Koller & Friedman Chapters (handed out):

Chapter 11 (short)
Chapter 12: 12.1, 12.2, 12.3 (covered in the beginn ing of semester)

12.4 (Learning parameters for BNs)
Chapter 13: 13.1, 13.3.1, 13.4.1, 13.4.3 (basic str ucture learning)

- Learning BN tutorial (class website):
ftp://ftp.research.microsoft.com/pub/tr/tr-95-06.pd f

‘ TAN paper (class website):
http://www.cs.huji.ac.il/~nir/Abstracts/FrGG1.html
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Learning Bayes nets
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Learning the CPTs
" JE

MLE:

For each discrete variable X
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Information-theoretic interpretation

of maximum likelihood Q

Given structure, log likelihood of data
M
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Maximum likelthood (ML) for
. gearning BN structure
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Information-theoretic interpretation

__of maximum likelihood 2 Q

Given structure, Iog likelihood of data: =5 )
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Information-theoretic interpretation

_of maximum likelihood 3 Q

Given structure, log likelihood of data:

n
log P(D | 0g,G) =M ) >  P(x;,Pa,,g)log P(z; | Pay, g)

1=1 332'7Paxi,g



Mutual information  Independence tests

" J
Statistically difficult task!
Intuitive approach: Mutual information

I(X;,X;) = > P(x;zj)log

xz-,:vj

P(xj, ;)
P(x;)P(x;)

Mutual information and independence:
X; and X, independent if and only if 1(X;,X;)=0

Conditional mutual information:



Decomposable score
" J
Log data likelihood



Scoring a tree 1: equivalent trees

log P(D | 0,G) = M > I(z;,Pa, g)—M> H(X;)
') )



Scoring a tree 2: similar trees

log P(D | 0,G) = M > I(z;,Pa, g)—M> H(X;)
') )




Chow-Lliu tree learning algorithm 1
" S

For each pair of variables X;,X;

Compute empirical distribution:
Cou I’]t(aji, ZEJ)
M

Compute mutual information:

P(zj,z) =

- _ P(xz;, z;)
1(X;, X)) = P(z;,x;) 109 — J
v x;] VT P(ay) P(y)
Define a graph
Nodes X,,...,X,

Edge (i,)) gets weight 7(X;, X )



Chow-Lliu tree learning algorithm 2
m __mwog P(D|6,0) = MZI(%,P% G)— MZH(X)

Optimal tree BN
Compute maximum weight
spanning tree

Directions in BN: pick any
node as root, breadth-first-
search defines directions




Can we extend Chow-LIiu 1
" A

Tree augmented naive Bayes (TAN)
[Friedman et al. '97]
Naive Bayes model overcounts, because
correlation between features not
considered

Same as Chow-Liu, but score edges with:
i J

C,$Z‘,$j




Can we extend Chow-Liu 2
" J

(Approximately learning) models

with tree-width up to k

[Narasimhan & Bilmes '04]
But, O(nk+1)...



Scoring general graphical models —
Model selection problem
" S

What's the best structure?
&R,
(sinus )




Maximum likelihood overfits!
» B
09 P(D | 6,G) = M Y I(x;, Pay,g)—M ) H(X;)

Information never hurts:

Adding a parent always increases score!!!



Bayesian score avoids overfitting
" A
Given a structure, distribution over parameters

JUg - - -

Difficult integral: use Bayes information criterion
(BIC) approximation (equivalent as M

l0g P(D | G) ~ log P(D | g’eg)_NumberParams(g)

5 log M+O(1)

Note: regularize with MDL score
Best BN under BIC still NP-hard



How many graphs are there?



Structure learning for general graphs

In a tree, a node only has one parent

Theorem :

The problem of learning a BN structure with at most d
parents is NP-hard for any (fixed) d 2

Most structure learning approaches use heuristics
Exploit score decomposition

(Quickly) Describe two heuristics that exploit decomposition
In different ways



Learn BN structure using local
search

i Local search, Score using BIC
Starting from _ |
Chow-Liu tree possible moves:
» Add edge

 Delete edge
* Invert edge



What you need to know about
learning BNs

Learning BNs
Maximum likelihood or MAP learns parameters
Decomposable score
Best tree (Chow-Liu)
Best TAN
Other BNs, usually local search with BIC score



Unsupervised learning or
Clustering —

K-means

Gaussian mixture models
Machine Learning — 10701/15781
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Some Data



K-means



K-means



K-means




K-means
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Unsupervised Learning

You walk into a bar.
A stranger approaches and tells you:

“I've got data from k classes. Each class produces
observations with a normal distribution and variance
2| . Standard simple multivariate gaussian

assumptions. | can tell you all the P(w;)’s .”
So far, looks straightforward.

