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Definitions of convex sets
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= Probabilistic interpretation:

If C = R is convex
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General convex hull
" JEE

m Given some set C Q 7

m Convex hull of C, conv C

conv(C = {;(5 X'»?:e;y:/ xieC, 61298 o=

m Properties of convex hull:
ldempotency: C & conwex convC 2O coavd o Convcaw

Convexity:
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m Usefulness:
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Examples of convex sets we

. haxg.already seen. .

m R

m half space —

= polyhedron )@
m line

= line segment '—’—T
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l3¢-.\' ed ]Q)\f JV\LJ\FQ(A V) -- Vk

X6 éSv\SSPJA X = Z‘ >{ \/\fh(oe S tbspee

©2008 Carlos Guestrin




First non-linear example:

. guclidean balls and Ellipsoids
= B(x.r) - ball centered at x. centered atr:  /
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m Convexity:
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Examples of Norm Balls
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Norm balls
= JEE

m  Convexity of norm balls
Properties of norms:
] Sﬂ\g

* o =0
X< & X=0
m  Norm balls are extremely important in ML
9., SUms - l[wlltdj
L1 mwms lwliy 2]

Lesso :
= What about achieving a norm with equality? ~~ef COnLaY ' l
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m Set Cis a cone if set is invariant to non-negative scaling

N e Coe C5F xe(C
2 X e

= If the cone is convex, we call it: Convar-Conn ¥ =0
extremely important in ML (as we’ll see) K

m A cool cone: The ice cream cone 4 ¢ e Bl
ak.a. second order cone ‘ >
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Positive semidefinite cone

m  Positive semidefjnite matrices: ™ c - =
et Z:z“rz & S 2 0

¥x XTZxzo Posihow Solinike
m  Positive semidefinite cone: KIX>0,Z 70 ’ Zelse

Z==T / Eelﬁ“ x x40 QuickTime™ and a

: TIFF (LZW) d
S(Z | ¥ T2 300 o, Y070 eeidinime
/ ‘ -
» Alternate definition: Eigenvalues oz e XTExz0 D AXTQZY
26 ;(TEIBO

Z\/FO = %‘1‘,’/)&20 . U]V\V‘\L’ftq , 2?‘0;5 Z'"wo

m  Convexity: —
S.eC, 2,6C 2 62 +-01z, ¢C b X — [ Ty }
xTEezl FO-0)5 3 = X Ex t (701X Z X 20 ey L Y F
m  Examples in ML: =v Zv Xo

0 Co l/&,é.ﬂ_,\a_ mﬁ/}v‘ 193 Z ‘

» ){,Za ra
" Af&l‘d"a%Ltaly‘eén'{?ébéet ¢ = C“’IX‘) KQ(L, Y2) -- ‘6 20

Useful ina 96rtl/rpkzer of applications \ € (X)) . \ N X 70
Basis for very ‘cool e&gy\q%‘quatlorj’algorlth o, N /a4
ot Carlggﬂgr‘g‘allzes pretty many “named” convex optimization problems °

Operations that preserve

i} M Intersection

m Intersection of convex sets is convex

C‘i Gne Comver :) /'\ C; CoanvRY.
m Examples: v /qﬁ,;"’;;’f"“ -
Polyhedron Ahx7.b S Cd\w)j u

Robust i i 2 : -
obust linear regression a2 Z‘o(', (#, “;Z‘V'jfj()(i)\ Y

va\v N
Positive semidefinite cone INE K, brcaug, M“ﬁiff‘;
T < (£ g
2l A0, £oTY s
for teeh X, linew fumction oF T, 6, v halb g ™
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Operations that preserve convexity 2:

Affine functions —1% — ~7*
. : A},CV‘L‘JI”\-j A,‘MA,Sjo,\gl(‘ij 5 Ok

Affine function: f(x) =Ax + b
Set S is convex

Image of S under f is convex {f(x)\ X & 5% - {A—)(‘l’.g\)[ésg

= Translation: X &S ;S Convix X488 comvex

O $ O&ﬂ

m Scaling: YeS , axis comexx conv X

Of O Convt?~ _—
= General affine transformation: A, ¢ lj N T~

m Why is ellipsoid convex?
(XX TE 1 (xex) < 1 § Gy 1ylyTys 1{
Yis poi;iv_c;e seinu'/cie(igit’e_:%‘z\ - _Z-(/LX ~ f‘f_)(c WLy ﬁmc{{d,\
% T o =TTyt D dlipsey

ConvKY
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Operations that preserve convexity 3:
Linear-fractional functions
A

m Linear fractional functions:
fRr) = Axts CxXtd 7 O
g X'

c%é‘”L

Closely related to perspective projections (useful in computer vision)

= Given convex set G, image according to linear fractional function:
A O R

PR

T+

m Example:

20X, Wiy = piy Pivo, Zei=1
\ \J

Cenax_ saF
(QHVVY\ S{,)_
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Separating hyperplane theorem
* JEE
m Theorem: Every two non-intersecting convex sets C and D have a
separating hyperplane: CnD=z=
, SRR PAN

