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Abstract

We show that extremely accurate approximation to
the prefix sums of a sequence of n integers can be
computed determintstically in O(loglogn) time us-
ing O(n/ loglog n) processors in the CoMmmoN CRCW
PRAM model. This complements randomized approx-
imation methods obtained recently by Goodrich, Ma-
tias and Vishkin and improves previous deterministic
results obtained by Hagerup and Raman. Further-
more, our results completely match a lower bound ob-
tained recently by Chaudhuri. Our results have many
applications. Using them we improve upon the best
known time bounds for deterministic approximate se-
lection and for deterministic padded sorting.

1 Introduction

The computation of prefix sums is one of the most
basic tools in the design of fast parallel algorithms
(see Blelloch [9] and JaJ4 [33]). Prefix-sums can be
computed in O(logn) time and linear work in the
EREW PRAM model (Ladner and Fischer [34]) and
in O(log n/ loglogn) and linear work in the COMMON
CRCW PRAM model (Cole and Vishkin [14]). These
two results are optimal as shown by lower bounds of
Cook, Dwork and Reischuk [15] and of Beame and
Hastad [8], even if randomization is allowed.

One of the typical uses of prefix sums in parallel com-
putation is in the solution of compaction problems
which are required, in turn, for the solution of pro-
cessor allocation problems. Recent years have seen
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tremendous progress in the development of parallel al-
gorithms with extremely fast running times. Running
times of Qfloglogn) and O(log" n) are now typical
(see the works of Gil, Goodrich, Hagerup, Matias, Ra-
man, Vishkin [13],[20],(21],(23],[24],[25],[28],[38],[42]).

It is clear that prefix sums cannot be used by such fast
algorithms. To obtain these extremely fast algorithms,
new primitives that replace parallel prefix sums had
to be invented. One such primitive, used in many
of the previously cited works, is linear approzimate
compaction: given an array A of size n that contains
k non-zero elements, create an array B of size (1+€)k
that contains the non-zero elements of A, where ¢ =
o(1) (with respect to n). Unused cells in B should
contain a special null value.

Gil, Matias and Vishkin [20], Goodrich [21] and
Hagerup [24] have shown that linear approximate
compaction can be solved, with high probability, in
O(log" n) time using O(n/log” n) processors in the
randomized CRCW PRAM model. This result is
work-time optimal as shown by a lower bound of
MacKenzie [36].

Using the tool of linear approximate compaction (and
some other tools), many interesting problems were
shown to have extremely fast randomized algorithms.
Among these problems are parallel dictionaries, par-
allel hashing, padded sorting and padded integer sort-
ing, and approximate and exact selection.

Goodrich, Matias and Vishkin [22],[23] and Hagerup
and Raman [29] have recently shown that consis-
tent approximate prefix sums can be computed, with
high probability, in O(log" n) parallel time and linear
work using a randomized algorithm. A sequence 0 =
bo,b1,...,b, 18 said to be a consistent e-approzimate
prefit sums sequence of a sequence ay,ay,...,ay,, if
for every 1 < i < n we have 37 _,a; < b <
1+ ¢ Z;.=1 a; (approximation) and b; — b;—; > q;
(consistency). Consistent approximate prefix sums

Authorized licensed use limited to: Carnegie Mellon Libraries. Downloaded on February 11,2021 at 19:32:43 UTC from IEEE Xplore. Restrictions apply.



give a much ‘cleaner’ solution to the linear approx-
imate compaction problem. They solve in fact the
seemingly harder ordered approzimate compaction in
which the order of the elements should be preserved.

Can such fast running times be obtained with-
out randomization? Hagerup [27] obtained a de-
terministic O((loglogn)®) time linear work algo-
rithm for the linear approximate compaction prob-
lem. Hagerup and Raman [29] obtained a determin-
istic O((loglog n)*/logloglogn) time linear work al-
gorithm for the approximate prefix sums problem.
Chaudhuri [11] has recently obtained a lower bound
of Q(loglogn) on the time needed to solve a linear
approximate problem of size n using O(n) processors.
Chaudhuri’s result shows that randomization is essen-
tial if a running time of O(log* n) is desired. Hagerup’s
result shows that although running times of O(log" n)
cannot be attained by deterministic algorithms, ex-
tremely fast running times, much below O(logn), are
still possible.

