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Abstract

Some researchers have proposed using non-Euclidean metrics for clustering data
points. Generally, the metric should recognize that two points in the same cluster are
close, even if their Euclidean distance is far. Multiple proposals have been suggested,
including the Edge-Squared Metric (a specific example of a graph geodesic) and the
Nearest Neighbor Metric.

In this paper, we prove that the edge-squared and nearest-neighbor metrics are
in fact equivalent. Previous best work showed that the edge-squared metric was a
3-approximation of the Nearest Neighbor metric. This paper represents one of the
first proofs of equating a continuous metric with a discrete metric, using non-trivial
discrete methods. Our proof uses the Kirszbraun theorem (also known as the Lipschitz
Extension Theorem and Brehm’s Extension Theorem), a notable theorem in functional
analysis and computational geometry.

The results of our paper, combined with the results of Hwang, Damelin, and Hero,
tell us that the Nearest Neighbor distance on i.i.d samples of a density is a reasonable
constant approximation of a natural density-based distance function.



1 Intrinsic Distances

The foundational hypothesis supporting the fields of nonlinear dimensionality reduction [23,
4, 26], geometric inference [11], surface reconstruction [14], and topological data analysis [9]
is that although points can be represented by vectors of real numbers, the intrinsic metric
on those points can be highly non-euclidean.

Many algorithms across all these fields start by attempting to infer the intrinsic metric.
The Isomap algorithm [23] is a paradigmatic example: pairwise distances are computed
using shortest paths in either the kth nearest neighbor graph or an ε-neighborhood graph.
Then, multidimensional scaling gives the embedding of these “intrinsic” distances, which,
with luck, approximate geodesic distances in the underlying sample space (i.e. the support
of a distribution). Inspired by work on graph Laplacian convergence [15, 24], McQueen et
al. [20] use ε-neighborhood graphs in their implementation of large-scale manifold learning
algorithms. This approach, however, means that the approximating graph will be over-
connected or underconnected for any measure in which the density varies, even for those
adaptive samples [3, 14, 10] for which topologically precise reconstructions are computable.

In this paper, we show how two seemingly very different intrinsic metrics, the edge-
squared metric and the nearest neighbor density-based distance are identical.

As the former is defined as the shortest path in a weighted graph, it can be computed
exactly. These metrics or close variations thereof have appeared together in several previous
works, with the discrete metric often used to approximate a continuous one [6, 13, 18]. It
was not known, or perhaps even suspected, that these might actually be the same metric.
This gives the first nontrivial example of a so-called density-based distances [21] that can be
computed exactly.

Among intrinsic distance approximations, density-based distances have the advantage
that they extend naturally to the entire Euclidean space. The density of a sample or a
distribution is used to define a new Riemannian metric on Rd that scales space everywhere
locally so that paths through high-density regions are shorter. Thus, shortest paths will be
closer to geodesics if the points are sampled from a manifold, but no such strict hypothesis
is necessary. One only needs a density or an approximation or a density estimate.

1.1 Preliminaries

The simplest, general form of a density-based distance built from a probability density f is

df (x, y) := inf
γ

∫ 1

0

f(γ(t))−
1

d∥γ′(t)∥dt,

where the infimum ranges over all piecewise smooth curves γ : [0, 1] → Rd such that
γ(0) = x and γ(1) = y.

This metric is one of the simplest metrics that matches machine learning practitioner’s
intuitions about distance on points in the support of a distribution: distance between two
points in a dense set should generally be considered shorter than distance through two points
that are not connected by a dense set, even if their Euclidean distance is the same [2].
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This kind of distance is also used in percolation theory and its generalization [17, 16, 18]s.
In that field, another metric is also considered, the power metric. Given a point set Q ∈ Rd

and number p > 0,

dp(x, y) = min
(q0,...,qk)

k
∑

i=1

∥qi − qi−1∥
p,

where the minimum is over sequences of points q0, . . . , qk ∈ Q with q0 = x and qk = y.
Hwang et al. [18], it was shown that dp converges (up to global scaling) to the geodesic
distance in a Riemannian metric for sufficiently far points. We will call the power metric for
p = 2, the edge-squared metric.

It was not known that d2 is identical (after rescaling) to a density-based distance dN ,
where N is the nearest neighbor density estimator N(x) := (minq∈Q ∥x− q∥)−d. That is, for
all x, y ∈ Q,

d2(x, y) = 4dN(x, y).

This is particularly surprising given that for almost all pairs of points x, y ∈ Rd, the shortest
path in dN is composed of hyperbolic arcs [13], yet for points in Q, the geodesic is a piecewise
linear path through the points, allowing for a simple calculation of its length.

