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The 3-D Spring–Mass Model Reveals a Time-Based
Deadbeat Control for Highly Robust Running and
Steering in Uncertain Environments
Albert Wu and Hartmut Geyer, Member, IEEE

Abstract—Over the past three decades, the spring–mass model
has developed into the basic behavior model to study running in
animals and robots. In the planar version, this model has helped to
reveal and understand the passive stabilization of running in the
horizontal and sagittal planes, and to derive from this knowledge
control strategies for running robots. However, only few attempts
have been made to transfer the knowledge to 3-D locomotion. Here,
we show that the 3-D spring–mass model reveals a deadbeat control that does not require feedback about the actual ground level to
produce highly robust running and steering in uncertain environments. The control naturally extends the time-based control derived for the planar version of this model and allows it to navigate
rough terrain, while stabilizing running and steering. Using this
control strategy, we demonstrate in simulation that a human-like
system running at 5 ms−1 tolerates frequent ground disturbances
up to 30% of the leg length. Moreover, we find that the control
outperforms a classical leg-placement strategy in terms of turning rate and disturbance rejection if the relative errors in system
energy and the other model parameters stay small (<10%). Our
results suggest that the time-based control can be a powerful alternative for leg-placement strategies in highly maneuverable running
robots.
Index Terms—Control theory, legged locomotion, nonlinear dynamical systems, robustness.

I. INTRODUCTION
VER the past three decades, the spring–mass model has
developed into the basic behavior model for studying the
running gait in animals and robots. Established in the 1980s
[1]–[4], the model helped early works develop locally stable
feedback controls for hopping and running robots [2], [5] and
to understand the leg function in animal and human runners [3],
[4], [6]–[9]. More recently, the focus on this model has been
shifted to developing approximate solutions [10]–[12] and to
understanding global running stability by analyzing the model’s
hybrid dynamics with Poincaré maps. This analysis method has
proved especially productive [13]. It has helped to reveal and
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understand the passive stabilization of insect running in the
horizontal plane [14]–[16], and of robot and human running
in the sagittal plane [17]–[20]. In addition, it has resulted in
control strategies that promise to largely improve the stability in
running robots [21]–[27], to the extent that they could one day
outperform their animal competitors.
While the planar spring–mass model has greatly advanced the
understanding of running dynamics and control in the horizontal and sagittal planes, few attempts have been made to transfer
this knowledge to 3-D locomotion. Seipel and Holmes [28] investigated running stability with Poincaré analysis of the 3-D
spring–mass model. They showed that symmetric gaits with
a constant in-flight leg orientation defined with respect to the
desired direction of motion are unstable. By introducing linear feedback control derived from a local stability criterion,
they found stable running for motions sufficiently close to the
sagittal plane. Peuker et al. [29] expanded these results in a
recent numerical study. Inspired by insights from the work on
insect running in the horizontal plane [16], they explored running stability using constant leg angle policies with respect to
the direction of motion and observed locally stable gaits for a
large range of leg angles. Beyond local stability analysis, Carver
et al. [30] investigated deadbeat stepping policies that drive the
3-D spring–mass model into desired system states using the
least number of steps. In particular, after deriving existence and
uniqueness conditions, they proposed an iterative algorithm to
compute these policies and demonstrated it in examples where
the model’s horizontal position is perturbed in flight.
Here, we show that identifying deadbeat policies for stability
and steering in 3-D spring–mass running can be largely simplified and that the resulting controller can in part be embedded in a
feedforward manner, generating highly robust locomotion over
rough terrain. First, by parameterizing the full-model dynamics
in a motion-aligned frame, we reduce the essential behaviors
of stability and steering to a compact representation. We then
use simple interpolation over this representation to precompute
the deadbeat policies to attain all possible running behaviors.
Finally, we map these policies into the time after apex and show
in a simulation example that the resulting control enables navigation to waypoints over rough terrain with large, frequent, and
unknown ground disturbances (up to 30% of the leg length in
the example). Our results suggest that compact and efficiently
computed deadbeat policies for the 3-D spring–mass model can
be combined with time embedding to provide a powerful alternative for leg-placement strategies in highly maneuverable
running robots.
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II. THREE-DIMENSIONAL MODEL AND
PROBLEM FORMULATION
A. Dynamics
We model 3-D spring–mass running similar to previous work
[18], [20], [28], [30], [31] (see Fig. 1). The flight phase is modeled as a point mass m following a ballistic trajectory with
⎡ ⎤ ⎡
⎤
ẍ
0
m ⎣ ÿ ⎦ = ⎣ −mg ⎦
(1)
z̈
0
where the coordinates are given in the apex frame. The apex
describes the highest point in flight and the apex frame aligns the
x-axis with the direction of motion v at that point. In addition,
the frame’s origin is located at the ground level. After the apex
event, the angle of attack α and the splay angle β parameterize
the swing-leg orientation. The swing leg has a constant length l0 ,
and the model transitions to stance when the point mass reaches
the touchdown height yTD = l0 sin(α).
During stance, the point mass rebounds on a massless spring
with stiffness k and rest length l0 , assuming that the foot point
stays fixed on the ground. The dynamics of the point mass are
governed by the gravitational force mg and the spring force
F = k(l0 /|l| − 1)l acting along the leg axis l
⎡ ⎤
⎤ ⎡
⎤
⎡
ẍ
0
x − xf
m ⎣ ÿ ⎦ = k(l0 /|l| − 1) ⎣ y ⎦ + ⎣ −mg ⎦
(2)
z̈
0
z − zf
where [x 0 z]Tf is the location of the foot point and |l|2 = (x −
xf )2 + y 2 + (z − zf )2 . The resulting trajectory of the point
mass determines the spatial orientation and length of the spring.
When the spring length returns to l0 during rebound, the model
transitions back to the flight phase.
The model describes running dynamics with alternating
stance and flight phases of the left and right legs as long as four
conditions are fulfilled. First, the model reaches an apex in flight.
Second, at apex, the height of the point mass exceeds the landing
height, ya > l0 sin(α). Third, the point mass remains above the
ground throughout stance, y > 0. And
fourth, the horizontal leg
forces stay within the friction limit, Fx2 + Fz2 < μFy , where
μ is the static friction coefficient. (We do not consider slipping.)
The last condition translates into a minimum angle of attack
αm in = atan(μ−1 ). Smaller landing angles will always lead to
a violation of the friction condition in stance.
B. Behavior Function and Control Objective
The behavior of the spring–mass model is captured by the
apex return map, which is a discrete mapping of the system state
at apex between two consecutive flight phases. The complete
map tracks the state vector [x ẋ y ẏ z ż]a , where the subscript
a denotes the apex for each variable. However, to characterize
the model behavior, it suffices to track only a pair of variables,
the apex height y and the deflection dθ in heading. Similar to
the planar case, ẏa = 0 by the definition of the apex. Furthermore, the stance dynamics depend on the relative position of the
foot with respect to the point mass and its direction. This posi-