In this work, we show that consistent ¢-approximate
prefix sums, where ¢ = (loglog n)~¢ for any fixed a >
0, can be computed deterministically in O(loglogn)
time using O(n/ loglogn) processors in the COMMON
CRCW PRAM model. The algorithm given is uni-
form. In other words, the same algorithm is used
for every input size and no precomputed tables are
used by the algorithm. As a consequence we get that
ordered approximate compaction, and also ordered
processor allocation, can be solved deterministically
within the same bounds. This greatly improves the
results of Hagerup [27) and Hagerup and Raman [29]
and completely matches the lower bound of Chaudhuri
[11].

Hagerup (personal communication to {11]) had ob-
tained a non-uniform deterministic approximate com-
paction algorithm that runs in O(loglogn) time us-
ing O(n/loglogn) processors. All the algorithms de-
scribed in this paper are uniform.

The ‘engine’ of our results in a construction by Aj-
tai [2] of uniform constant depth and polynomial size
circuits for approximate counting. We translate Aj-
tai’s result to the PRAM language and obtain a con-
stant time approximate counting algorithm that uses
a polynomial number of processors. This approximate
counting algorithm is used as a building block in all
our subsequent algorithms. This may be viewed as
a ‘positive’ contribution of circuit complexity to the
world of parallel algorithms. The ‘negative’ contribu-
tion being the proof that exact counting cannot be
done in constant time using a polynomial number of
processors ([1],[18],{43],{30]). The Q(logn/loglogn)
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lower bound of Beame and Hastad {8] is essentially a
formulation of this result in the PRAM language.

The fact that Ajtai’s result [2] is uniform and ezplici
should be stressed. Non-explicit constant depth poly-
nomial size circuits for approximate counting can be
easily obtained using probabilistic arguments (see Aj-
tai and Ben-Or [3]). To achieve uniformity Ajtai sim-
ulates short random walks in explicitly constructed
expander graphs. Explicit constructions of appropri-
ate expander graphs were obtained by Galil and Gaber
[19] and Lubotzky, Phillips and Sarnak [35].

The rest of the paper is organized as follows. In the
next section we translate Ajtai’s result into the PRAM
setting. In Section 3 we combine Ajtai’s engine with
ideas of Goodrich, Matias and Vishkin and show that
consistent approximate prefix sums can be computed
deterministically in O(1) time using n°() processors.
In Section 4, we use standard methods to achieve our
time-work optimal result. We show that consistent ap-
proximate prefix sums can be computed deterministi-
cally in O(loglog n) time using O(n/loglogn) proces-
sors. In Section 5 we derive the corresponding bounds
for approximate compaction, and for the interval and
processor allocation problems. In Section 6, we state
the improved time bounds for approximate selection
and for padded sorting that are implied by our im-
proved algorithms. Finally, in the last section we men-
tion some possible further applications.

2 Deterministic approximate counting

The results of this paper are based on the following
result that follows from the work of Ajtai [2].

Theorem 2.1 Let A be a Boolean array of size n.
For any fized a > 0, the number of 1’s in A can be
approzimated to within a factor of 1 + (logn)™% in
constant time using a polynomial number of processors
in the CoMMON CRCW PRAM model.

Ajtai did not consider PRAMs in his work. He showed
instead that there exists a uniform family of AC? cir-
cuits that can perform approximate counting with the
desired accuracy. In his proof Ajtai uses yet another
different formulation of the problem, that of first-order
definability over finite structures (see Ajtai [1]).

The three different settings, are easily shown to be
equivalent. The equivalence of first-order definability
and uniform families of AC? is explained, for exam-
ple, by Immerman [32]. The equivalence of uniform
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families of AC® and CRCW PRAM:s is demonstrated,
for example, by Stockmeyer and Vishkin [41].
Though these three different setting are easily shown
to be equivalent, the fact that the result of Ajtai is not
stated in the PRAM model may explain the fact that
his result has been ignored so far by the designers of
PRAM algorithms. We think, therefore, that a direct
implementation of Ajtai’s approximate counting algo-
rithm in the CRCW PRAM model is of some value.
Furthermore, while examining the implementation of
Ajtai’s algorithm we find out that certain preliminary
stages in Ajtai’s algorithm were independently discov-
ered by the designers of PRAM algorithms.

In the remainder of this section we sketch a proof of
Theorem 2.1. A complete proof, supplemented by the
exact implementation details, will appear in the full
version of the paper.