Yxe( a'xib 20

Ao
Yxed aXtbg, Ple
m Intuition of proof (for special case)
Minimum distance between sets: (X (L ,O)i ﬂ;\ll{ﬁ\ l X;(’gﬂﬁge D
If minimum is achieved in the sets (e.g., both sets closeé, and one is bounded),
then IS Bl ¢ enghraind JJrssedion
() / i
C IS
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Supporting hyperplane
" JEE
m  General definition: Some set C = R" / 7

Point x, on boundary

= Boundary is the closure of the set minus its interior / /
Supporting hyperplane:

= Geometrically: a tangent at x,

= Half-space contains C:

Yyel | (y-x)TwW) o0

m Theorem: for any non-empty convex set C, and any point x, in the boundary
of C, there exists (at least one) supporting hyperplane at x, —
C

sy Supporting hgpe ple

Lo

= (One) Converse: If set Cis closed with non-empty interior, and there is a
supporting hyperplane at every boundary point, then C is convex
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What you need to know
"= JdAE
m Definitions of convex sets
Main examples of convex sets

m Proving a set is convex

m Operations that-preserve convexity
There are many many many other operations that
preserve convexity
= See book for several more examples

m Separating and supporting hyperplanes

B
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Convex Functions
« SN

m Function .R">»R is convex if IOV,
Domain is convex ~ dhomF  Convex sab| (R e
V%, edomt & ¢ (o] :

07(1-({—9}5
Foxx U-0)g) S OFK) t (-6lfcy)

m Generalj{zation: Jensen’s ineﬂuality: P
18 N [V Py -
?" IS+ X € ConVvIKN Umienin o 76 k_)\,SL’s"‘\,l N hL

FLE)) < € Tet “7) EM

. . Son uA R

m Strictly convex function: <.q., , Noa~ e cf

Ty edom £, 6e(0) U &/—\/ﬁ_/
*34 c(ox 4 (-ely) < oK v (1-6)F(y)
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Concave functions
" J

m Functjon f is concave if ]ﬁl\
Aom,p (S ConuviX

-—r— 1S condrax
,{i(exﬂhe\v\} o £&) H(«e)@(;)

m Strictly concave: —£ S S J“fiwt'{fj ComuLx

= We will be able to optimize: ~ £259"

may /,ﬁ(ﬂ\ ConCacAd
A WC&\ Conv et f

* 1 & (o
Yo ( cower st oo

Proving convexity for a very

- sugpleexample
n f(x)=x2 Fox +((-0)Y) S 6fR) + (1-8){]y)

(oxs(-e)g)t E o X" +((-e) gt
N B

MQM] +(l’9)‘3‘(9xf(-[’9\(33

ox® + 6x((e-l§x+((—e\<3\+ (1-ely- (1-6)¢ (ex-07)

l o) (x4 (y-x)
0»L7“4(r~6\<3°’ + 62_(,‘/3 30 Aonr a
~——— to
~— ~
N A Loving U]
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First order condition
= JEE

m If f is differentiable in all dom f

m Then f convex if and only if dom f is convex and
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Second order condition (1D f)
" JEE

m [f fis twice differentiable in dom f

m  Then f convex if and only if dom fis convex and

m  Note 1: Strictly convex if:
m  Note 2: dom f must be convex

f(x)=1/x2
dom f = {xeR|x=0}
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Second order condition

. dggneal case)

m [f fis twice differentiable in dom f

m  Then f convex if and only if dom fis convex and

m  Note 1: Strictly convex if:
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Quadratic programming

" A
m f(x) = (1/2) XTAx + bTx + ¢

Convex if:
Strictly convex if:

Concave if:
Strictly concave if:
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Simple examples
“ JEE

m Exponentiation: e
convex on R, any aeR

m Powers: x2on R,,
Convex for a<0 or a>1
Concave for 0<a<1

m Logarithm: log x
Concave on R,.,

m  Entropy: -x log x
Concave on R,
(0 log 0 = 0)
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A few important examples for ML
"

m Every norm on R" is convex

m Log-sum-exp:
Convex in R"

m Log-det:
Convexin Sn,,
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Extended-value extensions

m  Convex function f over convex dom f

m  Extended-value extension:

m  Still convex:

m Very nice for notation, e.g.,
Minimization:

Sum:
= f, over convex dom f,
= f, over convex dom f,
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Epigraph

* J
m Graph of a function f:R"2>R
{(x,t)] xedom f, f(x)=t}

= Epigraph:
epif=

m Theorem: fis convex if and only if
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Support of a convex set and epigraph
" S

m [f fis convex & differentiable
f(x)=f(xg) + VH(Xo)(x- Xo)

m  For (x,t)eepi f, t>f(x), thus:

m  Rewriting: a5
(2.1) € epif = [ Vf_(f[)) } ([ :;-‘ } B [ j(l:}”) ]) <0

m  Thus, if convex set is defined by epigraph of convex function
Obtain support of set by gradient!!
If f is not differentiable
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