Fig. 1. Three-dimensional spring–mass running model. The model describes
a sequence of flight and stance phases. The ith flight is characterized by a
ballistic trajectory of a point mass m. The apex velocity vector vi and the
vertical axis define an apex frame (x, y, z) and a heading θi with respect to the
world frame (x, y, z) . The leg of length l0 is positioned with an angle of attack
α and a splay angle β, both measured in the apex frame. In stance, the point
mass rebounds on a massless spring leg (stiffness k, rest length l0 ). The model’s
net behavior can be captured by a behavior function f which maps the apex
height y i + 1 (y i , α i , βi ) and the change in heading dθ(y i , α i , βi ). Because of
the symmetry of the model, f equally captures left- and right-leg behavior of
the alternating stance phases in running. g: gravitational acceleration, vi + 1 :
velocity vector at apex i + 1.

tion is parameterized by α and β, making [x z]a unnecessary to
compute the motion between apexes (just as x can be discarded
given α in the planar case). Note, however, that these coordinates are required to track the absolute position of the system
within the global frame. Among the remaining variables, the
magnitude of the horizontal velocity is coupled to the height ya
s
by the constant system energy Es with ẋ2a + ża2 = 2E
m − 2gya .
Therefore, the model behavior is captured by
(yi+1 , dθ) = f (yi , p)
where dθ is the horizontal deflection after the stance phase, f
is a function of the model dynamics, and p is the vector of
model parameters. That is, given p, the previous apex height
yi is the only state needed to derive the relative motion of the
next flight phase. From this representation, the apex return map
R that characterizes running stability and global steering of the
3-D spring–mass model can be formalized as
(y, θ)i+1 = R(yi , θi , p)
with θi describing the global heading in the ith step (see Fig. 1)
and θi+1 = θi + dθ.
The model behavior can be controlled by manipulating the
return map, for which a goal behavior is equivalent to a target
state (y, θ)∗ . The control problem consists of finding ways to
drive the model to the target state from arbitrary initial conditions, and deadbeat control is achieved if a parameter policy
p(yi , θi , y ∗ , θ∗ ) exists that enforces (y, θ)i+1 = (y, θ)∗ for all
possible (y, θ)i . As a result, the general problem of controlling the model behavior resolves for each initial state i to the
minimization problem
pi = argmin d((y, θ)∗ , R(yi , θi , p))
p

(3)
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where d(., .) is an appropriate measure of distance (for example, the Euclidean norm). If a vector pi exists that brings the
minimum to zero, then deadbeat control is achieved; otherwise,
the state (y, θ)i+1 will be as close to (y, θ)∗ as possible.
In the 3-D spring–mass model, the vector
p = [Es m g k l0 α β]
contains seven parameters, several of which are suitable for
control. In particular, we choose the two angles that define
the swing-leg orientation as the control inputs, u = [α β], to
demonstrate how leg placement in the flight phase generalizes
the deadbeat control of planar spring–mass running to 3-D locomotion and steering. The remaining parameter vector p̂ is fixed
to Es = 1785 J, m = 80 kg, g = 9.81 ms−2 , k = 15 kNm−1
and l0 = 1 m; these values fit a human-like system running at
about 5 ms−1 [18]. The model behavior function f is, thus,
written as
(yi+1 , dθ) = f (yi , u, p̂)

(4)

and the control problem reduces to
[α β]i = argmin d((y, θ)∗ , R(yi , θi , u, p̂))
[α β ]

= argmin d((y ∗ , θ∗ − θi ), f (yi , u, p̂)).