Proof of Theorem 2.1 (sketch) :

Let A be a Boolean array of size n. Let |A| denote the
number of 1’s in A. We mimic Ajtai’s proof and obtain
the approximate counting algorithm by establishing
the following sequence of results:

1. For
any fixed a > 0, the number min{|A|, (logn)*}
can be determined in constant time using a poly-
nomial number of processors.

2. For any fixed € > 0, if |A| < & then it is possible,
in constant time using a polynomial number of
processors, to compact the 1’s of A into an array
B of size k*¢,

3. There is a (uniform and explicit) constant time
algorithm that uses only a polynomial number of
processors that outputs 0 if |4| < n/log?n and
that outputs 1 if |A| > n/3.

4. An estimate f(A) satisfying |A] < f(A) < 2|4]
can be computed in constant time using a poly-
nomial number of processors.

5. For any fixed a > 0, an estimate f(A) satisfy-
ing ] < f(4) < (1+ (log|A])*)-]4| can be
computed in constant time using a polynomial
number of processors.

6. For any fixed a > 0, an estimate f(A) satisfying
|A| < f(A) < (14 (logn)~¢)| 4| can be computed
in constant time using a polynomial number of
processors.

The first result, stating that counting up to powers
of logn is possible in constant time, is an old result
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in circuit complexity (see e.g., Denenberg et al. [16],
Fagin et al. [17], Hastad et al. [31] and Newman et
al. [39]).

The second result is very similar to the compaction
results of Ragde [40] and Hagerup [26]. Ragde had
shown that the 1’s in A can be compacted in constant
time into an array of size k? using O(n?) processors
and into an array of size k* using O(n) processors.
Hagerup [26) strengthened this result and showed that
for every fixed € > 0 the 1’s in A can be compacted,
in constant time, into an array of size k! *¢ using O(n)
processors. Hagerup’s result is therefore stronger than
the required result, it uses a linear number of proces-
sors while a polynomial number is allowed. The proof
given by Hagerup is extremely technical. Ajtai, on the
other hand, gives a very elegant proof of the weaker
claim which is sufficient for his purposes.

It is interesting to note that using the second result,
we can obtain a direct proof of the first result. Simply
compact the 1’s in A into an array B of size (logn)3+!,
using € = 1/a. If the compaction does not succeed, we
know that the number of 1’s in A is at least (logn)®.
If it does, all we have to do is to count the number
of 1’s in an array of size (logn)®*!. As we have n°()
processors, this can be easily done in constant time
(see, e.g., Cole and Vishkin [14]).

The second result implies that, forany 0 < a < < 1,
we can distinguish cases in which |4| < n® from cases
in which |A| > nf.

The third step is the major step on the road to accu-
rate approximate counting. To obtain this result Ajtai
simulates short random walks in expander graphs, a
method introduced by Ajtai, Komlés and Szemerédi
[4] (see also Alon and Spencer [6], p. 123).

Lemma 2.2 ([4]) Let G (V,E) be a d-regular
graph on n vertices. Let A(G) be the adjacency mairiz
of G and suppose that the second largest eigenvalue (in
absolute value) of A(G) has an absolute value of less
than (1 — €)d, for some ¢ > 0. Then, for any a > 0,
there ezrists ¢ > 0 such that for any set B C V with
|B| > n/3, the probability that a random walk of length
s =clogn in G misses B is at most n=¢.

A random walk of length s in a d-regular G = (V, E) is
obtained by choosing a random starting vertex (each
vertex is chosen with probability 1/n), and then select-
ing, with equal probabilities, one of the d* sequences
that describe the edges that should be followed. If
s = clogn then the number of such walks is polyno-

mial.
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Gaber and Galil [19] and Lubotzky, Phillips and Sar-
nak [35] describe explicit constructions of graphs that
satisfy the conditions of Lemma 2.2. The graphs ob-
tained by Gaber and Galil are 3-regular. The graphs
obtained by Lubotzky et al. are 6-regular. These ex-
plicit constructions do not supply such graphs for ev-
ery n, only for n’s which are powers of two in the first
construction, and for prime n’s congruent to 1 mod-
ulo 4 in the second construction. This is a technical
matter that will be ignored in this extended abstract.
It can be shown, without much difficulty that, for any
¢ > 0, all the walks of length s = clogn in these
explicit graphs can be constructed in constant time
using a polynomial number of processors without the
use of any precomputed tables. A proof of this claim
will appear in the full version of the paper.