“I need a maximum likelihood estimate of the
No problem:

“There’s just one thing. None of the data are labeled. |
have datapoints, but | don’t know what class they're
from (any of them!)

Uh oh!!

.,S .“



Gaussian Bayes Classifier
_ Reminder

P(y=i|x) = p(x|y=1)P(y=1i)
p(x)

1 T
(Zp)mIZ ” i ”1/2 exp E(Xk i) i(Xk - i) pi

R pP(Xx)



Predicting wealth from age



Predicting wealth from age



Learning modelyear ,
'mpg ---> maker

522



General: O(m?)
parameters

S S,
S5 S%



Aligned: O(m)
‘parameters



Aligned: O(m)
‘parameters



Spherical: O(1)
'COV parameters



Spherical: O(1)
'COV parameters



Next... back to Density Estimation

What if we want to do density estimation with
multimodal or clumpy data?



The GMM assumption




The GMM assumption

% $3




The GMM assumption
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The GMM assumption
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The General GMM assumption
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Unsupervised Learning:
not as hard as it looks

Sometimes easy

Sometimes impossible

and sometimes in between

971 #;<= #
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Computing likelihoods In
supervised learning case

We have y;,X;, Yo, Xs . YnXn

Learn P(y,) P(y») .. P(%)
Learn ,mq..., mp

By MLE:  P(y1. Xy, Y2.Xo,  YnXnl i oov k0 S)



Computing likelihoods In
unsupervised case

We have X, X, Xy
We know P(y,) P(Y,) .. P(y)
We know

P(x|y,, i, ... ) = Prob that an observation from classy.
would have value x given class
means ;...

Can we write an expression for that?



likelihoods In unsupervised case

We have x; X, ... X,
We have P(y,) .. P(y,). We have
We can define, for any x , P(X|y;, 1, 2 )

Can we define P(X| {, 5. ) 7?

Can we define P(X, Xy, - X, | 10 2+ ) 7

C#89D># ! =# &# E :>H# >7T97#A#7 #71&@;F



Unsupervised Learning:
_ Mediumly Good News
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Duda & Hart’'s Example

> $
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Duda & Hart’'s Example

Graph of
log P(Xl’ X5 oo Xog | 1 2)
against ,(®)and ,(-)

@ 85 0 5 O KLS8 ? NP



Finding the max likelihood , ..

We can compute P(data| ,, 5.. )
How do we find the .'s which give max. likelihood?

The normal max likelihood trick:
Set 1 logProb(....)=0
T
and solve for |s.

# Here you get non-linear non-analytically-
solvable equations

Use gradient descent
Slow but doable

Use a much faster, cuter, and recently very popular
method...



%% % ow

2
al

Expectation
Maximalization



Tz E.M. Algorithm

We’'ll get back to unsupervised learning soon.

But now we’ll look at an even simpler case with hidden
iInformation.

The EM algorithm

Can do trivial things, such as the contents of the next few slides.

An excellent way of doing our unsupervised learning problem, as
we’ll see.

Many, many other uses, including inference of Hidden Markov
Models (future lecture).



Silly Example

Let events be “grades in a class”

w, = Gets an A P(A) =Y
w, =Getsa B P(B) =
w,=Getsa C P(C)=2
w,=Getsa D P(D) = %2-3

(Note O 1/6)

Assume we want to estimate from data. In a given class there were
a A’s
b B’s
c C’s
d D’s

What's the maximum likelihood estimate of given a,b,c,d ?



Silly Example

N
Let events be “grades in a class”
w; = Gets an A P(A) =%
w, =Getsa B P(B) =
w;=Getsa C P(C)=2
w,=Getsa D P(D) = ¥2-3

(Note O 1/6)

Assume we want to estimate from data. In a given class there were
a As
b B’s
c C’s
d D’s

What's the maximum likelihood estimate of given a,b,c,d ?



