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Abstract

As a result of competition, call certers face increasing pressureto reduce costswhile main-
taining an acceptablelevel of customer service,which to a large extent entails reducing the time
customersspend waiting for service. Pursuant to this, call certer managersoften face stochastic
constrained optimization problemswith the objective of minimizing cost, subject to certain cus-
tomer waiting time constraints. Complicating this problem is the fact that in practice, customer
arrival rates to call certers are often time-varying.

In order to cost-e ectively satisfy their servicelevel goalsin the face of this uncertainty, call
certers may employ a certain number of permanent operators who always provide service,and
a certain number of temporary operators who provide serviceonly when the call certer is busy,
i.e.when the number of customersin systemincreasesbeyond a thresholdlevel This givesthe
call certer managerthe exibilit y of dynamically adjusting the number of operators providing
service (and thus the resourcesor costsdedicated) in responseto the time-varying arrival rate.

The Constrained Dynamic Operator Stang (CDOS) problem involves determining the
values for the number of permanern operators, the number of temporary operators, and the
threshold value(s) that minimize time-averagehiring and opportunity cost, subject to service
level constraints. Currently, the only exact solution method for this problem is enumeration,
which is often computationally intractable. We provide an exactand e cient solution method,
the Modi ed-Balance-Equations-Disjunctiv e-Constraints (MBEDC) algorithm, for this problem
resulting in a Mixed Integer Program formulation. Using our algorithm, we solve diversein-
stancesof the CDOS problem, generatingmanagerialinsights regarding the e ects of temporary

operators and servicelevel constraints.
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1 Intro duction

For many organizationsin the serviceindustry, call certer quality is a critical componert of customer
loyalty and hencereverue generation. Call certers o er a product or servicethrough telephonelines
(or the Internet) to customerswho in turn have expectations regarding the quality of the service
they will receive. These expectations can be distinguished into two categories:time spent waiting
for an operator to provide service,and the human-interaction with the operator. To improve the
human-interaction elemen of service, call certers provide training to their sta or operators. To
reduce customer waiting time, call certers can hire more (or better) operators. But, while the
needto meet servicelevel goalsis critical, call certers alsofaceincreasingpressureto reducecosts.
Thus, call certer managersare concernedwith increasingthe e ciency of call certers (Gans et al.,
2003) - improving service quality while cortrolling costs. One way to achieve stang e ciency is
to correctly schedule operators: Over-sta ng leadsto unnecessarycosts, while under-sta ng  will
result in dissatis ed customersand possibly a loss of business/reverue (Brigandi et al., 1994).

The problem of long-term operator sta ng to meettime-varying demand is well studied, refer
for exampleto Hall (1991), Jenningset al. (1996), Gans et al. (2003), and the referencestherein.
Typically for this problem, the time horizon is divided into smaller periods and deterministic
forecastsfor the customerarrival rates for eat period are usedto determine the respective sta ng
levels. Howewer, it has been obsened in practice that the customer arrival rate may itself be
random within a period, and that it thus may be risky to ignore arrival rate uncertainties (Gans
et al., 2003). Speci cally, if the number of operators (determined from the forecast of the average
arrival rate) is xed for ead period, the following two scenariosmay occur: (i) the arrival rate
may be lower than expected resulting in operators being idle and hence,unnecessarycosts, or (ii)
the arrival rate may be higher than expected resulting in long waiting times and hence, inabilit y
to meet the call certer servicelevel goals.

One method of accommalating time-varying demand rate is numerical, assumingthe (time-
varying) demandrate is known. Yoo (1996) and Ingolfssonet al. (2002) investigate such methods,
numerically solving the Chapman-Kolmogorors forward equations for M (=M =N; systemsto calcu-
late the assaiated transient systembehavior. A secondmethod is to model a random arrival rate

switching between states with di erent arrival rates, with switching times having certain distribu-



tions (Nain and Nurez-Queija, 2001). In either situation, and in fact even under stationary arrival
rates, call certers may bene t from exible stang - the ability to dynamically adjust sta ng levels
with trac. Sud exibilit y may be attained by utilizing temporary operators, in addition to the
permanert operators who are always available to provide service. The temporary operators may
be either supervisors/managersor other operators who are on call (Whitt, 1999; Jongbloed and
Koole, 2001); thesetemporary operators provide serviceat the call certer manager'sdiscretion.

Within the context of this paper we de ne the Constrained Dynamic Operator Stang (CDOS)
problem asfollows. It involvesdetermining the number of permanert operatorsto hire, the number
of temporary operators to hire, and the number of temporary operatorsto useat every state of the
call certer queuingmodel, in order to minimize the time-averagehiring and opportunit y costsubject
to servicelevel constraints. Typical examplesof servicelevel constraints are: (i) probability of delay
is below q, (i) averagewaiting time is lessthan t time units, (iii) averagenumber of customersin
gueueis lessthan p, etc. Sud an objective, and similar constraints, are proposedin Jongbloed and
Koole (2001) also, but they considerthe problem of providing stochastic guararnteesfor constraint
satisfaction by consideringpercernile levels of an arrival-rate random variable. Another di erence
is that they call upon the temporary operators when the realized non-varying arrival-rate in a
period is higher than expected, while in our model the arrival rate, and hencethe optimal number
of operators may change stochastically.

For simplicity, we restrict our attention to simple threshold policiesfor utilizing the temporary
operators (which may in general be sub-optimal). Threshold policies specify two critical values:
(i) If the number of jobs in system reacesthe higher critical value, the call certer manager asks
the temporary operators to provide service. (i) When the number of jobs in system falls to the
lower threshold value and all temporary operators are idle, the temporary operators stop providing
service. This restriction to threshold policies is similar to, and sharescommon motivation with,
the restriction to base-stak policiesin complex invertory environments. Examples are models for
spare parts networks (Wong et al., 2006), perishableitems (Deniz et al., 2005; and the references
therein), and supply chains featuring multiple supply modes (Veeraraghaan and Sceller-Wolf,
2005).

