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Abstract
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1 Intr oduction

A commonproblemin distributed computingsystemsis the allocationof server time among
queuesof jobs (allocationpolicy). Speci®cally, theremay be jobs originatingat one(heavily
loaded)server which are betteroff served by someother (more lightly loaded)server. Since
estimatingthesystemloadis adif®culttask,andin factthesystemloadoften�uctuatesovertime,
it is desirablethat the allocationpolicy be robust againstsuchmispredictionsand�uctuations
of the systemload. Allocation policiesarenecessary, for example,whenmigratingprocesses
in networks of workstations[10], whendynamicallyallocatingresourcesin utility computing
[1, 4, 5], andwhenassigningtasksin multiprocessorsystems[22, 24].

Thegoalof thispaperis to designandevaluateallocationpoliciesfor ageneralheterogeneous
distributedcomputingsystemwhere(i) thejobsoriginatingatdifferentserversmayhavedifferent
meansize (processingrequirement),(ii) the serversmay have differentspeeds,(iii) jobs may
havedifferentaf®nitieswith differentservers,i.e.,a job maybeprocessedmoreef®ciently(have
shorterduration)if run on oneserver thanwhenrun on anotherserver, and(iv) different jobs
may have differentimportance(weights). Our objective is twofold. First we seekto minimize
the weightedaveragemeanresponsetime (weightedresponsetime), ����� �����	��

����� , where � � is
theweight(importance)of jobsoriginatingatserver � , � � is theaveragerateof jobsoriginatingat
server � (type � jobs), ����� � ��� ��� � � is thefractionof type � jobs,and ��

����� is themeanresponse
time� of type � jobs. Second,we want our policy to be robust againstenvironmentalchanges,
suchaschangesin load.

Figure 1 shows the model we considerfor the caseof two servers. Jobsarrive at queue
1 andqueue2 with averagerates � � and ��� , respectively. Server 1 processesjobs in queue1
with averagerate � � (jobs/sec),while server 2 canprocessjobsin queue1 with averagerate � � �
(jobs/sec)andcanprocessjobsin queue2 with averagerate � � (jobs/sec).Wede®ne � � � � � � � , � � ��� � � � , and ! � � � � �#" � ��$ � � � "&%('  �*)+) . Here, ! � is theloadof type1 jobsassumingserver
2 helpsserver 1 asmuchaspossible,while processingall the type 2 jobs. Note that  �-, %
and ! � , % arenecessaryfor the queuesto be stableunderany allocationpolicy. Even in this
simplemodelof just two servers, the optimal allocationpolicy is not known, despitethe fact
thatthis problemhasbeeninvestigatedin numerouspapers[2, 13,14,29,23,21,9, 11,26,27].
Below we will focuson two serversandtwo queueswith Poissonarrivals andexponentialjob
sizedistributions.Extensionsto moregeneralcasesarediscussedin Section5.

One commonallocationpolicy is basedon the � � rule [7], wherea server processesjobs
from the nonemptyqueuewith the highest � � value,biasingin favor of jobs with high � (high
importance)andhigh � (small expectedsize� ). Underthe � � rule, server 2 in Figure1 serves
jobs from queue1 (ratherthanqueue2) if � � � � �/.0�*� � � , or queue2 is empty. The � � rule is
provablyoptimalin thelimit asjob sizeapproacheszero(�uid model)[25]. HoweverSquillante
et.al. [23] aswell asHarrison[13] haveshown that � � rulemayleadto instabilityevenif ! � , %
and  �1, % . For example,the � � rule may force server 2 to processjobs from queue1 even
whenmany jobsarebuilt up atqueue2, leadingto instability in queue2 andunder-utilizationof
server1. Morerecently, thegeneralized � � rule, whichis basedongreedilyminimizingthedelay

2
Hereresponsetimerefersto thetotal timefrom whenajob is requesteduntil thejob is completed– this includes

queueingtimeandservicetime.3
Notethattheaveragesizeof a job is 1/4 , where4 is theaverageservicerate.
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Figure1: A twoservermodel.

functionsat any moment,hasbeenappliedto relatedmodels[18, 17]. However, in our model,
thegeneralized��� rule reducesto the ��� ruleandhencehasthesamestability issues.

Squillanteet. al. [23] have proposeda threshold-basedpolicy that,undertheright choiceof
thresholdvalue,improvesuponthe ��� ruleandguaranteesstabilitywhenever ����	��
 and �
����
 .
We referto this threshold-basedpolicy astheT1 policy, sinceit placesa thresholdvalue, � � , on
queue1, sothatserver 2 only processesjobs from queue1 (type1 jobs)whenthereareat least
� � jobsof type1, or if queue2 is empty. Therestof thetime server2 workson jobsfrom queue
2 (type 2 jobs). The motivationbehindplacingthe thresholdon queue1 is that it `reserves” a
certainamountof work for server 1, preventingserver 1 from beingunder-utilized andserver 2
from beingoverloaded.More formally,

De�nition 1 TheT1policyischaracterizedbythefollowingsetof rules,all ofwhichareenforced
preemptively(preemptive-resume):

� Server1 servesonly its ownjobs.

