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1 Introduction

We would like to exploit latent parallelism in π-calculus processes. For example, in the process x(w).z(y).Pwxyz,
the two inputs are independent (assuming z 6= x,w), and this process is observationally equivalent to
z(y).x(w).Pwxyz.

We propose that such observational equivalences are justified by commuting conversions in the proof
theory. To support this claim, this document provides a catalog of commuting conversions for linear logic
(currently excluding &, �, >, and 0).

A smaller question is whether the commuting conversions involving 1L suffice to show that the process
assignment

Γ; · ` 0 :: x:1 1R
Γ; ∆ ` P :: z:C

Γ; ∆, x:1 ` P :: z:C 1L

is equivalent to the alternate process assignment

Γ; · ` x〈〉.0 :: x:1 1R′
Γ; ∆ ` P :: z:C

Γ; ∆, x:1 ` x().P :: z:C 1L′
.

A similar question exists for the process assignment for !L.

2 Catalog of Commuting Conversions

The commuting conversions are organized into subsections according to their top-level proof term constructor.
Within each subsection, each proof term constructor is considered as a possible secondary constructor in
each of the possible subterm positions.

2.1 (R

In the following cases, there are no commuting conversions in the proof theory. In the process assignment,
this is reflected by a dependence of names, as in z(y).z(x).Pyxz.

(R-(R No conversion for (R (λ̂y.(R (λ̂x.D y x))
z(y).z(x).Pyxz

(R-�R-1 No conversion for (R (λ̂y.�R (D1 y) D2)
z(y).(νx)z〈x〉.(Pyx | Qz)

(R-�R-2 No conversion for (R (λ̂y.�R D1 (D2 y))
z(y).(νx)z〈x〉.(Px | Qyz)

1



(R-1R (R (λ̂y.1R) is not a well-formed proof term.

(R-!R (R (λ̂y. !R D) is not a well-formed proof term.

(R-∀R No conversion for (R (λ̂y.∀R (λa.D y a))
z(y).z(a).Pyaz

(R-∃R No conversion for (R (λ̂y.∃R M (Dy))
z(y).z〈M〉.Pyz

The next three cases exemplify three other common patterns. In the first, (R-(L-1, the run-time value
of y is known only after the input along z occurs, and so the output depends on the input. In the second,
(R-(L-2, the input z(y) cannot occur after the output along x since the input contributes to both the
output process, Pyw, and the continuation process, Qxz. In the third, a conversion exists because the input
and output occur along independent names and the input contributes only to the continuation process, Qyxz.

(R-(L-1 No conversion for (R (λ̂y.(L y D1 (λ̂y.D2 y))
z(y).(νx)y〈x〉.(Px | Qyz)

(R-(L-2 No conversion for (R (λ̂y.(L x (D1 y) (λ̂x.D2 x))
z(y).(νw)x〈w〉.(Pyw | Qxz)

(R-(L-3 (R (λ̂y.(L x D1 (λ̂x.D2 y x))⇔(L x D1 (λ̂x.(R (λ̂y.D2 y x))
z(y).(νw)x〈w〉.(Pw | Qyxz)⇔ (νw)x〈w〉.(Pw | z(y).Qyxz)

The following cases are similar to those described above.

(R-�L-1 No conversion for (R (λ̂y.�L y (λ̂x.λ̂y.D x y))
z(y).y(x).Pxyz

(R-�L-2 (R (λ̂y.�L x (λ̂w.λ̂x.D y w x))⇔ �L x (λ̂w.λ̂x.(R (λ̂y.D y w x))
z(y).x(w).Pywxz ⇔ x(w).z(y).Pywxz

(R-1L-1 No conversion for (R (λ̂y.1L y D)
z(y).y().Pz

(R-1L-2 (R (λ̂y.1L x (Dy))⇔ 1L x ((R (λ̂y.D y))
z(y).x().Pyz ⇔ x().z(y).Pyz

(R-!L-1 No conversion for (R (λ̂y. !L y (λu.D u))
z(y).y/u.Puz

(R-!L-2 (R (λ̂y. !L x (λu.D y u))⇔ !L x (λu.(R (λ̂y.D y u))
z(y).x/u.Pyuz ⇔ x/u.z(y).Pyuz

(R-copy (R (λ̂y. copy u (λ̂x.D y ux))⇔ copy u (λ̂x. ((R (λ̂y.D y ux)))
z(y).(νx)u〈x〉.Pyuxz ⇔ (νx)u〈x〉.z(y).Pyuxz

(R-∀L-1 No conversion for (R (λ̂y.∀L y M (λ̂y.D y))
z(y).y〈M〉.Pyz

(R-∀L-2 (R (λ̂y.∀L x M (λ̂x.D y x))⇔ ∀L x M (λ̂x.(R (λ̂y.D y x))
z(y).x〈M〉.Pyxz ⇔ x〈M〉.z(y).Pyxz
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(R-∃L-1 No conversion for (R (λ̂y.∃L y (λa.λ̂y.D a y))
z(y).y(a).Payz

(R-∃L-2 (R (λ̂y.∃L x (λa.λ̂x.D y ax))⇔ ∃L x (λa.λ̂x.(R (λ̂y.D y a x))
z(y).x(a).Pyaxz ⇔ x(a).z(y).Pyaxz

(R-cut-1 No conversion for (R (λ̂y. cut (D1 y) (λ̂x.D2 x))
z(y).(νx)(Pyx | Qxz)

(R-cut-2 (R (λ̂y. cut D1 (λ̂x.D2 y x))⇔ cut D1 (λ̂x.(R (λ̂y.D2 y x))
z(y).(νx)(Px | Qyxz)⇔ (νx)(Px | z(y).Qyxz)

(R-init No conversion for (R (λ̂y. init y)
z(y).[y ↔ z]

(R-cut!-1 (R (λ̂y. cut! (D1 y) (λu.D2 u)) is not a well-formed proof term.

(R-cut!-2 (R (λ̂y. cut! D1 (λu.D2 y u))⇔ cut! D1 (λu.(R (λ̂y.D2 y u))
z(y).(νu)(!u(x).Px | Qyuz)⇔ (νu)(!u(x).Px | z(y).Qyuz)

2.2 �R

�R-(R-1 No conversion for �R ((R (λ̂x.D1 x)) D2

(νy)z〈y〉.(y(x).Pxy | Qz)

�R-(R-2 No conversion for �R D1 ((R (λ̂x.D2 x))
(νy)z〈y〉.(Py | z(x).Qxz)

�R-�R-1 No conversion for �R (�R D1 D2) D3

(νy)z〈y〉.((νx)y〈x〉.(Px | Qy) | Rz)

�R-�R-2 No conversion for �R D1 (�R D2 D3)
(νy)z〈y〉.(Py | (νx)z〈x〉.(Qx | Rz))

�R-1R-1 No conversion for �R 1R D

(νy)z〈y〉.(y〈〉.0 | Pz)

�R-1R-2 No conversion for �R D 1R

(νy)z〈y〉.(Py | z〈〉.0)

�R-!R-1 No conversion for �R (!R D1) D2

(νy)z〈y〉.(!y(x).Px | Qz)

�R-!R-2 No conversion for �R D1 (!R D2)
(νy)z〈y〉.(Py | !z(x).Qz)

�R-∀R-1 No conversion for �R (∀R (λa.D1 a)) D2

(νy)z〈y〉.(y(a).Pay | Qz)

�R-∀R-2 No conversion for �R D1 (∀R (λa.D2 a))
(νy)z〈y〉.(Py | z(a).Qaz)
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�R-∃R-1 No conversion for �R (∃R M D1) D2

(νy)z〈y〉.(y〈M〉.Py | Qz)

�R-∃R-2 No conversion for �R D1 (∃R M D2)
(νy)z〈y〉.(Py | z〈M〉.Qz)

�R-(L-1 �R ((L x D1 (λ̂x.D2 x)) D3 ⇔(L x D1 (λ̂x.�R (D2 x) D3)
(νy)z〈y〉.((νw)x〈w〉.(Pw | Qxy) | Rz)⇔ (νw)x〈w〉.(Pw | (νy)z〈y〉.(Qxy | Rz))

�R-(L-2 �R D1 ((L x D2 (λ̂x.D3 x))⇔(L x D2 (λ̂x.�R D1 (D3 x))
(νy)z〈y〉.(Py | (νw)x〈w〉.(Qw | Rxz))⇔ (νw)x〈w〉.(Qw | (νy)z〈y〉.(Py | Rxz))

�R-�L-1 �R (�L x (λ̂w.λ̂x.D1 w x)) D2 ⇔ �L x (λ̂w.λ̂x.�R (D1 w x) D2)
(νy)z〈y〉.(x(w).Pwxy | Qz)⇔ x(w).(νy)z〈y〉.(Pwxy | Qz)

�R-�L-2 �R D1 (�L x (λ̂w.λ̂x.D2 w x))⇔ �L x (λ̂w.λ̂x.�R D1 (D2 w x))
(νy)z〈y〉.(Py | x(w).Qwxz)⇔ x(w).(νy)z〈y〉.(Py | Qwxz)

�R-1L-1 �R (1L x D1) D2 ⇔ 1L x (�R D1 D2)
(νy)z〈y〉.(x().Py | Qz)⇔ x().(νy)z〈y〉.(Py | Qz)