Under suitable assumptionsfor the arrival processand servicetime distributions, the CDOS

problem can be modeledas a Markov DecisionProcess(MDP) with probabilistic constraints (Put-



erman, 1994). For MDPs without constraints, there exist e cien t solution algorithms (Puterman,
1994, Bertsekas, 1995; Porteus, 2002), namely: policy iteration, value iteration and linear pro-
gramming. Howe\er, if there are probabilistic constraints, we are not aware of any straightforward
implementation of policy iteration or value iteration. The existing linear programming method can
model constraints, but typically results in an optimal randomizeal policy (Puterman, 1994). This
meansthat in somestatesit may be optimal to usea chancemecanismto determine the courseof
action. This can be a drawbadk, as often managersare interestedin optimal non-randomizedpoli-
cies. Currently, the only exact solution method for obtaining the optimal non-randomized policy
to the CDOS problem is enumeration, which is typically computationally intractable for problems
of any size.

Our cortribution in this paper is the explicit modeling of the CDOS problem for which we
dewvelop an exactand e cient algorithm (the Modi ed-Balance-Equations-Disjunctive-Constrairts,
MBEDC, algorithm) for non-randomized policies, resulting in a Mixed Integer Program (MIP)
formulation (Nemhauserand Wolsey, 1988). Our paper is di erent from the existing literature as
we take into accoun the time-varying customer arrival rate, allow temporary operators, consider
explicit servicelevel constraints, and provide an exact and e cien t solution method that givesthe
optimal number of permanen and temporary operators as well as answers the question of when
the temporary operators should be called in. Using our algorithm, we solve diverse instances of
the CDOS problem, demonstrating the economice ects of temporary operators and servicelevel
constraints.

The remainder of the paper is organized as follows. We provide the problem description for
the Constrained Dynamic Operator Stang (CDOS) problem in Section 2. Section 3 discusses
the existing Linear Program (LP) method that results in an optimal randomized solution for the
CDOS problem. We dewelop the Modi ed-Balance-Equations-Disjunctive-Constraints (MBEDC)
algorithm to obtain the optimal non-randomizedsolution for the CDOS problem in Section4. Com-
putational results featuring economicinsights for managersand computational speedare discussed
in Section5. We discussextensionsof the CDOS model in Section 6. Finally, Section 7 presens

conclusionsand directions for future work.



2 CDOS Problem Description

We model a call certer with both permanernt and temporary operators (supervisors or stand-by
operators). We assumethe permanern operators are always available to provide service, but the
call certer managerdecideswhen to usethe temporary operators. We de ne the system state as
the number of jobs in system, and initially we assumethat the maximum number of jobs in the
systemis nite, Nt, which resultsin a nite state space. (We addressmodels with in nite state
spacein Section6.) At ead state, the optimal number of temporary operators to be used may be
di erent; howewer, such policiesare more complicated to implement than simple threshold policies.
Therefore we restrict our focusto threshold policiesfor temporary operators.

In a threshold policy, the call certer managerasksthe temporary operators to provide service
when the number of jobs in system increasesto a threshold value. The temporary operators
continue to be available until the number of jobs in system reaces a secondthreshold value, and
all temporary operators are idle. When this happens, we assumethe temporary operators stop
providing service en masseand return to stand-by mode. (We can also model the casewhere
the temporary operators return to stand-by mode individually, as they becomeidle.) We also
assumethat if a temporary operator is providing service to a customer, the customer will not
be transferred to a permanen operator if one becomesidle. We make this assumption only for
practical considerations,asa customermay be dissatis ed if the operator is changedduring service.
Finally, we assumethat when a customer arrivesand both a permanert operator and a temporary
operator are idle, the customeris assignedto the permanert operator. We can model and solve the
caseswhen any of theseassumptionsare relaxed.

We seekto minimize the time-average hiring and opportunity cost subject to service level
constraints. The following subsectionsprovide details of the cost structure and of the servicelevel

constraints that we consider.

2.1 Costs and Decision Parameters

Let the number of permanert operators hired be x and the number of temporary operators hired
to be on call bey. The time-average cost of hiring ead permanert (temporary) operator is pi1

(p2), with pp < pg; it is cheaper to hire temporary operators on stand-by than to have full-time



permanert operators. (The p, p; casecan likewisebe analyzed, but resultsin y = 0.) Initially ,
only the permanen operators provide serviceand the call certer behavesasa x-sener certral queue
system. Let the two threshold valuesfor changing the number of operators be denotedby n and m
(n > m). Thus when the number of jobs in systemreacesn, all y temporary operators are asked
to provide serviceand the call certer behavesasa (x + y)-sener certral queuesystem (permanert
and temporary operators may have di erent servicerates asis explainedin Section2.2). Once all
y temporary operators are idle and the number of jobs in systemis at or belov m, the temporary
operators return to stand-by mode. There may be an additive cost of p3 per serving temporary
operator, incurred only when a temporary operator is providing service. In the caseof a supervisor
acting asa temporary operator, ps can be consideredas a penalty cost asthe supervisor delays her
original work in order to provide service.

Note that oncethe temporary operators start providing service,the number of jobs in system
can be lessthan x but one or more temporary operators may still be providing service,as calls are
not transferred during service. Thus, we needto keeptrack of the number of temporary operators
actually providing service,and not just available, at ead state of the systembecauseof the marginal
cost p3. In this paper we assumem to be xed at x for simplicity, but in generalm can alsobe a
decisionvariable.