� Server2 servesjobsfromqueue1 if either

1. � ��� � � , or

2. � ����� & � �����

Otherwiseserver2 servesjobsfromqueue2.�

Figure2(a) shows which jobs server 2 processesasa function of the numberof jobs in queue
1 ( � � ) andqueue2 ( � � ). Bell andWilliams prove theoptimality of theT1 policy for a model
closelyrelatedto oursin theheavy traf®climit, where ���� and ��� arecloseto 1 from below [2].
Williams conjecturesthat theT1 policy is optimal for moregeneralmodelsin theheavy traf®c
limit [29].
�
To achieve maximalef®ciency, we assumethefollowing exceptions.Whenqueue2 is emptyandqueue1 has

only onejob, i.e. ���! #" and �%$& (' , thejob is assignedto theserverwith a higherservicerate;namely, thejob is
processedby server 2 if andonly if )*�,+()-�.$ . Also, when /-�& 0" and ���1 2" , thejob in queue1 is processedby
server2 if andonly if )3�4+5)-�6$ regardlessof thenumberof type2 jobs.
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(a)Server 2 behavior
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(d) Server 2 behavior
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(f) Sensitivity to ���
Figure2: Comparisonof theT1policyandADT policy.

Despiteits conjecturedheavy traf®coptimality, theT1 policy still hastwo problems.The®rst
is how to determine��� . Figure2(b) shows theweightedaveragemeanresponsetime (weighted
responsetime) asa functionof ��� . The ®gureshows a common“V shape,” wherethe optimal
��� is very closeto the ��� valuesthat leadto instability (in®niteresponsetime). This is quite
problematic,asan exact analysishasnever beenderived. Squillanteet. al. [23] only provide
a coarseapproximation;they thenadvocatechoosing��� conservatively (higherthanwhat their
analysispredicts)at thecostof ahighermeanresponsetime. A secondproblemis thesensitivity
of performanceto a changein load. It is often the casethat the load of a systemchangesover
time,andevenif it doesnot,estimatingthecorrectaveragesystemloadis oftenadif®culttask[8].
Figure2(c) shows theweightedresponsetime asa functionof ��� (only ��� is changed)underT1
policieswith two differentthresholdvalues.TheT1 policy with optimal ��� (=2) at anestimated
load( � �����! ��#" and ��� �%$& (' ) quickly becomesunstableat higher ��� values(solid line). TheT1
policy is not robustagainstachangein � � , either. Onecanchooseahigher ��� (=20)to guarantee
stability at higherloads,but this will resultin worseperformanceat theestimatedload(dashed
line). Thus,the T1 policy exhibits a tradeoff betweengoodperformanceat the estimatedload
andstabilityathigherloads.

In thispaperwewill introduceanew policy thatallowsusto getthebestof bothworlds,good
performanceat theestimatedloadandincreasedrobustness.To deriveournew policy, it helpsto
®rstbetterunderstandtheT1 policy. SincetheT1 policy hasonly beenevaluatedby simulation
or by coarseapproximationin theprior literature,webegin by introducingacomputationallyef-
®cientandaccurateevaluationmethodfor threshold-basedpolicies,includingboththeT1 policy
andournew policy. Togethertheseconstitutecontributionsof thispaper.
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Contribution 1: We provide a computationally ef�cient and accurate analysis of the
meanresponsetime under the T1 policy asa function of job sizeand interarri val time dis-
trib utions, server speeds,af�nity , and weights. (SeeSections2-3.) Ouranalysisis technically
an approximation,but can be madeas accurateas desired,andappearsexact whenvalidated
againstsimulation.Accurateanalysisallows usto quickly ®ndoptimal thresholdvaluesfor the
T1 policy.

Thesameanalysistechniquecanbeappliedto otherthreshold-basedpolicies. For example,
onemight arguethat thestability issueof theT1 policy with too small ��� is resolvedsimply by
placinganadditionalthreshold,��� , onqueue2, sothatif thenumberof type2 jobs, � � , exceeds
��� , server2 workson type2 jobsregardlessof thenumberof type1 jobs.Wereferto thispolicy
astheT1T2policy, sinceit operatesastheT1 policy only when � ���	��� . Thisnaturalextension
to the T1 policy surprisinglyturnsout to be in generalno better than the T1 policy. That is,
theoptimal valueof �
� is usually � , reducingtheT1T2 policy to theT1 policy. The intuition
obtainedthroughthe extensive analysisof thesepolicies leadsus to proposea new, adaptive,
threshold-basedpolicy.

Contribution 2: We proposethe Adaptive Dual-Threshold(ADT) policy that achieves
performancesimilar to the optimal T1 policy andis robust to changesin load (SeeSection4.)
Thekey ideain thedesignof theADT policy is theuseof two thresholds,�

� ��

� and �

� ��

� , onqueue

1 with a threshold,�
� , on queue2. TheADT policy behaveslike theT1 policy with threshold
�
� ��

� if thenumberof jobsin queue2 is lessthan ��� andotherwiseliketheT1 policy with ahigher

threshold,�
� ��

� . Thus,in contrastto theT1T2policy above,theADT is alwaysoperatingasaT1

policy, but unlikethestandardT1 policy, thevalueof ��� adapts,dependingonthequeueatserver
2; the differentthresholdson queue1 allow server 2 to help queue1 lesswhentherearemore
type2 jobs,preventingserver 2 from becomingoverloaded.This leadsto theincreasedstability
region. Thedual thresholdsalsomake theADT policy adaptive to a changein load(changesin
� � and � � ), in thatit operateslike theT1 policy with threshold�

� ��

� at theestimatedloadandlike

theT1 policy with ahigherthreshold�
� ��

� atahigherload.