(5)

[α β ]

Note that more parameters can be included in solving (3). The
added degrees of freedom in the control input can then be used
to consider further performance metrics (compare [27] for a planar example), or to embed lower priority tasks as in redundant
manipulators [32]. In this study, matching the degrees of freedom between the control targets (y, θ)∗ and inputs (α, β) avoids
this redundancy and simplifies the demonstration of deadbeat
control.
III. CONTROL STRATEGY DERIVATION
The behavior function f (yi , u, p̂) is nonlinear. To solve (5)
for arbitrary target states, we first perform a numerical scan to
generate a discrete representation of f . We then define a particular measure d and use interpolation to derive the control inputs
[α β]i that project from the initial states into arbitrary target
states. In the final part of this section, we apply the transformation between apex height and falling time [21] to derive a
control strategy that does not require knowledge about the actual ground level to produce deadbeat control of stability and
steering.
A. Discrete Representation of Model Behavior
We scan the model behavior f (yi , u, p̂) over the inputs α and
β for all possible initial apex heights yi . As control input ranges,
we choose α ∈ [45◦ , 90◦ ] and β ∈ [0◦ , 180◦ ]. The lower bound
αm in is governed by the static friction limit assuming μ = 1.
Because of the reflection symmetry of the model with respect to
the sagittal plane, it suffices to scan β within 0◦ and 180◦ to capture the model behavior for all possible splay angles. The initial
height is limited to yi ∈ [0.71, 2.27] m. The minimum corresponds to the landing height defined by ym in = l0 sin αm in ; the

maximum ym ax = Es /(mg) results from converting all system
energy into potential energy. Using these ranges, we generate
the discrete functions yi+1 [α, β, yi ] and dθ[α, β, yi ] that represent f (yi , u, p̂) (4) with an α–β–yi resolution of 22 × 45 × 150
by numerically integrating the model dynamics (1) and (2) between two apexes (computation time less than a day on a modern
desktop PC).
Fig. 2 shows the discretized model behavior for two different
initial heights yi . The control inputs α and β are represented as
foot point locations relative to the point mass and projected onto
the xz plane. The projection forms a disk centered on the origin,
which corresponds to α = 90◦ with the foot directly below the
point mass. The distance from the origin is given by l0 cos(α),
and β describes the angular position relative to the direction
of motion. The friction limit defines the maximum disk radius rm ax = l0 cos αm in [see Fig. 2(a)]. The discrete functions
yi+1 [α, β, yi ] and dθ[α, β, yi ] are well behaved and centered
about a characteristic point (white circle) lying on the β = 0◦
axis. This characteristic point is the spring–mass model’s equivalent to the capture point of the linear inverted pendulum walking model [33]–[35]. Landing with the foot positioned at this
point stops the motion in the xz plane as all the system energy
is redirected into vertical motion with yi+1 = ym ax . Landing
past this point leads to backward motion (dθ = 180◦ ). Foot positions that result in equal apex heights yi+1 form concentric
rings about the stopping point with decreasing heights, eventually interrupted by the rm ax given by the friction limit. By
contrast, configurations with equal deflections dθ form rays that
originate from the stopping point. The closeup in Fig. 2(b) shows
that the inputs [α β]i can reach a large range of target behaviors
(y, dθ)∗ .
The range of target behaviors that can be reached diminishes
when the initial height drops below the rest length l0 = 1 m of
the spring. Fig. 2(c) and (d) shows an example with yi = 0.85
m. The disk of footpositions reduces to an annulus with an
inner radius rm in = l02 − yi2 that corresponds to a landing angle αm ax = asin(yi /l0 ) [see Fig. 2(c)]. Steeper angles of attack
cannot exist due to ground contact. As a result, individual behavior goals may not always be achievable simultaneously. For
instance, a target height of y ∗ = 0.95 m cannot be achieved
with a target deflection dθ∗ = 0◦ from this initial apex height
[see Fig. 2(d)].
B. Deadbeat Control Policy
To control the model behavior, we prioritize robustness
against ground disturbances over heading directions and require
that the apex height goal is achieved whenever possible. To realize this constraint, we split (5) into two stages. The first stage
identifies the set of control inputs
Uy ∗ (yi ) = {[αβ] : yi+1 (α, β, yi ) = y ∗ }

(6)

that enforce the desired apex height y ∗ . The second stage then
solves the minimization problem
[α β]i = argmin |θ∗ − θi − dθ(α, β, yi )|
U y ∗ (y i )