�R-1L-2 �R D1 (1L x D2)⇔ 1L x (�R D1 D2)
(νy)z〈y〉.(Py | x().Qz)⇔ x().(νy)z〈y〉.(Py | Qz)

�R-!L-1 �R (!L x (λu.D1 u)) D2 ⇔ !L x (λu.�R (D1 u) D2)
(νy)z〈y〉.(x/u.Puy | Qz)⇔ x/u.(νy)z〈y〉.(Puy | Qz)

�R-!L-2 �R D1 (!L x (λu.D2 u))⇔ !L x (λu.�R D1 (D2 u))
(νy)z〈y〉.(Py | x/u.Quz)⇔ x/u.(νy)z〈y〉.(Py | Quz)

�R-copy-1 �R (copy u (λ̂x.D1 ux)) D2 ⇔ copy u (λ̂x.�R (D1 ux) D2)
(νy)z〈y〉.((νx)u〈x〉.Puxy | Qz)⇔ (νx)u〈x〉.(νy)z〈y〉.(Puxy | Qz)

�R-copy-2 �R D1 (copy u (λ̂x.D2 ux))⇔ copy u (λ̂x.�R D1 (D2 ux))
(νy)z〈y〉.(Py | (νx)u〈x〉.Quxz)⇔ (νx)u〈x〉.(νy)z〈y〉.(Py | Quxz)

�R-∀L-1 �R (∀L x M (λ̂x.D1 x)) D2 ⇔ ∀L x M (λ̂x.�R (D1 x) D2)
(νy)z〈y〉.(x〈M〉.Pxy | Qz)⇔ x〈M〉.(νy)z〈y〉.(Pxy | Qz)

�R-∀L-2 �R D1 (∀L x M (λ̂x.D2 x))⇔ ∀L x M (λ̂x.�R D1 (D2 x))
(νy)z〈y〉.(Py | x〈M〉.Qxz)⇔ x〈M〉.(νy)z〈y〉.(Py | Qxz)

�R-∃L-1 �R (∃L x (λa.λ̂x.D1 a x)) D2 ⇔ ∃L x (λa.λ̂x.�R (D1 a x) D2)
(νy)z〈y〉.(x(a).Paxy | Qz)⇔ x(a).(νy)z〈y〉.(Paxy | Qz)

�R-∃L-2 �R D1 (∃L x (λa.λ̂x.D2 a x))⇔ ∃L x (λa.λ̂x.�R D1 (D2 a x))
(νy)z〈y〉.(Py | x(a).Qaxz)⇔ x(a).(νy)z〈y〉.(Py | Qaxz)

�R-cut-1 �R (cut D1 (λ̂x.D2 x)) D3 ⇔ cut D1 (λ̂x.�R (D2 x) D3)
(νy)z〈y〉.((νx)(Px | Qxy) | Rz)⇔ (νx)(Px | (νy)z〈y〉.(Qxy | Rz))
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�R-cut-2 �R D1 (cut D2 (λ̂x.D3 x))⇔ cut D2 (λ̂x.�R D1 (D3 x))
(νy)z〈y〉.(Py | (νx)(Qx | Rxz))⇔ (νx)(Qx | (νy)z〈y〉.(Py | Rxz))

�R-init-1 No conversion for �R (init x) D
(νy)z〈y〉.([x↔ y] | Pz)

�R-init-2 No conversion for �R D (init x)
(νy)z〈y〉.(Py | [x↔ z])

�R-cut!-1 �R (cut! D1 (λu.D2 u)) D3 ⇔ cut! D1 (λu.�R (D2 u) D3)
(νy)z〈y〉.((νu)(!u(x).Px | Quy) | Rz)⇔ (νu)(!u(x).Px | (νy)z〈y〉.(Quy | Rz))

�R-cut!-2 �R D1 (cut! D2 (λu.D3 u))⇔ cut! D2 (λu.�R D1 (D3 u))
(νy)z〈y〉.(Py | (νu)(!u(x).Qx | Ruz))⇔ (νu)(!u(x).Qx | (νy)z〈y〉.(Py | Ruz))

2.3 1R

There are no cases here because 1R has no subterms. (However, there will be cases involving 1R as a
secondary constructor—(R-1R and cut!-1R-2, for example.)

2.4 !R

!R-(R No conversion for !R ((R (λ̂x.D x))
!z(y).y(x).Pxy

!R-�R No conversion for !R (�R D1 D2)
!z(y).(νx)y〈x〉.(Px | Qy)

!R-1R No conversion for !R 1R

!z(y).y〈〉.0

!R-!R No conversion for !R (!R D)
!z(y).!y(x).Px

!R-∀R No conversion for !R (∀R (λa.D a))
!z(y).y(a).Pay

!R-∃R No conversion for !R (∃R M D)
!z(y).y〈M〉.Py

!R-(L !R ((L x D1 (λ̂x.D2 x)) is not a well-formed proof term.

!R-�L !R (�L x (λ̂w.λ̂x.Dw x)) is not a well-formed proof term.

!R-1L !R (1L x D) is not a well-formed proof term.

!R-!L !R (!L x (λu.D u)) is not a well-formed proof term.

!R-copy No conversion for !R (copy u (λ̂x.D ux))
!z(y).(νx)u〈x〉.Puxy

!R-∀L !R (∀L x M (λ̂x.D x)) is not a well-formed proof term.
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!R-∃L !R (∃L x (λa.λ̂x.D ax)) is not a well-formed proof term.

!R-cut No conversion for !R (cut D1 (λ̂x.D2 x))
!z(y).(νx)(Px | Qxy)

!R-init !R (init x) is not a well-formed proof term.

The following case is noteworthy because it allows us to lift the definition of a server out of another
server’s body.

!R-cut! !R (cut! D1 (λu.D2 u))⇔ cut! D1 (λu. !R (D2 u))
!z(y).(νu)(!u(x).Px | Quy)⇔ (νu)(!u(x).Px | !z(y).Quy)

2.5 ∀R
∀R-(R No conversion for ∀R (λa.(R (λ̂x.D ax))

z(a).z(x).Paxz

∀R-�R No conversion for ∀R (λa.�R (D1 a) (D2 a))
z(a).(νx)z〈x〉.(Pax | Qaz)

∀R-1R No conversion for ∀R (λa.1R)
z(a).z〈〉.0

∀R-!R No conversion for ∀R (λa. !R (Da))
z(a).!z(x).Pax

∀R-∀R No conversion for ∀R (λa.∀R (λb.D a b))
z(a).z(b).Pabz

In the following case, the process has type ∀x.∃y.A(x, y). This is a case where we could apply Skolem-
ization to get ∃f.∀x.A(x, f x). However, this would not be a commuting conversion because it changes the
type of the process.

∀R-∃R No conversion for ∀R (λa.∃R (M a) (Da))
z(a).z〈M a〉.Paz

The other cases are similar to ones described above.

∀R-(L-1 No conversion for ∀R (λa.(L x (D1 a) (λ̂x.D2 a x))
z(a).(νw)x〈w〉.(Paw | Qaxz)

when the first occurrence of a is strict.

∀R-(L-2 ∀R (λa.(L x D1 (λ̂x.D2 a x))⇔(L x D1 (λ̂x. ∀R (λa.D2 a x))
z(a).(νw)x〈w〉.(Pw | Qaxz)⇔ (νw)x〈w〉.(Pw | z(a).Qaxz)

∀R-�L ∀R (λa.�L x (λ̂w.λ̂x.D aw x))⇔ �L x (λ̂w.λ̂x. ∀R (λa.D aw x))
z(a).x(w).Pawxz ⇔ x(w).z(a).Pawxz

∀R-1L ∀R (λa.1L x (Da))⇔ 1L x (∀R (λa.D a))
z(a).x().Paz ⇔ x().z(a).Paz

∀R-!L ∀R (λa. !L x (λu.D au))⇔ !L x (λu. ∀R (λa.D au))
z(a).x/u.Pauz ⇔ x/u.z(a).Pauz

6



∀R-copy ∀R (λa. copy u (λ̂x.D ax))⇔ copy u (λ̂x. ∀R (λa.D ax))
z(a).(νx)u〈x〉.Puaxz ⇔ (νx)u〈x〉.z(a).Puaxz

∀R-∀L-1 No conversion for ∀R (λa. ∀L x (M a) (λ̂x.D ax))
z(a).x〈M a〉.Paxz

when the first occurrence of a is strict.

∀R-∀L-2 ∀R (λa. ∀L x M (λ̂x.D ax))⇔ ∀L x M (λ̂x. ∀R (λa.D ax))
z(a).x〈M〉.Paxz ⇔ x〈M〉.z(a).Paxz

∀R-∃L ∀R (λa.∃L x (λb.λ̂x.D a b x))⇔ ∃L x (λb.λ̂x. ∀R (λa.D a b x))
z(a).x(b).Pabxz ⇔ x(b).z(a).Pabxz

∀R-cut-1 No conversion for ∀R (λa. cut (D1 a) (λ̂x.D2 a x))
z(a).(νx)(Pax | Qaxz)

when the first occurrence of a is strict.

∀R-cut-2 ∀R (λa. cut D1 (λ̂x.D2 a x))⇔ cut D1 (λ̂x. ∀R (λa.D2 a x))
z(a).(νx)(Px | Qaxz)⇔ (νx)(Px | z(a).Qaxz)

∀R-init No conversion for ∀R (λa. init x)
z(a).[x↔ z]

∀R-cut!-1 No conversion for ∀R (λa. cut! (D1 a) (λu.D2 a u))
z(a).(νu)(!u(x).Pax | Qauz)

when the first occurrence of a is strict.

