable.
The tableau of a given propositional formula can blowupze siue to repetition of sub-
formulas along the various paths. In contrast, when usinge@¢ Matings a vertical-
horizontal path form of a given formula is built first. Thigresentation is a directed
acyclic graph (DAG) and polynomial in the size of the givemfiala.

2 Preliminaries

A propositional formula is imegation normal form (nnfjf it contains only the propo-
sitional connectiveg\,, V and— and the scope of each occurrence-ofs a proposi-

tional variable. It is known that every propositional foriais equivalent to a formula
in nnf. Furthermore, a negation normal form of a formula camtuch shorter than
any dnf or cnf of that formula. The internal representatiour satisfiability solver
is nnf. More specifically, we use a two-dimensional formagaafnf formula, called a
vertical-horizontal path form (vhpforngs described in [#] In this form disjunctions
are written horizontally and conjunctions are written igafly. For example Fig. 1(a)
shows the formula = (((p V ¢) A —r A —=q) V (=p A (r V =) A q)) in vhpform.

Vertical path: A vertical path through a vhpform is a sequence of literalthmvhp-
form that results by choosing either the left or the rightmetor each occurrence of
For the vhpformin Fig. 1(a) the set of vertical path§{s, —r, —~q), (g, =7, q), (-p, T, q),
(=p, s, 9)}

Horizontal path: A horizontal path through a vhpformis a sequence of litdretise vh-
pform that results by choosing either the left or the riglojmefor each occurrence of
For the vhpformin Fig. 1(a) the set of horizontal path§(is ¢, —p), (p, ¢, 7, ~s), (p, q, ),
<_‘T7 _‘p>7 <_‘Ta Ty _‘5>7 <_‘T7 Q>7 <_‘Q7 _‘p>7 <_‘Q7 T, _‘S>v <_‘Qa Q>}

The following are two important results regarding satisfigbof negation normal
formulas from [7]. LetF' be a formula in negation normal form and tebe an assign-
ment @ can be a partial truth assignment).

Theorem 1. ¢ satisfiesF' iff there is a vertical pathP in the vhpform o such thatr
satisfies every literal irP.

Theorem 2. ¢ falsifiesF' iff there is a horizontal patt® in the vhpform of” such that
o falsifies every literal inP.

The vhpformin Fig. 1(a) has a vertical paih —r, —¢) whose every literal can be satis-
fied by an assignmentwhich set to true and, ¢ to false. It follows from Theorem 1
thato satisfiesp. Thus,¢ is satisfiable. An example of a vertical path whose every lit-
eral cannot be satisfied by any assignmenjgjs-r, =¢) (due to opposite literalg and

Y In [7] the termvertical path form (vpformis used in place of vertical-horizontal path form (vh-
pform). We use vertical-horizontal path form (vhpform) liist paper for clarity.
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Fig. 1. We show the negation of a variable by-asign. (a) vhpform for the formulé((p V ¢) A
—-r A—q)V (mp A (rV -s) Aq)) (b) the corresponding vpgraph (c) the corresponding hipgrap

—q). An assignment’ which setsp, r to true, falsifies every literal in the horizontal
path(—r, —p) in the vhpform ofgp. Thus, from Theorem 2 it follows that falsifies¢.

LetVP(¢) andHP(¢) denote the set of vertical paths and the set of horizonthbpat
in the vhpform of a given formula, respectively. We dse r to denote the occurrence
of a literall in a vertical/horizontal path. The following result from [7] states that the
set of vertical paths encodes the dnf and the set of horikpaths encodes the cnf of a
given formula.

Theorem 3. (a) ¢ is equivalent to the dnfformulﬁﬂew((p) Nier . (b) ¢ is equivalent
to the cnfformulg/\ | i 4) Vier I

Theorem 1 forms the basis of a General Matings based SAT guoeeThe idea is
to check the satisfiability of a given nnf formula by examanthe vertical paths in its
vhpform. For the vhpform in Fig. 1(a) the search spadgjis —r, —q), (¢, =, =q),
(-p,r,q), (-p,—s,q)}. In contrast, the search space for a DPLL-based SAT solver is
the set of all possible truth assignments to the varighlesr, s. We use Theorem 2 for
efficient Boolean constraint propagation in two ways: 1) éketecting when the current
candidate for a satisfying assignment falsifies the giveméda conflict detectioh 2)
For obtaining aunit literal rule (Section 3) similar to the one used in cnf SAT solvers.

3 Graph representations

Our SAT procedure operates on the graph based represestafithe vhpform of a
given formula. These graph based representations ardlukxstelow.

Graphical encoding of vertical paths (vpgraphk graph containing all vertical paths
present in the vhpform of a nnf formula is called/pgraph Given a nnf formulap,
we define the vpgrap&',(¢) as a tupl€V, R, L, E, Lit), whereV is the set of nodes
corresponding to all occurrences of literalspink C V' is a set of root noded, C V

is a set of leaf nodedy C V' x V is the set of edges, antdit(n) denotes the literal
associated with node € V. A noden € R has no incoming edges and a node L
has no outgoing edges.

The vpgraph containing all vertical paths in the vhpform af.FL(a) is shown

in Fig. 1(b). For the vpgraph in Fig. 1(b), we hale = {1,2,3,4,5,6,7,8}, R =



{1,2,5}, L = {4,8}, E = {(1,3),(2,3),(3,4),(5,6),(5,7),(6,8),(7,8)} and for
eachn € V, Lit(n) is shown inside the node labeledn Fig. 1(b). Each path in the
vpgraphG, (¢), starting from a root node and ending at a leaf node, correfptm a
vertical path in the vhpform of. For example, patkil, 3,4) in Fig. 1(b) corresponds
to the vertical pathp, —r, —¢) in Fig. 1(a) (obtained by replacing nodeon path by
Lit(n)). Using this correspondence one can see that vpgraph nerthiertical paths
present in the vhpform shown in Fig. 1(a).

Giveng, we can construct the vpgragh,(¢) = (V, R, L, E, Lit) directly without
constructing the vhpform af. This is done inductively as follows:

e If ¢ is aliterall, then we create a graph containing just one npdevherefv is a
fresh identifier. The literal stored insidf@ is set tol.

Gu(9) = ({fv}, {fv}, {fv},0, Lit) and Lit(fv) = I, fvis a fresh identifier.

o If & = ¢1 V ¢9, then the vpgraph fop is obtained by taking the union of the vp-
graphs ofp, andgs. LetG,(¢1) = (Va, R1, L1, E1, Lity) andG, (¢2) = (Va, Ra,
Lo, Es, Lits). ThenG,(¢) is the union ofG, (¢1) andG, (¢2).

Gy(¢) = (V1 UVa, RiURy, L1 U Ly, E1 U Es, Lity U Litg)

e If $ = &1 A @2, then the vpgraph fop is obtained by concatenating the vpgraph
of ¢, with the vpgraph ofps. LetG,(¢1) = (Vi, Ry, L1, E1, Lit;) andG,(¢2) =
(Va, Ra, Lo, E9, Lits). ThenG, (¢) contains all the nodes and edge&in(¢1 ) and
G, (¢2). ButG,(¢) has additional edges connecting leave&pf4, ) with the roots
of G, (¢2). The set of additional edges is denoted.as R below. The set of roots
of G, (&) is Ry, while the set of leaves i5s.

Gy(¢) = (V1 UVa, R, Lo, E1 U Ey U (Ll X RQ), Lity U Litg)

Graphical encoding of horizontal paths (hpgraph) graph containing all horizontal
paths present in the vhpform of a nnf formula is calledpgraph We useGj,(¢) to
denote the hpgraph of a formula The procedure for constructing a hpgraph is similar
to the above procedure for constructing the vpgraph. THerdifice is that the hpgraph
for ¢ = ¢1 A ¢2 is obtained by taking the union of hpgraphs #ar and ¢, and the
hpgraph forp = ¢ Vv @5 is obtained by concatenating the hpgraphgpéndg,.

The hpgraph containing all horizontal paths in the vhpfomnfrig. 1(a) is shown
in Fig. 1(c). For the hpgraph in Fig. 1(c), we hale= {1,2,3,4,5,6,7,8}, R =
{1,3,4}, L ={5,7,8}, E = {(1,2),(2,5),(2,6),(2,8),(3,5), (3,6), (3,8), (4,5),
(4,6),(4,8),(6,7)} and for eactn € V, Lit(n) is shown inside the node labeled
Using vpgraph/hpgraphWe useG(¢) to refer to either a vpgraph or hpgraph¢fit
can be shown by induction that the vpgraph and hpgraph of fonmiula are directed
acyclic graphs (DAGSs). This fact allows obtaining more édfitt versions of standard
graph algorithms (such as shortest path computation) fgragh/hpgraph. The con-
struction of vpgraph/npgraph tak€sk?) time in the worst case whetfeis the size of
the given formula. This is mainly due to tig x Rs term in the handling of; A ¢o
(for vpgraph construction) ang Vv ¢ (for hpgraph construction).

Given a vpgraph or hpgrap(¢) = (V, R, L, E, Lit), the following definitions
will be used in subsequent discussion.
r-path: A pathm = (ng,...,ng) in G(¢) is said to be a r-path (rooted path) iff it starts
with a root node#, € R). In Fig. 1(b),(2, 3) is a r-path whilg(3, 4) is not a r-path.



rl-path: A pathm = (ng,...,ng) in G(¢) is said to be a rl-path iff it starts at a root
node and ends at a leaf nodg (€ R andn;, € L). In Fig. 1(b), both(2, 3,4), (5,6, 8)

are rl-paths, bu¢3, 4) is not a rl-path.

Conflicting nodesTwo nodesn;,ne € V are said to be conflicting iffit(n,) =
—Lit(ns). In Fig. 1(b), nodes 2,4 are conflicting.

- We say an assignment satisfies (falsifiesqp noden € V iff o satisfies (falsifies)
Lit(n). An assignment which setsto true satisfies nodes 2, 8 and falsifies node 4 in
Fig. 1(b).

- We say an assignmeatsatisfies (falsifiesd pathr € G(¢) iff o satisfies (falsifies)
every node orr. For example, in Fig. 1(b) patf¥, 6, 8) is satisfied by an assignment
which sets to false and, ¢ to true. The same path is falsified by an assignment which
setsp to true andr, ¢ to false. We say that a path € G is satisfiableiff there exists

an assignment which satisfiesIn Fig. 1(b), path(5, 6, 8) is satisfiable, while the path
(2, 3,4) is not satisfiable due to conflicting nodes 2,4.

Recall, that an rl-path in a vpgrapH,(¢) corresponds to a vertical path in the
vhpform of ¢. Similarly, an rl-path in a hpgrap&',,(¢) corresponds to a horizontal
path in the vhpform ofs. The following corollaries adapt Theorem 1 and Theorem 2
to the graph representations of the vhpform of a given foamul

Corollary 1. An assignment satisfiesp iff there exists a rl-pathr in G, (¢) such that
o satisfiesr.

Corollary 2. An assignment falsifies¢ iff there exists a rl-pathr in G,(¢) such that
o falsifiesr.

The following corollary is a re-statement of corollary 1.
Corollary 3. ¢ is satisfiable iff there exists a rl-pathin G, (¢) which is satisfiable.

The following corollary connects the notion of conflictingdes with the satisfiability
of a path.

Corollary 4. A pathw in G(¢) is satisfiable iff no two nodes onare conflicting.

Discovery of unit literals from hpgraphModern SAT solvers operating on a cnf rep-
resentation employ anit literal rule for efficient Boolean constraint propagation. The
unit literal rule states that if all but one literal of a clausre set to false, then the un-
assigned literal in the clause must be set to true under threrduassignment. In our
context the input formula is not necessarily representashfnhowever, it is still pos-
sible to obtain the unit literal rule via the use of the hpdrap a given formula. The
following claim states the unit literal rule for the non-gal formulas.

Corollary 5. Let an assignment falsify all but a subset of nodds on an rl-pathn
in G1,(¢). If all nodes inV; contain the same literdland! is not already assigned by
o, thenl must be set to true underin order to obtain a satisfying assignment.

