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Convex optlmlzatlc%n =
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e.g., mn x+a St 1-x-3<9

Confext

Linear inequalities: &% ok mebde 2
Positivity: s



Optimality

et

» Optimal value: —
v =inf {f(x) | gi(x) < 0 (Vi), Ax=Db }

+ Definiton of v*=inf ST~ <2 5 o

= Yeso Ax. €S, U¥ie> x,

» For example: inf{e* | x real } =
/} SUF (Sv?mw““:)
41y Weed  vpper found
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Optimal point
H
» X*is optimal iff: £CA=v™ Axe o gixDeo

* |s there always an optimal point?
—ex. 1: wwy 106(\() s.f. x>0

. ~Y
—ex.2; mw <&  sr x>0



Local optima

* min f(x) s.t. g(x)<0

C— e —

* X, IS a local optimum iff

Xo op¥el fHr win £ex) <.t B(K)s o
L x- M€ ¢
—Qr‘ Sor~ 2 > O

* |[n a convex program,
étl\ louv\ OPHM are e \§o 6/(0(04\ a’]}“"""‘“



C
An optimality criterion

* Suppose f(x) is_differenti convex

 Then x* = arg min f(x) iff ©F (x*) = 0 /ch

* What about x* = arg min f(x) s.t. x € C?
—> e i O D Ve*)=0 =
> e $C D VLK) (x-x*)= 0 VxelC




Proof of criterion

Z)+ ~
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Types of convex program
foc= § b | lIxlck %
* Linear program, quadratic program
» Second-order cone program 4= Ax b
min £ <% \:_Y’-a

e T\ b= oarxrd
QA;’(“'(O'.“ (.C:"X-ro(; \d'lé_l,

\\vau\\ <%
« Semidefinite program .
SN CT)( S.’(‘\ F‘ € S | 00
Fx, + Fp¥a ¥ oo Fuy% 7z O F\ - (Z)ZSS
Aox = Ay
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- Data x; € R, y;  {0,1)
. P(y,—1|x,,y_v b —szx+b

=1/( 1+exp

,U\Ls(%l)~
* MaX,y ylx W, b lv\(uc)

mawa P(W Q) H (y| | X, W, b)
V\:»J,a.\%  Plv b) + ? Q,\ ¢ (xi- u+$)\~a . (va:) L’\(“S(—\)




EX: minimize top eigenvalue

» Suppose A € 8" fori={1, 2, ...}
jg min, o A4(A) s.t.

WAL X st Vo> AX v ox Vg
N I | Ixll =




Ex: minimum volume ellipsoid

. < _— | \
. . S ™y
* Given points Xy, Xy, ..., X, | ~=l_
. rrgl_n Vol(A) s.t.
(Xi—X)TA(X—-%x)s1 i=1,..,kK
A - Sn*n l (A\ . ]
) V0
A>0 VAN
Ll vol (A) = _,_‘é \xx\»Ac\ + Conc )

WA A — lf\\A\ S\

%Co«xif\’ car~ts 3



Schur complement

AT
« Symmetric block matrix M = < &

o Sc@ur complement is S =
—ee M%0 iff Abo axt Se0

.ﬁ "\ TM)‘ — ()
M. x -—
M >(. () ]

\(_<V\\ X Mx :vfoux+\/TCV F2a By

’ ° &~ O
v A w,f‘a'\‘. U ex. < ‘@ A < O ‘ Svppes< A
O/.."Z_AU\-%Z'BV -7—5’\ A=A Buv —,-GTA“\\/
WA N )(7/\/\,( = WA (‘/TE“'WA G\/ . \/TC.\/ ’2: 8
X N R .
g \/TC v£ - \/‘ BTP\ Rv = v—\u v S\/

= WA

’ (s 8 S 50
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~ T T
sty X AX -2 Ax, rx Axe 0

Back to min-volume ellipsoid
y'.
» max log |A| s.t. di = (V)

—> ()lziXC—xC)TA(xi—xC)S1 i=1,...,k
A=AT,A>0
* max log |A| s.t. €= (i\f X‘)
D,Xc,Z R - '@T ¢ 2

Bz o & Az2o0 /\Z-—x:A—\KL?O
g{rB%; <\ ~— —

T =\
2- % A X, =0
é ) Awi -2wTx v 2 < T
2 £ Y. 4



EX: soap bubbles

Q: Dip a bent paper clip into soapy
water. What shape film will it make?

A: VAT A v A4 S’V/C&-C*C»

Write h(x,y) for height

—_——

Suppose (X,y) in S~
Areais: | /W/w,;?m(]




o (‘) E,a,. e TpSors ,.:13
Soap bubbles *“7> ¢

he = WG a0 ("f,‘gc\

ﬂr“ = 1‘)

1 L\ (T - .
\/l +< "‘m ,,< D)~ — i e
\(.ZU\ = X( *+ S




Ex: manifold learning

w e =f

. . .
Given points x,, ..., X, A ¢e w

: : A&
Find points y,, ..., Yy, €k
Preserving local geometry
—neighbor edges N (i,j) e & "C“"“’" vy

Yoo i, Xy

—distances 1v;-xjll = Lyi-g 0 () ed o
If we preserve distances -y xxj,

we also preserve angles (- ;\- Ix;-xe)



Step 1: “"embed” R" into R"

* While preserving local distances, move

points to make manifold as flat as
possible

e max
S.t.



Step 2: reduce to R

* Now that manifold is flat, just use PCA:



