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The general learning problem with

i missing data

= Marginal likelihood — X Is observed, z is missing:

£(0:D) = log P(x; | 0)
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EM iIs Co%}lmate ascent

VVW»V ¢"¥4.

00:D) > F(6,Q) = Z S Q(z | x;) 1og PC;,XIJ |-§)
j=1 % Z Xj

pnaX .,
m M-step: Fix Q, maX|m|ze F over 6 (a lower bound on¢(¢ : D) ):

(0 :D) > F(0,QW) = z > QW (z | x))log P(z,x; | 0) + m.H(QW)

m E-step: Fix 6, maximize F over Q:

(6W D) > PV, Q) = (0D : D)~ S KL(Qz | x,)I|P(5 | x;,60))
j=1

“Realigns” F with likelihood:
e ottty = pe) . p)
——— =
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What you should know about EM

" A

m K-means for clustering:
algorithm

converges because it's coordinate ascent

m/ EM for mixture of Gaussians:

How to “learn” maximum likelihood parameters (locally max. like.) in
the case of unlabeled data

m Be happy with this kind of probabilistic analysis

m Remember, E.M. can get stuck in local minima, and

- . _/\ —
empirically it DOES

m EM iIs coordinate ascent

m General case for EM
eneral case for EM
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i mgarmning HMMs trom fully
observable data Is easy

X =
GnYyFhing

LIS NE-)

Learn 3 di§t Botions:
f,p(X;) — Cowd(Xiza)
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Learning HMMs from fully
observable data Iis easy

Learn 3 distributions:

N B § CH'NW%\B ud— 'lvc\it\'l dctz,
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What if O Is observed,
but X' Is hidden

P(0;
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Log Ilkellhood {or HI\/II\/Is when X Is

hidden C (;:,~-,,xn> for msgm@,
—— / J:l 69 RAJ))/Q)

m Marginal likelihood — O is observed, X is missing
For simplicity of notation, training data consists of only one sequence:

\/'Oéwvc_o(
£(0:D) = logP(o|0)
= log) P(x,0]0)

-

If there were m sequences:

((Q:D) — fjmgzp(x,o(j)w)
j=1 X
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Computing Log likelihood for
HI\/II\/Is when XIS hldden

IogZP(x o|0)
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Computing Log likelihood for HMMs
when X IS hldden varlable elimination

m Can compute efficiently with variable elimination:
(6 : D) log P(o | 0)
log > P(x,0|6)
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EM for HMMs when X is hidden

m E-step: Use inference (forwards—backwards algorithm)

M(_%j:‘) " (X\ /XE-H] O - - O"\) W SA &Q{W‘//ﬁ /C::Ar_kéw.,lj

= G o, 0,\) (frshr version ¢F Var. 26

m M-step: Recompute parameters with weighted data

§ Cully obseble ¢ PO za) = Connd (Yia)
“\C b\'l&”(x/’l Vars - 6()(.:0\\ - Zm Q(Xl:oJOW)

4\ 10
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)

m E-step computes probability of hidden vars X givengo

: : )/ ‘}‘fainin
QUID(x|d) = P(x|olp®) e’

m Will correspond to inference
use forward-backward algorithm!
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The M-step

m Maximization step:

p(t+1)  3rg m@axZQ(H’l)(x | 0)log P(x,0 | 6)

—_——

_——— .
wotighdl. oo 1lealihen
m Use expected counts instead of counts:
If learning requires Count(x 0) ) J

Use Eq.qy[Count(X, o)] i Q (et @@

%Eowd—(x (s ), OTRI B, @) %
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Decomposmon of likelihood F(x1)=s
gt = AT p(0; | Xp)e 0

m Likelihood optimization decompoges bochse
maxZQ(x | 0) log P(x, o&_\/ N
maxZQ(x | 0)log P(x1 | 0x,)P(o1 | z1, 90|X) H Pz | z4—1, eXt|Xt 1)P(Ot | xt, 90|X)

@*lm?i %x Xt ‘ ,
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X S4G i 252

Startlng state probability P(X,)
l._ Q()(ld) ZXPIIU%

& Using expected counts

&‘* = Foeirm~H v
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103' ¢ = T e
Transition proi)ablllty P (X[ Xi.1)
" A
m Using expected counts
P(X :a|Xt 1=0) = Oyimapxt-12b

—J

Paila, 6
maxi;@(x | 0) Iog H P(xt | x4_1, 0Xt|Xt 1) Z mex '?-— Q(X’ 0) Z OU e ’éJ

Ox1%, 1 9)({‘_\)(,:-1
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Observation probability P(O,| X))