The above corollary follows from Theorem 3(b). Intuitivedyach rl-path in the hpgraph
corresponds to a clause in the cnf of a given formula. Thueaat one literal from each
rl-path inG},(¢) must be satisfied in order to obtain a satisfying assignment.
Example: Consider the hpgraph shown in Fig. 1(c) and anm@s&gto which setp, g
to false ands to true.o falsifies all but node 6 on the rl-path, 2,6, 7) in the hpgraph.
It follows from Corollary 5 thatZit(6) which isr must be set to true undet



Input: vpgraphG, (¢) = (V, R, L, E, Lit) and hpgraptG(¢) = (V', R', L', E', Lit")
Output: If G, (¢) has a satisfiable rl-path retuBAT, else returrNSAT

Algorithm:

l:ist— R /Ipush all roots irG,, (¢) on stackst
2:0—10 /linitial truth assignment is empty
3:Vn € V : mrk(n) «— false /lall nodes are un-marked to start with
4: while (st # 0) /Istackst is not empty

5. m « st.top() /I top element of stackt

6: if (mrk(m) == false) /lcan we extend current r-pa@RP with m,
7 if (conflict ==prune()) /lcheck if takingm causes conflict

8 | earn() /lcompute reason for conflict and learn
9: backt rack () /Inon-chronological backtracking

10: conti nue //goto while loop (line 4)

11: end if

12: mrk(m) «— true /lextend current satisfiable r-path with
13: o — o U{Lit(m)} /ladd Lit(m) to current assignment

14: if (m € L) /Inodem is a leaf

15: returnSAT /lwe found a satisfiable rl-path ii,, (¢)
16: else

17: push all children ofn on st /ltry extending current r-patRP(m) to reach a leaf
18: end if

19: else /Ibacktracking mode

20: backt rack () /Inon-chronological backtracking

21: endif

22: end while

23: returnUNSAT /Ino satisfiable rl-path exists i, (¢)

Fig. 2. Searching a vpgraph for a satisfiable rl-path.
4 Top level algorithm

In order to check the satisfiability of a nnf formulawe obtain a vpgrap&', (¢). From
Corollary 3 it follows thaty is satisfiable iffG, (¢) has a satisfiable rl-path. At a high
level our search algorithm enumerates all possible rlatttil a satisfiable rl-path is
found. If no satisfiable rl-path is found, thenis unsatisfiable. For dnf (or dnf-like)
formulas the number of rl-paths in vpgraph is small, lineathie size of the formula,
and therefore the basic search algorithm is efficient. Hewder formulas that are
not in dnf form, the algorithm of just enumerating all rl-pain G, (¢) does not scale.
We have adapted several techniques found in modern SATrsaueh asearch space
pruning, conflict driven learningnon-chronological backtrackingp make the search
efficient. Search space pruning and conflict driven learmiiigoe described in detail
in the following sections. We present non-chronologicakbeacking in the appendix
of the paper.

The high level description of the algorithm is given in FigThe input to the algo-
rithm is a vpgraplG, (¢) = (V, R, L, E, Lit) and a hpgraph,(¢) = (V', R/, L', F',
Lit") corresponding to a formula. If G,(¢) contains a satisfiable rl-path, then the
algorithm returnsSAT as the answer. Otherwise,is unsatisfiable and the algorithm
returnsUNSAT. The algorithm uses the hpgraph, (¢) in various sub-routines such as
prune andl ear n. The following data structures are used:
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Fig. 3. (a) Current r-path o€RP in a vpgraph (b) CailtRP be extended by nodex? (c) Back-
tracking from noden. (d) vpgraph for formulda V ¢) A (b V —a) A (—a V —c)

e st is a stack. It stores a subset of nodes frbitthat need to be explored when
searching for a satisfiable rl-path @, (¢). Initially, the roots inG,, (¢) are pushed
on the stackst (line 1). Letst.top() return the top element oft. We write st as
[ro, . . ., ni] where the top element is, and the bottom elementis).

e o stores the current truth assignment as a set. Each elemeis af literal which is
true under the current assignment. It is ensureddhiatconsistentthat is, it does
not contain contradictory pairs of the fodrand—!. Initially, o is the empty set (line
2). For example, an assignment with sets variablégo true and: to false will be
denoted aga, b, —c}.

e mrk maps a node iV to a Boolean value. It identifies an r-pathGh, (¢) which
is currently being considered by the algorithm to obtain tisGable rl-path (see
Fig. 3(a)). We refer to this r-path as tharrent r-path(CRP for short). Intuitively,
mrk(n) is true for nodes that lie 08RP (n € CRP) and false for all other nodes
in G, (¢). More precisely, theCRP is obtained by removing every nodefrom
the stackst for which mrk(n) is false. The remaining nodes constitute CRP.
Initially, mrk(n) is set to false for every node(line 3), thusCRP is empty.

Example:The vpgraph for the formula = (a V ¢) A (bV —a) A (—a V —c¢) is shown

in Fig. 3(d). Initially, we havest as[2,1] where the top element of the stack is 1,
o = 0, mrk(n) = false for all n € {1,2,3,4,5,6}. Suppose during the execu-
tion of the algorithm we havet as|[2,1,4, 3,6, 5], andmrk(1), mrk(3) aretrue and
mrk(n) = false forn € {2,4,5,6}. Thus,CRP is (1, 3). Observe thaCRP is an
r-path. Intuitively, the algorithm tries to extei@RP by one node at a time, to obtain a
satisfiable rl-path. In this cag#RP can be extended to obtain two rl-paths= (1, 3, 5)
or me = (1, 3,6). However, onlyr, is satisfiable (byr = {a, b, —~c}) and is enough to
show thatp is satisfiable.

The main part of the algorithm is thehi | e loop (lines 4-22) which executes as
long asst is hot empty and the algorithm has not retur8&d on line 15. The algorithm
maintains the following loop invariant.

Loop invariant: At the beginning of iteration numbeérof the whi | e loop: let the
current r-pathCRP) be (ny, . .., nx). Then the assignmentis equal to{ Lit(n;)|n; €
CRP}. That is,o satisfies each node dZRP and thuso satisfiesCRP. For example,
suppose&CRP is (1, 3) in the vpgraph shown in Fig. 3(d), therwill be {a, b}.