(7)
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Fig. 2. Numerical representations of model behavior for two different initial apex heights y i = 1.25 m (a and b) and y i = 0.85 m (c and d). (a) Apex height
y i + 1 [α, β, y i ] and deflection dθ[α, β, y i ] as functions of foot placement projected onto horizontal plane (see Fig. 1) for y i = 1.25 m. The radius rm a x describes
the friction limit. Maps are color coded from low (blue) to high values (red). Empty regions indicate that the model does not return to an apex in the next flight
phase. The white circle highlights the stopping point at which all energy is directed into vertical motion. (b) Closeup section with apex height and deflection
behaviors overlaid as contour plots. Contour lines show inputs [α β]i that produce the same apex height y i + 1 (ring sections) or deflection dθ (rays). (c) and (d)
For y i = 0.85 m, the landing condition limits the maximum angle of attack to α m a x = asin(y i /l0 ). This constraint results in a minimum radius rm in for the
feasible foot positions, reducing the domain of the behavior map projection to an annulus.

to find the control input [α β]i ∈ Uy ∗ (yi ) that best aligns the
heading with the target heading θ∗ . Given a target apex height,
the two stages are straightforward to implement using bilinear interpolation on the discrete functions yi+1 [α, β, yi ] and
dθ[α, β, yi ] for the range of initial apex heights yi .
The constrained optimization on the behavior function yields
the tables α[yi , dθ∗ , y ∗ ] and β[yi , dθ∗ , y ∗ ], which contain the
control policy that projects initial states (y, θ)i into target states
(y, θ)∗ . The domain of this policy is limited to the set of initial
heights {yi |Uy ∗ (yi ) = ∅} ⊂ [l0 sin(αm in ), Es /mg] for which
the apex constraint can be satisfied. If yi falls outside of this
domain, it is impossible to project to the target y ∗ in one step
and the control policy picks the nearest neighbor height from
the domain.
As an example, Fig. 3(a) shows, as contour plots, the resulting policy to achieve a target height of y ∗ = 1.1 m. For this
target height, all possible initial heights yi ∈ [0.71, 2.27]m can
be projected to yi+1 = y ∗ in a single step. The policy is characterized by a divider, which is defined by the friction limit and the
touchdown condition (black curve). Above (and to the right of)
the divider is the deadbeat region, where any target deflection
can be achieved along with the target height, realizing deadbeat
control for both behavior goals. Below the divider, however, target deflections cannot be reached and the control policy returns
the closest alternative. For instance, the spring–mass model can

achieve steady state running with yi = y ∗ = 1.1 m for target
deflections dθ∗ = θ∗ − θi up to ±74◦ , where the control input
is [α β] = [45◦ , ∓20◦ ] (intersection of red line and black curve
in each panel). For larger target deflections, the control input
will remain at [45◦ , ∓20◦ ], maintaining deadbeat control of the
apex height but clipping the directional tracking.
C. Transformation Into Time Policy
Previous work on the planar spring–mass model has shown
that deadbeat control using the angle of attack α(yi ) can be
transformed into a time-based control α(t) during flight if the
time is measured from the apex event, t ≥ tap ex [21], [22], [27].
This transformation fundamentally changes the control. Instead
of selecting a single-leg placement based on a single height
at apex, the time-indexed sequence of leg placements embeds
the deadbeat behavior across a range of apex heights. In effect,
ground height variations in the upcoming step are automatically
accommodated as they correspond to different falling times. We
generalize this transformation to include the splay angle β and
generate a control policy that does not require knowledge about
the actual ground level to produce a time-based deadbeat control
of stability and steering.
The time transformation takes advantage of the free-fall dynamics after the apex to replace yi with a function of time
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The policy shares features with the original control policy. A
divider (black curve) again separates between the deadbeat control region that achieves target deflections along with the target
heights (above divider) and the region in which the deflections
are clipped to the closest alternative (below divider). In the
time policy, the divider is solely defined by the friction limit
as the landing condition maps onto t = 0. At that time, only
deflections that are smaller than ±20◦ can be realized. As time
progresses, larger target deflections become possible with the
same minimum landing angle (αm in = 45◦ ), allowing sharper
turns that in steady state (red curve with yi = y ∗ ) can reach up
to ±74◦ per step. Reducing the friction coefficient μ enforces
larger maximum landing angles and leads to smaller maximum
deflections.
For a given target deflection dθ∗ , the time policy describes
an increasing angle of attack α(t) that retracts the leg in the
present example. Although leg retraction has been associated
with stabilizing running [36], [37], in general, it is not the cause
of stability. Rather, deadbeat control requires a specific sequence
of landing angles, which can appear as retraction for some model
parameters but not for others.
IV. CONTROL PERFORMANCE IN SIMULATION
Fig. 3. Control policy to achieve y ∗ = 1.1 m. (a) Control tables α[y i , dθ ∗ , y ∗ ]
and β[y i , dθ ∗ , y ∗ ] are shown as contour plots for all possible initial heights y i
with ranges of target deflections dθ ∗ . The black curve describes the friction
and touchdown limits. The region of deadbeat control for stability and steering
is above this divider and below the system energy limit. Below the deadbeat
region, the control policy clips the parameters to the ones on the divider to
minimize |dθ − dθ ∗ | while enforcing y i + 1 = y ∗ . The red line indicates the
steady-state control y i = y i + 1 = y ∗ . (b) Same as (a) except that control tables
are transformed to the time after apex.

