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Abstract
Game theory is the mathematical study of rational behavior in strategic environments. In many settings, most notably two-person zero-sum games, game theory provides particularly strong and appealing
solution concepts. Furthermore, these solutions are efficiently computable in the complexity-theory sense.
However, in most interesting potential applications in artificial intelligence, the solutions are difficult to
compute using current techniques due primarily to the extremely large state-spaces of the environments.
In this thesis, we propose new algorithms for tackling these computational difficulties. In one stream
of research, we introduce automated abstraction algorithms for sequential games of imperfect information.
These algorithms take as input a description of a game and produce a description of a strategically similar,
but smaller, game as output. We present algorithms that are lossless (i.e., equilibrium-preserving), as
well as algorithms that are lossy, but which can yield much smaller games while still retaining the most
important features of the original game.
In a second stream of research, we develop specialized optimization algorithms for finding -equilibria
in sequential games of imperfect information. The algorithms are based on recent advances in nonsmooth convex optimization (namely the excessive gap technique) and provide significant improvements
over previous algorithms for finding -equilibria.
Combining these two streams, we enable the application of game theory to games extremely larger
than was previously possible. As in illustrative example, we find near-optimal solutions for a four-round
model of Texas Hold’em poker, and demonstrate that the resulting player is significantly better than
previous computer poker players.
In addition to the above (already completed) work, we discuss how the same techniques can be
used to construct an agent for no-limit Texas Hold’em poker (a game with an infinite number of pure
strategies). We propose coming up with worst-case guarantees (both ex ante and ex post) for automated
abstraction algorithms. We also propose a regret-minimizing pure strategy solution concept appropriate
for sequential games with many players, and propose an algorithm for computing this concept. Finally,
we propose specialized interior-point algorithms for equilibrium computation in extensive form games
(possibly for computing equilibrium refinements such as sequential equilibrium) as well as a prioritized
updating scheme for speeding up the excessive gap technique family of algorithms.
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Introduction

In settings with multiple, self-interested agents, the outcome for each individual agent depends on the actions
of the other agents in the system. Consequently, rational and optimal strategies for each agent also depend
on the other agents’ actions. In order for an agent to achieve their best possible outcome it is necessary to
take the other agents’ preferences and strategies into account during the deliberation process.
Game theory is the mathematical framework that enables the study of rational behavior in competitive
multiagent environments. Inter alia, game theory defines solution concepts that provide prescriptive behavior
(i.e., strategies) for each agent. The Nash equilibrium [87] is the most prevalent such solution concept. In a
Nash equilibrium, no agent has any incentive to deviate to any other strategy.
In some settings, the algorithms for finding (or approximating) Nash equilibria are straightforward. In
fact, there has been an enormous amount of research on algorithms for two-person perfect information
games (sometimes called combinatorial games [7]). In these games, applying minimax search (possibly with
α-β-pruning) actually yields a Nash equilibrium (assuming that the game tree is completely searched and no
internal nodes are replaced by leaves according to some evaluation function) [104]. Perhaps without realizing
it, the researchers that developed these algorithms were motivated by a line of reasoning that is analogous
to the reasoning behind the Nash equilibrium: the best action for one agent largely depends on the best
actions for the other agents. However, as we will discuss below, these algorithms are not applicable to many
interesting, real-world games.
Developing expert-level game-playing computer agents has long been a major focus of the artificial intelligence (AI) community. The most notable successes include Chinook, which defeated the checkers world
champion Dr. Marion Tinsley in 1992 [111]; Deep Blue, which defeated Garry Kasparov, the chess world
champion in 1997; and TD-Gammon, the best backgammon-playing program in the world [125]. (See [112]
for a survey of other AI success stories in game-playing.) These are all very impressive applications of AI
techniques and have done much to advance the standing of AI in the wider science community. However,
each of these three games possess the property known as perfect information, i.e., at any point in time, both
players are fully informed about the state of the world. In contrast, most interesting potential application
areas of game theory have the property of imperfect information: at most stages of the game, the players are
only partially informed about the state of the world. Examples include poker and most other card games
(in which each player does not know the cards held by the other players), economic environments (in which
each player does not know the other players’ preferences), and adversarial robot environments (in which
each robot does not know the locations and goals of the other robots). Due to this informational difference,
algorithms for perfect information games are unhelpful when designing agents for games with imperfect
information.
In the last 15 years, there has been a surge of research with the goal of developing the theory and
algorithms for finding equilibria in sequential games with imperfect information [61, 129, 63, 62, 65, 64].
Among other breakthroughs, it is now well-known that one can compute a Nash equilibrium in a two-person
zero-sum sequential game with imperfect information in time polynomial in the size of the game tree. The
prescribed method for solving this problem is to model the game as a linear program and solve for the
equilibrium using general-purpose linear programming tools. However, for most interesting applications in
AI, these tools do not scale. In this thesis we propose two complementary streams of research to tackle this
problem.
1. We introduce automated abstraction algorithms for sequential games of imperfect information as a
method for finding (nearly) equivalent, smaller representations of games on which the equilibrium
analysis may be carried out.
2. We improve the equilibrium finding algorithms themselves via the development of specialized optimization algorithms for finding approximate equilibria in sequential games of imperfect information.
Combining these approaches enables the application of game theory to games many orders of magnitude
larger than previously possible. In the remainder of this section, we motivate our main application area
(poker), give the thesis statement, and summarize the research proposed in the remainder of this document.
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1.1