Formally, theADT policy is characterizedby thefollowing rule.

De�nition 2 If � ������� , the ADT policy operatesas the T1 policy with threshold �������
� ��

� ;

otherwise, it operatesastheT1policy with threshold�������
� ��

� .

Figure2(d) shows which jobsserver 2 processesundertheADT policy asa functionof � � and
� � . When �

� ��

� ���

� ��

� or when �
��� � , theADT policy reducesto theT1 policy with threshold

�
� ��

� . Also, when �

� ��

� � � , theADT policy reducesto theT1T2 policy.

The remaining®guresillustrate the robustnessof the ADT policy. Figure 2(f) shows the
weightedresponsetime asa functionof � � . Here,the ADT policy (solid line) performsjust as
well astheoptimalT1 policy at theestimatedload( � ���������! and � �"�$#%�'& ), andhasstabilityat
higher � � . Wewill show laterthattheADT policy is alsorobustagainstchangesin � � . Figure2(e)
shows the weightedresponsetime asa function of �

� ��

� . The ®guresuggeststhat once �

� ��

� is

chosento guaranteethestabilityat theestimatedload,theresponsetimeis ®nitefor any �
� ��

� . As

we will see,sincetheperformanceat theestimatedload is relatively insensitive to �
� �(

� , we can

choosea high �
� ��

� to guaranteea largestability region. In addition,sincethestability region is
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insensitive to �
������ and ��� , we canchoosethesevaluesso that theperformanceat theestimated

loadis optimized.
In conclusion,theADT policy is morerobustthantheT1 policy in two ways.(i) Theresponse

time undertheADT policy is lesssensitive to changesin � � and �	� . (ii) Thesettingsof thethree
thresholdvaluesundertheADT policy arelesslikely to leadto instability or increasedresponse
time,ascomparedto theT1 policy.

2 Analysisand validation of analysis

In this section,we ®rstdescribeour analysisof theT1 policy. Theanalysiscanbeextendedto
otherthreshold-basedpolicies,includingtheADT policy, asillustratedin Section2.2

2.1 Analysisof T1 policy

Thedif®cultyin analyzingthemeanresponsetime undertheT1 policy comesfrom thefact that
thestatespacerequiredtocapturethesystembehavior growsin®nitelyin twodimensions;i.e.,we
needto trackboththenumberof type1 jobsandthenumberof type2 jobs. In theliterature,there
aretwo typesof approachesto analyzea processsuchasourswith two dimensionallyin®nite
statespace. The ®rstapproachis to resortto coarseapproximation. For example,Squillante
et.al. derive anapproximateanalysisof theT1 policy basedon vacationmodels[23]. This type
of analysisis computationallyveryef®cient,but theaccuracy of thesolutionis typically poor. For
example,theerror in theapproximationby Squillanteet. al. is unbounded,sinceit mispredicts
the stability region. The secondapproachincludescomputationalmethodsthat can, in theory,
be madeasaccurateas desired,but requiremorecomputationaltime. Suchmethodsinclude
reductionto a boundaryvalueproblem[6] and the matrix analyticmethod[16] possiblywith
statespacetruncation(e.g. [27]). Reductionto a boundaryvalueproblemis a mathematically
elegantapproachbut oftenexperiencesnumericalinstability. Thematrix analyticmethodcanbe
computationallyveryexpensivewithoutstatespacetruncation,andit is verydif®cultto determine
whereto truncatethestatespaceto guaranteesuf®cientaccuracy [3].

Our analysisof theT1 andADT policiesis a nearexactmethod,which canbemadeasac-
curateasdesired,basedon theapproachof dimensionalityreductionthatwe introducein [12].
Advantagesof dimensionalityreductionincludeits computationalef®ciency, accuracy, andsim-
plicity; theseallow us to extensively investigatethe performancecharacteristicsof the policies
underconsideration.Thedimensionalityreductiontechniquereducesa2D-in®niteMarkov chain
(hardtoanalyze)to a1D-in®niteMarkov chain(easyto analyze)by usingbusyperiodtransitions.
Figure3 shows the resulting1D-in®niteMarkov chainfor the T1 policy. This chaintracksthe
exactnumberof type2 jobs. With respectto thenumberof type1 jobs,thechaintracksthis in-
formationonly up to thepointwherethereare � ��

� jobsof type1. At thispointa type1 arrival
startsa “busyperiod� ,” which endswhenthereareonceagain� ��
�� jobsof type1. During this
busyperiod,bothserversareworking on type1 jobs,andtype2 jobs receive no service.State� ���������� denotesthereareat least � � jobsof type1 andthereare � type2 jobsfor ������� � � ���"!#!#! .
Thekey point is that there is no needto track thenumberof type1 jobsduring this busyperiod.