in the control tables. The height of the point mass at touchdown is given by yTD = l0 sin α. Given that time t has passed
between apex and touchdown, this apex must have been at a
height yap ex = l0 sin α + g2 t2 . The correspondence can be used
to transform the table α[yi , dθ∗ , y ∗ ] into a time-based table
α[yi , dθ∗ , y ∗ ] → α[ti , dθ∗ , y ∗ ]

(8)

which defines the angle-of-attack control as a time policy after
the apex event. At the time

2
(yi − l0 sin α[yi , dθ∗ , y ∗ ])
ti =
g
the angle of attack assumes the value α[yi , dθ∗ , y ∗ ]. If the
model lands, the apex height must have been yi ; otherwise, the
flight phase continues and the system automatically prepares for
stance at a later time corresponding to a different pair of apex
height and angle of attack. Since α[yi , dθ∗ , y ∗ ] belongs to a joint
control input for α and β, the control table of the splay angle
transforms in the same way
β[yi , dθ∗ , y ∗ ] → β[ti , dθ∗ , y ∗ ].

(9)

In effect, (8) and (9) realize deadbeat control of stability and
steering without actually sensing the ground level.
Fig. 3(b) shows the resulting time policy for the previous example of achieving a target height of y ∗ = 1.1 m [see Fig. 3(a)].

We test the performance of the time-based control strategy
(8) and (9) for running and steering in a 3-D simulation environment. Specifically, we focus on locomotion robustness when encountering large, frequent, and unknown changes in the ground
height, and on the sensitivity of the control to changes in model
parameters. In addition, we provide in these tests a comparison to the leg-placement strategy of the classical Raibert controller [2] as a baseline to assess the quality of the proposed
strategy.
A. Robustness to Changes in Ground Height or System Energy
In the robustness test, the simulated environment consists of
flat square tiles (1 m ×1 m), which define random height levels
that are uniformly distributed between ± Δ y2m a x (see Fig. 4),
with Δym ax = 25 cm (25% of the model’s nominal leg length)
as the maximum step change that can be encountered going up or
down. The spring–mass model is launched into this environment
at an initial apex height of y0 = 1 m with a velocity of 5 ms−1
(model parameters as defined in Section II). The target height is
set to y ∗ = 1.1 m. In addition, we assume that waypoints define
heading targets, where the target deflection dθ∗ is computed
as the change required to redirect the motion in flight toward
the current waypoint. Once the model gets within 0.5 m of
this waypoint, the target heading switches to the next one. (We
forego advanced path planning algorithms for simplicity.)
In the simulation, the time-based control shows large robustness to changes in the ground level. The model navigates robustly through the 3-D environment, maintaining running stability, while making sharp turns toward the waypoints (see Fig. 4).
The control performance is summarized in Fig. 5 for a random
navigation trail with a total of 500 steps [see Fig. 5(a)]. The
vertical steps encountered on the trail cover the full range from
−25 to +25 cm [see Fig. 5(b)]. Whenever touchdown occurs
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Fig. 4. Time-based control of stability and steering in 3-D environments with
large, frequent, and unknown changes in the ground height. The spring–mass
model is launched at 5 ms−1 over random ground with step changes up to
25 cm. In flight, the leg’s attack and splay angles are updated after the apex
event based on the time policy (8) and (9) with a target height of y ∗ = 1.1 m
[see Fig. 3(b)]. Target deflections are generated by waypoints Wi (green poles).
The resulting trajectory of the point mass is shown (yellow, projection onto
horizontal plane in black) with the leg sketched at touchdown and takeoff (red).
The inset provides an aerial view with the point mass trajectory in blue and the
resulting foot placements FP in stance marked as red circles.

at a ground height yg ,i = 0, the target height is met exactly
[yi+1 − y ∗ = 0, see Fig. 5(c)]. Ground deviations yg ,i = 0, on
the other hand, can lead to subsequent apex heights yi+1 with
errors y = yi+1 − y ∗ up to −10/+20 cm and to errors in deflection dθ = dθi+1 − dθ∗ of up to ±10◦ . These errors fall within
the deadbeat region of the control (see Section III-B and Fig. 3)
such that they are corrected in the next step and do not accumulate. In effect, the system keeps robustly navigating through the
environment despite the large ground disturbances.
The tracking errors are caused by changes in system energy,
which are induced by the changing ground levels. We derived
the time-based deadbeat control from the behavior function f
2
assuming a particular system energy Esys = m v2 0 + mgy0
given by the initial conditions v 0 = 5 ms−1 and y0 = 1 m.
In the environment with nonzero landing heights, however,
the effective system energy changes from step to step by
ΔEi = −mgyg ,i (between ±5% of the total energy), which
alters the system behavior and reduces the precision of the applied deadbeat control. (Note that changes in ground level or
system energy, thus, express the same disturbance to the system
behavior as indicated by the horizontal axis in Fig. 5(c).
In general, we observe similar ranges of errors when encountering disturbances of similar relative changes in energy.
For instance, at system energies corresponding to slower running speeds of 2.5 and 3.75 ms−1 (at apex height ya = 1 m),
we find similar error ranges to the ones we observed for running at 5 ms−1 if we limit the ground changes to levels of
6.5 and 8.5 cm, which correspond to the same 5% changes in
energy.
Although energetic disturbances can be corrected by stabilizing the system energy in stance, such corrections reduce the