If st is not empty, then the top element of the stack (denoted big considered in
line 5. There are two possibilities for nodeaccording to the f statement in line 6.

e mrk(m) is false : In this case the algorithm checks if the current r-pai® can be
extended by node: as shown in Fig. 3(b). This check is carried out by a cafitane

(line 7). If pr une returnsconf | i ct , then the current r-path extended by nadean-

not lead to a satisfiable rl-path. Thus, the solver needsdkttzck from noden, and if
possible exten€@RP by some other node. This is done by callingckt r ack on line

9 and going back tahi | e loop (line 4) by usingcont i nue (line 10). Before back-
tracking a call td ear n (line 8) is made which summarizes the reason for the conflict
when CRP is extended byn. This reason is learned in form of a clause and is used
later to avoid similar conflicts. We denoBRP concatenated withn asCRP(m). De-
pending upon the reason why there is no satisfiable rl-path@RP(m) as prefix, the
backt r ack routine can pop several nodes fraitn(non-chronological backtracking)
instead of just popping: from st.

If a call to pr une results inno- conf | i ct (line 7), thenm can extencCRP. In
this case execution reaches line 12. At linerd2k(m) is set to true, which means that
the new current r-path i€RP concatenated withn, that is, CRP(m). The algorithm
maintains the loop invariant that the assignmemsiatisfies the current r-path. In order
to maintain this invariant now needs to satisfy node which is on the current r-path
CRP({m). This is done by addind.i¢(m) to o (line 13). If m is a leaf in the vpgraph,
thenCRP(m) is a satisfiable rl-path. In this caSAT is returned (lines 14-15). If is
not a leaf, then the children of are pushed on the stack (line 17). The algorithm will
next attempt to extend the current r-p&RP(m ).

e mrk(m) istrue : This happens when the currentr-path is of the form . . ., ng, m).
Intuitively, the algorithm has explored all possible ridpawith (ng, . . ., ng, m) as pre-
fix, but none of them leads to a satisfiable rl-path as showngn3c). The algorithm
now backtracks from node: by callingbackt r ack on line 20 . Depending upon the
reason why there is no satisfiable rl-path with, . . ., nx, m) as prefix, the algorithm
can pop several nodes frasninstead of just popping:.

For each node removed from the stack during backtracking (lines 9,2@)(n)
is set to false again. This enables the removed nodes to @@ again on rl-paths
which have not yet been explored.

5 Search space pruning

This section describes the procedpreune called in the non-clausal SAT algorithm
shown in Fig. 2 (line 7). A call tpr une checks if the current r-patBRP can be ex-
tended by noden or not, as shown in Fig. 3(b). Intuitivelgy une returnsconf | i ct

if there cannot be a satisfiable rl-path in vpgraph(¢) with CRP(m) as prefix. When
pr une is called, the current r-pafBRP is satisfied by assignment which is equal to
{Lit(n)|n € CRP} (maintained as ahi | e loop invariant in the top level algorithm
shown in Fig. 2). The three cases whamnf | i ct is returned are as follows:

Case 1:WhenCRP(m) is not satisfiable. This happens when there is a node CRP
such thatLit(n) = —Lit(m). In this case no assignment can satisfy the r-@&RR(m)
(Corollary 4). For example, in the vpgraph shown in Fig. 4ég conflict arises when
theCRPis (1, 3) andm is node 5.
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Otherwise CRP(m) is satisfiable and’ = o U {Lit(m)} satisfiesCRP(m). How-
ever, it is still possible that there is no satisfiable rlipat G, (¢) with CRP(m) as
prefix. These cases are described below.

Case 2 (Global conflict): When o' falsifies ¢. In this case no satisfiable rl-path in
G, (¢) can be obtained witlCRP(m) as prefix. We prove this claim by contradiction.
Assume that there is an rl-pathin G, (¢) which hasCRP(m) as prefix and is satisfi-
able. By definition there exists an assignmefitwhich satisfiesr. From Corollary 1
we know thato” satisfiese. In order to satisfyr, o’/ must satisfyCRP(m). That is,
o must containLit(n) for everyn € CRP(m). Sinceo’ = {Lit(n)|n € CRP(m,)}, it
follows thato’ C o”. But ¢’ falsifies ¢ and hencer” must falsify ¢. This leads to a
contradiction.

Example: In Fig. 4(b) vpgraph for formuta:= (aVc) A ((bAw) V (dAv)) A (—aV —b)

is given. Consider the case whé&RP is (1) ando = {a}. The algorithm checks if
CRP can be extended by node & (= 3). Using our notationv’ = {a,b}. Observe
that o’ falsifies ¢ by substitutinga = true,b = true in ¢. There are two rl-paths
m = (1,3,5,7),m := (1, 3,5,8) in the vpgraph shown in Fig. 4(b) which ha{k 3)
as prefix. Neither of these rl-paths is satisfiahblgis not satisfiable due to conflicting
nodes 1, 7 and- is not satisfiable due to conflicting nodes 3, 8.

Detection of global conflictiWe use Corollary 2 to check i falsifies¢. We check if
there is an rl-pathr in G,(¢) such that’ falsifies7. Continuing the above example,
the hpgraph corresponding¢ds shown in Fig. 4(c). Observe that = {a, b} falsifies
the rl-path(7, 8) in Fig. 4(c). Thus, using Corollary 2, it follows that falsifies¢.

If there is no global conflict, then the set of implied assigmts can be found by
the application of unit literal rule o6, (¢) as described in Corollary 5.

Case 3 (Local conflict):This conflict arises when every rl-pathd#, (¢) with CRP(m,)
as prefix contains two nodes which are conflicting and one efctinflicting nodes
lies onCRP(m). Formally, this conflict arises when for every rl-pathn G, (¢) with
CRP(m) as prefix there exist two nodésl € = andk € CRP(m) such thatLit(k) =
- Lit(l). From Corollary 4, it follows that any rl-path containing conflicting nodes is
not satisfiable. Thus, when a local conflict occurs no rl-paii, (¢) with CRP(m) as



prefix is satisfiable. Whenever there is a global conflictécasbove) there is also a
local conflict, however, the reverse need not hold as showthdgxample below.
Example: In Fig. 4(d) the vpgraph for formula= (aVe)A((bAuUA(—aV b))V (dAv))
is shown. Consider the case wheRP is (1) andm is node 3 fn = 3). Using our earlier
notations’ = {a,b}. Note thats’ does not falsifyp, which means there is no global
conflict. There are two rl-pathd, 3, 5,7), (1, 3,5, 8) in the vpgraph shown in Fig. 4(d)
which have(1, 3) as prefix. Both of these rl-paths contain two conflicting rmad®des
1,7 are conflicting o1, 3, 5, 7) and nodes 3,8 are conflicting dh, 3, 5, 8). Thus, there
is a local conflict and the solver needs to backtrack from nade 3.