Let A be a Boolean array of size n. Let G be an
explicit d-regular graph on n vertices that satisfies the
requirements of the Lemma. We associate each cell
of A with a vertex in G. Let B be the set of vertices
of G associated with cells of A that contain 1.

There are only nd’ = nb walks in G of length s
clogn, where b = 14+clogd. We can check, in constant
time using a polynomial number of processors which
of these walks passes through B.

If |B| = |A| > n/3 and if ¢ is large enough, then ac-
cording to the Lemma (with @ = 2) at most n®~? walks
of length s = clogn miss B. In can be easily checked,
on the other hand, that if |B| = |A| < n/log? n, then
at least n®~1 of the walks of length s = clogn miss B.
Using the second result we can distinguish between
these two situations. This completes the proof of the
third result.

We omit the proofs of the last three results although
they also contain some interesting ideas. The imple-
mentation of these steps will be described in the full
version of the paper.

3 Deterministic consistent approxi-
mate prefix sums

The previous section describes an approximate count-
ing algorithm. It is easy, using standard techniques,
to extend this algorithm into an approximate summa-
tion algorithm. The basic idea is very simple. Given
n integers, each represented using at most O(logn)
bits, we approximate, for each 1 < 7 < O(logn), the
number of 1’s among the i-th bits of the binary repre-
sentations of the input numbers. We are then left with
O(log n) numbers, each containing O(logn) bits. The
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exact sum of these numbers can be easily found in con-
stant time using a polynomial number of processors.
This gives us the following result:

Theorem 3.1 Let A be a Boolean array of size n each
of whose elements 1s an O(logn)-bit integer. For any
fized a > 0, the sum Y [_ a; (where a; is the i-th
element of A) can be approzimated to within a factor
of 1 + (logn)™? in constant time using a polynomial
number of processors in the CoMMoN CRCW PRAM
model.

The prefix sums of a sequence aj,as,...,a, are the
elements of the sequence 0 = bg, by, ..., b,, where §; =

;=1 a;. Once we know how to approximate a sum, it
is easy to approximate each element of the prefix sums
sequence. However, for such an approximation to be of
value, it should satisfy a natural consistency condition
introduced by Goodrich, Matias and Vishkin [22],[23]

and by Hagerup and Raman [28].

A sequence 0 = bg,by,...,b, is said to be a con-
sistent e-approzimate prefiz sums sequence of a se-
quence aj,as,...,an,, if for every 1 < i < n we have
Z}:l aj <b; <(1+¢) Z;:l a; (approximation) and
b; — b;_1 > a; (consistency).

Goodrich et al. [22],(23] and Hagerup and Raman [29)
show how to compute consistent 2¢ log n-approximate
prefix sums by calls to an e-approximate summation
algorithm. The presentation in [22],(23] is complicated
by the fact that their approximate summation ‘box’ is
randomized. The fact that we compute approximate
sums deterministically simplifies matters. We there-
fore sketch their reduction.

Start by ‘planting’ a complete binary tree whose leaves
are the elements of the sequence ay,as, ..., a, (we as-
sume for simplicity that n is a power of 2). For each
vertex v in the tree compute an e-approximate estima-
tion S’(v) of the sum of the elements that appear in
the leaves of v’s subtree. The estimates corresponding
to vertices at level ¢ (where leaves are considered to be
at level 0) are multiplied by (1 + ¢€). Let S(v) denote
the value now contained in vertex v.

It is easy to check that the values S(v) associated with
the vertices of the tree are now consistent, in the sense
that if v; and v, are the two children of v then S(v) >
S(v1) + S(v2)-

The exact prefix sum Z;:l a;, forany 1 < j < n,
can be obtained by summing the exact sums corre-
sponding to at most logn vertices of tree. Take the
approximation b; of this prefix sum to be the exact
sum of the approximations to values of these vertices.
As this sum involves only O(log n) numbers, it can be
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easily computed in constant time using a polynomial
number of processors. It can be easily shown that the
obtained approximate prefix sums are consistent. For
the exact details the reader is referred to [22],[23].

Certainly, each approximate prefix sum is a (14¢)1°8"-
approximation of the exact prefix sum. For small
enough ¢ we have (1 + €)™ < 1+ 2elogn as re-
quired. As we can take € = (logn)~%, for any fixed
a > 0, the fact that the accuracy parameter is multi-
plied by 2logn is of no concern. This establishes the
following result:

Theorem 3.2 Let A be a Boolean array of size n each
of whose elements is an O(log n)-bit integer. For any
fized a > 0, consistent (logn)~%-approzimate prefiz
sums of the sequence contained in A can be computed
in constant time using a polynomial number of proces-
sors in the CoOMMON CRCW PRAM model.