In addition to the operator hiring costs, there may also be opportunity costs related to the
service level goals. We de ne d as the one-time cost incurred if a customer experiencespositive
delay, and w as the opportunity cost per unit time, incurred for ead customer waiting in queue.
We include these costsin our model, as traditionally servicelevel goalsin call certer optimization
problems have been modeled as opportunity costsrather than servicelevel constraints (example:
Andrews and Parsons, 1993). Modeling service level goals as constraints, while more accurate (d
and w are usually estimates), makesthe problem more di cult to solve. We discusssolution issues

in Section 3.

2.2 Arriv al Processand Service Time Mo dels

We use a two-state Markov Modulated Poisson Process(MMPP) to represen the time-varying
customer arrival process. For details on 2-state MMPP arrival process,refer to Nain and Nurez-

Queija (2001). When the state of the systemis i, the customer arrival processtransitions between



a Poisson processwith \low" arrival rate 1 and a Poisson processwith \high" arrival rate
( 1< 2) with exponertial transition rates (i) and (i) respectively, asshawvn in Figure 1. Thus,

the transition rates betweenthe two arrival rates can be state-dependert.

High arriva

Figure 1: 2-State MMPP arrival process.

This model also implies that the threshold value n (Section 2.1) is actually a vector of two
componerts, i.e., there are two threshold valuesny and n, corresponding to the low arrival-rate
processand the high arrival-rate process,respectively. Thus, if the systemis operating under the
low (high) arrival-rate process.the call certer managerwill askthe temporary operatorsto provide
service when the number of jobs in system reaces the threshold value n1 (ny). This raisesan
important question - how will a call certer manager determine if the systemis in the low/high
arrival-rate process? One approad is to look at the customer arrival pattern over the last T
time units to determine the current arrival rate. For customer servicetimes, we assumethese are
exponertially distributed with rate ; whena permanert operator is providing service,and rate
when a temporary operator is providing service. Theserates may or may not be equal. We discuss
extensionsof thesemodelsto k-state MMPP arrival processesiswell asmore generalBMAP arrival
processeglLucantoni, 1993),and/or phase-ype servicedistributions (Osogamiand Harchol-Balter,
2003) - in Section 6.

Since we seekto minimize time-average cost we need a necessarycondition on the queuing
system stability for the generalin nite state case,in order for the time-average cost to be nite.
The instantaneousload of a systemat time t, (t), is de ned asthe ratio of the customer arrival
rate at time t, (t), to the servicerate at time t, (t). Within our dynamic setting, (t) and (t)
are random variables. We assumethat it is possibleto chooseadequatenumbers of permanert and
temporary operators (R and ¢, respectively) and henceadequateservicecapacity (* = 2 1+ ¢ 2)

to ensurethat the systemis stable over an in nite horizon (~ > ), but we do allow for transient



overload; (t) > 1is permitted for somebut not all t.

2.3 CDOS Problem as a Mark ov Decision Pro cesswith Constrain ts

An important result of our model assumptionsis that oncewe x the number of permanert op-
erators, x, number of temporary operators y, and the threshold valuesn, and n,, the call certer
systemcan be represened by a single Markov chain. Thus, the CDOS problem can be equivalertly
interpreted as a problem of selectingthe optimal Markov chain, or the optimal combination of the
four parameter values. Therefore, for xed valuesof x andy the CDOS problem without any service
level constraints (only minimizing the time-averagehiring and opportunit y cost) canberepresened
as a Markov Decision Process(MDP) and an averagereward criterion (Puterman, 1994) with n;
and n, asthe decisionparameters. We discussthe action choicesfor this MDP in this Section, and
defer the discussionon rewards (costs in the caseof the CDOS problem) and transition rates to
Section 3. But rst, we provide an example,in Figure 2.
This example correspondsto a call certer with x = 2,y = 2, n1 = 4, n, =4, 1= =
(i) = ,and (i) = for all i. The state ua (vb) implies that the number of jobs in system
is u (v), the arrival processis Poissonwith rate 1 ( 2), and only the permanert operators are
providing service. The state uc (vd) implies that the number of jobs in systemis u (v), the arrival
processs Poissonwith rate 1 ( 2), and all x permanern operatorsand min[u x; y] (min[v  X;y])
temporary operators are providing service. Finally, state uq; usa (v1;v2b) implies that the number
of jobs in systemis u; + u, (v1 + V), the arrival processis Poissonwith rate ; ( 2), and uy (vi1)
permanert operators and u, (v2) temporary operators are providing service.

Figure 2 hasny = n, = 4. The situation whereny > n, (example: 5 and 4, respectively) is
more delicate. Refer to Figure 8 in Appendix B for a Markov chain with the same parameters
as Figure 2, exceptn; = 5and n, = 4 (ny 6 ny). We call the states where the arrival process
is \low" and the number of jobs in systemis betweenn, and n; as\b etween-o" states. If the
systemis in a \b etween-o" state (example: 4a), temporary operators are not on call. We model
them remaining on stand-by even if the arrival processtransitions from the low arrival-rate process
to the high arrival-rate process,at which time the number of jobs is at or above n,. We call the
resulting states as \b etween-on" states (example: 4b). Thus, we assume,for simplicity, that in

the \b etween-on" states, the manager will call in the temporary operators only after there is an
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Figure 2: CDOS problem - Markov chain represenation whenx = 2,y = 2n1=ny=4;, 1= ,=

, ()= ()= ;Nt=6.

arrivall. We model the situation wheren, > ny similarly.