In previous work, it was shown that d2 is a 3-approximation to dN [13]. The new result
in this paper shows that no such approximation is necessary. They are the same. Recently,
it was shown that dN can be used to generalize the sampling conditions popular in surface
reconstruction [10]. A similar definition with the opposite goal of avoiding high-density
regions for robot motion planning was recently considered [1]. A variation of the density-
avoiding approach was shown to yield poor results in machine learning applications [2].

2 Formal Definitions

For x ∈ Rd, let ∥x∥ denote the Euclidean norm. For a set of points P ⊂ Rd, we can consider
some other metrics as well. The edge-squared metric for a, b ∈ P is

d2(a, b) = min
(p0,...,pk)

k
∑

i=1

∥pi − pi−1∥
2,

where the minimum is over sequences of points p0, . . . , pk ∈ P with p0 = a and pk = b.
A third metric on the points of P is called the nearest neighbor metric and is denoted

dN . Before we can define it, we need a couple other definitions.
Given any finite set P ⊂ Rk, there is a real-valued function rP : Rk → R defined as

rP (z) = minx∈P ∥x − z∥. A path is a continuous mapping γ : [0, 1] → Rd. Let path(a, b)
denote the set of piecewise-C1 paths from a to b. We will compute the lengths of paths
relative to the distance function rP as follows.

ℓ(γ) :=

∫ 1

0

rP (γ(t))∥γ
′(t)∥dt.
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By considering the velocity of γ, this definition is independent of the parameterization of
the path. The nearest neighbor metric is then defined as

dN(a, b) := 4 inf
γ∈path(a,b)

ℓ(γ).

The factor of 4 normalizes the metrics. In particular, when P has only two points a and b,
d2(a, b) = dN(a, b). This reduces to a high school calculus exercise as the minimum path γ
will be a straight line between the points and the nearest neighbor distance is

dN(a, b) = 4

∫ 1

0

rP (γ(t))∥γ
′(t)∥dt = 8

∫ 1

2

0

t∥a− b∥2dt = ∥a− b∥2 = d2(a, b).

This observation about pairs of points makes it easy to see that the nearest neighbor
distance is never greater than the edge-squared distance as proven in the following lemma.

Lemma 2.1. For all s, p ∈ P , we have dN(s, p) ≤ d2(s, p).

Proof. Fix any points s, p ∈ P . Let q0, . . . , qk ∈ P be such that q0 = s, qk = p and

d2(s, p) =
k

∑

i=1

∥qi − qi−1∥
2.

Let ψi(t) = tqi + (1 − t)qi−1 be the straight line segment from qi−1 to qi. Observe that
ℓ(ψi) = ∥qi − qi−1∥2/4, by the same argument as in the two point case. Then, let ψ be the
concatenation of the ψi and it follows that

d2(s, p) = 4ℓ(ψ) ≥ 4 inf
γ∈path(s,p)

ℓ(γ) = dN (s, p).

Note that the nearest neighbor distance for a fixed set of points can be viewed as a
manifold distance.

3 The Equivalence of the Metrics

Let P ⊂ Rd be a set of n points. Pick any source point s ∈ P . Order the points of P as
p1, . . . , pn so that

d2(s, p1) ≤ · · · ≤ d2(s, pn).

This will imply that p1 = s. It will suffice to show that for all pi ∈ P , we have d2(s, pi) =
dN (s, pi). There are three main steps:

1. We first show that when P is a subset of the vertices of an axis-aligned box, d = dN .
In this case, shortest paths for d are single edges and shortest paths for dN are straight
lines.

2. We then show how to lift the points from Rd to Rn by a Lipschitz map m that places
all the points on the vertices of a box and preserves d2(s, p) for all p ∈ P .

3. Finally, we show how the Lipschitz extension of m is also Lipschitz as a function
between nearest neighbor metrics. We combine these pieces to show that d ≤ dN . As
d ≥ dN (Lemma 2.1), this will conclude the proof that d = dN .
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3.1 Boxes

Let Q be the vertices of a box in Rn. That is, there exist some positive real numbers
α1, . . . ,αn such that each q ∈ Q can be written as q =

∑

i∈I αiei, for some I ⊆ [n].
Let the source s be the origin. Let rQ : Rn → R be the distance function to the set Q.