$
This busyperiodis equivalentto anM/M/1 busyperiodservingat rate %'&)(*%�&,+ .
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Figure3: Markov chainusedfor analyzingtheT1policy ( ������� ).

Weapproximatethedistributionof thedurationof thisbusyperiodby a2-phasephasetype(PH)
distributionwith Coxianrepresentation� by matchingthe®rstthreemomentsof thedistributions
[19]. We®ndthatthissuf®cesto achieveahigh level of accuracy. Figure4 validatesouranalysis
againstsimulation;weshow two of many caseswecomputed.Notethatgeneratinga singledata
point via simulationrequires30 minutes, sinceten iterations,eachwith 1,000,000events,are
neededto stabilize.By contrast,our analysistakeslessthana second.

Thelimiting probabilitiesof theMarkov chainin Figure3 canbeusedto calculatethemean
numberof jobs of eachtype, �
	��
��� and ��	������ , which in turn givesmeanresponsetime via
Little' s law [15]. The limiting probabilitiesof the 1D-in®niteMarkov chain can be obtained
ef®cientlyvia thematrixanalyticmethod[16]. Deriving �
	������ from thelimiting probabilitiesis
straightforward,sincewetracktheexactnumberof type2 jobs.Wederive �
	������ by conditioning
on thestateof thechain. Let ��	��
������� denotetheexpectednumberof type1 jobsgiventhat the
chainis in state �����! #" . For � �%$ �'&(&�&(� � �*),+ , �
	��-���(���.� � for all  . For � � �0/� , �
	������(132465 � is
the meannumberof jobs in an M/M/1 systemgiventhat theservicerateis thesumof the two
servers, 78�:9;7<��� , andgiventhatthesystemis busy, plusanadditional� � jobs.

2.2 Analysisof ADT policy

The analysisof the meanresponsetime underthe ADT policy follows an approachsimilar to
the analysisof the T1 policy. Figure5 shows the 1D-in®niteMarkov chainusedfor analyzing
theADT policy. Again, thechaintrackstheexactnumberof type2 jobs,but with respectto the
=
A PHdistribution is thedistributionof theabsorptiontime in acontinuoustimeMarkov chain.The®gureillus-

tratesa2-phasePHdistributionwith Coxianrepresentation,wherethe > th statehasexponentially-distributedsojourn
timewith rate?#@ for >3ACBED!F . Theabsorptiontimeis thesumof thetimesspentin eachof thestates,startingatstate1.

1m 2m
Exp Exp absorptionp

1�p
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Figure4: Validationof analysis,whereweset �� � 
������ , � 	�
������ , and � � 	�
�� � 
�� .

numberof type 1 jobs it tracksthis informationonly up to the point wherethereare ��� 	 �� ! �
jobs.A type1 arrival at thispointstartsa“busyperiod,” whichendswhenthereare � � 	"��#! � jobs

of type1. State $%� � 	 ��'&)(+*-, denotesthat thereareat least � � 	 �� jobsof type1 andthereare * jobs
of type 2 for * 
.� ( � (0/1( �2�3� . The meanresponsetime is againobtainedvia the matrix analytic
method.

3 Results: T1 Policy

Our analysisof Section2 allows, for the®rsttime,ef®cientandaccurateanalysisof theT1 pol-
icy. In this sectionwe extensively evaluatetheweightedaveragemeanresponsetime (weighted
responsetime)undertheT1 policy for variouscases,and®ndthefollowing characteristicsof the
T1 policy performance.

1. Settingthethreshold� � higheryieldsa largerstability region.

2. When 4 � �5�6	87 4 	9��	 , the optimal thresholdwith respectto minimizing the weightedre-
sponsetime is � �:
<; , which at thesametime achievesthe largeststability region. This
is thepolicy of following the 4 � rule,asin this caseserver 2 “prefers” to run its own jobs
in a 4 � sense.

3. When 4 � ���6	>= 4 	9��	 , the optimal � � thresholdis typically ®nite; in this casethereis a
tradeoff betweengoodperformanceat theestimatedload $ � � ( � 	 , andpossibleinstability
at higher � � and/or � 	 . This is thecasewhereserver 2 “prefers” to run type1 jobsin a 4 �
sense,but following the 4 � rule leadsto instability.

4. The lower thevalueof 4 �+��� , the lower theoptimal thresholdtendsto be,i.e. thecloserit
tendsto be to the instability region. Hence,the tradeoff betweengoodperformanceand
stability is moredramaticat smaller 4 � ��� .
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Figure5: Markov chainusedfor analyzingtheADTpolicy ( �
������ ��� , � �
	��� �
� , � 	 ��� ).

3.1 Characterizing the optimal thr eshold

Figure 6 shows the weightedresponsetime when type 1 jobs and type 2 jobs have the same
weight,i.e., � � � � 	 ��� . Dif ferentrows correspondto different � � 's anddifferentcolumnscor-
respondto different� 	 's,aslabeled.Here,����� is ®xedat 1. Theweightedresponsetimeis evalu-
atedatthreeloads, �� � �
���
������� �!�"���
�$# (only % � is changed),and � 	 is ®xedat0.6throughout.& We
alsodiscusstheeffect of lower/higher� 	 , thoughnot shown in the®gure.Weconsiderrelatively
high loads,sincesystemperformanceneedsto beimprovedmostin thesecases.