∀R-cut!-2 ∀R (λa. cut! D1 (λu.D2 a u))⇔ cut! D1 (λu. ∀R (λa.D2 a u))
z(a).(νu)(!u(x).Px | Qauz)⇔ (νu)(!u(x).Px | z(a).Qauz)

2.6 ∃R
∃R-(R No conversion for ∃R M ((R (λ̂x.D x))

z〈M〉.z(x).Pxz

∃R-�R No conversion for ∃R M (�R D1 D2)
z〈M〉.(νx)z〈x〉.(Px | Qz)

∃R-1R No conversion for ∃R M 1R

z〈M〉.z〈〉.0

∃R-!R No conversion for ∃R M (!R D)
z〈M〉.!z(x).Px

∃R-∀R No conversion for ∃R M (∀R (λa.D a))
z〈M〉.z(a).Paz

∃R-∃R No conversion for ∃R M1 (∃R M2 D)
z〈M1〉.z〈M2〉.Pz

∃R-(L ∃R M ((L x D1 (λ̂x.D2 x))⇔(L x D1 (λ̂x. ∃R M (D2 x))
z〈M〉.(νw)x〈w〉.(Pw | Qxz)⇔ (νw)x〈w〉.(Pw | z〈M〉.Qxz)
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∃R-�L ∃R M (�L x (λ̂w.λ̂x.Dw x))⇔ �L x (λ̂w.λ̂x. ∃R M (Dwx))
z〈M〉.x(w).Pwxz ⇔ x(w).z〈M〉.Pwxz

∃R-1L ∃R M (1L x D)⇔ 1L x (∃R M D)
z〈M〉.x().Pz ⇔ x().z〈M〉.Pz

∃R-!L ∃R M (!L x (λu.D u))⇔ !L x (λu.∃R M (Du))
z〈M〉.x/u.Puz ⇔ x/u.z〈M〉.Puz

∃R-copy ∃R M (copy u (λ̂x.D x))⇔ copy u (λ̂x. ∃R M (Dx))
z〈M〉.(νx)u〈x〉.Puxz ⇔ (νx)u〈x〉.z〈M〉.Puxz

∃R-∀L ∃R M1 (∀L x M2 (λ̂x.D x))⇔ ∀L x M2 (λ̂x. ∃R M1 (Dx))
z〈M1〉.x〈M2〉.Pxz ⇔ x〈M2〉.z〈M1〉.Pxz

∃R-∃L ∃R M (∃L x (λa.λ̂x.D ax))⇔ ∃L x (λa.λ̂x. ∃R M (Dax))
z〈M〉.x(a).Paxz ⇔ x(a).z〈M〉.Paxz

∃R-cut ∃R M (cut D1 (λ̂x.D2 x))⇔ cut D1 (λ̂x. ∃R M (D2 x))
z〈M〉.(νx)(Px | Qxz)⇔ (νx)(Px | z〈M〉.Qxz)

∃R-init No conversion for ∃R M (init x)
z〈M〉.[x↔ z]

∃R-cut! ∃R M (cut! D1 (λu.D2 u))⇔ cut! D1 (λu. ∃R M (D2 u))
z〈M〉.(νu)(!u(x).Px | Quz)⇔ (νu)(!u(x).Px | z〈M〉.Quz)

2.7 (L

(L-(R-1 No conversion for (L x ((R (λ̂y.D1 y)) (λ̂x.D2 x)
(νw)x〈w〉.(w(y).Pwy | Qxz)

(L-(R-2 Refer to (R-(L-3.

(L-�R-1 No conversion for (L x (�R D1 D2) (λ̂x.D3 x)
(νw)x〈w〉.((νy)w〈y〉.(Py | Qw) | Rxz)

(L-�R-2 Refer to �R-(L-1.

(L-�R-3 Refer to �R-(L-2.

(L-1R-1 No conversion for (L x 1R (λ̂x.D x)
(νw)x〈w〉.(w〈〉.0 | Pxz)

(L-1R-2 (L x D (λ̂x.1R) is not a well-formed proof term.

(L-!R-1 No conversion for (L x (!R D1) (λ̂x.D2 x)
(νw)x〈w〉.(!w(y).Py | Qxz)

(L-!R-2 (L x D1 (λ̂x. !R D2) is not a well-formed proof term.

(L-∀R-1 No conversion for (L x (∀R (λa.D1 a)) (λ̂x.D2 x)
(νw)x〈w〉.(w(a).Paw | Qxz)
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(L-∀R-2 Refer to ∀R-(L-2.

(L-∃R-1 No conversion for (L x (∃R M D1) (λ̂x.D2 x)
(νw)x〈w〉.(w〈M〉.Pw | Qxz)

(L-∃R-2 Refer to ∃R-(L.

(L-(L-1 (L x ((L y D1 (λ̂y.D2 y)) (λ̂x.D3 x)⇔(L y D1 (λ̂y.(L x (D2 y) (λ̂x.D3 x))
(νw)x〈w〉.((νv)y〈v〉.(Pv | Qyw) | Rxz)⇔ (νv)y〈v〉.(Pv | (νw)x〈w〉.(Qyw | Rxz))

(L-(L-2 No conversion for (L x D1 (λ̂x.(L x D2 (λ̂x.D3 x))
(νw)x〈w〉.(Pw | (νy)x〈y〉.(Qy | Rxz))

(L-(L-3 Refer to (L-(L-1.

(L-(L-4 (L x D1 (λ̂x.(L y D2 (λ̂y.D3 x y))⇔(L y D2 (λ̂y.(L x D1 (λ̂x.D3 x y))
(νw)x〈w〉.(Pw | (νv)y〈v〉.(Qv | Rxyz))⇔ (νv)y〈v〉.(Qv | (νw)x〈w〉.(Pw | Rxyz))

(L-�L-1 (L x (�L y (λ̂v.λ̂y.D1 v y)) (λ̂x.D2 x)⇔ �L y (λ̂v.λ̂y.(L x (D1 v y) (λ̂x.D2 x))
(νw)x〈w〉.(y(v).Pvyw | Qxz)⇔ y(v).(νw)x〈w〉.(Pvyw | Qxz)

(L-�L-2 No conversion for (L x D1 (λ̂x.�L x (λ̂y.λ̂x.D2 y x))
(νw)x〈w〉.(Pw | x(y).Qyxz)

(L-�L-3 (L x D1 (λ̂x.�L y (λ̂v.λ̂y.D2 x v y))⇔ �L y (λ̂v.λ̂y.(L x D1 (λ̂x.D2 x v y))
(νw)x〈w〉.(Pw | y(v).Qxvyz)⇔ y(v).(νw)x〈w〉.(Pw | Qxvyz)

(L-1L-1 (L x (1L y D1) (λ̂x.D2 x)⇔ 1L y ((L x D1 (λ̂x.D2 x))
(νw)x〈w〉.(y().Pw | Qxz)⇔ y().(νw)x〈w〉.(Pw | Qxz)

(L-1L-2 No conversion for (L x D1 (λ̂x.1L x D2)
(νw)x〈w〉.(Pw | x().Qz)

(L-1L-3 (L x D1 (λ̂x.1L y (D2 x))⇔ 1L y ((L x D1 (λ̂x.D2 x))
(νw)x〈w〉.(Pw | y().Qxz)⇔ y().(νw)x〈w〉.(Pw | Qxz)

(L-!L-1 (L x (!L y (λu.D1 u)) (λ̂x.D2 x)⇔ !L y (λu.(L x (D1 u) (λ̂x.D2 x))
(νw)x〈w〉.(y/u.Puw | Qxz)⇔ y/u.(νw)x〈w〉.(Puw | Qxz)

(L-!L-2 No conversion for (L x D1 (λ̂x. !L x (λu.D2 u))
(νw)x〈w〉.(Pw | x/u.Quz)

(L-!L-3 (L x D1 (λ̂x. !L y (λu.D2 xu))⇔ !L y (λu.(L x D1 (λ̂x.D2 xu))
(νw)x〈w〉.(Pw | y/u.Qxuz)⇔ y/u.(νw)x〈w〉.(Pw | Qxuz)

(L-copy-1 (L x (copy u (λ̂y.D1 u y)) (λ̂x.D2 x)⇔ copy u (λ̂y.(L x (D1 u y) (λ̂x.D2 x))
(νw)x〈w〉.((νy)u〈y〉.Puyw | Qxz)⇔ (νy)u〈y〉.(νw)x〈w〉.(Puyw | Qxz)

(L-copy-2 (L x D1 (λ̂x. copy u (λ̂y.D2 xu y))⇔ copy u (λ̂y.(L x D1 (λ̂x.D2 xu y))
(νw)x〈w〉.(Pw | (νy)u〈y〉.Qxuyz)⇔ (νw)x〈w〉.(Pw | (νy)u〈y〉.Qxuyz)
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(L-∀L-1 (L x (∀L y M (λ̂y.D1 y)) (λ̂x.D2 x)⇔ ∀L y M (λ̂y.(L x (D1 y) (λ̂x.D2 x))
(νw)x〈w〉.(y〈M〉.Pyw | Qxz)⇔ y〈M〉.(νw)y〈w〉.(Pyw | Qxz)