" JE L ® BR®
m Using expected counts P we

P(Ot:apft’:_p) = eOt:a|Xt:b Y\ t=1 ,) 1,07/
" —”(,) - 3 . m ( §
max)>  Q(x | 03 log ] p(o§>| zt,00,x) = MZZ‘ %Q(xloﬂ les P(oJ%%'
Popd-x =1 OO jeit =
> m~ N . . G)
= meX ‘Z 2 QCI—.{, 1033 (Oj P(O—l— ‘.X{—, 80[>(>
(2] ofX Jg‘ 't’..l Z{—

L oahtd of N (kd) pans
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Z;nzl > Q(X:=10]| O(j))
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E-step revisited QU D(x | 0) = P(X‘O,Qm)l

m E-step computes probability of hidden vars x given o

m Must compute:
Q(x;=alo) — marginal probability of each position

—

Q(X.1=a,x=b|o) — joint distribution between pairs of
positions

(JLSL, vaovay(& - L.;'\c LC»"Af/U
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wsThe forwards-backwards algorithm
P(Xz | 01..n)

G e Do )oC
X > DK ) @: ¢ Anp O in mifotion

m [nitialization: a1 (X1) = P(iﬂp(in | X1) Vb )
m Fori=2ton — \ o
: Generate a fogwards factor@ygellmj\\ng Xi 1 ol O‘*"]
Um owd Pravieus ver pre? o4
a;(X;) = Z P(o; | X;)P(X; | Xj—1 = xi— 1)04@ 1(x—1) /3'()(/)0(,/”
) Ti—1 rdg (c\) > :;);sza
m Initialization: Bn(Xn) =1 g (¢) o]
m Fori=n-1to 1 s ()
Generate a backwards factor by ellmlnatlng Xitq
' —
ﬁz(X) = > Poig1 | zip1)P(wip1 | X; )Bz+1(fb‘z+1)
Li41

m VI, probability is: [P(X; | 01 pn) & a;(X;)5;(X;) 1
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E-Step rEVISIted Q(t—l—l)(x ‘ O) — P(X ‘ O,H(t))

m E-step computes probabillity of hidden vars x
given o
m Must compute:
Q(x=a|o) — marginal probability of each position
m Just forwards-backwards!
Q(X1=a,x=b|0o) — Joint distribution between pairs

of positions . " iy b
&L‘; NS rL&ﬂQ'I’WJ [lefﬂl— L% 3 [‘\QWV&X
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What can you do with EM for HMMs? 1
— Clusterln sequences




What can you do with EM for HMMs? 2

m Labeling data is hard work — save (graduate student)
time by using both labeled and unlabeled data

Labeled data:
N <X=“brace",0:®@@@®

Unlabeled data:

21
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Exploiting unlabeled data in

_ Clustering

_l|

J.
Auton”s Graphics |

m A few data points are labeled ©

<X,0>

m Most points are unlabeled
<?.0>

m In the E-step of EM:

If I'th point is unlabeled:
= compute Q(X|o;) as usual

If 'th point is labeled:

0,8 t+

05 T+

U

e T

0,2

0.4 0.k 0.8 1

m set gX:x|oi):1 and Q(X#x|0,)=0
corvy i (,V — J Le)
m M-step as usual ot (e
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Table 3. Lists of the words most predictive of the course class in the WebKB- data set, as they
change over iterations of EM for a specific trial. By the second iteration of EM, many common

course-related words appear. The symbol D indicates an arbitrary digit.

N
J [tepation 0 [teration 1
ytelligence DD D
DD . D DD
artificial Usi I"Ig one lecture lecture
understanding e ce ce
DDw lgb_e_lec? D* DD:DD
dist. exa e ner DD:DD due
identical X mp E handout D
rus CI/GES_ due homework
arrange problem assignment
games set handout
dartmouth tay set
natural D Dam hw
cognitive yurttas exam
logic homework *  problem
proving kfoury ; DDam
prolog sec postscript
knowledge postscript { solution
human exam "
representation solution

assaf

field
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20 Newsgroups data — advantage

_ Of adding unlabeled data
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20 Newsgroups data — Effect of
additional unlabeled data
JEEE——
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Exploiting unlabeled data in HMMs

m A few data points are labeled
<X,0>

m Most points are unlabeled
<?,0>

m In the E-step of EM:

If 'th point is unlabeled:
= compute Q(X|o;) as usual
If 'th point is labeled:
m set Q(X=x|0;)=1 and Q(X#x|o;)=0
m M-step as usual
Speed up by remembering counts for labeled data

©2005-2007 Carlos Guestrin
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What you need to know

o
m Baum-Welch = EM for HMMs

m E-step:

Inference using forwards-backwards
m M-step: -

Use weighted counts
m Exploiting unlabeled data:

Some unlabeled data can help classification

Small change to EM algorithm
= In E-step, only use inference for unlabeled data

©2005-2007 Carlos Guestrin
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