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Handwriting recognition
"

Character recognition, e.g., kernel SVMs
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Key: Independence assumptions

A ALR = Ainkp of B
£1 NS

AL WIS
FLYIS
H1l LS

Knowing sinus separates the variables from each other
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The independence assumption

N
—
, Local Markov Assumption:

A variable X is independent
of its non-descendants given




- Local Markov Assumption:
EXplalnlng aWay | A variable X is independent

of its non-descendants given
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The Representation Theorem —
Joint Distribution to BN

Encodes independence
assumptions

_If conditional Joint probability
|ndependenC|eS distribution:

In BN are subs
condltlonal )

Independencies In 0\
VU-'\ Can (rLW Ly_h%/
\/JOV _\,La_ Vw\ (A,OVlA./
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A general Bayes net

=
m Set of random variables |, N --'l\/\qi
. . &
m Directed acyclic graph QV \5
Encodes independence assumptions x¢
@/ y ./
m CPTs P(Xi \P@(;B P[X"])/S )/k)

P(STA, )
m Joint distribution: .
P(X1,..., Xn) = 11 P(Xi | PaXZ.)

- 1=1
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How many parameters in a BN?
" I —

m Discrete variables{xl, an / A f\a

m Graph \90 C{(\E
Defines parents of X PaX " Mb C)/

m CPTs - P(X| Pay) for cack i, Poriats
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Another example

" A
m Variables: B E

B — Burglar \ 0/\)

E — Earthquake

A — Burglar alarm A
N — Neighbor calls J,
R — Radio report N

m Both burglars and earthquakes can set off the alarm
m If the alarm sounds, a neighbor may call
m An earthquake may be announced on the radio

©2005-2007 Carlos Guestrin



Independencies encoded in BN
" J
m We said: All you need is the local Markov
assumption
(X; L NonDescendants,; | Pay)

m But then we talked about other (in)dependencies
e.g., explaining away B € R1L

\2/ 1 BLE|A

m \What are the independencies encoded by a BN?
Only assumption Is local Markov

But many others can be derived using the algebra of
conditional independencies!!!
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Understanding independencies in BNs
— BNs with 3 nodes|Local markov Assumption:

" A A variable X is independent
Indirec v 4 X1/ of its non-descendants given
ndirect causal effect:

its parents a~A ol 15 pered,

OO 17"
V-—S%’V\C—JAAV&

Indlrect evidential effect: y Common effect:
7 XL

OO
7 X1V R L
Common cause: “ >(.L>/

P 1z ‘L
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Understanding independencies in BNs
— Some examples
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An active trall — Example
— N6+ o bsrrek a/'mcoé&m‘

o
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When are A and H independent?
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Active trails formalized
" JE
m A path X; —X,—---=XlIs an active trail when
variables OC{X,,...,X,} are observed If for each

consecutivﬁ@_ let in the trail:

Xi1—=>X—X,,1, and X; is not observed (X;2O)

Xi 1 X«X,,1,and X; is not observed (X;zO)

/3’(V*M

J X 1< Xi—X., 1, and X; is not observed (X;z0O)

’x -
X, 1—>X«X., 1, and X Is observed (X€O), or one of
its descendents -

©2005-2007 Carlos Guestrin



Active tralls and independence?
" J

m Theorem: Variables X;

and X; are independent
given ZC{Xy,.... X} If the

IS no active trail between
X; and X; when variables
ZC{X4,...,X,} are observed

jigzggk? |-Fielhks

v |H
e LE] \FLGUMSA |
2 1 G IHK
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The BN Representation Theorem
preseade A €X

If conditional
Independencies
In BN are subset of
conditional

Joint probability
Obtain distribution:

P(X1,...,Xp) = ﬁ P(X,,; | PaXZ.>

1=1 ‘

Then conditional
If joint probability independencies
distribution: Obtain in BN are subset of
conditional
Independencies in P

Important because:
Read independencies of P from BN structure G
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Learning Bayes nets

g
Known structure Unknown structure
Fully observable Zﬂ% ) | leevmivg Tyaeh " Stucl.,
data K.Prf(,Hs‘(:, SL{I¢:{§ J L\W/{ ,s N@(} V\/L‘(JQ
—— hevoh - tnlk Ao recll rmlly bes ..
Missing data in dwy wietks Wx'?( 215 abs t- 1
Q( A.,?),_ H=%, S:é,F;"{‘/lu:'f> naxt  §emasic~
?ADI"I”’ k‘/\.o"\/ /\/_\

CPTS}
_I_ P(Xi| Pay;)

structure parameti/
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Learning the CPTs
" J

For each discrete variable X

et P P \Pm( )

>

Lern

o(s | M) Court(§=4, Fot, 4]
Cdmh+(Fv'6 ,4 F)

M e i

e\t howk %wawﬂl‘ﬁ

o o e

N— COUFIt(XZ' = x;, X] = wj>

MLE: P(X;,=x;| X; =a;) =
( - Z| —]‘_‘7) COUﬂt(Xj:CUj)
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What you need to know
" J

m Bayesian networks

A compact representation for large probability distributions
Not an algorithm

—

m Semantics of a BN
Conditional independence assumptions

m Representation —

Variables
Graph
CPTs

m \Why BNs are useful

m | earning CPTs from fully observable data KON SN
= Play with applet!!! © - S Prnchursc
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Announcements
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General probabilistic inference
- 2
= Query: P(X | e) P(F=t1Het u26) Come