Trivial Statistics

P(A)=% P(B)= P(C)=2
P(ab,cd| )=K(22( )°(2 )(*2-3 )¢

log P(a,b,c,d| )=logK + alog ¥2 + blog
fiLogP _

FOR MAX LIKE

TLogP _ E+ 2C

, SET

P(D) = ¥-3

q 2  1/2-3

Gives max like =

b+cC

6(b+c+d)

+ clog 2 + dlog (*2-3 )

0

Soif classgot

A

B

14

6

9 10

1
10

Max like =



Same Problem with Hidden Information
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Same Problem with Hidden Information
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E.M. for our Trivial Problem

We begin with a guess for

We iterate between EXPECTATION and MAXIMALIZATION to improve our
estimates of and a and b.

Define  (t) the estimate of on the t'th iteration
b(t) the estimate of b on t'th iteration

(0) =initialguess

b(t) = (n =Hb| ()] %8

L+

bit)+c
t+1) = :
D= Sbl) +c+ ) 968
=maxlikeestof giverblt
()" +

-&. % O & && +
& & /()OO " +

## AH#

4

R

4A O

41
4

O
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E.M. Convergence

Convergence proof based on fact that Prob(data | ) must increase or remain
same between each iteration ot osvious

But it can never exceed 1 [osvious]
So it must therefore converge (osvious

35 0|0 0
K
K > 1 |0.0833 2.857
K 2 | 0.0937 3.158
OK K 3 | 0.0947 3.185
10 3 4 | 0.0948 3.187
0
5 o /0 5 | 0.0948 3.187
6 | 0.0948 3.187




Back to Unsupervised Learning of
GMMs

Remember:
We have unlabeled data x; X, ... Xg
We know there are k classes

We know P(y,) P(y2) P(Y3) ... P(Y)
We don'tknow ; ,..

We can write P(data | ;.... })

=Pl 1)
8

=Op()§‘ 1 k)
i=1
B k

=0 p()g‘vvj, 1- k)P(yJ)
i=1 j=1



E.M. for GMMs

For Maxlikelihood weknow ﬂilog Prob(dataﬁ Loe k):O

Somewild' n'crazyalgehra tunsthisinto: " For Maxlikelinood, for eachj,
R
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E.M. for GMMs

lterate. On the t'th iteration let our estimates be /, = { (1), () ... .(t)}
O

E-step
Compute “expected” classes of all datapoints for each class u o
1
2
p (t)

plx |y;. m(t).s1)

P
F’(M\xk,/t)=p(xkbg( ‘)/ gy‘ ).
> g ad ) p(Xk‘yj,ﬂ?(t),szl)pj(t)
! $ 2 0 5 $ 5
Py %/ ) %,
i(t+1): X

P(yi‘xk’/t)

k



E.M. Convergence

L
[
%
0
0
2% %
/ #
$ 8
0) This algorithm is REALLY USED. And in
$ high dimensional state spaces, too. E.G.

Vector Quantization for Speech Data



E.M. for General GMMs [s

% % 4

Ilterate. On the t'th iteration let our estimates be

[o={ 1), () ... (1), S0, SO) ... S1), p.(1), p,(t) ~.. pD) T

E-step U o
Compute “expected” classes of all datapoints for each class 7
2
1Py |/ X |y, m(t),S (t))p (t
ply i,/ )= PO AP el 0.8, 0)n 0 !

. p(Xk‘/t) (: p(xk‘yj,n?(t),Sj(t))pj(t)
| '$ 2 0 5 % 5
P(YiI%. /) % . P(i[Xe/ )%= e +2)x, - e +2)]
()= Py %,/ ) S+1)- k P [%.7,)
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Gaussian Mixture Example: Start



After first iteration



After 2nd iteration



After 3rd iteration



After 4th iteration



After 5th iteration



After 6th 1teration



After 20th 1teration



Some Bio Assay data



GMM clustering of the assay data



Resulting
Density
Estimator



Three
classes of
assay

(each learned with
It's own mixture
model)



Resulting
Bayes
Classifier



1
Resulting Bayes
Classifier, using
posterior
probabillities to
alert about
ambiguity and
anomalousness




Final Comments

Remember, E.M. can get stuck in local minima, and
empirically it DOES.

Our unsupervised learning example assumed P(y;)'s known,
and variances fixed and known. Easy to relax this.

It's possible to do Bayesian unsupervised learning instead of
max. likelihood.




What you should know

How to “learn” maximum likelihood parameters (locally max.
like.) in the case of unlabeled data.

Be happy with this kind of probabillistic analysis.
Understand the two examples of E.M. given in these notes.
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