Detection of global and local conflicts can be done in lineaetas described in the
appendix. Depending upon the type of conflict (global or Ipese perform global or
local learning as described below.

6 Learning

Learning records the cause of a conflict. This enables trenmudon of similar conflicts
later on in the search. In the followingctausewill refer to a disjunction of literals. A
clauseC is conflictingunder an assignmeatiff all literals in C are falsified by If a
clauseC is not conflicting under an assignmentwe sayC is consistentindero. We
distinguish between two types of learning:

Global learning: A globally learnedclause is a clause whose consistency must be
maintained irrespective of the current search state, wisiajfiven by the current r-
path CRP (and assignmert = {Lit(n)|n € CRP}). That is, whenever a globally
learned clause becomes conflicting undgléhe solver abandons the current search state
and backtracks. A globally learned clause is generated fxaconflicting clause. A
conflicting clause” arises in two cases as described below.

1) When analyzing global conflicts as described in the prevgection. When a global
conflict occurs there is an rl-pathin hpgraphGy,(¢) which is falsified by the assign-
mento currently under consideration. The set of literals coroesiing to the nodes on
7 gives us a claus€' := \/, .. (Lit(n)). Observe that’ is a conflicting clause, that is,
all literals occurring inC' are set to false under the current assignment.

Example: The hpgraph correspondingto= (aV¢) A ((bAw)V (dAv)) A (—aV —b) is
shown in Fig. 4(c). A global conflict occurs when the curressignment isr = {a, b},
that is, o falsifies ¢. In this case the rl-path in the hpgraph which is falsifiedobig
(7,8). Thus the required conflicting clause-is Vv —b.

2) When all literals of an existing globally learned clads®ecome false.

Once a conflicting claus€' is obtained, we perform a 1-UIRirst unique impli-
cation poin} analysis [19] to obtain a learned clausé. ClauseC’ is added to the
database of globally learned clauses. In order to perfot#iPLanalysis we maintain a
notion of a decision level. We associate a decision léve(n) with each node: in the
current r-pathCRP. We also maintain a set of implied literals at each node (oisiten
level) along with the reason (set of variable assignmentsdied to the implication.
We follow the same algorithm as in [19] to perform the 1-Ul&rt@ng.

Local learning: A locally learnedclause is associated to a nodi the vpgraph when
a local conflict occurs at. Suppose&” is a locally learned clause at nodeThen the
consistency of” needs to be maintained only wherns part of the current search state,



Bench |#Probs SatMate MiniSat BerkMin Siege zChaff
-mark Time SolvedTime Solved Time Solved Time Solved Time Solved
QG6 256 (23266 235|49386 179 |46625 184 (46525 184 (47321 180
QG6* | 256 23266 235|37562 211 (15975 239|30254 225|45557 186
Mboard 19 |4316 12 {4331 12 (4947 11 |4505 12 |5029 11
Pigeon| 19 |5110 11 (6114 9 |5459 10 (6174 9 (5483 11

Table 1. Comparison between SatMate, MiniSat, BerkMin, Siege, #CHaime” gives total
time in seconds and "Solved” gives #problems solved witimrebut of 600 seconds/problem.

thatis,n € CRP. If n does not lie oiCRP, then the consistency 6t is irrelevant. This is

in contrast to a globally learned clause whose consisterust always be maintained.
Example: Consider the local conflict which occurs in the apgrin Fig. 4(d) when
CRP is (1) and it is checked iCRP can be extended by: = 3. In this case every
rl-path in vpgraph with(1, 3) as prefix contains two conflicting nodes one of which lies
on(1,3). The rl-path(1, 3, 5, 7) has conflicting nodes 1,7 and the rl-p&th3, 5, 8) has
conflicting nodes 3,8. In this case a clause(7) v Lit(8) = —a V —b can be learned
at node 3. Intuitively, when we consider extending @RP with nodem the (locally)
learned clauses at node must be consistent with the assignment= {Lit(n)|n €
CRP(m)}. Otherwise, a local conflict will occur ab causing the solver to backtrack.
Having learned clauses at nodeavoids repeating the work done in detecting the same
local conflict. For the vpgraph in Fig. 4(d), wh@RP is (2) andm = 3, 0 = {¢, b}

is consistent with the learned clause vV —b at node3, thus, the solver cannot get the
same local conflict at node 3 as before (WI@EP was (1) andm = 3).

If a local conflict occurs when extendif@RP by nodem, then a clause is learned at
nodem as follows: For each rl-path havingCRP({m/) as prefix letv; (7), w2 () denote
the pair of conflicting nodes on. Without loss of generality assume that(r) lies on
CRP(m). Then the learned clauseat noden is given by\/ _ Lit(wz(7)). Consistency
of C' must be maintained only when considering rl-paths pasirayghm.

7 Experimental results

The experiments were performed on a 1.5 GHZ AMD machine wiBB3of memory
running Linux. The techniques described in the paper haga beplemented in a SAT
solver called SatMate [3]. The non-clausal input formulgiisen in EDI MACS [1] or

| SCAS format. SatMate also accepts cnf inputDnMACS format. We compare Sat-
Mate against four state-of-the-art cnf SAT solvers Minigatsion 1.14 [2], BerkMin
version 561 [10], Siege version 4 [4], and zChaff version260.3 [14].