(L-∀L-2 No conversion for (L x D1 (λ̂x. ∀L x M (λ̂x.D2 x))
(νw)x〈w〉.(Pw | x〈M〉.Qxz)

(L-∀L-3 (L x D1 (λ̂x. ∀L y M (λ̂y.D2 x y))⇔ ∀L y M (λ̂y.(L x D1 (λ̂x.D2 x y))
(νw)x〈w〉.(Pw | y〈M〉.Qxyz)⇔ y〈M〉.(νw)x〈w〉.(Pw | Qxyz)

(L-∃L-1 (L x (∃L y (λa.λ̂y.D1 a y)) (λ̂x.D2 x)⇔ ∃L y (λa.λ̂y.(L x (D1 a y) (λ̂x.D2 x))
(νw)x〈w〉.(y(a).Payw | Qxz)⇔ y(a).(νw)y〈w〉.(Payw | Qxz)

(L-∃L-2 No conversion for (L x D1 (λ̂x. ∃L x (λa.λ̂x.D2 a x))
(νw)x〈w〉.(Pw | x(a).Qaxz)

(L-∃L-3 (L x D1 (λ̂x. ∃L y (λa.λ̂y.D2 x a y))⇔ ∃L y (λa.λ̂y.(L x D1 (λ̂x.D2 x a y))
(νw)x〈w〉.(Pw | y(a).Qxayz)⇔ y(a).(νw)x〈w〉.(Pw | Qxayz)

(L-cut-1 (L x (cut D1 (λ̂y.D2 y)) (λ̂x.D3 x)⇔ cut D1 (λ̂y.(L x (D2 y) (λ̂x.D3 x))
(νw)x〈w〉.((νy)(Py | Qyw) | Rxz)⇔ (νy)(Py | (νw)x〈w〉.(Qyw | Rxz))

(L-cut-2 (L x D1 (λ̂x. cut (D2 x) (λ̂y.D3 y))⇔ cut ((L x D1 (λ̂x.D2 x)) (λ̂y.D3 y)
(νw)x〈w〉.(Pw | (νy)(Qxy | Ryz))⇔ (νy)((νw)x〈w〉.(Pw | Qxy) | Ryz)

(L-cut-3 (L x D1 (λ̂x. cut D2 (λ̂y.D3 x y))⇔ cut D2 (λ̂y.(L x D1 (λ̂x.D3 x y))
(νw)x〈w〉.(Pw | (νy)(Qy | Rxyz))⇔ (νy)(Qy | (νw)x〈w〉.(Pw | Rxyz))

(L-init-1 No conversion for (L x (init y) (λ̂x.D x)
(νw)x〈w〉.([y ↔ w] | Pxz)

(L-init-2 No conversion for (L x D (λ̂x. init x)
(νw)x〈w〉.(Pw | [x↔ z])

(L-init-3 (L x D (λ̂x. init y) is not a well-formed proof term.

(L-cut!-1 (L x (cut! D1 (λu.D2 u)) (λ̂x.D3 x)⇔ cut! D1 (λu.(L x (D2 u) (λ̂x.D3 x))
(νw)x〈w〉.((νu)(!u(y).Py | Quw) | Rxz)⇔ (νu)(!u(y).Py | (νw)x〈w〉.(Quw | Rxz))

(L-cut!-2 (L x D1 (λ̂x. cut! (D2 x) (λu.D3 u)) is not a well-formed proof term.

(L-cut!-3 (L x D1 (λ̂x. cut! D2 (λu.D3 xu))⇔ cut! D2 (λu.(L x D1 (λ̂x.D3 xu))
(νw)x〈w〉.(Pw | (νu)(!u(y).Qy | Rxuz))⇔ (νu)(!u(y).Qy | (νw)x〈w〉.(Pw | Rxuz))

2.8 �L

�L-(R Refer to (R-�L-2.

�L-�R-1 Refer to �R-�L-1.

�L-�R-2 No conversion for �L x (λ̂w.λ̂x.�R (D1 w) (D2 x))
x(w).(νy)z〈y〉.(Pwy | Qxz)
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�L-�R-3 No conversion for �L x (λ̂w.λ̂x.�R (D1 x) (D2 w))
x(w).(νy)z〈y〉.(Pxy | Qwz)

�L-�R-4 Refer to �R-�L-2.

�L-1R �L x (λ̂w.λ̂x.1R) is not a well-formed proof term.

�L-!R �L x (λ̂w.λ̂x. !R (Dwx)) is not a well-formed proof term.

�L-∀R Refer to ∀R-�L.

�L-∃R Refer to ∃R-�L.

�L-(L-1 No conversion for �L x (λ̂w.λ̂x.(L w (D1 x) (λ̂w.D2 w))
x(w).(νv)w〈v〉.(Pxv | Qwz)

�L-(L-2 No conversion for �L x (λ̂w.λ̂x.(L w D1 (λ̂w.D2 xw))
x(w).(νv)w〈v〉.(Pv | Qxwz)

�L-(L-3 No conversion for �L x (λ̂w.λ̂x.(L x (D1 w) (λ̂x.D2 x))
x(w).(νv)x〈v〉.(Pwv | Qxz)

�L-(L-4 No conversion for �L x (λ̂w.λ̂x.(L x D1 (λ̂x.D2 w x))
x(w).(νv)x〈v〉.(Pv | Qwxz)

�L-(L-5 Refer to (L-�L-1.

�L-(L-6 No conversion for �L x (λ̂w.λ̂x.(L y (D1 w) (λ̂y.D2 x y))
x(w).(νv)y〈v〉.(Pwv | Qxyz)

�L-(L-7 No conversion for �L x (λ̂w.λ̂x.(L y (D1 x) (λ̂y.D2 w y))
x(w).(νv)y〈v〉.(Pxv | Qwyz)

�L-(L-8 Refer to (L-�L-3.

�L-�L-1 No conversion for �L x (λ̂w.λ̂x.�L w (λ̂y.λ̂w.D x y w))
x(w).w(y).Pxywz

�L-�L-2 No conversion for �L x (λ̂w.λ̂x.�L x (λ̂y.λ̂x.Dw y x))
x(w).x(y).Pwyxz

�L-�L-3 �L x (λ̂w.λ̂x.�L y (λ̂v.λ̂y.Dw x v y))⇔ �L y (λ̂v.λ̂y.�L x (λ̂w.λ̂x.Dw x v y))
x(w).y(v).Pwxvyz ⇔ y(v).x(w).Pwxvyz

�L-1L-1 No conversion for �L x (λ̂w.λ̂x.1L w (Dx))
x(w).w().Pxz

�L-1L-2 No conversion for �L x (λ̂w.λ̂x.1L x (Dw))
x(w).x().Pwz

�L-1L-3 �L x (λ̂w.λ̂x.1L y (Dwx))⇔ 1L y (�L x (λ̂w.λ̂x.Dw x))
x(w).y().Pwxz ⇔ y().x(w).Pwxz

11



�L-!L-1 No conversion for �L x (λ̂w.λ̂x. !L w (λu.D xu))
x(w).w/u.Pxuz

�L-!L-2 No conversion for �L x (λ̂w.λ̂x. !L x (λu.Dw u))
x(w).x/u.Pwuz

�L-!L-3 �L x (λ̂w.λ̂x. !L y (λu. (Dwxu)))⇔ !L y (λu. (�L x (λ̂w.λ̂x.Dw xu)))
x(w).y/u.Pwxuz ⇔ y/u.x(w).Pwxuz

�L-copy �L x (λ̂w.λ̂x. copy u (λ̂y.Dw xu y))⇔ copy u (λ̂y. (�L x (λ̂w.λ̂x.Dw xu y)))
x(w).(νy)u〈y〉.Pwxuyz ⇔ (νy)u〈y〉.x(w).Pwxuyz

�L-∀L-1 No conversion for �L x (λ̂w.λ̂x. ∀L w M (λ̂w.D xw))
x(w).w〈M〉.Pxwz

�L-∀L-2 No conversion for �L x (λ̂w.λ̂x. ∀L x M (λ̂x.Dw x))
x(w).x〈M〉.Pwxz

�L-∀L-3 �L x (λ̂w.λ̂x. ∀L y M (λ̂y.Dw x y))⇔ ∀L y M (λ̂y.�L x (λ̂w.λ̂x.Dw x y))
x(w).y〈M〉.Pwxyz ⇔ y〈M〉.x(w).Pwxyz

�L-∃L-1 No conversion for �L x (λ̂w.λ̂x. ∃L w (λa.λ̂w.D xaw))
x(w).w(a).Pxawz

�L-∃L-2 No conversion for �L x (λ̂w.λ̂x. ∃L x (λa.λ̂x.Dw ax))
x(w).x(a).Pwaxz

�L-∃L-3 �L x (λ̂w.λ̂x. ∃L y (λa.λ̂y.Dw xa y))⇔ ∃L y (λa.λ̂y.�L x (λ̂w.λ̂x.Dw xa y))
x(w).y(a).Pwxayz ⇔ y(a).x(w).Pwxayz

�L-cut-1 �L x (λ̂w.λ̂x. cut (D1 w x) (λ̂y.D2 y))⇔ cut (�L x (λ̂w.λ̂x.D1 w x)) (λ̂y.D2 y)
x(w).(νy)(Pwxy | Qyz)⇔ (νy)(x(w).Pwxy | Qyz)

�L-cut-2 No conversion for �L x (λ̂w.λ̂x. cut (D1 w) (λ̂y.D2 x y))
x(w).(νy)(Pwy | Qxyz)

�L-cut-3 No conversion for �L x (λ̂w.λ̂x. cut (D1 x) (λ̂y.D2 w y))
x(w).(νy)(Pxy | Qwyz)

�L-cut-4 �L x (λ̂w.λ̂x. cut D1 (λ̂y.D2 w xy))⇔ cut D1 (λ̂y.�L x (λ̂w.λ̂x.D2 w xy))
x(w).(νy)(Py | Qwxyz)⇔ (νy)(Py | x(w).Qwxyz)

�L-init-1 �L x (λ̂w.λ̂x. init w) is not a well-formed proof term.