Setting ri(x) := min{xi,αi − xi} (a lower bound on the difference in the ith coordinate to a
vertex of the box), it follows that

rQ(x) ≥

√

√

√

√

n
∑

i=1

ri(x)2. (1)

Let γ : [0, 1] → Rn be a curve in Rn. Define γi(t) to be the projection of γ onto its ith
coordinate. Thus,

ri(γ(t)) = min{γi(t),αi − γi(t)} (2)

and

∥γ′(t)∥ =

√

√

√

√

n
∑

i=1

γ′i(t)
2. (3)

We can bound the length of γ as follows.

ℓ(γ) =

∫ 1

0

rQ(γ(t))∥γ
′(t)∥dt [by definition]

≥

∫ 1

0

⎛

⎝

√

√

√

√

n
∑

i=1

ri(γ(t))2

√

√

√

√

n
∑

i=1

γ′i(t)
2

⎞

⎠ dt [by (1) and (3)]

≥
n

∑

i=1

∫ 1

0

ri(γ(t))γ
′

i(t)dt [Cauchy-Schwarz]

=
n

∑

i=1

(
∫ ℓi

0

γi(t)γ
′

i(t)dt+

∫ 1

ℓi

(αi − γi(t))γ
′

i(t)dt

)

[by (2) where γi(ℓi) = αi/2]

=
n

∑

i=1

2

∫ ℓi

0

γi(t)γ
′

i(t)dt [by symmetry]

=
n

∑

i=1

α2
i

4
[basic calculus]

It follows that if γ is any curve that starts at s and ends at p =
∑n

i=1 αiei, then dN (s, p) =
d2(s, p).

3.2 Lifting the points to Rn

Define a mapping m : P → Rn so that m(p1) = 0 and otherwise

m(pi) = m(pi−1) +
√

d2(s, pi)− d2(s, pi−1)ei, (4)
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where the vectors ei are the standard basis vectors in Rn.

Lemma 3.1. For all pi, pj ∈ P , we have

(i) ∥m(pj)−m(pi)∥ =
√

|d2(s, pj)− d2(s, pi)|, and

(ii) ∥m(s)−m(pj)∥2 ≤ ∥m(pi)∥2 + ∥m(pi)−m(pj)∥2.

Proof. Proof of (i). Without loss of generality, let i ≤ j.

∥m(pj)−m(pi)∥ =

∥

∥

∥

∥

∥

j
∑

k=i+1

√

d2(s, pk)− d2(s, pk−1)ek

∥

∥

∥

∥

∥

[from the definition of m]

=

√

√

√

√

j
∑

k=i+1

(d2(s, pk)− d2(s, pk−1)) [expand the norm]

=
√

d2(s, pj)− d2(s, pi). [telescope the sum]

Proof of (ii). As m(s) = 0, it suffice to observe that

∥m(pj)∥
2 = d2(s, pj) [by (i)]

≤ d2(s, pi) + |d2(s, pj)− d2(s, pi)| [basic arithmetic]

= ∥m(pi)∥
2 + ∥m(pi)−m(pj)∥

2 [by (i)]

We can now show that m has all of the desired properties.

Proposition 3.2. Let P ⊂ Rd be a set of n points, let s ∈ P be a designated source point,
and let m : P → Rn be the map defined as in (4). Let d′ denote the edge squared metric for
the point set m(P ) in Rn. Then,

(i) m is 1-Lipschitz as a map between Euclidean metrics,

(ii) m maps the points of P to the vertices of a box, and

(iii) m preserves the edge squared distance to s, i.e. d′(m(s), m(p)) = d2(s, p) for all p ∈ P .

Proof. Proof of (i). To prove the Lipschitz condition, fix any a, b ∈ P and bound the distance
as follows.

∥m(a)−m(b)∥ =
√

|d2(s, a)− d2(s, b)| [Lemma 3.1(i)]

≤
√

d2(a, b) [triangle inequality]

≤ ∥a− b∥
[

d2(a, b) ≤ ∥a− b∥2 by the definition of d
]
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Proof of (ii). That m maps P to the vertices of a box is immediate from the definition. The
box has side lengths ∥mi −mi−1∥ for all i > 1 and pi =

∑i
k=1 ∥mk −mk−1∥ek.

Proof of (iii). We can now show that the edge squared distance to s is preserved. Let
q0, . . . , qk be the shortest sequence of points of m(P ) that realizes the edge-squared distance
from m(s) to m(p), i.e., q0 = m(s), qk = m(p), and

d′(m(s), m(p)) =
k

∑

i=1

∥m(qi)−m(qi−1)∥
2.