The action state spacefor the MDP can be best explained by referring to Figure 2. At eadh
state ua (vb), there are two action choices: (i) Ask the temporary operators to help if there is an
arrival (ay). (ii) Continue without their help (a2). There is only one pre-determined action choice
(all operators are available) for ead of the remaining states (uc, vd, uz;u»a, and vy;vob). If we
selectaction a; in state 0a (¢b) and there is an arrival (& = ¢ = 3 in Figure 2), the Markov chain

transitions to state [d+1]c ([¢ + 1]d). Alternativ ely, if action a, is selectedin state Gta (¢b) and

1We can model and solve the casewhere if the system enters a \b etween-on" state, the managerimmediately calls

in the temporary operators, but this model results in a Markov chain that is signi cantly more complicated.



there is an arrival (& = ¢ = f0;1;2g in Figure 2), the Markov chain transitions to state [0+1]a
¢+ 1]b).

For xed valuesof x andy, we can solve the MDP to obtain optimal threshold valuesof n, and
n, that minimize time-averagecost. For the casewithout servicelevel constraints, there exist three
e cien t solution techniquesin the literature and Puterman (1994) is an exceller referencefor their
description and comparison: (i) policy iteration, (ii) value iteration, and (iii) linear programming.
Note that we needto x the valuesof x and y for the problem to be a MDP, as we do not allow
there to bedi erent valuesfor theseparametersat di erent statesof the system,which may happen
if we allow theseto be action choicesalso. Solving the resulting MDPs for all choicesof x and
y, and then selectingvaluesof x, y, n1 and n, that minimize the time-average cost will yield the
optimal threshold policy.

Howewer, the CDOS problem has servicelevel constraints, which complicate things signi cantly.
We considerthe following typesof servicelevel constraints: (i) probability of delay is below q (ii)
averagewaiting time is lessthan t time units, (iii) averagenumber of customersin queueis lessthan
p, etc. Constraints (ii) and (iii) are related by Little's law and hence,we only considerconstraints
(i) and (iii) here. The CDOS problem is thus an MDP problem with probabilistic constraints for
xed valuesof x and y. There is no straightforward implemertation of policy iteration or value
iteration for such problems (Puterman, 1994), but linear programming may be applied to problems

of this form. We discussthe linear programming algorithm in the next Section.

3 Linear Programming Metho d and Randomized Policies

Let S*Y be the state spaceof the MDP for the CDOS problem for xed x andy, and A¥Y be
the set of action choicesin state s S*Y. Also, we dene S;¥ (S}Y) SXV asfollows: states
corresponding to the low (high) arrival-rate processsud that all operators in that state are busy
constitute the set S;¥ (S)Y). Let BXY be the set of states in which there is at least one idle
operator (temporary operators do not court unlessthey are available for service). Wede ne gy to
be the limiting probability that the MDP is in state s and the call certer managerchoosesaction
K; Csx capturesany costsassaiated with choosing action k in state s. Also, we de ne nq(j ) asthe

number of customersin queuein state j, which is equal to the di erence betweenthe number of

10



jobs in system and the number of operators that are busy in state j, and y(j) asthe number of
temporary operators providing service- actually busy and not just available - in state j. Finally,

sk is the total transition rate out of state s if action k is selectedand ;s is the rate of transition
to state j if action k is selectedin state s.

The general Linear Program (LP) formulation for the CDOS problem without constraints is
provided in Appendix A. Below in (LP ), we provide the LP formulation for the CDOS problem with
the delay constraint, the constraint for averagenumber of customersin queue,and the time-average
cost function explicitly written asa function of the cost structure de ned in Section 2.1.

First, we discussthe objective function. The rst term corresponds to the time-average op-
portunity cost of delay that is incurred only when a customer arrivesand nds all operators busy.
The secondterm is the time-average opportunity cost incurred for having customerswaiting in
gueue. The third (fourth) term is the time-averagecost of hiring permanert (temporary) operators
and nally , the fth term is the additiv e time-averagecostincurred when the temporary operators
are providing service. We call the system of constraints (1) as Modi ed-Balance-Equations, which
in conjunction with (2) yield the limiting probability values. Constraints (3) and (4) correspond
to the service level constraints of delay and average number of customersin queue, respectively.

Constraints (5) ensurethat the limiting probability variables cannot have negative values.

0 1
X X X X X X _
(LP) MIN d @, skt 2 sk +w Ng(i) jk +
sSi¥ kAYY sSyY kA j Sxy kij;y
X X _
PpLX + P2y + p3 y()
j S Xy kAJ-X;y
Subject to
X X X .
ik ok jjsk sk=0 forallj S% (1)

kA SSXY kAXY
X X

ik =1 2)
j sxy kAjX?y
X X

ik 4Q (3)
JBXY kAW
X .

Ng(j) jx P (4)
j sxy kAjX?y
ik 0 forall (j; k) suchthat j S*Y; k ij;y (5)
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If constraints (3) and (4) are not included, (LP) becomesa form of (LP), which yields the
optimal stationary distribution and cost. Moreover, the optimal valuesof n1 and n, can then be
inferred from the limiting probability values (refer Puterman, 1994, page 393). The linear pro-
gram doesnot enforcenon-randomized policies (randomized policies are feasible), but the vertices
of the resulting LP polyhedron have a one-to-one correspondencewith non-randomized policies.
Since the optimal solution in a LP is one of the vertices of the polyhedron, the optimal policy
is non-randomized. It is important to note that one of the drawbadks of the linear programming
formulation is that the solution doesnot directly provide the optimal action in ead state. These
have to be deducedfrom the limiting probability variables that are strictly positive (the limiting
probability variables have a one-to-onecorrespondencewith state-action pairs, and in the optimal
solution only one of the limiting probability variables corresponding to a particular state will be
strictly positive). One can then solve the resulting MDPs for ead combination of x and y values
to obtain the globally optimal solution.