(icagachd .@ :
DQQ'A, CondX. )”"C’Qs. @

m Using Bayes+ule: —4 (=t
P(X,e) POF p=t bet]

P(X|e): F net

P € el
¢ 6:;"'\7‘ pga ¢5>n‘+ {,W‘W t > 4/ &

m Normalizationi y.s s x Nornr ] oy
P(X |e) ock’ﬁ—(X, e) z —
¥
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Marginalization

-
Cod—CGonad—Ga)  TLFS, ) = PE) PIp) o

P(F:{-,p\//f) ~ P(F=t, S=t,N=t) 4
D (P=t, S=F, N=t)

_o(F=t) . P(s =EIFak) PNt | s=) &
o(FoA) PEHIF=E) PN |sof

©2005-2007 Carlos Guestrin



Probabilistic inference example( prinle
" 7 sqw
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Inference seems exponential in number of variables!
Actually, inference in graphlcal models ¥ Ng hard ®
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Fast probabilistic inference )75 S

1 . - o 15 at
~_example — Variable elimination™
@ PIF N=t) = 223 Ve).PR). POIa).
Q . iR phb). Pustys)
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(Potential for) Exponentiél‘reduction In computation!




Understanding variable elimination —

. g=xploiting distributivity
Co —Gone Qe
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Understanding variable elimination —
Order can make a HUGE difference

0
®
b}
o
job)
O
>
D
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Understanding variable elimination —

Another example
" RN

==
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Variable elimination algorithm
"
m Given a BN and a query P(X|e) «x P(X,e)
m Instantiate evidence e ‘ IMPORTANT!!! \
m Choose an ordering on variables, e.g., Xy, ..., X

m Fori=1ton,If Xi ¢{X,e}
Collect factors f,,...,f, that include X;
Generate a new factor by eliminating X; from these factors

k
g=_ Il 1
X; 1=1
Variable X; has been eliminated!
m Normalize P(X,e) to obtain P(X|e)
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Complexity of variable elimination —
Poly)-tree graphs

Variable elimination order:
Start from “leaves” up —

find topological order, eliminate
variables in reverse order

{
SparkPlugs

‘Linear In number of variables!!! (versus exponential)‘

S2005=200T=Crrios-SrT




Complexity of variable elimination —

i Graehs with loops

Exponential in number of variables in largest factor generated

2003 200 T canos cuest



Complexity of variable elimination —
Tree-width

//Smokl
>
Moralize graph:

I Connect parents
into a clique and
remove edge directions

renchitis

Dyspnea

Complexity of VE elimination:
(“Only”) exponential in tree-width

Tree-width iIs maximum node cut +1
MUestrin




Example: Large tree-width with
small number of parents
= BN

Compact representation 3> Easy inference ®

US-200T canos cues



Choosing an elimination order

m Choosing best order is NP-complete
Reduction from MAX-Clique

m Many good heuristics (some with guarantees)

m Ultimately, can’t beat NP-hardness of inference

Even optimal order can lead to exponential variable
elimination computation

m In practice
Variable elimination often very effective

Many (many many) approximate inference approaches
available when variable elimination too expensive
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Most likely explanation (MLE)

» S @
- argmax P
= Query: argmax (1,...,2n | €)

m Using Bayes rule:

argmax P(xq,...,xn | €) = argmax
1 O %) L1,y Ty P(e)

P(x1,...,zn,€)

m Normalization irrelevant:

argmax P(x1,...,xn | €) = argmax P(x1,...,Tn,€)
1131 ..... Ln .CL']_ ..... In

©2005-2007 Carlos Guestrin



Max-marginalization
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Example of variable elimination for

MLE — Forward pass
= JEEmm—

RS
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Example of variable elimination for

MLE — Backward pass
= JEEm

RS
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MLE Variable elimination algorithm

_ —Forward pass

m Given a BN and a MLE query max,,
m Instantiate evidence e
m Choose an ordering on variables, e.g., Xy, ..., X

m Fori=1ton,If X ¢{e}
Collect factors f,,...,f, that include X;
Generate a new factor by eliminating X; from these factors

Variable X; has been eliminated!
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MLE Variable elimination algorithm
— Backward pass
= NN

m {X;',..., X, } will store maximizing assignment

m Fori=ntol, If X ¢{e}
Take factors f,,...,f, used when X, was eliminated
Instantiate f,,....f,, with {x.,,",..., X'}
= Now each f; depends only on X

Generate maximizing assignment for X;:
k

x; € argmax || f;

T =1
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What you need to know
" J

m Bayesian networks
A useful compact representation for large probability distributions

m Inference to compute
Probability of X given evidence e
Most likely explanation (MLE) given evidence e
Inference is NP-hard

m Variable elimination algorithm
Efficient algorithm (“only” exponential in tree-width, not number of
variables)
Elimination order is important!
Approximate inference necessary when tree-width to large
m not covered this semester

Only difference between probabilistic inference and MLE is
“sum” versus “max”
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