Classic HMM tutorial — see class website:
*L. R. Rabiner, "A Tutorial on Hidden Markov Models and Selected
Applications in Speech Recognition," Proc. of the IEEE, Vol.77, No.2,

pp.257--286, 1989.
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Adventures of our BN hero
" A
m Compact representation for 1. Naive Bayes

probabillity distributions
m Fast inference X))

m Fast learning

2 and 3.
m But... Who are the most  Hidden Markov models (HMMSs)
popular kids? Kalman Filters
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Handwriting recognition
"

Character recognition, e.g., kernel SVMs




Example of a hidden Markov model
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Understanding the HMM Semantics
"
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HMMs semantics: Detalls
" A

Bk h

Just 3 distributions:
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HMMs semantics: Joint distribution
" B

P(X; | Xi—1)
P(O; | X)
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P(X1,...,Xn]o01,...,0n) = P(X1:, | 01:)
x P(X1)P(o1 | X1)II1—p P(X; | X;_1)P(0; | X3)



Learning HMMs from fully
observable data Iis easy
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Learn 3 distributions: ust Al 1s ia connds
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Possible inference tasks In an

HMM
" JEE

QD
@

Marginal probability of a hidden variable:

?<>(5 i o), OZ:L@/ Os ‘B—, 04:8), Og :E?)

Viterbi decoding — most likely trajectory for hidden vars:
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Using variable ellmlnatlon o, .,

compute P X 0,. A&Bé——c
Compute:
@ c@ P(Xi | o1.n)
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Variable elimination order? {7 ., .a
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What If | want to compute P(Xi|0;.,,)
for each 1?7

® @ @ B @ PG o)

Variable elimination for each 1?

| N bl = O(Y) |
Variable elimination for each I, what's the complexity?



Reusing computation
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The forwards-backwards algorithm

P(X; | o01.n)

N Inltlallzatlon.a1(X1) = P(X1>P(01 | X1) CO(Pg%
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m |nitialization: Bn(Xn) =1

mFori=n-1tol

Generate a backwards factor by eliminating X, ,
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Most likely explanation
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Variable elimination order?
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The Viterbi algorithm
T E L
D o BD oI ¢
m Initialization: @1 (X1) = P(X1)P(o1 | X1)

mFori=2ton
Generate a forwards factor by eliminating X ,
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m Computing best explanation: =, = argmaxan(zn)

mFori=n-1tol
Use argmax to get explanation:



What about continuous variables?
" J
m In general, very hard!
Must represent complex distributions

m A special case Is very doable
When everything is Gaussian
Called a Kalman filter

One of the most used algorithms in the history of
probabilities!



Time series data example:

. hemperatures from sensor network
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Operations in Kalman filter
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m Compute p(X¢ | O1:t = 01:¢)

12000 14000 16000

m Start with p(Xp)

m At each time step t:

Condition on observation
p(X¢ | 01:¢) x p(X¢ | 01:4—1)p(08 | X3t)

Roll-up (marginalize previous time step)
p(Xit1]01:) = /X P(Xiq1 | z)p(ze | 01:4)dxy

P oty 7 Xt [0):¢)

t
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lan PDF With High Covariance (z) ' Gafossian PDF over XX, where E(X.,X,) is Highly Positive

Detour: Understanding Multivariate
Gaussians
S

Observe attributes

Example: Observe X,=18

5 10 15 20, 256 30 35 40

R

P(X,|X;=18)

PDF over )(2 After Conditioning on X,




Characterlzmg a [nultlv%?_gtg P

Gaussian ..t " T
e

(X1, ... Xn) = - ex {——

Mean vector:
o
SN = ?
/*'\]
Covariance matrix:
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Conditional Gaussians
"
m Conditional probabilities
P(Y[X)
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Kalman filter with Gaussians
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m Equivalent to a linear system
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Detour2: Canonical form

p(X1,- ., Xn) = e - ) E T (x
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m Standard form and canonical forms are related:
_ —1
po= N "
> = AL

m Conditioning Is easy in canonical form
m Marginalization easy in standard form




Conditioning in canonical form
" (X | o1:1) o< p(X¢ | or:0-1)p(or | X)

m First multiply: p(A, ”Z‘?(A)p(éfju%j

p(A) 1 n1, N\

M\~ | 4] - 2y "\2

p(A,B): nz3=mn1+mn, N\z3=NA1+ NN\

= Then, condition onvalue B=y P(A|B =y)
NA|B=y — NA—NAB-Y
NaalB=y = Naa



Operations in Kalman filter
gD €& & & O
6= D €6z D 6= D 6z D &=

m Compute p(X¢ | O1:t = 01:¢)

12000 14000 16000

m Start with p(Xp)

m At each time step t:
Condition on observation
p(X¢ | 01:4) o< p(X¢ | 01:4—1)p(0r | X¢)
Roll-up (marginalize previous time step)
P(Xig1 | 01:4) = /X P(Xi41 | ze)p(xt | 01:¢)day

t



Roll-up In canonical form

" wp(Xyp1|o14) = /X P(Xy41 | ze)p(xt | 01:¢)dxy
il
m First multiply: »(A, B) = p(A)p(B | A)
RO L

= Then, marginalize X;: p(4) = | P(A,b)db
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Operations in Kalman filter
gD €& & & O
6= D €6z D 6= D 6z D &=

m Compute p(X¢ | O1:t = 01:¢)

12000 14000 16000

m Start with p(Xp)

m At each time step t:
Condition on observation
p(X¢ | 01:4) o< p(X¢ | 01:4—1)p(0r | X¢)
Roll-up (marginalize previous time step)
P(Xig1 | 01:4) = /X P(Xi41 | ze)p(xt | 01:¢)day

t



Learning a Kalman filter
" J
m Must learn: P(X1)

P(O; ] X)) = T
P(X; | Xi—1) = PAXy Xia)

D{ Vv
L \Aqg— 1}

m Learn joint, and use division rule:
p(A) 1 n1, M
p(A,B) 1 m2, N>
p(A, B)

p(B|A) =
p(A)
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Maximum likelihood learning of a

__multivariate Gaussian  , = A1y
R
. . — —1
-Data:<aﬁgj),...,xr,(i7)> 2 = A

m Means are just empirical means:

(4)
I SR >
i =

m
m Empirical covariances:
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What you need to know
" J
m Hidden Markov models (HMMS)
Very useful, very powerful!
Speech, OCR,...
Parameter sharing, only learn 3 distributions

Trick reduces inference from O(n?) to O(n)
Special case of BN

m Kalman filter
Continuous vars version of HMMs
Assumes Gaussian distributions
Equivalent to linear system
Simple matrix operations for computations
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