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A simple setting...
" A
m Classification
m data points

Finite number of possible hypothesis (e.g., dec. trees
of depth d) o~ C@H%y:w(ap Aete.

m A learner finds a hypothesis h that is consistent

with training data
@ge?; in training — errortr@
m \What is the probabillity that h has more than ¢
true error? T
Je et

error,,,.(h) 7€
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But there are many possible hypothesis

that are consistent with training data
" S
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Union bound
'_

m PAorBorCorDor...) < P(a)« ?(%)‘f ) -

s b < D
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How likely Is learner to pick a bad

. jhypothesis (ele () = 7

:C
m Prob. hiwith error,, () € gets m data point{s rig)ht
KN /€ @ Congistuntwith m ola\hlmmh) < |-¢ ™
P(QJC(\ 7 € (13T Lre)

B
m There are k hypothesis consistent with data

How likely is learner to pick a bad one?
V&QKU\P/Q 2 ’);&Io;;}‘\#c;t Vv C—f("\’g7/i g Cngichent V-

Fh m Aat= )
¢ TR E & ot @it M AR b ) Z

\ —e < ¢
< x (¢

€70
< |y (1-8)"

v @LU\&P/E 'gé«s,d(,,,t)

Y’"\

—&Em

H| ¢

78

S im PMJ ne.
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Review: Generalization error In

__finite hxgothesis Spaces [Haussler '88]

m Theorem: Hypothesis space H finite, dataset D
with m I.1.d. samples, 0 < ¢ <1 : for any learned
hypothesis h that is consistent on the training data:

P(erroryye(h) >¢€) < |Hle™ ™

k/

~ = A crieses :'B Vup. menlew o Sk

JLLC/%?M R\Lm‘.%
EXpernntiall, &t

AS

4] ) Incenys

:\ Cl\L\r\O\.S 04(-\— m\.ﬁ\.b"'j
A dagsion 1A Gl o

| ?'\'\‘L"V(’X SURE TN {[_H

(S
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R S U\\kig[\ .
AUbrenfee witn AIGA Pro
Usmggfl PAmgmlggg ngl Gt orith " prob. [
| W

m Typically, 2 use cases: P(errorgye(h) >¢€) < |Hle™ ™"

1: Pick € and 6, give you m M= [0 00
|~ = O 95

2. Pick m anc@give you €
6-05., £ L6

-7 7048 leow vight
=
f}\H\Q

9:
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Review: Generalization error In

__finite hxgothesis Spaces [Haussler '88]

m Theorem: Hypothesis space H finite, dataset D
with m I.I.d. samples, 0 < ¢ <1 : for any learned
hypothesis h that is consistent on the training data:

P(errortme(;) >¢€) < |Hle™™¢ }
— . U

€,
7‘,2‘124) 4

Even if h makes zero errors in training data, may make errors in test
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Limitations of Haussler ‘88 bound
" I P (errof e (h) > €) < |H|e™™¢

m Consistent classifier
— ‘?%

m Size of hypothesis space

14




What If our classifier does not have
zero error on the training data?
" SRR

m A learner with zero training errors may make
mistakes In test set

m What about a learner with error,,;,(h) in training set?

- )

'h'”\;/\ Crrors 7
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Simpler question: What's the

] exgected error of a hypothesis?

m The error of a hypothesis is like estimating the
parameter of a coinl  \, vV N N L

N

m Chernoff bound: for m 1.i.d. coin flips, X4,...,X,,
where x.2{0,1}. For O<e<1.:

- M} t 4
&= Plhoads Ve \ . o0 )
L + NS E Asads
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Using Chernoff bound to estimate
error of a single h esis

T ———

]. 9 2
Plo— =% < e2me? TN
( m ixxi>e)_e SeTem

«)Qr Soma ;\«Ord’H"(b{S 1’\
Oshmde  Prow ervor  —

vy, = L5 (6= E)

© = Ryvor, (L\S
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But we are comparing many

. gaypothesis: Union bound

For each hypothesis h;:

e
P (errortme(h ) —erroryqin(h;) >¢€) <e <™M¢

What if | am companng two hypotmnd h,?
D (0 e () = Gl ) 2E v aelie) Cpalhe) 26)

& (e (N)-melh) 28 £) + Ptnc(h) -~ Chur ()2

< 2- Q—-ZM{, IH/
in 6&%1 , Wl‘“’\ {H'[ [’\.‘j'ﬂd’J")‘\Mf\S
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Generalization bound for [H|

] hxgothesis

m Theorem: Hypothesis space H finite, dataset D /=0 o
with m I.I.d. samples, 0 < ¢ <1 : for any learned
hypothesis h:

2
P (Srrortme(h) — errOrygin(h) > €) < |H|e 2™ < d°

 — o lecst

TR ¥ e

- . —_—
- 7 M ez Crrovwﬂ\\-krrai /ﬁ]