Rule 1: If ' � � ' � and �(���*)+�,� , - � ��. is optimal. In the third andfourth columnsof
Figure6, where� 	 � 	0/ � � � �1	 �2� , theweightedresponsetime is anonincreasingfunctionof � � ;
hence� � �3. minimizestheweightedresponsetime. As we will seein Section3.2, � � �3.
alsomaximizesthestabilityregion. Hence,� � ��. (i.e.,following the �4� rule) is thebestchoice
with respectto bothperformanceat theestimatedload, 5 � � � � 	76 , andstability at higher � � and/or� 	 . Thecondition � �1	 )�� 	 is achievedwhentype1 jobsarelarge,type2 jobsaresmall,and/or
whentype1 jobsdonothavegoodaf®nitywith server2 (e.g.,whentype1 jobsrequireto access
datastoredlocally atserver1). Thefollowing theoremformally characterizesRule1. Weprovide
its proof in [20].

Theorem 1 If � � � � 	 and � �1	 )+� 	 , � � ��. minimizestheoverall meanresponsetime.

Rule 2: If ' � � ' � and �(�8�:9;�,� , ®nite - � is typically optimal. In the ®rstandsecond
columnsof Figure6, where � � � �1	 9<� 	 � 	 , the weightedresponsetime hasminimum at some
®nite � � . Sincea largervalueof � � leadsto a largerstability region, thereis a tradeoff between=

Note that >?A@CBEDAF GAHIDAF JAHIDKF JML correspondsto ?N@OBPLKF JRQRH�SKF S7SKHUTRF D7V when W @CBYX"ZRX[S (row 1), ?A@OBQRF D7GAH\Q]F V7^AH\Q]F ^]T when W @ B;X�Z"^ (row 2), ? @ B;X7F
X�Q]H�XMF_Q4SKH�XMF VMV when W @ B;X (row 3), and ? @ B`DKF GMGKH�DKF J7JKH[X7F D4^RL
when W @ Ba^ (row 4).

8



good performanceat the estimatedload, ���������	��
 , and stability at higher ��� and/or �	� . (Note
thatthecurveshavesharperªV shapesºin generalat higher ��
� .) Choosingtheright ��� is further
madedif®cultby thesteepcurveto theleft of theoptimal ��� : as��� becomessmaller, theweighted
responsetime quickly divergesto in®nity. Therefore,evenwhen �
� and �	� are®xedandknown,
pastworksadvisedchoosing��� conservatively, asthey couldnotperformaccurateanalysis.Our
accurateandef®cientanalysisnow allowsusto choosetheoptimal ��� in suchasituation.Though
not shown, we have also investigatedother valuesof ��� . When ��� is lower (andhence��� is
higherfor a®xed ���� ), theoptimal ��� tendsto becomesmaller, andhencethetradeoff betweenthe
performanceat theestimatedload andstability at higherloadsis moresigni®cant.This makes
intuitive sense,sinceat lower ��� , server 2 canhelp more. The condition � ����� � � is achieved
whentype1 jobsaresmall,type2 jobsarelarge,and/orin thepathologicalcasewhentype1 jobs
havegoodaf®nitywith server2.

Rule 3: If �������	� , lower � � typically implies lower optimal threshold.In theupperrows
in Figure6, theoptimal � � 's aresmallerandat thesametime theªV shapesºaresharper. Since
smaller ��� resultsin a smallerstability region andlarger ��� valuessigni®cantlydeterioratethe
performanceat the estimatedload, the tradeoff betweenthe performanceandstability is most
signi®canthere.Small � � is achievedwhentype1 jobsarelargeor whenserver1 is slow.

In theaboveruleswehaveassumedequalweights;Figure7 showstheeffectof changingthe
weights.Here  � is changedaslabeled, � is ®xedat1,andtheserviceratesarenow ®xedat � �!�
� ���"� � �#�%$ . In termsof  � values,the®gurecorrespondsto thethird row of Figure6. Observe
that the curves in Figure7 have shapessimilar, but not identical, to the correspondingcurves
in Figure6. The  � rule providesa goodbasisbut doesmisssome,potentiallycrucial,system
changes.We ®ndthatasa whole, theabove threerulescontinueto characterizetheoptimal �!�
valuesin thecaseof differentweightswhenwereplace� � by  � � � , � ��� by  � � ��� , and � � by  � � �
in therules. In particular, when  � is small, i.e., type1 jobsaremoreimportant,theoptimal ���
is smallerandthe ªV shapeºis sharper, andhencethe tradeoff betweentheperformanceat the
estimatedload, �&�������	�'
 , andstabilityathigher ��� and/or�	� is mostsigni®cant.

3.2 Stability of T1 policy

Figure8 showsstabilityregionsundertheT1 policy as �(� and ��� vary; thequeuesarestableif and
only if �	� is below thecurve. The®gureillustratesthathigher ��� valuesyield a largerstability
region,andin the limit of �����*) , thequeuesundertheT1 policy arestableaslong as ����,+*$
and �	�-+.$ . Thenext theoremformally characterizesthestability of theT1 policy. We provide
its proof in [20].