Poker and Artificial Intelligence

Poker is an enormously popular card game that has stood the test of time. The strategies employed by
expert players can be extremely sophisticated [119]. A poker player cannot succeed with just the ability to
compute odds and probabilities; they also need to utilize randomized (information-hiding) strategies that
attempt to deceive the opponent. When performing actions, successful poker players need to consider not
only what possible private information their opponent knows, but also what their own action reveals about
their own private information. Thus, players must speculate, counter-speculate, counter-counter-speculate,
etc., about what their actions are achieving and what they are revealing. Game theory, via its various
equilibrium concepts, is particularly well-suited to providing definitive answers in these types of situations.
In addition to the challenging research issues presented by poker, it is a particularly attractive testbed
for computational game theory research. Unlike many other important games with imperfect information
(e.g. financial markets, business-to-business interactions, political negotiations, legal disputes), there are
no issues with the game model. Game theory is capable of modeling the game precisely as it is played.
Another motivation for studying poker is that it represents a frontier of machine intelligence: while artificially
intelligent agents have surpassed the skill level of humans in games such as chess, checkers, and backgammon,
poker remains a game where humans are superior.
For the above reasons, as well as many others, poker has been identified as an important area of research
for AI [12], and it is with these challenges in mind that we present this thesis proposal.

1.2

Thesis statement
Automated state-space abstraction in conjunction with specialized equilibrium-finding algorithms
enables the construction of agents for challenging competitive environments, with robust theoretical guarantees on their performance.

1.3

Summary of work completed

The following work has already been completed:
• We developed a provably lossless automated abstraction algorithm, GameShrink, for sequential games
of imperfect information. It enabled the computation of optimal strategies for Rhode Island Hold’em
poker, which at that time was the largest game solved by over four orders of magnitude [44, 46]. (See
Section 3.)
• We developed approximation versions of GameShrink for handling even larger games. These new
algorithms have been used to develop a series of players for heads-up limit Texas Hold’em poker, the
latest of which, GS3, beats all known poker-playing programs [45, 47, 48, 49]. (See Section 4.)
• We developed specialized equilibrium-finding algorithms based on recent techniques developed for
non-smooth convex optimization. These algorithms have enabled the solution of games four orders of
magnitude larger than was previously possible using state-of-the-art linear programming solvers [54, 43].
(See Section 5.)