QG6 benchmarks: The authors of [13] provided us with a benchmark set called QG
which consists of 256 non-clausal formulas of varying diffig. These benchmarks
were generated during the construction of classificatieorttms for quasigroups [13].
The cnf version of these problems was also made availablg iy the authors of [13].
The cnf version was obtained by directly expressing the lprolof classifying quasi-
groups into cnf as opposed to the translation of non-clalassadulas into cnf. The
non-clausal versions of these benchmarks have 300 vesiablé 7500 gates (AND,
OR gates) on average, while the cnf versions have 1700 Vesiand 7500 clauses
on average. We ran SatMate on the non-clausal formulas an@iAInsolvers on the
corresponding cnf formulas from QG6 suite.



Problem SatMate MiniSatBerkMin|SiegezChaff
Time Local confs Global confsTime | Time |[Time| Time
dnd02 174 23500 15588 1308 | 1085 |1238 TO

brnl3 181 20699 20062 1441 | 1673 [1508 TO
icl39 200 22683 14069 TO TO |2629] TO
icl45 TO 4850 72106 TO 2320 |1641] TO
g2.14 237 113 15863 23 24 34 88
cache.invl? 58 659 7131 1 1 1 2

Table 2. Comparison on individual benchmarks. Timeout is 1 hour peblem per solver.
"Time” sub-column gives time taken in seconds.

QG6* benchmarks: We translated the non-clausal formulas from the QG6 sutte in
cnf by introducing new variables [15]. The cnf formulas obeal after translation have
7500 variables and 30000 clauses on average. We ran cnf $4rson the cnf formu-
las obtained after translation. Note that we still ran Saé\bm the non-clausal formulas.
Mboard benchmarks: encode the mutilated-checkerboard problem.

Pigeon benchmarks:encode the pigeon hole principle withholes and: + 1 pigeons.

Both QG6 and QG6* benchmarks contain a mixture of satisfiabtbunsatisfiable
problems. All problems in the Mboard and Pigeon benchmanksiasatisfiable.

The experimental results are summarized in Table 1. Thawol#Probs” gives
the number of problems in each benchmark set. There was auinoé 10 minutes
per problem per solver. For each solver we report two queastil) "Time” is the total
time spent in seconds when solving problems in a given beadhrmcluding the time
spent (= timeout) for each instance not solved within tinte@y "Solved” gives the
total number of problems that were solved within timeout.

Summary of results in Table 1: On QG6 benchmarks SatMatees@vwound 50 more
problems and it is approximately 2 times faster than the &if ®lvers MiniSat, Berk-

Min, Siege, and zChaff. On QG6* benchmarks SatMate perfdretier than MiniSat,
zChaff, Siege. However, BerkMin outperforms SatMate on Q@& chmarks. The dif-
ference in the performance of cnf SAT solvers on QG6 and Q@#fchmarks shows
how the differences in the encoding of a given problem to @if significantly im-

pact the performance of cnf SAT solvers. The performanceat¥ldte on Mboard and
Pigeon benchmarks is slightly better than the cnf SAT selver

Table 2 summarizes the performance of SatMate and four ciif &Avers on
various individual problems. Probledad02, brnl13, icl 39, icl45arefrom
QG6 benchmark suite. Problem&. 14, cache. i nv12 are generated by a verifica-
tion tool. The sub-column "Time” gives the time required AT solving (in seconds).
For SatMate we report the number of local conflicts and thelrarrof global conflicts
(Section 5) in the "Local confs” and "Global confs” sub-colos, respectively. A time-
out of 1 hour was set per problem. We denote timeout by "TOtdse of timeout we
report the number of conflicts just before the timeout folV&xe.

Performance of SatMate is correlated with the number ofl lozaflicts and global
conflicts. A local conflict is a conflict that occurs in a parteoformula and it depends
on the structure of the vpgraph. There is no equivalent ddllgonflict in cnf SAT
solvers. In cnf SAT solvers a conflict arises when the curasstgnment falsifies an
original/learned clause which is equivalent to a globalflicm As shown in Table 2 the



number of local conflicts is usually comparable to the nunabgtobal conflicts on the
benchmarks where SatMate outperforms cnf SAT solvers.clahdiee performance of
SatMate degrades if no local conflict detection and locahieg is done.

8 Conclusion

We presented a new non-clausal SAT solver based on the Géfatings approach.
This approach involves the search for a vertical path whimbschot contain opposite
literals in the vertical-horizontal path form (vhpform)afgiven negation normal form
formula. The main challenge in obtaining an efficient SATveobased on the General
Matings approach is to prevent the enumeration of vertiatthga We presented tech-
niques for preventing the enumeration of vertical pathsgragh based representations
of the vhpform for efficient implementation of these ideasp&rimental results show
that on a class of non-clausal benchmarks our SAT solver pasfarmance compara-
ble to the current state-of-the-art cnf SAT solvers. Oveoalr results show the promise
of the General Matings approach in building SAT solvers.

Acknowledgment: We thank Peter Andrews for his useful comments and Malay (Gana
Guogiang Pan, Sanjit Seshia, Volker Sorge for providing itls benchmarks.
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9 Appendix: Algorithms for conflict detection
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9.1 Algorithm for detection of global conflict

We say that a global conflict occurs when an assignmefatisifies a given formula
¢. In order to detect this conflict we use Corollary 2. This lieggichecking if there

is an rl-pathr in hpgraphG(¢) = (V/, R/, L', E’, Lit') such thatr falsifiesw. We
present arD (V' + E’) algorithm below. We reduce the problem of finding an rl-path
in G1,(¢) such that falsifiesw to a shortest path computation problem as follows: It is
assumed that is consistent, that is, it does not contain opposite ligefabr each node

n € V' we assign a weigh(n) € {0, 1,2} to n. The assignment of weights is done

as follows:
0:-Lit(n) €0
w(n) =< 2:Lit(n) €o

1 : otherwise

We will use the hpgraph in Fig. 5(b) as our running example. ¥ {a, b}, then the
weight assigned to various nodes in the hpgraph is as follaws) = 2,w(2) =
1,w@B) =2,wl4) =1w’)=1w6)=1,w(7) =0,w8) =0.

Given a pathr in hpgraph, we define the lengthoto be the sum of weights of the
nodes that lie om. For each node in the hpgraph we compute a shortest path estimate
d(n) which represents the length of shortest path from any rode hon. We also track
the parenpar(n) of each node: in the shortest path ta. For the hpgraph in Fig. 5(b)
ando = {a,b}, we havei(1) = 2,6(2) = 3,6(3) = 2,6(4) = 2,4(5) = 1,4(6) =
2,6(7)=0,6(8) =0.