4 Achieving optimal speedup

All the algorithms of the two previous sections run
in constant time. They are wasteful however as they
use a large (though polynomial) number of processors.
In this section we show that all the above mentioned
tasks can be performed extremely fast even if only a
linear number of operations is allowed. The accuracy
of the approximation is slightly effected. It is now only
(loglogn)~° for any fixed a > 0.

Theorem 4.1 Let A be a Boolean array of size n each
of whose elements in an O(logn)-bit inieger. For any
fized a > 0, consistent (loglogn)~%-approzimate pre-
fiz sums of the sequence contained in A can be com-
puted in O(loglogn) time using O(n/loglogn) pro-
cessors in the COMMON CRCW PRAM model.

Proof : We give at first an O(loglogn) time algo-
rithm that uses O(n) processors. Suppose that con-
sistent (log n)~%-approximate prefix sums of an array
of size n can be computed, by the algorithm of the
previous section, in constant time using O(n®) proces-
sors, for some b > 0. Break the array A into nl/?
subarrays each of size n!~!/* and compute consistent
approximate prefix sums of each one of them using
a recursive call to the algorithm being described, or
using the standard logarithmic time algorithm if the
size of the subarray is at most, say, O(log n) (the prefix
sums of such small arrays can be computed exactly in
O(loglog n) time using a linear number of operations).
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Then, compute consistent approximate prefix sums of
an array of size n'/® obtained by taking the last ap-
proximate prefix sum (i.e., the approximate sum) of
each subarray. This can be done in constant time us-
ing O(n) processors by applying the algorithm of the
previous section. Consistent approximate prefix sums
of the array A can now be computed in constant ad-
ditional time. It is easily seen that such an approach
leads to a running time of O(loglogn).

To reduce the number of processors required
to O(n/loglogn), break the original array into
n/loglogn subarrays each of size loglogn. Allocate
a processor to each such subarray. This processor
computes sequentially, in O(loglogn) time, the ex-
act prefix sums of its subarray. A single problem of
size n/ loglogn is then solved using the previously de-
scribed algorithm. A consistent prefix sums sequence
of the whole array can be obtained now in constant
time.

Let us consider now the accuracy of the approximate
prefix sums obtained by the above algorithm. Suppose
approximate prefix sums of an array A of size m are
computed by breaking the array into m; subarrays of
size mz, computing €;-approximate (and consistent)
prefix sums of each subarray, and then computing ¢,-
approximate (and consistent) prefix sums of the sums,
and then obtaining approximations to the prefix sums
of the whole array. Then ¢-approximate (and consis-
tent), where € = (1 + €1)(1 + ¢2) — 1, prefix sums of
the whole array are obtained. If ¢; and €3 are small
we may use the approximation ¢ = € + €.

Let e(mn) denote the relative error of the approximate
prefix sums computed during the course of the algo-
rithm for a subarray of size m. It is easy to see that

e(m = {

The dominant part of the error comes, therefore, from
the application of the constant time approximate pre-
fix sums algorithm on subarrays whose size is just
above logn. The resulting relative error in these ap-
plications is about (loglogn)~2. This completes the
proof of the Theorem. o
The accuracy of the above algorithm can be slightly
improved by devoting more time to the approxima-
tion of prefix sums of small subarrays. With the help
of Mike Paterson we have been able to improve the
accuracy to 2—©(oglogn/logloglogn) The same result
has been obtained by Hagerup after seeing a previous
drarf of this work.

Using ideas similar to the ones used above, but by
terminating the recursion after a constant number of

e(m'=1/*) + (log m!/*)=* if m > logn,
0 otherwise.
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steps, we obtain the following result:

Theorem 4.2 Let A be a Boolean array of size n each
of whose elements is an O(log n)-bit integer. For any
fized a > 0 and any fired ¢ > 0, consistent (logn)~¢-
approzimate prefir sums of the sequence contained in
A can be computed in O(1) time using O(n'*+€) pro-
cessors in the CoMMoN CRCW PRAM model.

In general, various trade-offs are possible between run-
ning time, number of processors, and the accuracy of
the approximations obtained. Such trade-offs will ap-
pear in the final version of the paper.