1.4

Summary of proposed work

The following work is already in progress or is proposed for future research:
• We propose to apply the above automated abstraction algorithms and specialized equilibrium-approximating
algorithms to construct an agent for no-limit Texas Hold’em poker, a game with an infinite strategy
space. We are in the process of developing techniques for discretizing the space of infinite strategies to
enable the above techniques to apply. (See Section 4.5.)
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• We propose to develop new theoretical frameworks and algorithms for providing worst-case guarantees
for automated abstraction algorithms. We propose to investigate both ex ante and ex post guarantees.
(See Section 6.)
• We propose to improve the existing excessive gap technique algorithms by incorporating a selective
updating process to speed up the search. (See Section 7.)
• We propose to investigate specialized interior-point methods for computing equilibria in two-person
zero-sum sequential games, and investigate the feasibility of using such techniques for computing equilibrium refinements such as sequential equilibria. (See Section 8.)
• We propose to investigate new solution concepts and algorithms for games with more than two-players.
Instead of aiming for the Nash equilibrium concept (which appears to be computationally intractable
for games with more than two players), we instead propose a regret-minimization approach which
can be effectively applied to games with many players. In particular, we propose its application to a
multi-player Texas Hold’em poker tournament. (See Section 9.)

1.5

Organization

Section 2 presents the necessary game theory background used in this proposal. Sections 3–9 discuss the
thesis contribution. Figure 1 illustrates how the different pieces of the thesis interact. Solid boxes indicate
work that has already been completed. This work is discussed in Section 3–5. Sections 4.5 and Sections 6–9
discuss future work, denoted by dotted rectangles in Figure 1. Section 10 discusses related work. Section 11
proposes a timeline for thesis completion.

2

Game theory

In this section we review some definitions and algorithms from game theory. Game theory is the mathematical
study of decision-making in interactive, competitive environments. The most basic assumption underlying
the (classical) theory involves the embodiment of rationality in individual agents via utility-function-inducing
preferences. Further, the players are assumed to act in such as a way as to maximize their utility based on
their knowledge about the game. In this proposal, we do not further discuss these basic assumptions, nor
detail the many objections raised against them. Instead, we simply present the basic game theory necessary
for understanding and evaluating this proposal. The models and solution concepts discussed in this section
mirrors the development of any standard game theory text (e.g., [94, 86]).

2.1

Extensive form games and perfect recall

Normal form games (often called matrix (resp. bimatrix) games in two-person zero-sum (resp. non-zero-sum)
games) are games in which each player simultaneously chooses an action in their action set, and these choices
deterministically determine the outcome of the game. Although there is a deep theory for these games, and
many interesting games that naturally fit this model, they are not our main interest.
In this proposal, we are primarily interested in sequential games, in which players may take moves after
observing moves of chance (e.g., a roll of a die) and moves of the other players. This model is much
more powerful in terms of modeling capability as many real-world games can be concisely represented in
this model.1 This class of games is referred to as extensive form games and our definition of this class is
standard:
Definition 1 An n-person game in extensive form is a tuple Γ = hI, V, E, P, H, A, u, pi satisfying the following conditions:
1 In principle, any finite sequential game can be represented in the normal form by considering cross products of all possible
contingency plans [69]. However, such representations lead to exponential increases in the size of the game and are not at all
suitable for computational purposes [129].
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Figure 1: Graphical depiction of thesis outline.
1. I = {0, 1, . . . , n} is a finite set of players. By convention, player 0 is the chance player.
2. The pair (V, E) is a finite directed tree with nodes V and edges E. Z denotes the leaves of the tree,
called terminal nodes. V \ Z are decision nodes. N (x) denotes x’s children and N ∗ (x) denotes x’s
descendants.
3. P : V \ Z → I determines which player moves at each decision node. P induces a partition of V \ Z
and we define Pi = {x ∈ V \ Z | P (x) = i}.
4. H = {H0 , . . . , Hn } where each Hi is a partition of Pi . For each of player i’s information sets h ∈ Hi
and for x, y ∈ h, we have |N (x)| = |N (y)|. We denote the information set of a node x as h(x) and the
player who controls h is i(h).
5. A = {A0 , . . . , An }, Ai : Hi → 2E where for each h ∈ Hi , Ai (h) is a partition of the set of edges
{(x, y) ∈ E | x ∈ h} leaving the information set h such that the cardinalities of the sets in Ai (h) are
the same and the edges are disjoint. Each a ∈ Ai (h) is called an action at h.
6. u : Z → IRN is the payoff function. For x ∈ Z, ui (x) is the payoff to player i in the event that the
game ends at node x.
7. p : H0 × {a ∈ A0 (h) | h ∈ H0 } → [0, 1] where
X