�L-init-2 �L x (λ̂w.λ̂x. init x) is not a well-formed proof term.

�L-init-3 �L x (λ̂w.λ̂x. init y) is not a well-formed proof term.

�L-cut!-1 �L x (λ̂w.λ̂x. cut! (D1 w x) (λu.D2 u)) is not a well-formed proof term.

�L-cut!-2 �L x (λ̂w.λ̂x. cut! (D1 w) (λu.D2 xu)) is not a well-formed proof term.
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�L-cut!-2 �L x (λ̂w.λ̂x. cut! (D1 x) (λu.D2 w u)) is not a well-formed proof term.

�L-cut!-4 �L x (λ̂w.λ̂x. cut! D1 (λu.D2 w xu))⇔ cut! D1 (λu.�L x (λ̂w.λ̂x.D2 w xu))
x(w).(νu)(!u(y).Py | Qwxuz)⇔ (νu)(!u(y).Py | x(w).Qwxuz)

2.9 1L

1L-(R Refer to (R-1L-2.

1L-�R-1 Refer to �R-1L-1.

1L-�R-2 Refer to �R-1L-2.

The next two cases distinguish the process assignment that uses a silent 1L from the process assignment
that uses an explicit x(). In the former, !z(y).Py could immediately offer a replicated input action to
the external environment, but, in the latter, the replicated input action can only be offered to the external
environment once x terminates. We cannot postpone waiting on x to terminate because there is no commuting
conversion here; !R (1L x D) is not a well-formed proof term. More comments on this issue appear at the
end of this document.

1L-1R No conversion for 1L x 1R

x().z〈〉.0

1L-!R No conversion for 1L x (!R D)
x().!z(y).Py

The following cases are similar to those described above.

1L-∀R Refer to ∀R-1L.

1L-∃R Refer to ∃R-1L.

1L-(L-1 Refer to (L-1L-1.

1L-(L-2 Refer to (L-1L-3.

1L-�L Refer to �L-1L-3.

1L-1L 1L x (1L y D)⇔ 1L y (1L x D)
x().y().P ⇔ y().x().P

1L-!L 1L x (!L y (λu.D u))⇔ !L y (λu.1L x (Du))
x().y/u.Pu ⇔ y/u.x().Pu

1L-copy 1L x (copy u (λ̂y.D u y))⇔ copy u (λ̂y.1L x (Duy))
x().(νy)u〈y〉.Puyz ⇔ (νy)u〈y〉.x().Puyz

1L-∀L 1L x (∀L y M (λ̂y.D y))⇔ ∀L y M (λ̂y.1L x (Dy))
x().y〈M〉.Pyz ⇔ y〈M〉.x().Pyz

1L-∃L 1L x (∃L y (λa.λ̂y.D a y))⇔ ∃L y (λa.λ̂y.1L x (Day))
x().y(a).Payz ⇔ y(a).x().Payz

1L-cut-1 1L x (cut D1 (λ̂y.D2 y))⇔ cut (1L x D1) (λ̂y.D2 y)
x().(νy)(Py | Qyz)⇔ (νy)(x().Py | Qyz)
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1L-cut-2 1L x (cut D1 (λ̂y.D2 y))⇔ cut D1 (λ̂y.1L x (D2 y))
x().(νy)(Py | Qyz)⇔ (νy)(Py | x().Qyz)

Here is another instance where we cannot postpone waiting on x to terminate.

1L-init No conversion for 1L x (init y)
x().[y ↔ z]

And then one last case:

1L-cut! 1L x (cut! D1 (λu.D2 u))⇔ cut! D1 (λu.1L x (D2 u))
x().(νu)(!u(y).Py | Quz)⇔ (νu)(!u(y).Py | x().Quz)

2.10 !L

!L-(R Refer to (R-!L-2.

!L-�R-1 Refer to �R-!L-1.

!L-�R-2 Refer to �R-!L-2.

!L-�R-3 No conversion for !L x (λu.�R (D1 u) (D2 u))
x/u.(νy)z〈y〉.(Puy | Quz)

when both occurrences of u are strict.

!L-1R No conversion for !L x (λu.1R)
x/u.z〈〉.0

!L-!R No conversion for !L x (λu. !R (Du))
x/u.!z(y).Puy

!L-∀R Refer to ∀R-!L.

!L-∃R Refer to ∃R-!L.

!L-(L-1 Refer to (L-!L-1.

!L-(L-2 Refer to (L-!L-3.

!L-(L-3 No conversion for !L x (λu.(L y (D1 u) (λ̂y.D2 u y))
x/u.(νw)y〈w〉.(Puw | Quyz)

when both occurrences of u are strict.

!L-�L Refer to �L-!L-3.

!L-1L Refer to 1L-!L.

!L-!L !L x (λu. !L y (λv.D u v))⇔ !L y (λv. !L x (λu.D u v))
x/u.y/v.Puvz ⇔ y/v.x/u.Puvz

!L-copy-1 No conversion for !L x (λu. copy u (λ̂y.D u y))
x/u.(νy)u〈y〉.Puyz

!L-copy-2 !L x (λu. copy v (λ̂y.D u v y))⇔ copy v (λ̂y. !L x (λu.D u v y))
x/u.(νy)v〈y〉.Puvyz ⇔ (νy)v〈y〉.x/u.Puvyz

!L-∀L !L x (λu.∀L y M (λ̂y.D u y))⇔ ∀L y M (λ̂y. !L x (λu.D u y))
x/u.y〈M〉.Puyz ⇔ y〈M〉.x/u.Puyz
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!L-∃L !L x (λu.∃L y (λa.λ̂y.D u a y))⇔ ∃L y (λa.λ̂y. !L x (λu.D ua y))
x/u.y(a).Puayz ⇔ y(a).x/u.Puayz

!L-cut-1 !L x (λu. cut (D1 u) (λ̂y.D2 y))⇔ cut (!L x (λu.D1 u)) (λ̂y.D2 y)
x/u.(νy)(Puy | Qyz)⇔ (νy)(x/u.Puy | Qyz)

!L-cut-2 !L x (λu. cut D1 (λ̂y.D2 u y))⇔ cut D1 (λ̂y. !L x (λu.D2 u y))
x/u.(νy)(Py | Quyz)⇔ (νy)(Py | x/u.Quyz)

!L-cut-3 No conversion for !L x (λu. cut (D1 u) (λ̂y.D2 u y))
x/u.(νy)(Puy | Quyz)

when both occurrences of u are strict.

!L-init No conversion for !L x (λu. init y)
x/u.[y ↔ z]

!L-cut!-1 No conversion for !L x (λu. cut! (D1 u) (λv.D2 u v))
x/u.(νv)(!v(y).Puy | Quvz)

when the first occurrence of u is strict.

!L-cut!-2 !L x (λu. cut! D1 (λv.D2 u v))⇔ cut! D1 (λv. !L x (λu.D2 u v))
x/u.(νv)(!v(y).Py | Quvz)⇔ (νv)(!v(y).Py | x/u.Quvz)

2.11 copy

copy-(R Refer to (R-copy.

copy-�R-1 Refer to �R-copy-1.

copy-�R-2 Refer to �R-copy-2.

copy-1R copy u (λ̂x.1R) is not a well-formed proof term.

copy-!R copy u (λ̂x. !R D) is not a well-formed proof term.

copy-∀R Refer to ∀R-copy.

copy-∃R Refer to ∃R-copy.

copy-(L-1 No conversion for copy u (λ̂x.(L x D1 (λ̂x.D2 x))
(νx)u〈x〉.(νy)x〈y〉.(Puy | Quxz)

copy-(L-2 Refer to (L-copy-1.

copy-(L-3 Refer to (L-copy-2.

copy-�L-1 No conversion for copy u (λ̂x.�L x (λ̂y.λ̂x.D y x))
(νx)u〈x〉.x(y).Puyxz

copy-�L-2 Refer to �L-copy.

copy-1L-1 No conversion for copy u (λ̂x.1L x D)
(νx)u〈x〉.x().Puz

copy-1L-2 Refer to 1L-copy.

copy-!L-1 No conversion for copy u (λ̂x. !L x (λv.D v))
(νx)u〈x〉.x/v.Puvz
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copy-!L-2 Refer to !L-copy-2.