If constraints (3) and/or (4) are included (such constraints are referred to as probabilistic
constraints in the literature), (LP) typically yields a randomizel optimal policy (refer Puterman,
1994, page 406). This meansthat in somestatesit may be optimal to usea chance mecanism to
determine the courseof action. An example of a randomized policy in the CDOS problem is: if
the call center systemis in the low arrival-rate process,40% of the time the manager should ask
the temporary operators to provide serviceif the number of jobs in systemreactesten, and 60% of
the time he should wait until the number of jobs in systemreacdes fteen. This is becausesomeof
the vertices of the new LP polyhedron will correspond to randomized policies, in particular those
vertices where at least one of the constraints (3) or (4) is binding. It is important to note that in
this casededucing the action selectionin ead state is more di cult, as more than one limiting
probability variable corresponding to a state will be positive: Additional stepsarerequiredto obtain
the actual randomization probabilities (solving a system of equations). While such randomized
policiesmay beimplementable in certain MDP problems,theseare, in general,harder to implement
in practice than non-randomizedpolicies.

Currently, the only known method for obtaining an exact, non-randomized solution for MDPs
with constraints is enumeration, which is often computationally untractable. For example, in a

CDOS problem with 20 choicesead for x, y, ny and n,, enumeration will needto solve (obtain
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limiting probability valuesand the objective value) 20* (=160000) Markov chains. We provide a

novel, exact, e cien t approac to solve problems such as this in the next section.

4 Mo di ed-Balance-Equations-Disjunctiv e-Constrain ts Algorithm

We proposethe Modi ed-Balance-Equations-Disjunctive-Constraints (MBEDC) algorithm to ob-
tain the optimal non-randomizel policy for the CDOS problem. First, x x andy to obtain a MDP
with constraints with decisionparametersni and n,. Let | be the set of choicesfor n; and L be

the set of choicesfor n,. De ne zi”l and zlnz as binary variables as follows:

8 8
21 ;=i 21 : np=

Z = YT foralli o 22 = " foralll L:
-0 : ni6i -0 : ny6

Also, de ne Q" = f(j; k) :j S™; kA[; and jx > Oimplies n; 6 ig for eath choicei of
ni. Similarly, Q"2 = f(j; k) : j S®; kA; and jx > 0 implies n, 6 Ig for ead choice | of
ny. Intuitiv ely, Q' (Q['?) is the set of state-action pairs such that if any elemen of Q" (Q'?)
has strictly positive limiting probability massthen it implies that n1 (n2) is not equal to i (I).
For example, recalling from Section 2.3, a; is the action that the managerwill ask the temporary
operators to provide serviceif there is an arrival, and a, is the action that she will not, Q{3 =
f(Obja1), (1b;a;), (2bjaz), :::, (8bsa1), (9bsap), (10bsayp), :::, (N5  1]b;az)g, where nJ'& is
the maximum allowable value of n,. State-action pairs (Ob;a;), (1b;as), (2bjas), :::, (8b;a;) are
in Q73, becauseif action a; is selectedin any of these states than it cortradicts n,=10. Also,
n,=10 implies selection of action a; in state 9b and hence, (9b;az) is in Q’3. Finally, (10b;ay),
i, ([ng® 1]bsap) are in QY3, becauseof our assumption that temporary operators will be
asked to serw if there is an arrival in these \b etween-on" states (see Section 2.3). Howe\er,
if the manager is interested cortrolling the use of temporary operators in these states, she can
de ne Q3% = f(4b;ay); (5b;a1); (6b;as); (7b;as); (8b;as); (9b;az)g; this still corresponds to a non-
randomized policy.

We now presert the Mixed Integer Programming formulation (I P) that givesthe optimal non-

randomizel policy.

0 1
X X X X X X _
(IP) MIN d @, skt 2 skA +w Ng(j) jx +
S KA S KA PSR KA

13



X X
pLX + P2y + p3 y(i) jx

i X; Xy
Subject to JST kA
X X .
ik jisk sk=0 forallj S (6)
k))%jX?y X sSXy kAé;y
. ik =1 (7)
Pt
Bk d (8)
i )réx;y k)'é i |
NgJ) jk P 9
j Sxvy kij?V
i 0 forall (j; k) such that j S*V; k A" (10)
" =1, z" f0;1g foralli | (11)
i
z2=1, z?f01g foralll L (12)
X - X .
ik 1 z' foralli choicesof ny; ik 1 z' forall | choicesof n, (13)
(k) Q' (ik) Q2

Note that the objective function and the constraints (6), (7), (8), (9), and(10) are sameasin the
(LP) formulation in Section3. Constraints (11) and (12) ensurethat the optimal solution will select
exactly one value ead for n; and n,, and hencerandomized policies are infeasible. Finally, big-M
(M =1) constraints (13) link the binary variablesto the appropriate cortinuouslimiting probability
variables, i.e. if z" (z|”2) equalsone, then all limiting probability variables corresponding to the
state-action pairs in set Q'* (Q['?) are forced to take the value zero, otherwise the constraint
becomesredundart. Intuitiv ely, this formulation will result in selectingthe optimal Markov chain
that correspondsto a non-randomizedpolicy.

Below are a few key facts about our algorithm:
System (13) is a system of disjunctive constraints, hence,we nhame our algorithm Modi ed-

Balance-Equations-Disjunctive-Constrains (MBEDC) algorithm.

The solution of the LP relaxation of (I P) is obviously the optimal randomized policy. Thus,
this algorithm can yield both the optimal randomized and optimal non-randomized policies.
The resulting MIP formulations for ead combination of x and y can be solved using any
commercial solver and the optimal valuesof x, y, n1, and n, can thus be obtained.

The optimal valuesof n1 and n, can be deduceddirectly from the binary variables and do
not needto be inferred from the limiting probability variables.