(_HU* U’\\ E éVm:f«f'mLh(MJc m H‘} -+ lh\/)
7m




PAC bound and Bias-Variance
tradeoff

2
P (erroryrue(h) — €rrorygin(h) > €) < |Hle 2"

Toe——

or, after moving some terms around,
with probability at least 1-6:>°

In|H| + In %
/) errortrue(h) < errortrain(h) | \ > 0
e ol [ g » oyl
o swn rmsg l P = | Inly o ¢
S(\’“?\” W l’\\"\)k { S mal)
” (O'\AS“ lr \/Olrilm %(7

m Important: PAC bound holds for all h,
but doesn’t guarantee that algorithm finds best h!!!
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What about the size of the

] hxgothesis space?
1 1
250 <|n|H| —|—In5) E

m How large is the hypothesis space?

| 1) £ | rely oy
lm(H} s aly bj
B ey 5"37 o cw? g/c

bude I 5 vty il g

o InlH) o shill vl
5'\1, “jov\ N

000000000000000000000000



Boolean formulas with n binary features
" S

1 1
m > —<|n|H|+|n—)
262 6 f*
H VLH Conr 5““—""’.“"5 ¢ e\'

H. c\\\ l?’;r\c,rj Gvmaales
. | sk of o edibicks,
\/\/\"’\\ A\ Q‘!"j"kl }-)\«’L‘J) H"“ ,7 ‘J‘a—f—;r(:(lpwhj cen 5o ”‘&94-‘/(4 ;

Jq oo A~[Y

, | L ophey 4 I
1N vews for emch afhibudte , FAra bﬁ%'\s

" e inc A el
( & ,C% ’ lH‘ilz { X(J[AW(‘L/ posm/rnuacitt
B Pudgratyg| THV= S 6 el vy b
A L I A
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H: © /—\—7\ -
Number of, decision trees of depth k
1

1
S m 2 55 (1] + 10 5)
Recursive solution Huo :
Given n attributes 7]
Hk Number of decision trees of depth k ’ f t
H, =2 - ‘/\_K ﬁz\

H,., = (#choices of root attribute) * bdsd
(# possible left subtrees) * S’“c“”
(# possible right subtrees) wirt ks s
=n*H *H
2 LK o [J\ I Hz,l
Write L, = log, H, X
=1 = <ZK~') (l*lbjﬂ'\ t)
L., =log, n+ 2L, / |
So L, = (2%1)(1+log, n) +1 {u\% 5\3 o "’QSPLGI'

bl
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PAC bound for decision trees of

. adenth K

In2 1
mzn—2<(2k—1)(1—|—|Oggn)—|—1-|—|ng>

2e
a Bad!!! /

Number of points is exponential in depth!

m But, for m data points, decision tree can't get too big...
: o
(& no Mot 4’{’\“" e

Number of leaves never more than number data pojpts
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W

Number of decision trees with k leaves

1 1
" m2 5o (InlHl+n 5)

H, = Number of decision trees with k leaves

H, =2

k
Hpy1=mn ) HiHpy1
1=1
Loose bound: Reminder:

Hp = nF~1(k+1)2k1 IDTs depth k| = 2 % (2n)2 1

e =N hn
—&(fl |L,-\\ (V\L\G’W
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PAC bound for decision trees with k
leaves — Bilas-Variance revisited
" B

In|H|+In}
2m

H = nk_ 1 ( k <+ 1)2k —1 erroryye(h) < errory.qi,(h) + J

(k—1)Inn+ 2k —1)In(k+1) +1In3}

2m

errortrue(h) < errolirain (h) ‘|‘\

kK - m \ O \ lé\fj&
K= oL mM d‘m“ JAevtan AQ. Cyea st
6 ¢ o<l
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Announcements
.

m Midterm on Wednesday
Open book and notes, no other material
Bring a calculator
No laptops, PDAs or cellphones

©2005-2007 Carlos Guestrin
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What did we learn from decision trees?
" B

m Bias-Variance tradeoff formalized

(k—1)Inn+ 2k —1)In(k+1) +1In3}

2m

errortrue(h) S €rrofirain (h) ‘|‘J

m Moral of the stgry/

Complexity of learning not measured in terms of size
hypothesis space, but in maximum number of points that
allows consistentclassification
Complexity m — n@.bias, lots of variance
Lower than m — some bias, less variance

e —— —_—
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What about continu esIs
_ sgaces?

erroryye(h) < errorygin(h) + \

In|H|+ In%

2m

m Continuous hypothesis space:
IH| = £0©

Infinite variance???

As with decision trees, only care about the
maximum number of points that can be
classified exactly!