copy-copy copy u (λ̂x. copy v (λ̂y.D x y))⇔ copy v (λ̂y. copy u (λ̂x.D x y))
(νx)u〈x〉.(νy)v〈y〉.Puxvyz ⇔ (νy)v〈y〉.(νx)u〈x〉.Puxvyz

copy-∀L-1 No conversion for copy u (λ̂x. ∀L x M (λ̂x.D x))
(νx)u〈x〉.x〈M〉.Puxz

copy-∀L-2 copy u (λ̂x. ∀L y M (λ̂y.D x y))⇔ ∀L y M (λ̂y. copy u (λ̂x.D x y))
(νx)u〈x〉.y〈M〉.Puxyz ⇔ y〈M〉.(νx)u〈x〉.Puxyz

copy-∃L-1 No conversion for copy u (λ̂x. ∃L x (λa.λ̂x.D ax))
(νx)u〈x〉.x(a).Puaxz

copy-∃L-2 copy u (λ̂x. ∃L y (λa.λ̂y.D x a y))⇔ ∃L y (λa.λ̂y. copy u (λ̂x.D x a y))
(νx)u〈x〉.y(a).Puxayz ⇔ y(a).(νx)u〈x〉.Puxayz

copy-cut-1 copy u (λ̂x. cut (D1 x) (λ̂y.D2 y))⇔ cut (copy u (λ̂x.D1 x)) (λ̂y.D2 y)
(νx)u〈x〉.(νy)(Puxy | Qyz)⇔ (νy)((νx)u〈x〉.Puxy | Qyz)

copy-cut-2 copy u (λ̂x. cut D1 (λ̂y.D2 x y))⇔ cut D1 (λ̂y. copy u (λ̂x.D2 x y))
(νx)u〈x〉.(νy)(Py | Quxyz)⇔ (νy)(Py | (νx)u〈x〉.Quxyz)

copy-init-1 No conversion for copy u (λ̂x. init x)
(νx)u〈x〉.[x↔ z]

copy-init-2 copy u (λ̂x. init y) is not a well-formed proof term.

copy-cut!-1 copy u (λ̂x. cut! (D1 x) (λv.D2 v)) is not a well-formed proof term.

copy-cut!-2 copy u (λ̂x. cut! D1 (λv.D2 x v))⇔ cut! D1 (λv. copy u (λ̂x.D2 x v))
(νx)u〈x〉.(νv)(!v(y).Puy | Quxvz)⇔ (νv)(!v(y).Puy | (νx)u〈x〉.Quxvz)

2.12 ∀L
∀L-(R Refer to (R-∀L-2.

∀L-�R-1 Refer to �R-∀L-1.

∀L-�R-2 Refer to �R-∀L-2.

∀L-1R ∀L x M (λ̂x.1R) is not a well-formed proof term.

∀L-!R ∀L x M (λ̂x. !R D) is not a well-formed proof term.

∀L-∀R Refer to ∀R-∀L-2.

∀L-∃R Refer to ∃R-∀L.

∀L-(L-1 No conversion for ∀L x M (λ̂x.(L x D1 (λ̂x.D2 x))
x〈M〉.(νw)x〈w〉.(Pw | Qxz)

∀L-(L-2 Refer to (L-∀L-1.

∀L-(L-3 Refer to (L-∀L-3.
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∀L-�L-1 No conversion for ∀L x M (λ̂x.�L x (λ̂y.λ̂x.D y x))
x〈M〉.x(y).Qyxz

∀L-�L-2 Refer to �L-∀L-3.

∀L-1L-1 No conversion for ∀L x M (λ̂x.1L x D)
x〈M〉.x().Pz

∀L-1L-2 Refer to 1L-∀L.

∀L-!L-1 No conversion for ∀L x M (λ̂x. !L x (λu.D u))
x〈M〉.x/u.Puz)

∀L-!L-2 Refer to !L-∀L.

∀L-copy Refer to copy-∀L-2.

∀L-∀L-1 No conversion for ∀L x M1 (λ̂x. ∃L x (λM2.λ̂x.D x))
x〈M1〉.x〈M2〉.Pxz

∀L-∀L-2 ∀L x M1 (λ̂x. ∀L y M2 (λ̂y.D x y))⇔ ∀L y M2 (λ̂y.∀L x M1 (λ̂x.D x y))
x〈M1〉.y〈M2〉.Pxyz ⇔ y〈M2〉.x〈M1〉.Pxyz

∀L-∃L-1 No conversion for ∀L x M (λ̂x. ∃L x (λa.λ̂x.D ax))
x〈M〉.x(a).Paxz

∀L-∃L-2 ∀L x M (λ̂x. ∃L y (λa.λ̂y.D x a y))⇔ ∃L y (λa.λ̂y.∀L x M (λ̂x.D x a y))
x〈M〉.y(a).Pxayz ⇔ y(a).x〈M〉.Pxayz

∀L-cut-1 ∀L x M (λ̂x. cut (D1 x) (λ̂y.D2 y))⇔ cut (∀L x M (λ̂x.D1 x)) (λ̂y.D2 y)
x〈M〉.(νy)(Pxy | Qyz)⇔ (νy)(x〈M〉.Pxy | Qyz)

∀L-cut-2 ∀L x M (λ̂x. cut D1 (λ̂y.D2 x y))⇔ cut D1 (λ̂y.∀L x M (λ̂x.D2 x y))
x〈M〉.(νy)(Py | Qxyz)⇔ (νy)(Py | x〈M〉.Qxyz)

∀L-init-1 No conversion for ∀L x M (λ̂x. init x)
x〈M〉.[x↔ z]

∀L-init-2 ∀L x M (λ̂x. init y) is not a well-formed proof term.

∀L-cut!-1 ∀L x M (λ̂x. cut! (D1 x) (λu.D2 u)) is not a well-formed proof term.

∀L-cut!-2 ∀L x M (λ̂x. cut! D1 (λu.D2 xu))⇔ cut! D1 (λu. ∀L x M (λ̂x.D2 xu))
x〈M〉.(νu)(!u(y).Py | Qxuz)⇔ (νu)(!u(y).Py | x〈M〉.Qxuz)

2.13 ∃L
∃L-(R Refer to (R-∃L-2.

∃L-�R-1 No conversion for ∃L x (λa.λ̂x.�R (D1 a x) (D2 a))
x(a).(νy)z〈y〉.(Paxy | Qaz)

when the second occurrence of a is strict.

∃L-�R-2 Refer to �R-∃L-1.
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∃L-�R-3 No conversion for ∃L x (λa.λ̂x.�R (D1 a) (D2 a x))
x(a).(νy)z〈y〉.(Pay | Qaxz)

when the first occurrence of a is strict.

∃L-�R-4 Refer to �R-∃L-2.

∃L-1R ∃L x (λa.λ̂x.1R) is not a well-formed proof term.

∃L-!R ∃L x (λa.λ̂x. !R (Da)) is not a well-formed proof term.

∃L-∀R Refer to ∀R-∃L.

∃L-∃R-1 No conversion for ∃L x (λa.λ̂x. ∃R (M a) (Dax))
x(a).z〈M a〉.Paxz

when the first occurrence of a is strict.

∃L-∃R-2 Refer to ∃R-∃L.

∃L-(L-1 No conversion for ∃L x (λa.λ̂x.(L x (D1 a) (λ̂x.D2 a x))
x(a).(νw)x〈w〉.(Paw | Qaxz)

∃L-(L-2 No conversion for ∃L x (λa.λ̂x.(L y (D1 a x) (λ̂y.D2 a y))
x(a).(νw)y〈w〉.(Paxw | Qayz)

when the second occurrence of a is

strict.

∃L-(L-3 Refer to (L-∃L-1.

∃L-(L-4 No conversion for ∃L x (λa.λ̂x.(L y (D1 a) (λ̂y.D2 a x y))
x(a).(νw)y〈w〉.(Paw | Qaxyz)

when the first occurrence of a is strict.

∃L-(L-5 Refer to (L-∃L-3.

∃L-�L-1 No conversion for ∃L x (λa.λ̂x.�L x (λ̂y.λ̂x.D a y x))
x(a).x(y).Qayxz

∃L-�L-2 Refer to �L-∃L-3.

∃L-1L-1 No conversion for ∃L x (λa.λ̂x.1L x (Da))
x(a).x().Paz

∃L-1L-2 Refer to 1L-∃L.

∃L-!L-1 No conversion for ∃L x (λa.λ̂x. !L x (λu.D au))
x(a).x/u.Pauz)

∃L-!L-2 Refer to !L-∃L.

∃L-copy Refer to copy-∃L-2.

∃L-∀L-1 No conversion for ∃L x (λa.λ̂x. ∀L x (M a) (λ̂x.D ax))
x(a).x〈M a〉.Paxz

∃L-∀L-2 No conversion for ∃L x (λa.λ̂x. ∀L y (M a) (λ̂y.D ax y))
x(a).y〈M a〉.Paxyz

when the first occurrence of a is strict.

∃L-∀L-3 Refer to ∀L-∃L-2.

∃L-∃L-1 No conversion for ∃L x (λa.λ̂x. ∃L x (λb.λ̂x.D a b x))
x(a).x(b).Pabxz
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∃L-∃L-2 ∃L x (λa.λ̂x. ∃L y (λb.λ̂y.D ax b y))⇔ ∃L y (λb.λ̂y.∃L x (λa.λ̂x.D ax b y))
x(a).y(b).Paxbyz ⇔ y(b).x(a).Paxbyz

∃L-cut-1 No conversion for ∃L x (λa.λ̂x. cut (D1 a x) (λ̂y.D2 a y))
x(a).(νy)(Paxy | Qayz)

when the second occurrence of a is strict.