9
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Figure6: TheweightedresponsetimeundertheT1 policy asa functionof ;�< , where type1 jobs
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Figure8: Stabilityregionof theT1policy for differentthresholdvalues.Upperboundson � � are
plottedasfunctionsof ��� .

Theorem 2 Queue1 is stableundertheT1policyif andonly if � ������������� ��� Queue2 is stable
undertheT1policy, when� �� "! , if andonly if

� � �

#$$$$$$$$% $$$$$$$$&

�('*),+.--/(0*1,24336587 3:9<; 3>= ; 243 9�33?@(ACBED AGFH4IKJ I
if LNMPOQSRUT

MWVNX I(Y[Z�I(\ M>]^W_N`.a(bdcea(f�^>gh_ i�j a(k aalmonCpEq nGrsutKv t
if wNxzyS{U|

(1)

When} x~y�{ and � x�� � x�� , queue2 is stableif and only if equation(1) holdswith } x~y�� .
When} xzyS{ and � x�� � x�� , queue2 is stableif andonly if

w���� {�8������e�G��� � �>� � �G��>�W�.�W�N�e�G�(�>���(�����

Corollary 1 Theright handsideof equation(1) is an increasingfunctionof � � ; i.e., stability
increaseswith � � .

4 Results: ADT policy

In this sectionwe examinetheadaptive dual-threshold(ADT) policy, which achievesbothgood
performanceat theestimatedloadandstability at higherloads.Recallfrom Section3 thatsmall� � achievesgoodperformanceat the expenseof stability, andlarge � � achievesstability at the
expenseof goodperformance.TheADT policy placestwo thresholds,�~  �>¡� and �¢ ¤£ ¡� , onqueue1,
andasshown in thissection:
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1. Performanceat theestimatedloadis well characterizedby �
������ , and

2. Stability is characterizedby �
������ .

Thuswe getthebestof bothworlds. SincetheADT policy requiresspecifyingthreethresholds,
�
�	���� , �

������ , and � � , onemight want to avoid searchingthe spaceof all possibletriples for the
optimal settings. We show that thresholdvaluessetby the following sequentialheuristiccan
achieveperformancecomparableto theoptimalsettings.

1. Set �
�	���� astheoptimal � � of theT1 policy at theestimatedload.

2. Choose�
������ sothatit achievesstability in adesiredrangeof load.

3. Find � � suchthatthepolicy providesbothgoodperformanceandstability.

4.1 Stability of the ADT policy

We ®rstconsiderthestability of theADT policy. At high enough
 � and 
 � , � � usuallyexceeds
� � andthepolicy behavessimilar to theT1 policy with � �
� �

������ ; thestability conditionfor the
ADT policy is in factthesameasthestabilityconditionfor theT1 policy when � � is replacedby
�
������ . Thefollowing corollarycanbeprovedin asimilar wayasTheorem2.

Corollary 2 Thestability condition(necessaryandsuf®cient)for theADTpolicy is givenby the
stability conditionfor theT1policy (Theorem2) by replacing� � by �

������ .

4.2 Characterizing the optimal thr esholds

Corollary 2 suggeststhat �
������ shouldbe chosenso that the policy can achieve stability in a

desiredrangeof load. Onemight arguethat setting �
������ too high degradesthe performanceat

theestimatedload,asdoestheT1 policy with large � � threshold;however, it turnsout that this
is not the casefor the ADT policy. Figure9 shows the weightedaveragemeanresponsetime
(weightedresponsetime)asa functionof �

�	���� (solidor dashedlines);it alsoshowstheweighted
responsetimeundertheT1 policy asafunctionof � � (dottedlines).Weset�

������ and � � aslabeled.
The®gureshows thatchoosinghigh �

������ (=40) degradestheperformanceat theestimatedload
( 
 ����������� , �
 ��������� , and 
 ��������� ) only if � � is too small (dashedline). With a suf®ciently
large � � , theADT policy achievesperformancevery comparableto theoptimalT1 policy at the
estimatedload(solid line). Notealsothatfor �

�	���� valuesbelow theoptimal � � , theperformance
of theADT remainsstable,in contrastto thesimpleT1 policy.

Figure9 alsosuggeststhatwhen � � is appropriatelyset,theweightedresponsetime is min-
imized by setting �

������ closeto the � � that minimizes the weightedresponsetime, achieving
performanceverycloseto theoptimalT1 policy at theestimatedload.

However, determiningthe appropriate� � is a nontrivial task. If � � is settoo low, the ADT
policy behaveslike the T1 policy with threshold� ��� �

������ , degradingthe performanceat the
estimatedload, since �

������ is larger thanthe optimal � � . If � � is set too high, the ADT policy
behaves like the T1 policy with threshold� � � �

������ . This worsensthe performanceat loads
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Figure9: TheweightedresponsetimeundertheADTpolicyasa functionof �
������ (solidor dashed

lines)andtheweightedresponsetimeundertheT1policyasa functionof � � (dottedlines).Here
weassume� ��!#"%$�& ,  (' !)"%$�* , + �-,.�/!10�243 , + �5,.� ' !10 , and + ' , ' !10�260�* , correspondingto the
secondgraphin the®rst columnof Figure6.

higherthantheestimatedload. Althougha larger stability region is guaranteedby setting �
� ' ��

higherthantheoptimal � � , theweightedresponsetime at higherloadscanbequitehigh, albeit
®nite.