p(h, a) = 1

a∈A0 (h)

for all h ∈ H0 is the transition probability for chance nodes.
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In this paper we restrict our attention to games with perfect recall [71], which means that players never
forget information:
Definition 2 An n-person game in extensive form satisfies perfect recall if the following two constraints
hold:
1. Every path in (V, E) intersects h at most once.
2. If v and w are nodes in the same information set and there is a node u that precedes v and P (u) = P (v),
then there must be some node x that is in the same information set as u and precedes v and the paths
taken from u to v is the same as from x to w.
A straightforward representation for strategies in extensive form games is the behavior strategy representation. This is without loss of generality since Kuhn’s theorem [71] states that for any mixed strategy there is a payoff-equivalent behavioral strategy in games with perfect recall. For each information
set h ∈ Hi , a behavior strategy is σi (h) ∈ ∆(Ai (h)) where ∆(Ai (h)) is the set of all probability distributions over actions available at information set h. A group of strategies σ = (σ1 , . . . , σn ) consisting of
strategies for each player is a strategy profile. We sometimes write σ−i = (σ1 , . . . , σi−1 , σi+1 , . . . , σn ) and
(σi0 , σ−i ) = (σ1 , . . . , σi−1 , σi0 , σi+1 , . . . , σn ). By an abuse of notation, we will say player i receives an expected
payoff of ui (σ) when all players are playing the strategy profile σ.

2.2

Solution concepts

Having defined the model of games we wish to consider, we now define the various solutions of interest.
Definition 3 A strategy profile σ = (σ1 , . . . , σn ) for a game Γ = hI, V, E, P, H, A, u, pi is a Nash equilibrium
if ui (σi , σ−i ) ≥ ui (σi0 , σ−i ) for all i ∈ I and all σi0 .
If the game happens to be two-person zero-sum, then a Nash equilibrium may be called a minimax
solution and satisfies the following additional properties.
1. If (σ1 , σ2 ) is a minimax solution to a two-person zero-sum game Γ, and (σ10 , σ20 ) is also a minimax
solution to Γ, then (σ1 , σ20 ) and (σ10 , σ2 ) are also minimax solutions to Γ.
2. If (σ1 , σ2 ) is a minimax solution to a two-person zero-sum game Γ, then u1 (σ1 , σ2 ) ≥ u1 (σ1 , σ20 ) for all
σ20 .
3. All convex combinations of minimax solutions for two-person zero-sum games are also minimax solutions. (The set of minimax solutions form a convex set.)
The first property means that there is no equilibrium selection problem, which can inhibit the application
of game theory in some games. The second property means that equilibria solutions in two-person zero-sum
games are robust in that they don’t depend on what strategy the opponent employs. The third property
will be of importance when designing some equilibrium-finding algorithms.
Due to computational limitations (and in particular the inherent finiteness of floating-point arithmetic),
we are often interested in the following slightly relaxed version of Nash equilibrium:
Definition 4 A strategy profile σ = (σ1 , . . . , σn ) for a game Γ = hI, V, E, P, H, A, u, pi is an -equilibrium
if ui (σi0 , σ−i ) − ui (σi , σ−i ) ≤  for all i ∈ I and all σi0 .
In many algorithms, the parameter  is specified as an input parameter and the algorithm guarantees
finding such an -equilibrium. For a small enough , these solutions are acceptable in many domains.
In addition to the basic equilibrium concepts defined above, there are also many known refinements to
the Nash equilibrium concept. We will discuss some of these in Section 8.

6

2.3

Algorithms for finding equilibria

In this subsection we describe existing algorithms for finding Nash equilibria and -equilibria in both normal
form and extensive form games.
2.3.1

Algorithms for finding equilibria in normal form games

The Nash equilibrium problem for two-person zero-sum (matrix) games can be modeled and solved as a linear
program [28, 78, 24]. Linear programs are typically solved via the simplex algorithm or interior-point methods. The simplex algorithm has exponential worst-case complexity, but runs efficiently in practice. Interiorpoint methods run in polynomial time, and, increasingly, are also fast in practice. Other solution techniques
include learning-based approaches, such as fictitious play [18, 102] and experts-based approaches [39]. These
approaches are more interested in the learning process itself rather than in arriving at an equilibrium, and
generally do not provide very good convergence bounds. Most recently, the excessive gap technique was
proposed as a method for solving certain non-smooth convex optimization problems, and it has been applied
to the problem of finding -equilibria in matrix games [92, 91]. Finally, bundle-based methods have recently
been shown to be effective on some large poker games, including Rhode Island Hold’em [82]. One drawback
to those algorithms is that the memory usage increases every iteration, and the time to solve each iteration
increases with every iteration (although there are heuristics that mitigate this).
There has been significant recent work on Nash equilibrium finding for two-person non-zero-sum normal form games. The question of how complex it is to construct an equilibrium in a 2-player game has
been dubbed “a most fundamental computational problem whose complexity is wide open” and “together
with factoring, [...] the most important concrete open question on the boundary of P today” [95]. Most
interesting questions about optimal (for many definitions of “optimal”) equilibria are NP-complete [42, 25].
An -equilibrium in a normal form game with any constant number of agents can be constructed in quasipolynomial time [75, 74], but finding an exact equilibrium is PPAD-complete even in a 2-player game [22].
The most prevalent algorithm for finding an equilibrium in a two-player bimatrix game is Lemke-Howson [72],
but it takes exponentially many steps in the worst case [109]. For a survey of equilibrium computation in
2-player games, see [130]. Recently, equilibrium-finding algorithms that enumerate supports (i.e., sets of
pure strategies that are played with positive probability) have been shown efficient on many games [100],
and efficient mixed integer programming algorithms that search in the space of supports have been developed [108]. For more than two players, many algorithms have been proposed, but they currently only scale
to very small games [53, 81, 100].2
2.3.2