If k > 1, then Lemma 3.1(ii) implies that removing q1 gives a shorter sequence. Thus, we
may assume k = 1 and therefore, by Lemma 3.1(i),

d′(m(s), m(p)) = ∥m(s)−m(p)∥2 = d2(s, p).

3.3 The Lipschitz Extension

Proposition 3.2 and the Kirszbraun theorem on Lipschitz extensions imply that we can
extend m to a 1-Lipschitz function f : Rd → Rn such that f(p) = m(p) for all p ∈ P
[19, 25, 8].

Lemma 3.3. The function f is also 1-Lipschitz as mapping from Rd → Rn with both spaces
endowed with the nearest neighbor metric.

Proof. We are interested in two distance functions rP : Rd → R and rf(P ) : Rn → R. Recall
that each is the distance to the nearest point in P or f(P ) respectively.

rf(P )(f(x)) = min
q∈f(P )

∥q − f(x)∥ [by definition]

= min
p∈P

∥f(p)− f(x)∥ [q = f(p) for some p]

≤ min
p∈P

∥p− x∥ [f is 1-Lipschitz]

= rP (x). [by definition]

For any curve γ : [0, 1] → Rd and for all t ∈ [0, 1], we have ∥(f ◦ γ)′(t)∥ ≤ ∥γ′(t)∥. It then
follows that

ℓ′(f ◦ γ) =

∫ 1

0

rf(P )(f(γ(t)))∥(f ◦ γ)′(t)∥dt ≤

∫ 1

0

rP (γ(t))∥γ
′(t)∥dt = ℓ(γ), (5)

where ℓ′ denotes the length with respect to rf(P ). Thus, for all a, b ∈ P ,

dN(a, b) = 4 inf
γ∈path(a,b)

ℓ(γ) [by definition]

≥ 4 inf
γ∈path(a,b)

ℓ′(f ◦ γ) [by (5)]

≥ 4 inf
γ′∈path(f(a),f(b))

ℓ′(γ′) [because f ◦ γ ∈ path(f(a), f(b))]

= dN(f(a), f(b)). [by definition]
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Theorem 3.4. For any point set P ⊂ Rd, the edge squared metric d and the nearest neighbor
metric dN are identical.

Proof. Fix any pair of points s and p in P . Define the Lipschitz mapping m and its extension
f as in (4). Let d′ and d′

N denote the edge-squared and nearest neighbor metrics on f(P )
in Rn.

d2(s, p) = d′(m(s), m(p)) [Proposition 3.2(iii)]

= d′

N(m(s), m(p)) [f(P ) are vertices of a box]

≤ dN (s, p) [Lemma 3.3]

We have just shown that d ≤ dN and Lemma 2.1 states that d ≥ dN , so we conclude that
d = dN as desired.

4 Conclusions and Open Questions

The paper in many ways has generated more interesting open question than it has solved.
We has shown the the Nearest Neighbor metric and the Edge squared metric are equiv-

alent. Is the power metric d3(x, y) equivalent to dN2
(x, y) where

N2(x) := (minq∈Q ∥x− q∥)−2d? We do not even know if is true for 2D.
In 2D we know that the edge squared metric has a linear size 1-spanner, namely, the

Gabriel graph or the Delaunay Triangulation. It is also know that in 3D the Gabriel graph
may contain a quadratic number of edges [12]. In general, the 1-spanner for the edge squared
metric must be quadratic in general. Does the edge cubed or edge fourth power metric in 3D
have a linear size 1-spanner? Does a linear-size (1+ ϵ)-spanner for the edge squared metric?

One reason we consider this problem is because it’s a widely studied problem in machine
learning to find a sparse graph representation of a high-dimensional data set. While ad-hoc
methods like k-NN graphs and ϵ-graphs do in a pinch, there graphs have known limitations,
including the fact that k and ϵ must be hand-tuned. It’s known that variants of the k-NN
graph such as the unweighted k-NN graph has negative properties [2].

If a linear size spanner exists for edge cubed metrics, or if a sparse spanner exists for
edge squared metrics, then we could obtain a sparse graph that captures our underlying
metric extremely well, which we hope has a variety of applications for machine learning from
clustering to dimension reduction to Isomap.

In addition, there are many other estimators one may use to estimate the density function.
In particular, the second nearest neighbor estimator is quite popular. Is there a simple
discrete metric that is equivalent to it?

It is known that a Euclidean (1 + ϵ)-spanner can be made into a (1 + ϵ)2-spanner for the
edge squared metric. Are there better spanners for the edge squared metric? Arya et. al.
provided great bounds for Euclidean (1+ ϵ) spanners [5], assuming constant dimension. Can
we do better?
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