5 Deterministic approximate
compaction

The ability to compute consistent approximate pre-
fix sums implies immediately the ability to solve the
following problems:

Approximate compaction Given an array A of size
n compact the indices of the places that contain 1’s
into an array of size (1 + ¢)-|A] for some ¢ = o(1),
where |A| is the number of 1’s in A.

Interval allocation Given an array A of size
n containing O(logn)-bit integers, allocate n non-
overlapping intervals of length a;, a3, . . ., @, within an
interval of length (1 + €)Y i, a;, where ¢ = o(1) and
ai,...,a, are the elements of A.

Theorem 5.1 The approzimate compaction and the
interval allocation problems of size n can be solved in
O(loglogn) time using O(n/loglogn) processors in
the COMMON CRCW PRAM model.

This theorem improves an O((loglog)®) bound of
Hagerup [27]. Besides being faster, our result is
stronger than Hagerup’s algorithm as it solves the or-
dered versions of the compaction and interval alloca-
tion problems.

Chaudhuri [11] showed that solving the approximate
compaction problem using O(n) processors requires
Q(log log n) time, even if € is only required to be a con-
stant and not o(1). Our algorithm matches this lower
bound even though it uses only O(n/ loglog n) proces-
sors and has € = o(1). Chaudhuri’s (loglogn) bound
for the approximate compaction problem implies the
bound for the approximate prefix sums problem. Our
approximate prefix sums algorithm, therefore, is also
optimal.
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6 Applications to selection and sorting

The Q(logn/loglogn) lower bound on the time
needed to compute the parity of n bits using
a polynomial number of processors implies that
Q(logn/loglogn) time is also required to select the
median or to sort a set containing n elements using
a polynomial number of processors, even if the input
elements are just bits. These lower bounds can be
circumvented, however, if approzimate selection and
padded sorting are considered.

Chaudhuri, Hagerup and Raman [13] used Hagerup’s
deterministic compaction and approximate counting
algorithms to obtain a deterministic algorithm for ap-
proximate selection that runs in O((loglogn)*) time
with an optimal number of processors. Using the fact
that approximate compaction and approximate count-
ing can be performed in O(1) time using a polynomial
number of processors, we can improve the running
time of their algorithm to O(loglogn).

Theorem 6.1 Let X be a set containing n elements
and let 1 < r < n. For any fized ¢ > 0, an element
z € X whose rank v’ in X satisfiesr < v/ < (14 ¢)r
can be found in O(loglogn) time using O(n/ loglogn)
processors in the COMMON CRCW PRAM model.

The above result is best possible as shown by Chaud-
huri [12]. Note that the elements of X are not as-
sumed to be taken from a small domain. The only
operations allowed on them however are comparisons.
Again, various tradeoff are possible between time and
accuracy.

The padded sorting problem was introduced by
MacKenzie and Stout [37). A padded sorting algo-
rithm is required to place the n input keys in sorted
order in an array of size (1+ ¢)n, for some fixed ¢ > 0.
Unused cells of the output array should contain a spe-
cial null value.

Hagerup and Raman [28] obtained a randomized algo-
rithm for padded sorting n elements in O(log n/log k)
time using kn processors. This matches a lower
bound of Q(logn/logk), obtained by Alon, Azar and
Vishkin [5],(7} and simplied by Boppana [10], that
holds in the stronger parallel comparison model. In
[29], Hagerup and Raman obtain a deterministic ver-
sion of their algorithm that runs in (logn/logk)-
(log log k)®-20Ug" n=log” k) {ime  Using our improved
results we can somewhat reduce this time bound.

Theorem 6.2 A set of n keys can be padded-sorted
using kn processors in (logn/logk) - (loglogk)3 -
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90(log" n—log™ k) yime in the CoMMON CRCW PRAM

model.

7 Further applications

Our optimal prefix sums algorithm can also be used to
obtain deterministic versions of optimization schemes
that were obtained by Goodrich [21], Gil, Matias and
Vishkin [38],[20] and by Hagerup [25]. Such opti-
mization schemes take a loosely specified algorithm
that ignores the issue of processor allocation and pro-
duce an algorithm that solves the processor alloca-
tion problems. Our algorithm may also be applied to
certain computational geometry probelms mentioned
in Goodrich [21] and Goodrich, Matias and Vishkin
(22],23).
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