Algorithms for finding equilibria in extensive form games

As discussed in the introduction, Nash equilibria of two-person sequential games with perfect information can
be found by simply searching over the tree.3 In computer science terms, this is done using minimax search
(often in conjunction with α-β-pruning to reduce the search tree size and thus enhance speed). Minimax
search runs in linear time in the size of the game tree.4
The differentiating feature of games of imperfect information, such as poker, is that they are not fully
observable: when it is an agent’s turn to move, she does not have access to all of the information about the
world. In such games, the decision of what to do at a point in time cannot generally be optimally made
without considering decisions at all other points in time (including ones on other paths of play) because
those other decisions affect the probabilities of being at different states at the current point in time. Thus
the algorithms for perfect information games do not solve games of imperfect information.
2 Progress has also been made on algorithms for finding equilibria in restricted and/or structured games (e.g., [96, 8, 73, 14,
118]), as well as for finding market equilibria (e.g., [32, 33, 57, 110]).
3 This actually yields a solution that satisfies not only the Nash equilibrium solution concept, but a stronger solution concept
called subgame perfect Nash equilibrium [115].
4 This type of algorithm has its limits, of course, particularly when the game tree is huge, but extremely effective gameplaying agents can be developed, even when the size of the game tree prohibits complete search, by evaluating intermediate
nodes using a heuristic evaluation and then treating those nodes as leaves of the tree.
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As discussed previously, one could try to find an equilibrium of a sequential game by converting the
normal form, but this is computationally intractable. However, by observing that one needs to consider only
sequences of moves rather than pure strategies, one arrives at a more compact representation, the sequence
form, which is linear in the size of the game tree [103, 116, 61, 129]. For two-person zero-sum games, there
is a polynomial-sized (in the size of the game tree) linear programming formulation (linear complementarity
in the non-zero-sum case) based on the sequence form such that strategies for players 1 and 2 correspond to
primal and dual variables. Thus, the equilibria of reasonable-sized 2-player games can be computed using
this method [129, 63, 65].5 However, this approach still yields enormous (unsolvable) optimization problems
for many real-world games, such as poker.
The Nash equilibrium problem for two-player zero-sum sequential games of imperfect information can be
formulated using the sequence form representation [103, 61, 129] as the following saddle-point problem:
max min hAy, xi = min max hAy, xi.

x∈Q1 y∈Q2

y∈Q2 x∈Q1

(1)

In this formulation, x is player 1’s strategy and y is player 2’s strategy. The bilinear term hAy, xi is the
payoff that player 1 receives from player 2 when the players play the strategies x and y. The strategy spaces
are represented by Qi ⊆ R|Si | , where Si is the set of sequences of moves of player i, and Qi is the set of
realization plans of player i. Thus x (y) encodes probability distributions over actions at each point in the
game where player 1 (2) acts. The set Qi has an explicit linear description of the form {z ≥ 0 : Ez = e}.
Consequently, as mentioned above, problem (1) can be modeled as a linear program (see [129] for details).
Recently, we have investigated the application of Nesterov’s excessive gap technique [91] to the problem
of finding -equilibria in extensive form games by directly tackling the equations in problem (1) [54, 43]. We
will describe this approach in detail in Section 5.
2.3.3

Algorithmic approximations

As discussed above, the equilibrium problem for two-player zero-sum games can be modeled as a linear
program (LP), which can in turn be solved using the simplex method. This approach has inherent features
which we can leverage into desirable properties in the context of solving games.
In the LP, primal solutions correspond to strategies of player 2, and dual solutions correspond to strategies
of player 1. There are two versions of the simplex method: the primal simplex and the dual simplex. The
primal simplex maintains primal feasibility and proceeds by finding better and better primal solutions until
the dual solution vector is feasible, at which point optimality has been reached. Analogously, the dual
simplex maintains dual feasibility and proceeds by finding increasingly better dual solutions until the primal
solution vector is feasible. (The dual simplex method can be thought of as running the primal simplex
method on the dual problem.) Thus, the primal and dual simplex methods serve as anytime algorithms
(for a given abstraction) for players 2 and 1, respectively. At any point in time, they can output the best
strategies found so far.
Also, for any feasible solution to the LP, we can get bounds on the quality of the strategies by examining
the primal and dual solutions. (When using the primal simplex method, dual solutions may be read off
of the LP tableau.) Every feasible solution of the dual yields an upper bound on the optimal value of the
primal, and vice versa [24, p. 57]. Thus, without requiring further computation, we get lower bounds on the
expected utility of each agent’s strategy against that agent’s worst-case opponent.
One problem with the simplex method is that it is not a primal-dual algorithm, that is, it does not
maintain both primal and dual feasibility throughout its execution. (In fact, it only obtains primal and dual
feasibility at the very end of execution.) In contrast, there are interior-point methods for linear programming
that maintain primal and dual feasibility throughout the execution. For example, many interior-point pathfollowing algorithms have this property [131, Ch. 5]. We observe that running such a linear programming
method yields a method for finding -equilibria (i.e., strategy profiles in which no agent can increase her
expected utility by more than  by deviating). A threshold on  can also be used as a termination criterion
5 Recently