If there is an rl-pathr := (n4,...,nk) in G(¢) such thato falsifies 7, then
d(ng) = 0. This is because, is a root node (by definition of rl-path) and every node
onm has a weight of 0 becausefalsifies each node on (aso falsifiesw). Thus, there
is a path of length 0 ta; which is the smallest possible length due to non-negative



weights. Observe that, is a leaf node by definition of a rl-path. The following claim
formalizes the above idea of detecting global conflictsgiiie shortest path estimates.

Claim. The following statements are equivalent:

1. o falsifies¢.

2. There is an rl-path in G},(¢) such that falsifiesr.
3. Thereis anode € L’ such that(n) = 0.

Given a hpgraph and an assignment we compute the shortbseégtahates for each
node in the hpgraph. If there is a leaf naden hpgraph such thai(n) = 0, then there
is a global conflict. Otherwise, there is no global confliar Ehe hpgraph in Fig. 5(b)
ando = {a, b}, we havei(8) = 0 and node 8 is a leaf node, it follows from the above
claim thato falsifies¢.
Extraction of falsified rl-pathlf there is a a leaf node in hpgraph such thai(n) = 0,
then the actual rl-path (ending@twhich is falsified bys can be obtained by examining
the parent of each node in the shortest path tree starting icxen. We assume that
parentof arootnode isi | node. Then the required rl-path is obtained by reversing the
following sequencén, par(n), par(par(n)), . ..,nil) and removing thai | node.
For the hpgraph in Fig. 5(b) and = {a,b}, we haved(8) = 0, par(8) =
7,par(7) = nil. Thus, the rl-path in hpgraph which is falsified byis (7, 8).
Obtaining unit literals via hpgraphlf there is no leaf node: in hpgraph such that
d(n) = 0, then there is no global conflict. In this case the set of ietbhssignments
undero can be obtained by applying Corollary 5. More specificalthére is an rl-path
7= (n1,...,nk) IN Gp(¢) such that falsifies all but one node (say;, 1 < i < k)
onn andLit(n;) is not yet assigned by, thend(n,) = 1. This is because; is a root
node (by definition of rl-path) and every node sarifferent fromn,; has a weight of
0 andn; has a weight of 1 a&it(n;) has not set been assigneddyThus, there is a
path of length 1 tay;, which is the smallest possible length given that there islobaj
conflict, that is,d(n;) # 0. Observe thahy is a leaf node by definition of a rl-path.
The following claim formalizes the idea of detecting urtiéfals using the shortest path
estimates.

Claim. Assumingo does not falsifyp, the following statements are equivalent:

1. o falsifies all but one node (say) on a rl-pathr in G (¢) and Lit(n) is not yet
assigned by.

2. Thereis anode € L’ such that(n) = 1.

Using the above claim it is possible to extract various iegbliterals by examining leaf
nodes whose shortest path estimate is 1 (assuming no globtlict). If there is a a
leaf noden in hpgraph such thak(n) = 1, then the actual rl-path whose all but one
node is falsified by current assignmentan be obtained by examining the parent of
each node in the shortest path tree starting from mod#is allows obtaining both the
implied literal! andunit-clause(literals corresponding to nodes ahwhich implied].
Example: For the hpgraph in Fig. 5(b) and= {a}. The shortest path estimates for
various nodes are as follow:1) = 2,6(2) = 3,6(3) = 1,6(4) = 2,6(5) = 1,6(6) =
2,6(7) = 0,0(8) = 1. Observe that none of the leaf nodeg {2,4, 6,8} hasé(n) =

0. Thus, there is no global conflict. Howevé(g) = 1 which means that there is an rl-
path in hpgraph such thatfalsifies all but one node of this rl-path (using above claim)
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Fig. 6. (a) vpgraph for formulda \VV ¢) A ((bAuA (—aV =b)) V (d Av)) (b) assignment of conflict
labels wherCRP is () andm = 1. A colored node: denotes:on f(n) is true. (c) assignment of
conflict labels whet€RP is (1) andm = 3. A local conflict occurs agon f(3) is true.

In this example, the required rl-path {8, 8). Using Corollary 5Lit(8) = —b must be
set to true under the current assignment to prevent a globéliat.

Efficiency issuesSince the hpgraph is a DAG the computationj¢i) for all » can

be done in linear time. However, in practice the routine fetedting global conflicts is
called very often, and computirign) for every (un)assignment to a variable is expen-
sive. Thus, we use two optimizations which are crucial fdiceincy: 1) incremental
shortest path computation: whenever a variable is (urgasdi instead of computing
the shortest path estimate for every node in the hpgraph,nlyeexamine the nodes
whose shortest path estimate can get affected due to thigmasent. 2) by limiting the
range ofé(n) to only {0, 1, co}.

9.2 Algorithm for detection of local conflict

A local conflict occurs when every rl-path @, (¢) with CRP(m) as prefix contains
two nodes which are conflicting and one of the conflicting redikes onCRP(m). This
conflict can be detected by using a linear time algorithm asrilged below.

Let o denote the set of literals corresponding to the node€®iA(m). That is,

o = {Lit(n)|n € CRP(m)}. In order to detect a local conflict, we compute for each
noden in the vpgraph a flagon f(n). If conf(n) is true for some node, then no
satisfiable rl-path witltCRP(m) as prefix can pass through this node. A local conflict
happens whenon f (m) becomes true.

We computecon f(n) for everyn by scanning the nodes i, (¢) in reverse topo-
logical order (recall that?,(¢) is a DAG). For each node we assignconf(n) as
follows:
1.If =Lit(n) € o, then seton f(n) to true.

2. Else ifcon f(n') is true for every successaf of n, then seton f(n) to true.
3. Else seton f(n) to false.



Example: Consider the vpgraph in Fig. 6(a). SuppoBB is () andm = 1. Using the
above notatiorr = {a}. The assignment of conflict labels sets:f(7) to true and
con f(n) to false for all othem as shown in Fig. 6(b). Sincen f(1) is false, there is
no local conflict when extendinGRP by node 1. Now consider the case wheRP is

(1) andm is node 3. In this case = {a,b}. The assignment of conflict labels sets
conf(n) = true forn € {3,5,7,8} to true andcon f(n) to false for all othem as
shown in Fig. 6(c). Sinceon f(3) is true, there is a local conflict when extenditigP

by node 3.