Fig. 5. Performance of time-based control with target height y ∗ = 1.1 m.
(a) Aerial view of random navigation trail with 500 steps. Waypoints (W),
resulting point mass trajectory and foot points (FP) shown as green squares,
blue curve, and red circles, respectively. (b) Histogram of encountered step
changes. (c) Error in apex height y = y i + 1 − y ∗ as functions of ground level
y g and relative disturbance in system energy. The gray envelope is used in later
figures for comparisons. (d) Corresponding deflection errors d θ = dθ − dθ ∗ .
If target deflections fall outside of the friction limit divider line [see Fig. 3(b)],
d θ is measured with respect to the clipped target deflections. In contrast with
the nonclipped cases (filled circles), the clipped ones (open circles) can have
deflection errors at y g = 0 due to interpolating the divider line.

energetic efficiency of locomotion when performed from step to
step. Because the spring–mass model is conservative, it cannot
correct for changes in system energy. To overcome this limitation, several extensions of this model have been proposed
in theory and application [2], [5], [23], [38]–[40]. These extended systems can effectively cope with energetic disturbances
ranging from dissipative losses to sloped terrain by regulating
system energy during stance. However, the control proposed
here demonstrates that neither the tight regulation of system
energy from step to step is required on rough terrain that is flat
on average, nor would such a regulation be energetically effective, since it would brake in one step only to reaccelerate in the
next. In contrast, the proposed control strategy tolerates local,
step-to-step changes in system energy or ground level without
consuming power. An extension of this control with an explicit
method for stabilizing system energy over a longer horizon of
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E

Fig. 6. Stumbling margin. Variable ground levels y g , i introduce energetic
disturbances ΔE i = −mgy g , i resulting in the tracking error y (ΔE) that is
measured with respect to the ground at the previous touchdown. The stumbling
margin y m describes the maximum height of the ground change Δy g that the
system can tolerate without stumbling in the next step.

multiple steps could thus combine robust and energy efficient
running and steering in sloped environments.
B. Margin of Stability Against Stumbling
While the model did not fail, the margin of stability against
stumbling was only Δym ax = ±19 cm in this example. The
stability margin ym is given by the vertical distance
ym = yi+1 − l0 sin α[0, dθ∗ , y ∗ ]
between the foot and the ground at apex (see Fig. 6). Stumbling occurs if this margin vanishes and the leg protrudes
into the ground (ym < Δyg ). In steady-state locomotion with
yi+1 = y ∗ = 1.1 m, the time-based control has a margin of at
least 29 cm [at t = 0, α ≤ 54◦ , see Fig. 3(b)]. Since the errors
in system energy produce apex height tracking errors, the actual
margin deviates from the steady-state value depending on the
disturbance encountered in the previous step. In the worst case,
the previous step causes the maximum observed undershoot of
y = −10 cm [see Fig. 5(c)], reducing the margin for the next
step to
ym = y ∗ + y − l0 sin α[0, dθ∗ , y ∗ ] ≈ 19 cm.

(10)

The model would have stumbled in this next step if there had
been a rise in ground level of Δyg > 19 cm. Thus, (10) defines
the actual stability margin in the example.
Besides increasing the target height to create a bouncier gait,
the stability margin can also be improved by decreasing the
initial angle of attack. In fact, at t = 0, the control tables allow
a minimum of α = 45◦ that aligns with the friction limit (see
Fig. 3). As l0 sin 45◦ = 0.71 m, a modified time policy that starts
with this angle will, at the expense of an unavoidable deflection
in the largest upward steps, increase the stability margin by
10 cm to Δym ax ∼ ±29 cm, or about 30% of the leg length.
C. Sensitivity to Changes in Dynamic and Control Parameters
In further simulation experiments, we test the sensitivity of
the time-based control strategy to systematic errors in model
parameters. Like the system energy Esys , a change in any other
element of the parameter vector p̂ causes a deviation in the
behavior function f (yi , u, p̂), producing height and deflection
errors. Although p̂ includes five parameters, we take advantage
of the fact that they collapse to only two independent parameter
groups in dimensional analysis (dimensionless system energy