this approach was extended to handle computing sequential equilibria [68] as well [84].
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for using the method as an anytime algorithm. Furthermore, interior-point methods in this class have
polynomial-time worst-case run time, as opposed to the simplex algorithm, which takes exponentially many
steps in the worst case. In Section 8, we will review the necessary interior-point method theory, and propose
how an interior-point method could be specialized to the equilibrium-finding problem to improve even further
their performance in solving games.

3

Lossless automated abstraction [44, 46]

In this research stream, we take a different approach to tackling the difficult problem of equilibrium computation. Instead of developing an equilibrium-finding method per se, we instead develop a methodology
for automatically abstracting games in such a way that any equilibrium in the smaller (abstracted) game
corresponds directly to an equilibrium in the original game. Thus, by computing an equilibrium in the
smaller game (using any available equilibrium-finding algorithm), we are able to construct an equilibrium in
the original game. The motivation is that an equilibrium for the smaller game can be computed drastically
faster than for the original game.
To this end, we introduce games with ordered signals (Section 3.2), a broad class of games that has
enough structure which we can exploit for abstraction purposes. Instead of operating directly on the game
tree (something we found to be technically challenging), we instead introduce the use of information filters
(Section 3.3), which coarsen the information each player receives. They are used in our analysis and abstraction algorithm. By operating only in the space of filters, we are able to keep the strategic structure of
the game intact, while abstracting out details of the game in a way that is lossless from the perspective of
equilibrium finding. We introduce the ordered game isomorphism to describe strategically symmetric situations and the ordered game isomorphic abstraction transformation to take advantage of such symmetries
(Section 3.5). As our main equilibrium result we have the following:
Theorem 2 Let Γ be a game with ordered signals, and let F be an information filter for Γ. Let
F 0 be an information filter constructed from F by one application of the ordered game isomorphic
abstraction transformation, and let σ 0 be a Nash equilibrium strategy profile of the induced game
ΓF 0 (i.e., the game Γ using the filter F 0 ). If σ is constructed by using the corresponding strategies
of σ 0 , then σ is a Nash equilibrium of ΓF .
The proof of the theorem uses an equivalent characterization of Nash equilibria: σ is a Nash equilibrium
if and only if there exist beliefs µ (players’ beliefs about unknown information) at all points of the game
reachable by σ such that σ is sequentially rational (i.e., a best response) given µ, where µ is updated using
Bayes’ rule. We can then use the fact that σ 0 is a Nash equilibrium to show that σ is a Nash equilibrium
considering only local properties of the game.
We also give an algorithm, GameShrink, for abstracting the game using our isomorphism exhaustively
(Section 3.6). Its complexity is Õ(n2 ), where n is the number of nodes in a structure we call the signal tree.
It is no larger than the game tree, and on nontrivial games it is drastically smaller, so GameShrink has time
and space complexity sublinear in the size of the game tree. We also present several algorithmic and data
structure related speed improvements (Section 3.7).
In the following subsection, we describe some application areas that fit within our model, including one
where we have already applied our technique.