Efficiency issuedn our implementation we do not carry out the above com paorati
scanning the entire vpgraph whenever a variable is (urgasdi Instead, we incremen-
tally update thecon f (n) flags by remembering them across multiple calls to the local
conflict detection routine. Furthermore, our algorithmyolooks at the nodes whose
con f(n) flag may get affected due to a variable (un)assignment.

10 Appendix: Non-chronological Backtracking

Analyzing conflicts to determine their causes enables nm8aIl solvers to backtrack
non-chronologicallyto earlier levels in the search tree, potentially prunirrgdapor-
tions of the search space. This technique is also appli¢alder SAT procedure. The
backtracking routine called in our SAT procedure dependthertype of conflict that
invoked the backtracking procedure:

Non-chronological backtracking on a global conflict:When a global conflict occurs
the solver calls a backtracking procedure similar to thatnfi SAT solvers. Suppose
a global conflict occurs when the solver attempts to exteedCRP with nodem. In
this case the learning procedure produceasserting claus€’. That is, only one lit-
eral in C called theasserting literalal(C) is assigned at the current decision level
(corresponding to nod@), and remaining literals were assigned at earlier decigion
els (corresponding to nodes @rP). The solver identifies the highest decision level
maxd(C') among the literals of'\ {al(C)}. The solver backtracks to the nodé cor-
responding to the decision levelazd(C'). At m' the clause” becomes a unit clause
andal(C) is set to true. The search proceeds frefnonwards.

Non-chronological backtracking on a local conflict:When a local conflict occurs the
solver backtracks non-chronologically by analyzing theture of the vpgraph and
the conflict clause produced due to local conflict.

Example 3: Consider the vpgraph in shown in Fig. 7(a). C&P be (1,2, 3,5) and
the solver examines IERP can be extended by node 7. Suppose a local conflict oc-
curs at node 7 and a clause Vv —b Vv —c is learned at node 7. Assume that all the
paths starting from nodes 2, 3, 4, 5, 6 pass through node 8. cHmiflict can be re-
solved only if we backtrack to the nodes containing literadrditeral b (assuming

c was assigned at node 7). Since node 2 comes late€eRsh our algorithm back-
tracks to node 2. Note that backtracking prevents us fronrméxag rl-paths such
as(1,2,3,6,7,...),(1,2,4,5,7,...),(1,2,4,6,7,...) all of which would lead to the
same conflict at node 7. The suffix GRP starting from node 2 onwards is removed.
The search procedure attempts to ext@RP (1) with other unexamined successors
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Fig. 7. Non-chronological backtracking example

of node 1. In this case there is no other unexamined succetsore 1, so the solver
backtracks from node 1 to return unsatisfiable answer.

Now consider a variation of Fig. 7(a) in Fig. 7(b). Node 6 ha®atgoing path that
does not pass through node 7. As before, a local conflict satunode 7. However,
now instead of backtracking to node 2 our algorithm backisdo node 6. This is be-
cause there are alternative rl-paths suckilag, 3,6, . ..), (1,2,4,6,...) through node
6 which could be satisfiable.

11 Decision Heuristics

In modern DPLL-based SAT solvedecision heuristicplay an important role in prun-
ing the search space by identifying the variables to be asdigext. In our algorithm
decision heuristics are used to decide the order in whiclchildren of the last node
on theCRP will be examined. More precisely, we use decision heusstiben pushing
the children ofm on the stack (Fig. 2, line 17). The children near the end afksgeet
examined before the other children on the stack.

Some of our decision heuristics make usditefal activity. The activity of a literal
indicates its usefulness (participation) in conflicts soltds updated in a similar man-
ner as in zChaff [14]. The activity of a node in vpgraph is simply the activity of literal
Lit(n). We describe a few decision heuristics used when pushiddrehiofm (line
17) below.

1. Push the children in the order they occur in the adjacdatgfim.

2. Push the children of, in a random order.

3. Push the children of: in the ascending order of activity. The higher activity ehil
dren will be examined before other children.

4. Divide the children ofn in two setsS; andS;. Each noder € S; hasLit(n)
already set to trueS; contains the remaining children af. Push nodes irb;
in the stack followed by nodes ifi; . Intuitively, the nodes irb; aresatisfiedand
pr une willnotreturnaconf | i ct foranode inS;. Thus, a satisfying assignment



or a conflict will be reached quickly by examining the nodeSirbefore the nodes
in Ss.

5. Form the set$; andS; as above. Push the nodesdnin ascending order of their
activity. Then push nodes iy, in ascending order to activity.

In our experiments heuristic five outperforms the othersleniheuristics.

12 Conversion of Circuits to Negation Normal Form (NNF)

Our solvers handle formulas containingv, — operators and no structure (sub-formula)
sharing directly, without introduction of new variables$@rve that these formulas can
easily be converted to nnf by pushing the negations to thablas using DeMorgan’s
laws. The existing CNF and circuit based SAT solvers reqotreduction of new vari-
ables for each intermediate gate or sub-formula.

We are also able to handle formulas with structure sharinfigronulas containing
other operators such as if-then-else (ITE), #), xor (©) operators. This is done by
converting these formulas to nnf formulas in two stages.fireestage re-writes other
operators in terms of, vV, —. For exampleg; < ¢ (iff operator) is written ag¢; A
$2) V (mé1 A —¢2). In order to avoid a blowup in the size of the resulting forenul
we allow sharing of sub-formulas. Thus, the first stage pcedwa formula containing
A, V, — gates, possibly with structure sharing.

The second stage gets rid of the structure sharing in ordastein a nnf formula.
This is done by introduction of new variables. It sufficesntraduce a new variable
for each gate that is shared (fanout ¢, 1). Alternatively/lemsub-formulas with small
fanout can be handled by inlining (duplicating) them.

It must be noted that the entire process of converting artrarpiBoolean formula
(circuit) to Negation Normal Form is linear in the size of thrginal formula.