k l0
Ẽsys = m sgyls0 and stiffness k̃ = m
g ) [11], and we only consider
changes in system energy ΔE and leg stiffness Δk to characterize the sensitivity of the leg-placement strategy to systematic
errors in the dynamic parameters. In addition, we consider systematic errors in the control with regard to the positioning accuracy of the leg (Δα and Δβ) and the update frequency of the
control loop (time delay Δt). For each parameter, we first repeat
the random waypoint navigation experiment over flat ground to
isolate its effect on the control performance and then investigate
its influence in rough-terrain locomotion.
Table I summarizes the results of the sensitivity analysis on
flat terrain. With no parameter disturbances, very small tracking
errors in height and deflection persist due to the discrete representation of the behavior function f (maximum errors ≤0.5 cm
and < 3.5◦ for the sharpest turns). With parameter disturbances,
the model is most sensitive to systematic changes in system
energy and the angle of attack, producing maximum errors of
36 cm and 20◦ (ΔE = 10%) and 17 cm and 12◦ (Δα = 2◦ ).
On average, however, tracking errors stay much smaller. Moreover, if the controller is constrained to make wider turns, the
maximum errors are reduced substantially (commanded deflections of |dθ∗ | > 20◦ are truncated to a maximum turning rate
of dθ∗ = ±20◦ per step for “constrained deadbeat” in Table I),
demonstrating that accuracy in modeling and tracking matter
the most for aggressive turning maneuvers.
As a characteristic example of the influence of systematic
parameter changes on control performance during rough-terrain
locomotion, Fig. 7 shows the combined effects of systematic
errors in energy estimation and energy disturbances from rough
ground. As mentioned in Section IV-A, changing the initial system energy has the same effect as changes in ground height;
it recenters the tracking errors about a new ground height
where the step change ΔEi in energy cancels the systematic
error, ΔEi = −ΔE. For example, with a systematic change
of ΔE = ±3%, the control is perfect at a ground height of
yg ,i = ±7 cm and the energetic errors encountered now range in
[-1.5%, 7.5%] [blue dots in Fig. 7(a) and (b)] and [-7.5%, 1.5%]
(red dots) instead of [-4.5%, 4.5%] [shaded gray area in (a) and
black dots in (b)]. Apart from this horizontal shift along the
height or energy axis, the shape of the original tracking error
function (gray regions in Figs. 5(c) and 7) remains unchanged.
(Other systematic parameter disturbances have similar effects on
rough-terrain locomotion, systematically deforming the original
error function. Their plots are omitted here.)
The results of the sensitivity analysis show that for an implementation in running robots, automatic model calibration may
be required as demonstrated by Arslan et al. [24] for a planar
hopper that derives its control from the deadbeat control of the
planar spring–mass model. The clearly systematic trends in the
steady-state errors for each disturbance suggest that such tuning
will be effective.

D. Comparison With the Classical Leg-Placement Strategy
Classical approaches to the control of hopping or running
robots often rely on the Raibert controller [2], [5]. This controller has three components including a thrust law for energy
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TABLE I
SENSITIVITY OF TRACKING ON FLAT GROUND

Fig. 7. Sensitivity of tracking apex height on rough ground to systematic changes in energy ΔE = ±3% (blue/red dots). Tracking errors are shown as a function
of ground level. (a) Time-embedded deadbeat control. The gray envelope outlines the tracking error of the unperturbed model [see Fig. 5(c)]. Systematic model
errors produce systematic shifts in tracking error including the zero error height (vertical lines). (b) Same control limited to maximum turning rate of 20◦ per step.
The black dots show the tracking error of the corresponding unperturbed model. (c) Classical Raibert-style leg-placement control (limited to 20◦ per step to avoid
falling). Tracking errors remain large but nearly unaffected by systematic modeling errors (compare with red dots in Fig. 8(c). Similar effects are observed in the
deflection errors d θ (not shown).

regulation in stance, a stance-phase attitude control for the robot
center body, and a leg-placement control in flight for the generation of gait and turning. To compare the quality of the control
proposed here with existing control approaches used in legged
robotics, we focus on the leg-placement component of the Raibert controller (the spring–mass model is energetically conservative and has a point mass body without pitch) and redo the
robustness and sensitivity tests.
The leg placement of the classical controller uses the horizontal velocity ẋ = [ẋ ż]T and the duration Ts of the previous
stance to estimate a “neutral foot point” for a symmetric stance
phase, and then applies a linear correction about this point based
on the desired velocity ẋd = [ẋ ż]Td . The resulting leg placement
is given by
xf =

ẋTs
+ kẋ (ẋ − ẋd )
2

(11)

where xf = [x z]Tf is the horizontal distance vector of the foot
point from the hip joint, and kẋ is a proportional gain. Within the
theoretical framework developed in this paper, xf is equivalent
to the control input u = [α β], ẋ describes the x-direction of
E
ẋ|
, and
the apex frame and an initial apex height yi = ms ygs − |2g