How many points can a linear

] boundar¥ classify exactly? (1-D)

\ Suf
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How many points can a linear

] boundar¥ classify exactly? (2-D)

A
— ( [aﬁyn('«

-

+ 4 ‘)\/
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How many points can a linear

] boundar¥ classify exactly? (d-D)
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PAC bound using VC dimension
" A
-@umber of training points that can @
classified exactly is VC dimension!!!
Measures relevant size of hypothesis space, as
with decision trees with k leaves

VC(H) (In 3 Ve 1) +1n%

errorgue(h) < errory.gin(h)- \

e }% Senc]

\Tingonr

fv st\;\m \ L\\A\)x\

inall A,
NP o s } N 4)\\
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Shattering a set of points ®’m‘w
. Q. bb /’r‘lL 9

Y
Definition: a dichotomy of a set S is a * . h
partition of S into two disjoint subsets. % % §v, ¥ )
ixl)(z%@* b( ;
Definition: a set of instances S is shattered { %55 ' §3
by hypothesis space H if and only if for every
dichotomy of S there exists some hypothesis
in H consistent with this dichotomy. { 3(?,%93 5 s
" F %l )(L}Q & \'\Z?’éu
)
Q\X 1 ] s [41:53- | Asp el
39 Sl
%‘ Con 3{"'0‘\’\’ f/b e ~

’\/]’\Q_\('L/ Cun L‘)l/ noOv¥e /X"L\L\h /
6O - K
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VC dimension
'__ ,
Gon -

Definition: The Vapnik-Chervonenkis Yo 5,’\4 ~
dimension, VC(H), of hypothesis space H i £ s
defined over instance space X is the size of JL &I pria

the largest finite subset of X shattered by H.

If arbitrarily large finite sets of X can be a o\ VLSS N:7 }‘\‘l)(/ S
shattered by H, then VC(H) = oc. Lhin
— T iy Clasihe f,\~
‘ ’ Cannot SL“’HV NS JO"\' ["\A«S/} 5&z aé[t
« ¢ lassify  Ahe
— o b aive Hu (é‘\k\’-g @ o
«OBV\. "‘) 3 Celr VL,CH&
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PAC bound using VC dimension
" J
m Number of training points that can be

classified exactly is VC dimension!!!

Measures relevant size of hypothesis space, as
with decision trees with k leaves

Bound for infinite dimension hypothesis spaces:

VC(H) (Invg,"g*'H) F1) +1In4

erroryrye(h) < errory.qin(h) \ ~
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Examples of VC dimension

" A o <h>+J Vo (i *vggm ty+ing
m Linear classifiers:
&/C(H) = d+5, for d features plus constant term b

—— —_———

A+ fﬂmm}cwf

m Neural networks

VC(H) = #parameters

'y a . . / . .
Local minima means NNs will probably not find best
parameters

OV\L"A S'owbs (/(’"\"1 ('7(.\54'5 ca)/\v?ﬁitf;f

m 1-Nearest neighbor? [ i~ Frainivy, Aot 7 2

VO () =oo
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Another VC dim. example EAR

4

. Whatcanwe shatter? -

m What's the VC dipHof decision stumps in 2d?
Car~ Sh4 v
+
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Another VC dim. example -

. Whatcantwe shatter?

m What's the VC dim. of decision stumps in 2d?
P st prove /erj‘ jl)w cant  Shaetder mam Fho, 3

X
A

—

) ' ’\ c,o.nnrf $ )\‘:H'w

t

./\-/7 RI\(L ,Pb] nt S M]/\(f(f/\)) CGO"}' "”\‘\D((J(,y Coprd :) .‘_
gy ofher PO =) -



What you need to know
" J
m Finite hypothesis space
Derive results

Counting number of hypothesis
Mistakes on Training data

m Complexity of the classifier depends on number of
points that can be classified exactly
Finite case — decision trees
Infinite case — VC dimension
m Bias-Variance tradeoff in learning theory

m Remember: will your algorithm find best classifier?
T - o —
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Big Picture

Machine Learning — 10701/15781

Carlos Guestrin
Carnegie Mellon University

March 5th, 2007
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What you have learned thus far
" J

Learning is function approximation

Point estimation
Regression
Naive Bayes
Logistic regression
Bias-Variance tradeoff
Neural nets
Decision trees
Cross validation
Boosting
Instance-based learning
SVMs
Kernel trick
PAC learning
VC dimension

arginb S

istak
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Review material In terms of...

o
m Types of learning problems

m Hypothesis spaces

m Loss functions

—

m Optimization algorithms

— —_—
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B I G P I CTU R E _ ( DE density estimation
. . eamnd [l | classification
(a few points of comparison) Reg | Regression
>
" J LL | Log-loss/MLE
Boosting IOS.S 3 | Mrg Margin-based
g e | function
Nalve  EXp-loss _ | RMS | Squared error
Bayes
DE, LL
[ SVM
. \og lo 8 V'l‘""% 03 regression
Logistic _* —— SVMs Reg, Mrg
regression Cl Mrg
DE, LL
Ow\—’?\f" N
(neer Z*ET Kkernel
£inP -
o
Instance-based regrii’j@g
Learning
DE,Cl,Reg
Neural
Nets i
DE,Cl,Reg,RMS Decision near
regression
trees gresslon
DE,CI,Reg

This is avery incomplete view!!!
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