We examinethe performanceof (I P) in the next Section.
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5 Computational Results

In this section, we provide computational results for (i) the economicanalysisof the CDOS problem
and (ii) the computational speedof the MBEDC algorithm. It is important to note that much of
the economicanalysisin this Sectionrelies on the optimal non-randomizedsolution, which can be
e cien tly obtained usingthe MBEDC algorithm. Referto Table 1 in Section5.4 for details on the
di erent choicesof the parametersfor the experiments in this Section. Throughout we focuson the
delay servicelevel constraint. Similar experiments can be carried out to obtain insights speci ¢ to

the servicelevel constraint on the averagenumber of customersin queue.

5.1 Economic Savings of Hiring Temporary Op erators

We conduct experimerts to determine the economicsavings of using temporary operators by solving
the CDOS problem with and without temporary operators, and comparing the respective optimal
objective values. We study the e ect of g, varying the target probability that a customer must
be sened immediately from 0 to 0.9, and of the costs of hiring temporary operators (p2 + ps)
normalized to the cost of the permanert operator (p1). Thus, for ead ratio of p1 to (p2 + ps3),
we vary the values of input parametersd, 1, », and Nt as described in Table 1, and obtain
the average percenage decreasein costs from using temporary operators, as shovn in Figure 3.
While we limit ourselvesto a maximum of twernty permanern and v etemporary operatorsin these

experimens, we can solve for higher values of these parameters.

Cost benefit of employing temporary operators

25.0

20.0

15.0 —e—p1/(p2+p3) = 2
—=— pl/(p2+p3) = 20

—A— p1/(p2+p3) = 200

10.0

Average percentage
decrease in cost

5.0

0.0 T T T T T T T
0.05 0.1 0.2 0.3 0.4 0.5 0.7 0.9
Probability that an arriving customer has no positive delay

Figure 3: Economic savings of employing temporary operators.
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Over all instancesin our experiments, the decreasein costsfrom hiring temporary operators
ranged from 0% to 26.9%. Keeping the ratio of p1 to (p2 + p3) xed, asq is increasedfrom O,
initially the percertage decreasen cost increases.This is becausefor the casewithout temporary
operators the number of permanernt operators required to satisfy the delay constraint increases

more than the number of operators when temporary operators are available. Howewer, as q is

increasedbeyond a certain threshold value (0.3 for p2ﬂ1p3=2), there is no increasein the number of
operators for the casewithout temporary operators, as enoughhave beenhired to over-satisfy the
constraint. In contrast, the number of operators continuesto increasein the casewith temporary
operators, becausehe useof temporary operators provides\ ner cortrol" on dealingwith the delay
constraint. Thus, the percentage decreasdn costbeginsto fall after this point. Thus, it seemghat
the value of temporary operators in the caseof very stringent or very relaxed serviceconstraints is
lower comparedto the casewhere serviceconstraints have moderate targets. It is in this moderate
casethat the exibilit y o ered by temporary operators is most valuable, becauseif constraints are
very strict many permanert and few temporary operators are needed;or if constraints are very lax
few operators are neededin general.

We also nd that, asthe cost of using temporary operators compared to the cost of using
permanert operators becomescheaper (the ratio of p; to po + p3 increases)for a xed value of q,
the percertage decreasein costsincreases. But, asthe above ratio is increasedbeyond a certain
critical level, there is no further increasein the percertage decreasein costs. This is becausewe
limit the maximum number of temporary operators that can be used; once the optimal number
of temporary operators to be usedreahesthis maximum limit the costsno longer decrease.This
indicates a needfor increasingthe maximum number of temporary operators available to the system.

We now move to studying somespeci ¢ experimental instancesto gain further, more detailed

insights.

5.2 Eect of Maxim um Num ber of Temporary Operators Av ailable

Given the a ect of our limit on the number of temporary operators in Section 5.1, we now study
the e ect of the maximum number of temporary operators available on the reduction in cost for
di erent valuesof g. Theseresults are presenied in Figure 4.

We x w=0, p1=1, p»=0.1, p3=0.4, Nt=150, (i) = (i)=5, 1= »=2. For the plots corre-
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Figure 4: E ect of maximum number of temporary operators on cost reduction.

sponding to \low arrival rates" (\high arrival rates"), we choose ;=6 (18) and ,=9 (27). Finally,
for the plots corresponding to \low cost of delay” (\high cost of delay"), we choosed=0 (i). When
d=0, the hiring costsdominate the opportunity costs,and if d=1 then the reverseis true.

First, refer to Figure 4a and Figure 4b. When the cost of delay dominates, increasing the
number of temporary operators decreasesost except when the delay constraint is very sewere (q
= 0.9). This is becausethe cost of hiring and utilizing one additional temporary operator is lower
than the cost of hiring one additional permanert operator, and is also lower than the reduction in
opportunity cost. When g = 0.9, the optimal number of permanert operators is high and hence,

increasingthe optimal number of temporary operators by one may producea negligible decreasen
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the opportunit y cost of delay. We alsonote that asthe arrival rates (both 1 and ) areincreased,
the value of the temporary operators decreasespr in other words, to obtain the samepercertage
decreasdn cost, more temporary operators are required asthe arrival rate increases.This is logical,
as eat operator's relative e ect on the systemis diminished.

Refer now to Figure 4c and Figure 4d. Since d=0, the hiring costs dominate and the delay
constraint restricts feasibility. In suc a situation, we obsene that for dierent intervals of the
value of g, we get very di erent optimal numbers of temporary operators, and that the number
may increaseand decreasewithout a clear pattern. (It increasesfrom 1to 2 to 4 in Figure 4c and
it increasesfrom 2 to 4 to 5 and then decreasedrom 5to 2 to 1 in Figure 4d.) The explanation
is as follows. Without any temporary operators, the number of permanernt operators required to
satisfy the delay constraint increaseswith q. If temporary operators are allowed, it will be optimal
to hire some (r) number of temporary operators for a particular value of q only if they replace
and are cheaper than a permanert operator. This substitution is permitted only if the resulting
gueueingsystemstill satis es the delay constraint for that value of q. Thus, we only add temporary
operators in \bundles" of sizer, wherer may changewith q.