the pair (|ẋd |, ẋd − ẋ) translates into the desired state (y ∗ , dθ∗ ).
Thus, (11) can be interpreted as a policy for approximating the
behavior function f by linearizing it about the points where
yi+1 = yi along the zero turning axis (β = dθ = 0, see Fig. 2).
While the neutral point adapts based on the previous stance
phase, the slope kẋ of the linearization remains constant, requiring a single compromised approximation at different locations
of f .
The comparison of the two leg-placement strategies shows
that the time-embedded leg-placement strategy enables much
sharper turns and tracks the target state faster and more accurately (see Fig. 8). By design, the time-embedded deadbeat
control (black dots) generates virtually no deviation from the target state for running and turning on flat ground [see Fig. 8(b)].
In contrast, the classical approach (red dots) needs to be constrained to a maximum turning rate of 20◦ per step to avoid
falling [compare Figs. 8(a) and 5(a)], gets attracted away from
the target state during turns because the linearization gain kẋ
cannot simultaneously fit turning and straight-line running, and
only slowly returns to the target state after turns due to a slanted
return map [see Fig. 8(b)]. This difference in performance also
shows on rough ground where the deviations from the target
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Fig. 8. Comparison with the classical leg-placement strategy. (a) Random
navigation trail example generated by the leg-placement strategy of the Raibert
controller with limit on turning rate of 20◦ per step to avoid falling. (b) Apex
return maps generated from running and turning on flat ground for the classical
strategy (red dots) and the time-embedded deadbeat strategy (black dots in a very
tight cluster). Steady-state locomotion corresponds to dots on the diagonal line
(y i + 1 = y i ). (c) Errors in apex height for running and turning in rough terrain as
a function of ground height or system energy. (d) Corresponding rough-ground
return maps. (e) Errors in deflection over rough terrain as a function of ground
height or energy.

state are large and the return to the target state remains slow
[see Fig. 8(c) and (d)] for the classical control. Likewise, the
directional tracking is also looser with the classical control [see
Fig. 8(e)].
For systematic errors in the model parameters, the performance of the classical control does not change significantly. In
general, it is still worse than that of the time-embedded strategy
with the same constraint of 20◦ per step on the maximum turning
rate (RMS and max error values in Table I) due to the slower
speed of recovery in the return map. However, unlike the timeembedded strategy, the classical control shows no large drift
from the target state in steady locomotion (steady-state errors
in Table I) due to the feedback properties of (11), which tend to
correct for unmodeled behavior.
V. CONCLUSION
Using a compact representation of the 3-D spring–mass
model’s dynamics, we have derived and demonstrated in simulation a time-based leg-placement strategy for highly robust

running and steering in uncertain 3-D environments. The identified control strategy generalizes the time-based control derived
for the planar spring–mass model [21], [22] and allows a legged
system to navigate very rough terrain (up to 30% of the leg
length in the presented example) without feedback about ground
disturbances (see Fig. 4). It is nearly deadbeat with respect to
stabilizing the apex height and heading direction, as long as
the relative disturbances in system energy and the other model
parameters stay small (see Figs. 5 and 7, Table I). Moreover,
it outperforms a classical leg-placement strategy in terms of
turning rate and disturbance rejection (see Fig. 8).
The compactness and performance of the proposed control
strategy stems in large part from separating the control into
feedback detection of the direction of motion and feedforward
compensation for unknown ground disturbances. Like previous work on the control of 3-D spring–mass running, the legplacement strategy developed here requires state feedback about
the direction of motion. In [28] and [30], this feedback information is used explicitly. Although Peuker et al. [29] find that
control relative to the velocity vector in flight yields inherent
stability without the need for corrective strategies, it depends
on measuring this state at least intermittently. The control developed here requires a similar intermittent feedback. At every
apex during flight, the direction of motion needs to be known
to align the apex frame. However, the robustness to ground
level disturbances is realized with feedforward control. Instead
of correcting for past disturbances, the time-indexed control
adapts the leg placements to accommodate ground variations
in the upcoming step by taking advantage of the relationship
between falling time and falling height. The resulting control
strategy reveals how highly robust running and steering could
be achieved in uncertain environments.
While our results suggest a powerful alternative for legplacement strategies in running robots, an actual implementation
will require further work. On one hand, separating the control
between global steering and relative motions within steps (see
Section II-B) facilitates hardware implementation. The separation decouples planning from stabilizing motions. It simplifies
the representation of deadbeat policies to the essential local behaviors of stability and steering, which can be embedded in
real time with low-dimensional lookup tables, and it reduces the
state estimation requirements to detect the direction of gravity,
the direction of motion, and the apex event. (All three estimates
can be obtained from inertial measurement units, the last two
can also be obtained from body-centric sensors at takeoff. These
sensing requirements are consistent with other placement strategies in the literature.) Finally, the control does not need ground
level information.
On the other hand, the reliance on precomputed leg-placement
strategies derived from the spring–mass model introduces implementation challenges. Automatic parameter calibration of the
spring–mass model [24] may be required to match the behavior
function to a running robot, and model extensions that regulate energy [2], [5], [23], [38]–[40] will be necessary to handle
sloped terrain and dissipative losses. Furthermore, the model
trades realism for mathematical and computational tractability. It neither considers actual swing leg dynamics nor does it
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account for the pitch, roll, and yaw moments generated by the
legs about the trunk. Several studies have attacked these problems by taking advantage of passive mechanical properties, using local feedback controls, and developing reduction-based
control algorithms [2], [5], [14], [25], [41], [42]. Specifically,
for planar locomotion, we have recently shown that the legplacement policy derived from the spring–mass model yields
similar robustness in more realistic robot models with rigid
body dynamics and continuous ground contacts [43]. Future
work will need to clarify how well these methods extend to the
high speeds and aggressive maneuvers that the 3-D spring–mass
model allows. Alternatively, it may be possible to extend the theory developed here to include some of the additional dynamics
in similar feedforward policies.
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