Our ef®cientandaccurateanalysisof theADT policy in Section2 canbeusedasthekernel
of asearchalgorithmto determineagoodvalueof � ' swiftly andeasily, oncewedetermined�

������
and �

� ' �' . Figure10showstheweightedresponsetime for different + , values,asa functionof � �
in column(a) andasa functionof  6' in column(b). Dashedlinesshow theweightedresponse
time underthe T1 policy, usingthe threshold� � that minimizesthe weightedresponsetime at
theestimatedload( � �7!8"%$�& and  9' !:"%$�* ). Dottedlinesshow theweightedresponsetimeunder
theT1 policy with � �;!=<>" . Solid linesshow theweightedresponsetime undertheADT policy,
where �

�?���� is setat theoptimal � � at theestimatedload, �
� ' �� !@<>" , and � ' is chosenso that it

achievesgoodperformanceboth at the estimatedload andat higher � � andhigher  9' . We ®nd
ªgoodº � ' valuesmanuallyby trying a few differentvalues,which takesusa few minutes.

Figure10shows thattheADT policy hasat leastasgoodperformanceasthebetterof theT1
policiesthroughouttherangeof loads( � � and  (' ). When ,.� is largerelativeto ,A� ' (bottomrows),
thedifferencein theweightedresponsetime at theestimatedload is smallbetweentheoptimal
� � 's andlarger � � 's. Thereforea high threshold,suchas � ��!B<>" , is a reasonablechoicein this
case,implying thata good � ' is typically small. This casecorrespondsto thecasewhentype1
jobshavegoodaf®nityat server1, or thecasewhenserver1 is faster.

When ,.� is smallrelative to ,A� ' (top rows),stability region is lesssensitiveto � � , sincesmall
� � canachieve relatively large stability region. Therefore,theoptimal � � at the estimatedload
is a goodchoice,and � ' is typically large. Theserows correspondto thecasewhenserver 2 is
faster, or type1 jobshavegoodaf®nityon server2.

The advantageof the ADT policy over the T1 policy is mostsigni®cantwhen ,7� is close
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(a)sensitivity to ����
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(b) sensitivity to  "!
Figure10: TheweightedresponsetimeundertheADTpolicy (solid lines)andT1policy (dashed
and dottedlines) as functionsof (a) # %$ (only & $ is changed;  '!)(+*-,/. ) and (b)  "! (only & ! is
changed; # �$0(1*2,43 ). Threshold5 $ is chosensothat theweightedresponsetimeis minimizedat
# -$�(6*-,73 and  "!8(�*-,/. (dashedlines)or 5 $9(;:<* (dottedlines).For theADTpolicy, 5

= $?>$ is setas
theoptimal 5 $ , 5

= !@>$ (A:B* , and 5 ! is chosensothat it achievesgoodperformanceandstability.
All graphsassumeC $@DE$
!F(HG , C !IDJ!F(AGLK2GL. , and C $8( C !M(HG , correspondingto the®rst column
of Figure6.
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to ����� . In this case,small ��� provides good performanceat low �� � and at low � � but hasa
signi®cantlysmallerstability region, while large �	� provides a larger stability region but has
signi®cantlyworseperformanceat low �� � andat low � � . TheADT policy performsjust aswell
astheT1 policy with small ��� at low �� � and � � , justaswell astheT1 policy with large ��� athigh
�� � and � � , andbetterthanany of thetwo T1 policiesat intermediatevaluesof �� � and � � .

5 Conclusion

Providing goodperformanceat theestimatedenvironmentparameterssuchasloads,arrival rates,
andjob sizeshasbeena centralgoal in designingallocationpoliciesandschedulesin computer
systems.However, estimatingenvironmentparametersis a dif®culttask,andfurthermorethese
parameterstypically ¯uctuateover time.

We proposethe Adaptive Dual-Threshold(ADT) policy thatprovidesgoodperformancein
the estimatedenvironmentandyet is alsorobust againstchangesin load. The key ideain the
designof theADT policy is theuseof dualthresholds;autonomouslychoosingtheright threshold
dependingon thesystemstate,andhenceadaptingto changesin theenvironment.We show the
effectivenessof the ADT policy in the caseof two servers;however, the ADT policy could be
appliedto any more generaldistributed computingsystemwherea threshold-basedpolicy is
effective. Wehopethattheintuition obtainedin ourstudyof thetwo servercaseis alsousefulin
choosingthecorrectthresholdvaluesin moregeneralsystems.

We alsoprovide a computationallyef®cientandaccurateperformanceanalysisframework
that is widely applicableto threshold-basedpolicies, including the ADT policy. This analysis
allows us to determinethresholdvaluesso that the policy providesgoodperformanceand ro-
bustness.Our analysisis useful in investigatingthe characteristicsof threshold-basedpolicies
in general;in fact we have studiedmany threshold-basedpolicies, including the T1 andT1T2
policies.Theintuition obtainedin thestudyof thesedegeneratecasesledusto proposetheADT
policy.

