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Solving problems with equality

_ constraints
S
m Equality constraints: i F )
Jality constraints

m Seems very hard




Null space

* JEE
m Equality constraints:  Ax= b

m Given one solution: Q : 7452 =L
- ~- A
—~ X=X+
= Find other solutions: X =b J M g
A(Qwa):é = Ay=0

ve N4

m Since Null Space is a linear subspace: C6kernn Qi Foore
Y £ H{" AVB:O | fate - Su\bquq ~Ses b{N(A)

9oy -~f3 ZelR dgn
Ol A=y = {2 apz] eentl Ak (Neay)
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Eliminating linear equalities
"

m Equivalent optimization problems: A
i £(x) i £ (X + Fa)
Az b = Tzt
K e

ie*%nji- pent in Ax=h

N
m Find basis for null space of A (linear algebra)y— " =~
. E— !
Solve unconstrained problem
olve unconstrained pro’

m Aconcern... .9 , 4 |hes Tt
ooy lon, thchon




Solving quadratic problems with

eﬂualltz constraints

Quadratic problem with equahty cons:czr)alnts
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M"' A e Py 2K v N A Congrima

m<n MA-)( -6 < T By
CLyTPY 46X #V(Ay-L
a KKT condition x* solution iff L (X,¥) =% ! { )
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o)+ A v=o ArE ~
Ax b v

n Rewrltlng

) »

S

m Solve linear system:
Any solution s 021 (% /Y]
Any solution is O
Ifrﬁgl_ujo.n,_unhounded

XC:
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Newton’s method with equality
constraints

] 2L (<)
Qu}d&tfzz%mxtcna&%l Y)aﬁ&q AX & | l AX T OFE) AX

A(xeax) =5
Start feasible, stay feasible: X‘D)C’ Peesible A'XM = 3
YV e £ D Ax?=b , Ad =

m KKT: —

VA A - Uy
Solve linear system: A o w 0

/Q lﬁ«jfuth vf\u“-\ph‘lrs ’_ﬁy

ALX=0

£ line s
XE XK ~ £ B,y

m  Move accordingly:




General convex problem
“ JEE
m General (differentiable) convex problem:

i Lo () Mozl £ie Convyy
* RH)EO
Ax =5
m Equivalent problem with only equality 0 ue
constraints: T de:{ e
i £ @) + 7 I-U—‘{(}(\\ T oo
X Ay =b
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L lag#c) = £_

Approximating the indicator'= ¢
" JEE
m Approximate indicator:
T.u) o —L bg-w) €70
Correct as t—)oojC
Differentiable o (’% leg (—Q\ ==

(k"" t ) -2 -1 i
m Approximate optimization problem: -
o Lolt) i £ =LZ Loy (~£: ()
* . -~ VA + Lt
'7C|6(\:_0 ~ A—x y

Ax = b

m Convey, if f, are convex, because
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Log-barrier function
* JEE
m Solve log-barrier problem with parameter t:

o tfo) T Qi) s Q) =T Iglte

AX=b
m Nice property:
Gradient: (£ 504 4 O < {owm@&\ Vi
Simpl
|
Hessian: | QHCGO + OlCD (A
Force field interpretation
* JEE
= Log-barrier function: £ £ (¢) * %) ’\)
m D d|ng gradient of barrier \
— '&Q fo&) &+ 0@ cx)mf ”f .
of ~7 O&) e
m Each term: . -
Want f(x)<0 O%ﬁ\ UEIE 2 (ofef:60)
As we approach 0 : AERS _
as ‘P's()(\ H;ij {p Lteowe 70 D(D(\ 2.‘\ Yi@
0#-/1()9 lo Lcon o A -’Ci(%J
£

_Jn = 06- eo'@pfi\
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Central path
= JE
m For each t, solve:

X e aw3a;i~4ﬁ£%) + P(x) ./%"
AX S L
el
cd £

m As t goes to infinity, approach solution of original
problem

—

m Problem becomes badly conditioned for very Iaﬁ_t, o)
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Barrier method
= JEE
m Given:
Feasible x
Initialgp

”>1 V\Fo(_‘,l—-(_ j?c.\f-mc-—)u-/'

com Do pravies
vt o golnko P
m Repeat 7~ %MAHL jolua o Cmplis

Centering:

g impoomue: () = =in +Ho+ B
Update: x:= x*(t) 5
Stopping criterion: When t is “large enough”

Increase barrier param: t:= &
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When is t large enough???
* J
o carmmin ARG € Q&)
m Solve centering step: NUGE T2 e «

_ (X))
m There exists values for dual vars (See book), f'ff,%f

. L sriginal Pféé(&.»—s Y,
such that duality gap < kit ¢ et tﬁ%’““

orT

m Thus: ﬁo(%*(ﬂ) —p¥ < »

m Stopping criterion k/t < € @k\‘ v qm,,) Lo
(38, vey) %‘ H=O
ka\\(ﬂu-

Ay=14L
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Centering step not (necessarily) exact
" JEE
= Finding exact point on central path can take a while...

YF(¢) = = gmint Fe(d) & @)
Ax=S

m Usually:

Run a few steps of Newton to recenter
Then increasg’t

(problem: duality gap result no longer holds!!)

m Most often use primal-dual method

Equwalent to Newton’s method on Lagrangian
L(%X \/\ _ 150(70 4_2 Ay Frex) X vt AX—S\

At 2,0
= See book for details
\




What about feasible starting point???
" S

m Phase |: Solve feasibility problem, e.g.,
Mmin $ R
S LGS
Ax z5

Starting from feasible point:

pick X Ax =L sud § = sl £ &)

(don’t solve to optimality!!! Stop when s<0)
—=

When feasible region “not too small”, find point very quickly
m Phase |l: use feasible point from Phase | as starting point for
Newton’s or other method —

m Also possible:
Change Phase | to guarantee starting point (near) central path
e ——

Combine Phase | and Phase I
_—
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