∃L-cut-2 ∃L x (λa.λ̂x. cut (D1 a x) (λ̂y.D2 y))⇔ cut (∃L x (λa.λ̂x.D1 a x)) (λ̂y.D2 y)
x(a).(νy)(Paxy | Qyz)⇔ (νy)(x(a).Paxy | Qyz)

∃L-cut-3 No conversion for ∃L x (λa.λ̂x. cut (D1 a) (λ̂y.D2 a x y))
x(a).(νy)(Pay | Qaxyz)

when the first occurrence of a is strict.

∃L-cut-4 ∃L x (λa.λ̂x. cut D1 (λ̂y.D2 a x y))⇔ cut D1 (λ̂y.∃L x (λa.λ̂x.D2 a x y))
x(a).(νy)(Py | Qaxyz)⇔ (νy)(Py | x(a).Qaxyz)

∃L-init-1 No conversion for ∃L x (λa.λ̂x. init x)
x(a).[x↔ z]

∃L-init-2 ∃L x (λa.λ̂x. init y) is not a well-formed proof term.

∃L-cut!-1 ∃L x (λa.λ̂x. cut! (D1 a x) (λu.D2 a u)) is not a well-formed proof term.

∃L-cut!-2 No conversion for ∃L x (λa.λ̂x. cut! (D1 a) (λu.D2 a xu))
x(a).(νu)(!u(y).Pay | Qaxuz)

when the first occurrence of a is strict.

∃L-cut!-3 ∃L x (λa.λ̂x. cut! D1 (λu.D2 a xu))⇔ cut! D1 (λu. ∃L x (λa.λ̂x.D2 a xu))
x(a).(νu)(!u(y).Py | Qaxuz)⇔ (νu)(!u(y).Py | x(a).Qaxuz)

2.14 cut

cut-(R-1 No conversion for cut ((R (λ̂y.D1 y)) (λ̂x.D2 x)
(νx)(x(y).Pyx | Qxz)

cut-(R-2 Refer to (R-cut-2.

cut-�R-1 No conversion for cut (�R D1 D2) (λ̂x.D3 x)
(νx)((νy)x〈y〉.(Py | Qx) | Rxz)

cut-�R-2 Refer to �R-cut-1.

cut-�R-3 Refer to �R-cut-2.

cut-1R-1 No conversion for cut 1R (λ̂x.D x)
(νx)(x〈〉.0 | Pxz)

cut-1R-2 cut D (λ̂x.1R) is not a well-formed proof term.

cut-!R-1 No conversion for cut (!R D1) (λ̂x.D2 x)
(νx)(!x(y).Py | Qxz)

cut-!R-2 cut D1 (λ̂x. !R D2) is not a well-formed proof term.

cut-∀R-1 No conversion for cut (∀R (λa.D1 a)) (λ̂x.D2 x)
(νx)(x(a).Pax | Qxz)
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cut-∀R-2 Refer to ∀R-cut-2.

cut-∃R-1 No conversion for cut (∃R M D1) (λ̂x.D2 x)
(νx)(x〈M〉.Px | Qxz)

cut-∃R-2 Refer to ∃R-cut.

cut-(L-1 Refer to (L-cut-2.

cut-(L-2 No conversion for cut D1 (λ̂x.(L x D2 (λ̂x.D3 x))
(νx)(Px | (νw)x〈w〉.(Qw | Rxz))

cut-(L-3 Refer to (L-cut-1.

cut-(L-4 Refer to (L-cut-3.

cut-�L-1 Refer to �L-cut-1.

cut-�L-2 No conversion for cut D1 (λ̂x.�L x (λ̂w.λ̂x.D2 w x))
(νx)(Px | x(w).Qwxz)

cut-�L-3 Refer to �L-cut-4.

cut-1L-1 Refer to 1L-cut-1.

cut-1L-2 No conversion for cut D1 (λ̂x.1L x D2)
(νx)(Px | x().Qz)

cut-1L-3 Refer to 1L-cut-2.

cut-!L-1 Refer to !L-cut-1.

cut-!L-2 No conversion for cut D1 (λ̂x. !L x (λu.D2 u))
(νx)(Px | x/u.Quz)

cut-!L-3 Refer to 1L-cut-2.

cut-copy-1 cut (copy u (λ̂y.D1 u y)) (λ̂x.D2 x)⇔ copy u (λ̂y. cut (D1 u y) (λ̂x.D2 x))
(νx)((νy)u〈y〉.Puyx | Qxz)⇔ (νy)u〈y〉.(νx)(Puyx | Qxz)

cut-copy-2 cut D1 (λ̂x. copy u (λ̂y.D2 xu y))⇔ copy u (λ̂y. cut D1 (λ̂x.D2 xu y))
(νx)(Px | (νy)u〈y〉.Qxuyz)⇔ (νy)u〈y〉.(νx)(Px | Qxuyz)

cut-∀L-1 Refer to ∀L-cut-1.

cut-∀L-2 Refer to ∀L-cut-2.

cut-∃L-1 Refer to ∃L-cut-2.

cut-∃L-2 Refer to ∃L-cut-4.

cut-cut-1 cut (cut D1 (λ̂y.D2 y)) (λ̂x.D3 x)⇔ cut D1 (λ̂y. cut (D2 y) (λ̂x.D3 x))
(νx)((νy)(Py | Qyx) | Rxz)⇔ (νy)(Py | (νx)(Qyx | Rxz))

cut-cut-2 Refer to cut-cut-1.

cut-cut-3 cut D1 (λ̂x. cut D2 (λ̂y.D3 x y))⇔ cut D2 (λ̂y. cut D1 (λ̂x.D3 x y))
(νx)(Px | (νy)(Qy | Rxyz))⇔ (νy)(Qy | (νx)(Px | Rxyz))
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cut-init-1 No conversion for cut (init y) (λ̂x.D x)
(νx)([y ↔ x] | Pxz)

cut-init-2 No conversion for cut D (λ̂x. init x)
(νx)(Px | [x↔ z])

cut-init-3 cut D (λ̂x. init y) is not a well-formed proof term.

cut-cut!-1 cut (cut! D1 (λu.D2 u)) (λ̂x.D3 x)⇔ cut! D1 (λu. cut (D2 u) (λ̂x.D3 x))
(νx)((νu)(!u(y).Py | Qux) | Rxz)⇔ (νu)(!u(y).Py | (νx)(Qux | Rxz))

cut-cut!-2 cut D1 (λ̂x. cut! (D2 x) (λu.D3 u)) is not a well-formed proof term.

cut-cut!-3 cut D1 (λ̂x. cut! D2 (λu.D3 xu))⇔ cut! D2 (λu. cut D1 (λ̂x.D3 xu))
(νx)(Px | (νu)(!u(y).Qy | Rxuz))⇔ (νu)(!u(y).Qy | (νx)(Px | Rxuz))

2.15 init

There are no cases here because init has no subterms.

2.16 cut!

cut!-(R-1 No conversion for cut! ((R (λ̂y.D1 y)) (λu.D2 u)
(νu)(!u(x).x(y).Pyx | Quz)

cut!-(R-2 Refer to (R-cut!-2.

cut!-�R-1 No conversion for cut! (�R D1 D2) (λu.D3 u)
(νu)(!u(x).(νy)x〈y〉.(Py | Qx) | Ruz)

The following case is noteworthy because it duplicates a persistent service. This also occurs in the
subsequent cut!-(L-2, cut!-cut-2, and cut!-cut!-2 cases.

cut!-�R-2 cut! D1 (λu.�R (D2 u) (D3 u))⇔ �R (cut! D1 (λu.D2 u)) (cut! D1 (λu.D3 u))
(νu)(!u(x).Px | (νy)z〈y〉.(Quy | Ruz))⇔ (νy)z〈y〉.((νu)(!u(x).Px | Quy) | (νu)(!u(x).Px | Ruz))

cut!-1R-1 No conversion for cut! 1R (λu.D u)
(νu)(!u(x).x〈〉.0 | Puz)

The following case is noteworthy because it garbage-collects an unused persistent service. This also occurs
in the subsequent cut!-init-2 case.

cut!-1R-2 cut! D (λu.1R)⇔ 1R

(νu)(!u(x).Px | z〈〉.0)⇔ z〈〉.0

cut!-!R-1 No conversion for cut! (!R D1) (λu.D2 u)
(νu)(!u(x).!x(y).Py | Quz)

cut!-!R-2 Refer to !R-cut!.

cut!-∀R-1 No conversion for cut! (∀R (λa.D1 a)) (λu.D2 u)
(νu)(!u(x).x(a).Pax | Quz)
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cut!-∀R-2 Refer to ∀R-cut!-2.

cut!-∃R-1 No conversion for cut! (∃R M D1) (λu.D2 u)
(νu)(!u(x).x〈M〉.Px | Quz)

cut!-∃R-2 Refer to ∃R-cut!.

cut!-(L-1 cut! ((L y D1 (λ̂y.D2 y)) (λu.D3 u) is not a well-formed proof term.