We have describedour analysisin the caseof two serversandtwo queueswith Poissonar-
rivalsandexponentialjobs sizes,but this canbe extendedto moregeneralcases.Jobsizeand
interarrival time distributionscanbeextendedto generaldistributionsusingPH distributionsas
approximations(see[11]). It is also straightforward to extendour analysisto more than two
serversbut with only two queues.Extensionto morethantwo queuesis not trivial, but in certain
casestherecursivedimensionalityreductionthatweproposein [28] maybeapplied.
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A Proofsof theorems

A proof of Theorem 1

By Little' s law, minimizing themeannumberof jobs in systemresultsin minimizing themean
responsetime. Thus, it is suf®cientto prove that the numberof jobs completedunderthe T1
policy with ����� � is stochasticallylarger than thosecompletedunder the T1 policy with�����	� at any moment.Let 
���
�������������
���
��� ��������
���
��� ������� bethe joint processof thenumberof
jobsin queue1andqueue2, respectively, attime � when����� � ; Let 
�!"
#�$���%�&��
'!"
� �����(�"
�!�
� �������
be de®nedanalogouslyfor �)�*�+� . With ���,�-� , server 2 processestype 2 jobs aslong as
therearetype2 jobs,andthus 
���
��� ����� is stochasticallylargerthan 
�!"
� �$��� for all � . This implies
thatthenumberof jobscompletedby sever 1 is stochasticallysmallerwhen �.�/�0� thanwhen�����0� atany moment,sinceserver1 is work-conserving.

As longasserver2 is busy, thenumberof jobscompletedby sever2 is stochasticallysmaller
when � � �&� thanwhen � � �1� at any moment,since 2��4365	273 . Theonly time thatserver 2
becomesidle is whenthereareno jobsto beprocessedin eitherqueue;at theseepochs
 ��
��� �������
���
��� �$���8�+
���
��� �������9
���
��� �$���8�+: , andthenumberof jobs completed(eitherby server 1 or by
server 2) becomesthe samefor ���;�<� and �����=� . This implies that the numberof jobs
completed(eitherby server 1 or by server 2) undertheT1 policy with �.�>�?� is stochastically
largerthanthatcompletedundertheT1 policy with ���@�A� .

A proof of Theorem 2

Weproveonly thecasewhen �)�@BDC . Thecasewhen ���E�?C canbeprovedin asimilar way. Let
 �-��
F����
 3 � bethe joint processof thenumberof jobs in queue1 andqueue2, respectively.
Consideraprocess G
=�H�EG
F���>G
 3 � , where G
 behavesthesameas 
 exceptthatit hasnotransition
from G
 3 �	C to G
 3 �D: . Then,
F� and 
 3 arestochasticallysmallerthan G
I� and G
 3 , respectively.
It suf®cesto prove thestabilityof G
 .

First consider G
I� . Theexpectedlengthof a ªbusyperiod,º duringwhich G
F�KJA�L� , is ®niteif
andonly if M7�N� 2 �7O 2 � 3 . Thisprovesthestability conditionfor queue1.

Thestronglaw of largenumberscanbeusedto show that thenecessaryandsuf®cientcon-
dition for stability of queue2 is P 3 � Q , where Q denotesthetime averagefractionof time that
server 2 processesjobs from queue2. Below, we derive Q . Considera semi-Markov process
of G
I� , wherethe statespaceis (0,1,2,...,���>R?C ,�/S� ). The state T denotesthereare T jobs in
queue1 for T �U:V�WCX�ZY[Y\Y[���)�@R	C , andthe state � S� denotesthereareat least �)� jobs in queue
1. Theexpectedsojourntime is C^]_M�� for state0, C^]`��M7��O 2 ��� for statesT �=CX�WYaY\Y[�����%R0C , andb � �dcfehg^i S gjilknmoqp#rWsdtfuhv^sdwVvjslxqy for state z wo , where { is the meandurationof the busy periodin an M/M/1
queue,wherethearrival rateis | o andtheservicerateis } o�~ } o4� . Thelimiting probabilitiesfor
thecorrespondingembeddedMarkov chainare �����-�f� ~��Vo��f� � p�oo ��� for �����X�Z�\�\�[� z o�� � and�`�`�s � � � so ��� , where

���@�
��� ��

o
���V�(���"�q� �l�� ���\���V� �d  � �¢¡ �£���n� �l��¤$¥W¦ ¤ if §V¨�©ª&«

¨¬�­V®(¯�°"±q² ±l³± ­�´\¬�­V® ±dµ ´·¶ ±n¸ ¬ µ if ¹ ¬�º&»X¼
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In �� , server2 canwork on queue2 if andonly if ����������
. So,thefractionof time thatserver2

canwork onqueue2 is

	 
 �
� ��� ��������� �
� � �������� � � � � �"!#� �$
%'&�(*)�+-,/.�01$
%203$�4�56�7 &�,8( ) +"9#) 7 +;:<$�4�56

=
>????????@ ????????A

)CBED/F 66GCHEIKJ<LLNMPO LRQTS LVU S J<L QWLLXYCZ\[^] Z`_acb d b if e�fhgikj

f8l�m bCnpoqbCr fVst8u�vxwVypzqw�{^tV|}u ~8� wC� ww��C���^� �`��<� � � if ���2�k���
Thisprovesthestability conditionfor queue2.
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