From these experiments we seethat if the relative magnitude of d dominates hiring coststhen
ead additional temporary operator is e ective at reducing costs up until the constraint is very
strict. In cortrast, if d is small (or only enforcedvia constraint), temporary operators must be

hired in \bundles" to replacea permanernt operator. Thus, assessinghe magnitude of d is crucial.

5.3 Economic Cost of Satisfying Service Level Constrain ts

The economiccost of satisfying any servicelevel goal (constraint) can be obtained by comparing
the optimal objective values of the CDOS problem with and without that particular constraint,
respectively. We conduct experiments to determine the cost of satisfying the delay constraint. The
results for a particular setting of parameter values are presened in Figure 5 for the casewithout
temporary operators and in Figure 6 for the casewith temporary operators. We again study the
e ect of g, the target probability that a customer must be sened immediately, and vary it from O
to 0.9. We calculate the percertage increasein cost resulting from satisfying the delay constraint
for dierent valuesof d (0, 0.01,0.1, 1, and 10), again capturing the e ect of d (opportunity cost

of delay) on the cost of satisfying the delay constraint.
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Economic cost of satisfying the delay constraint
with only permanent operators
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Figure 5: Economic cost of satisfying the delay constraint with permanert operators only.

1=18 =27, 1= =2, (i)=05;, (i)=05Nt=150w= 0;p1 = 1;p> = 0:1;p3 = 0:4.

Figure 5 shaws that for a given value of d, the delay constraint is redundant up to a certain
value of g, ¢(d) which is increasingin d, and hencethere is no increasein costsup to this value
G(d) (6=0.1 for d 0.01;¢=0.5 for d=0.1). As expectedthe percerage cost of satisfying the delay
constraint is increasingin g, keepingall other parameters xed. One feature of note from Figure 5
arethe \plateaus" in the increasein cost. Referto the points marked A, B and C, which correspond
to using four, v e and v e permanen operators, respectively when d=0. An increasein g from 0.1
to 0.2 causedthe optimal solution to increasethe number of permanert operators by one. Ideally,
if we have v e permanert operators, we would prefer to be at point C, where we are satisfying the
highest servicelevel goal for delay possiblewith v e permanen operators. At point B, keeping v e
permanert operators on sta over-satis es the constraint, and wastesmoney.

Now looking at Figure 6, we seethat the \plateaus" are greatly reduced,and the costincreases
more gradually. The sameincreasein g from 0.1to 0.2 for d=0 resultsin four permanert operators
and one temporary operator, or a savings of 15.5%comparedto the casewithout temporary oper-
ators. In fact, for this casethe number of permanen operators increasedto v e (plus temporary
operators) only at q = 0.7. This meansthat sta ng ine ciencies at points like B can be avoided
by using temporary operators. This highlights a key bene t of exible stang in the presenceof

servicelevel constraints.
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Finally, looking at both Figure 5 and Figure 6, we seethe delay constraint may have signi cant
impact on the costs of the system (maximum percertage increasein costs are 77.9% and 100%
respectively). We obtain similar trends for di erent settings of the parameter values. The main
takeavays from Figure 5 and Figure 6 are thus that hiring temporary operators may have two
advantages: (i) the obvious advantage is that it may be cheaper (if p2 < p1) and hencereduces
costswhile maintaining e ciency, and (ii) more subtly, \ ner cortrol" to achieve stang e ciency

while satisfying service constraints.

Economic cost of satisfying the delay constraint
with permanent and temporary operators
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Figure 6: Economiccostof satisfying the delay constraint with permanert and temporary operators.

1=18 ,=27 1= ,=2; (i)=05; (i) = 05Nt=150w= 0;p1 = 1,p> = 0:1;p3 = 0:4.

5.4 Computation Speed

While the (I P) formulation in Section 4 yields the optimal non-randomized policy, in the worst
case scenariothe solution algorithm may visit every node of the solution tree and the solution
time may, in theory, be worsethan enumeration. Hence,we carry out experimerts for the CDOS
problem comparing the computation time of the MBEDC algorithm against enumeration asthis is
the current fastest exact solution method for the CDOS problem. (We also investigated di erent
LP and MIP formulations, seeBhandari et al., 2004, basedon Disjunctive Programming. These
are not as e cient as erumeration for the CDOS problem.) We vary the values of the dierent

input parametersto the CDOS problem as detailed in Table 1. The resulting MIP formulations
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are solved using CPLEX 6.6.0solver on a 1.60 GHz computer with a Pentium 4 processor.

Parameter | Description Number of Values
PossibleValues
1 Low arrival-rate 3 6,12,18
2 High arrival-rate 3 9, 18, 27
1 Permanert operator servicerate 3 05,1,2
2 Temporary operator servicerate 3 05,1,2
p1 Time-averagepermanert 4 0.01,0.1,1, 10
operator cost
p2 Time-averagetemporary operator 4 0.001,0.01,0.1,1
stand-by cost
p3 Cost of temporary operator 4 0.004,0.04,0.4, 2
providing service
d Cost of delay per customer 4 0.01,0.1,1, 10
w Cost per customer waiting 2 0,0.01
q Right hand side of delay constraints 8 0.05,0.1,0.2,...,0.5,0.7,0.9
N t Maximum number of jobs 3 50, 100, 150
in system
X Number of 40 4,5,6,...,43
permanern operators
y Number of 40 1,2,3,...,40
temporary operators
N Lower arrival-rate 100 4,5 6,...,103
processthreshold
no Higher arrival-rate 100 4.5 6,...,103
processthreshold
Rate of transition from low to high 3 0.05,0.5,5
Rate of transition from high to low 3 0.05,0.5,5

Table 1: Parameter settings for the CDOS problem.