cut!-(L-2 cut! D1 (λu.(L y (D2 u) (λ̂y.D3 u y))⇔(L y (cut! D1 (λu.D2 u)) (λ̂y. cut! D1 (λu.D3 u y))
(νu)(!u(x).Px | (νw)y〈w〉.(Quw | Ruyz))⇔ (νw)y〈w〉.((νu)(!u(x).Px | Quw) | (νu)(!u(x).Px | Ruyz))

cut!-�L-1 cut! (�L y (λ̂w.λ̂y.D1 w y)) (λu.D2 u) is not a well-formed proof term.

cut!-�L-2 Refer to �L-cut!-4.

cut!-1L-1 cut! (1L y D1) (λu.D2 u) is not a well-formed proof term.

cut!-1L-2 Refer to 1L-cut!.

cut!-!L-1 cut! (!L y (λv.D1 v)) (λu.D2 u) is not a well-formed proof term.

cut!-!L-2 Refer to !L-cut-2.

cut!-copy-1 No conversion for cut! (copy v (λ̂y.D1 v y)) (λu.D2 u)
(νu)(!u(x).(νy)v〈y〉.Pvyx | Quz)

cut!-copy-2 Refer to copy-cut!-2.

cut!-∀L-1 cut! (∀L y M (λ̂y.D1 y)) (λu.D2 u) is not a well-formed proof term.

cut!-∀L-2 Refer to ∀L-cut!-2.

cut!-∃L-1 cut! (∃L y (λa.λ̂y.D1 a y)) (λu.D2 u) is not a well-formed proof term.

cut!-∃L-2 Refer to ∃L-cut!-3.

cut!-cut-1 No conversion for cut! (cut D1 (λ̂y.D2 y)) (λu.D3 u)
(νu)(!u(x).(νy)(Py | Qyx) | Ruz)

cut!-cut-2 cut! D1 (λu. cut (D2 u) (λ̂y.D3 u y))⇔ cut (cut! D1 (λu.D2 u)) (λ̂y. cut! D1 (λu.D3 u y))
(νu)(!u(x).Px | (νy)(Quy | Ruyz))⇔ (νy)((νu)(!u(x).Px | Quy) | (νu)(!u(x).Px | Ruyz))

cut!-init-1 cut! (init y) (λu.D u) is not a well-formed proof term.

cut!-init-2 cut! D (λu. init y)⇔ init y

(νu)(!u(x).Px | [y ↔ z])⇔ [y ↔ z]

cut!-cut!-1 cut! (cut! D1 (λv.D2 v)) (λu.D3 u)⇔ cut! D1 (λv. cut! (D2 v) (λu.D3 u))
(νu)(!u(x).(νv)(!v(y).Py | Qvx) | Ruz)⇔ (νv)(!v(y).Py | (νu)(!u(x).Qvx | Ruz))

cut!-cut!-2 cut! D1 (λu. cut! (D2 u) (λv.D3 u v))⇔ cut! (cut! D1 (λu.D2 u)) (λv. cut! D1 (λu.D3 u v))
(νu)(!u(x).Px | (νv)(!v(y).Quy | Ruvz))⇔ (νv)(!v(y).(νu)(!u(x).Px | Quy) | (νu)(!u(x).Px | Ruvz))
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3 Summary of Multiplicative Fragment

1. x(y).z(w).Pyxzw ⇔ z(w).x(y).Pyxzw if and only if z 6= y, x and x 6= w, z.
(R-(R, (R-�L-1, (R-�L-2, �L-(R, �L-�L-1, �L-�L-2, �L-�L-3

2. x(y).z().Pyx ⇔ z().x(y).Pyx if and only if z 6= y, x.
(R-1L-1, (R-1L-2, �L-1L-1, �L-1L-2, �L-1L-3, 1L-(R, 1L-�L

3. x(y).(νw)z〈w〉.(Pyxw | Qz)⇔ (νw)z〈w〉.(x(y).Pyxw | Qz) if and only if z 6= y, x and x 6= w, z.
�R-(R-1, �R-�L-1, (L-(R-1, (L-�L-1, �L-�R-1, �L-(L-5

4. x(y).(νw)z〈w〉.(Pw | Qyxz)⇔ (νw)z〈w〉.(Pw | x(y).Qyxz) if and only if z 6= y, x and x 6= w, z.
(R-�R-2, (R-(L-1, (R-(L-3, �R-(R-2, �R-�L-2, (L-(R-2, (L-�L-2, (L-�L-3, �L-�R-4,
�L-(L-2, �L-(L-4, �L-(L-8

5. (νy)x〈y〉.((νw)z〈w〉.(Pw | Qzy) | Rx) ⇔ (νw)z〈w〉.(Pw | (νy)x〈y〉.(Qzy | Rx)) if and only if z 6= y, x
and x 6= w, z.
�R-�R-1, �R-(L-1, (L-�R-1, (L-�R-2, (L-(L-1, (L-(L-3

6. (νy)x〈y〉.(Py | (νw)z〈w〉.(Qw | Rxz)) ⇔ (νw)z〈w〉.(Qw | (νy)x〈y〉.(Py | Rxz)) if and only if z 6= y, x
and x 6= w, z.
�R-�R-2, �R-(L-2, (L-�R-3, (L-(L-2, (L-(L-4

7. (νy)x〈y〉.(z().Py | Qx)⇔ z().(νy)x〈y〉.(Py | Qx) if and only if z 6= y, x.
�R-1L-1, (L-1L-1, 1L-�R-1, 1L-(L-1

8. (νy)x〈y〉.(Py | z().Qx)⇔ z().(νy)x〈y〉.(Py | Qx) if and only if z 6= y, x.
�R-1L-2, (L-1L-2, (L-1L-3, 1L-�R-2, 1L-(L-2

9. x().z().P ⇔ z().x().P
1L-1L

10. (νx)(z(y).Pyzx | Qx)⇔ z(y).(νx)(Pyzx | Qx) if and only if z 6= x.
�L-cut-1, cut-(R-1, cut-�L-1

11. (νx)(Px | z(y).Qyzx)⇔ z(y).(νx)(Px | Qyzx) if and only if z 6= x.
(R-cut-2, �L-cut-4, cut-(R-2, cut-�L-2, cut-�L-3

12. (νx)(z().Px | Qx)⇔ z().(νx)(Px | Qx) if and only if z 6= x.

13. (νx)(Px | z().Qx)⇔ z().(νx)(Px | Qx) if and only if z 6= x.

14. (νx)((νy)z〈y〉.(Py | Qzx) | Rx)⇔ (νy)z〈y〉.(Py | (νx)(Qzx | Rx)) if and only if z 6= x.

15. (νx)(Px | (νy)z〈y〉.(Qxy | Rz))⇔ (νy)z〈y〉.((νx)(Px | Qxy) | Rz) if and only if z 6= x.

16. (νx)(Px | (νy)z〈y〉.(Qy | Rxz))⇔ (νy)z〈y〉.(Qy | (νx)(Px | Rxz)) if and only if z 6= x.
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4 Other Comments

• It’s interesting to note that commuting conversions do not fit the labeled transition system exactly as
one might expect. For instance, the π-calculus LTS includes the rule

!x(y).Py
!x(−)−→ λy. Py | !x(y).Py

We might expect that (roughly)

w().!x(y).Py ⇔∗
!x(−)−→⇔∗ λy.w().Py | !x(y).Py

and

w().!x(y).Py ⇔∗
!x(−)−→⇔∗ λy. Py | w().!x(y).Py

However, because there is no commuting conversion for w().!x(y).Py, these transitions are not derivable
in the absence of an explicit rule for transitions under a w(). prefix:

P
!x(−)−→ λy.Qy

w().P
!x(−)−→ λy.w().Qy

Similarly, though somewhat less unexpectedly, it is not possible to terminate a session until all of the
sessions that it uses have terminated. This is formally reflected in that the transition

y().z〈〉.0⇔∗ z〈〉−→ ·

is not derivable. Note that this differs from the behavior of y().0 | z〈〉.0, which does allow the transition

y().0 | z〈〉.0 z〈〉−→ y().0.

• On the other hand, if we are not interested in offering !x(−) and x〈〉 external actions, then I claim:

Claim 1. If Γ; ∆ ` P :: z:A and P
α−→ Q, then either: 1. A = !A0 and s(α) = z, 2. A = 1 and

s(α) = z, or 3. x().P ⇔∗ α−→⇔∗ x().Q.

Proof Idea. By induction on the derivation of the transition.

Case:
Qxz

α−→ Q′xz

(νx)(Px | Qxz)
α−→ (νx)(Px | Q′xz)

y().(νx)(Px | Qxz)⇔ (νx)(y().Px | Qxz)
(νx)(y().Px | Qxz)

α−→ (νx)(y().Px | Q′xz)
(νx)(y().Px | Q′xz)⇔ y().(νx)(Px | Q′xz)

• The above is related to the problem we had in giving a labeled transition system for reductions under
1L and !L. For instance,

(νx)
(
y().x〈〉.0 | x().z〈〉.0

)
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will not reduce until we use commuting conversions to move y(). to the other branch:

(νx)
(
y().x〈〉.0 | x().z〈〉.0

)
⇔ y().(νx)

(
x〈〉.0 | x().z〈〉.0

)
⇔ (νx)

(
x〈〉.0 | y().x().z〈〉.0

)
⇔ (νx)

(
x〈〉.0 | x().y().z〈〉.0

)
−→ y().z〈〉.0

This non-local conversion can’t be represented locally in an LTS, which is why we needed to introduce
a process context as an extra output.

25