Figure 7 gives the ratio of the time taken by enumeration to the time taken by MBEDC

algorithm; obviously for the MBEDC algorithm to be e cient, this ratio must be greater than

1. In all our experimerts this ratio is always greater than 1, with minimum value 1.125, maximum

value 200, and an averagevalue of 10.5. We also obsene from Figure 7 that the ratio is greatestfor

large problem sizes(as choicesof n; and n», increasesand alsoasN; increases).This is animportant

result. As an example,for 40 choicesead for X, y, n; and n, (2560000conbinations), the MBEDC

algorithm required 46 minutes on averageto solwve the problem, while we estimate that enumeration

would require 28 hours, resulting in a ratio of 36.5. (We did not perform 2560000enumerations.

We performed 1000 sample enumerations to obtain the averagetime taken per enumeration and
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then scaled. The variance in the 1000 sampleswas negligible.)

Finally, we note that the MBEDC algorithm usingthe LP relaxation of (I P) is faster than eru-
meration for the CDOS problem without constraints, but slowver than the existing LP formulation
in Appendix A. This is not surprising becausethe LP relaxation of (I P) hasadditional redundant

constraints (13).
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Figure 7: Computation time comparison.

6 Extensions of the CDOS Mo del

In this sectionwe consider various extensionsof our model for the CDOS problem.

For the arrival process,our model extends to a general I-state MMPP process(l > 2). It
also extends to the more general BMAP arrival processes.Under these assumptions,the CDOS
problems can still be represerted as a MDP with constraints and hence can still be solved using
the MBEDC algorithm. But, under these models the corresponding Markov chains becomemore
complex, and hencethe problem sizewill increase.However, basedon our experiments, the MBEDC
algorithm's relative performance appearsto improve as problem size increases. Hence we believe
that the MBEDC algorithm will still be comparably e cien t. The model alsoextendsto phase-ype
servicedistributions, where a similar argumert holds.

The model also easily extendsto an in nite state space,i.e. innite buer, aslong asit is
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in nite in only onedimension. This is becausethe resulting Markov chain repeats after some nite
state, so it can be analyzed using the matrix analytic technique (Neuts, 1981). Intuitiv ely, the
in nite state spaceMarkov chain can be transformed into a equivalent nite state spaceMarkov
chain. The computational results for the in nite state space(in nite bu er) problem are identical

to the results in Figure 7.

7 Conclusions

The CDOS problem is a very relevant problem not only in call certers but in many other service
industries suc as exible Internet seners (Akamai Tednologies, www.akamai.com), restaurarts,
grocery stores, etc. The key factor all of thesebusinessesiave in commonis that servicelevel goals
are important, and hencemust be included in their operational model. Traditionally, these goals
have beenincluded as opportunit y costs,but such costsare di cult to estimate, whereasmodeling
the goalsas constraints is straightforward.

We nd theseopportunity costshave a tremendouse ect on the optimal number of temporary
operators (cf. Section5.2) and henceit is crucial they are accurately estimated. In our experiments
we also nd that in most casesit was optimal to useat least onetemporary operator, even if there
are no servicelevel constraints. Moreover, the value of exibilit y provided by temporary operators
in the caseof very stringent or very relaxed serviceconstraints tended to be lower comparedto the
casewhere service constraints have moderate targets.

Assuming one can estimate the opportunity costs accurately, their magnitude relative to the
hiring costs determinesthe e ectiv enessof temporary operators. If opportunity costs dominate,
then ead additional temporary operator is e ective at reducing costs up until a service level
constraint is very strict. In cortrast, if the opportunity costs are small (or only enforced via
constraint), temporary operators must be hired in \bundles", to replace a permanert operator.
Finally, satisfying a servicelevel constraint (beyond someminimal threshold level) imposescosts
on a service provider. Temporary operators can be an important tool in reducing these costs, as
they provide ner stang control for the call certer manager. While we focusedon a probability
of no-delay constraint, the economiccost of satisfying any service level goal (constraint) can be
obtained similarly, by comparing the optimal objective values of the CDOS problem with and

without that particular constraint, respectively.
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The MBEDC algorithm is an e cien t, exact solution method for the CDOS problem and its
relative performanceimproves over enumeration as the problem size increases. While we imple-
mented the MBEDC algorithm for a contin uous-time problem in this paper, the algorithm is in fact
more generaland can be applied to a discrete-time stochastic constrained optimization problem
as well. We plan to implement the MBEDC algorithm for an invertory managemen casestudy
with Il rate constraints. In general,the MBEDC algorithm can be usedin two ways: (i) Direct
implementation to nd optimal solutionsin real time for real world problemsor (i) To benchmark
heuristics (instead of lower/upp er bounds) for real world problems.

In the future we also plan to study: (i) CDOS problem with multiple customer classes,and
(i) CDOS problem where the manager only needsto satisfy | of the L service level goals using
Disjunctive Programming techniques (Balas, 1998). In the innite buer CDOS problem with
multiple customer classes,applying the matrix analytic method is more di cult as the resulting
Markov chains will be in nite in multiple dimensions. Howewer, an approximation scheme called

dimensionality reduction has beenproposedfor such problemsin Harchol-Balter et al. (2003).
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A Linear Programming Formulation for the CDOS Problem

Refer to Section 3 for notation. The LP formulation for the general CDOS problem without
constraints is provided below. For a discussionof this LP, refer Puterman (1994), page 391. The

solution of this LP yields the optimal action choicesin ead state that minimizes the time-average

cost.
X X
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B Mark ov Chain for the CDOS Problem
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Figure 8: CDOS problem - Markov chain represenation whenx = 2,y = 2n; = 5np = 4; 1 =
2=, ()=, ()= ;Nt=6.
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