3.1

Applications

Sequential games of imperfect information are ubiquitous, for example in negotiation and in auctions. Often
aspects of a player’s knowledge are not pertinent for deciding what action the player should take at a given
point in the game. On the trivial end, some aspects of a player’s knowledge are never pertinent (e.g.,
whether it is raining or not has no bearing on the bidding strategy in an art auction), and such aspects can
be completely left out of the model specification. However, more generally, some aspects can be pertinent
in certain states of the game while they are not pertinent in other states, and thus cannot be left out of the
9

model completely. Furthermore, it may be highly non-obvious which aspects are pertinent in which states
of the game. Our algorithm automatically discovers which aspects are irrelevant in different states, and
eliminates those aspects of the game, resulting in a more compact, equivalent game representation.
One broad application area that has this property is sequential negotiation (potentially over multiple
issues). Another broad application area is sequential auctions (potentially over multiple goods). For example,
in those states of a 1-object auction where bidder A can infer that his valuation is greater than that of
bidder B, bidder A can ignore all his other information about B’s signals, although that information would
be relevant for inferring B’s exact valuation. Furthermore, in some states of the auction, a bidder might
not care which exact other bidders have which valuations, but cares about which valuations are held by
the other bidders in aggregate (ignoring their identities). Many open-cry sequential auction and negotiation
mechanisms fall within the game model studied in this paper (specified in detail later), as do certain other
electronic commerce settings, such as sequences of take-it-or-leave-it offers [107]. In fact, our game model
captures the entire class of games for which Fudenberg and Tirole applied the perfect Bayesian equilibrium
solution concept [41] (i.e., Bayesian games with observable actions).
3.1.1

Solving Rhode Island Hold’em poker

Our techniques are in no way specific to an application. The main experiment that we present here is on
a recreational game. We chose a particular poker game as the benchmark problem because it yields an
extremely complicated and enormous game tree, it is a game of imperfect information, it is fully specified
as a game (and the data is available), and it has been posted as a challenge problem by others [117] (to
our knowledge no such challenge problem instances have been proposed for electronic commerce applications
that require solving sequential games).
Rhode Island Hold’em was invented as a testbed for computational game playing [117]. It was designed so
that it was similar in style to Texas Hold’em, yet not so large that devising reasonably intelligent strategies
would be impossible. We applied the techniques developed in this paper to find an exact (minimax) solution
to Rhode Island Hold’em, which has a game tree exceeding 3.1 billion nodes.
Applying the sequence form to Rhode Island Hold’em directly without abstraction yields a linear program with 91,224,226 rows, and the same number of columns. This is much too large for (current) linear
programming algorithms to handle. We used our GameShrink algorithm to reduce this through lossless
abstraction, and it yielded a linear program with 1,237,238 rows and columns—with 50,428,638 non-zero
coefficients. We then applied iterated elimination of dominated strategies, which further reduced this to
1,190,443 rows and 1,181,084 columns. (Applying iterated elimination of dominated strategies without
GameShrink yielded 89,471,986 rows and 89,121,538 columns, which still would have been prohibitively
large to solve.) GameShrink required less than one second to perform the shrinking (i.e., to compute all
of the ordered game isomorphic abstraction transformations). Using a 1.65GHz IBM eServer p5 570 with
64 gigabytes of RAM (the linear program solver actually needed 25 gigabytes), we solved it in 7 days and
17 hours using the interior-point barrier method of CPLEX version 9.1.2. We recently demonstrated our
optimal Rhode Island Hold’em poker player at the AAAI-05 conference [44], and it is available for play
on-line at http://www.cs.cmu.edu/~gilpin/gsi.html.
While others have worked on computer programs for playing Rhode Island Hold’em [117], no optimal
strategy has been found before. This is the largest poker game solved to date by over four orders of magnitude.

3.2

Games with ordered signals

We work with a slightly restricted class of games, as compared to the full generality of the extensive form.
This class, which we call games with ordered signals, is highly structured, but still general enough to capture a
wide range of strategic situations. A game with ordered signals consists of a finite number of rounds. Within
a round, the players play a game on a directed tree (the tree can be different in different rounds). The only
uncertainty players face stems from private signals the other players have received and from the unknown
future signals. In other words, players observe each others’ actions, but potentially not nature’s actions.
In each round, there can be public signals (announced to all players) and private signals (confidentially
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communicated to individual players). For simplicity, we assume—as is the case in most recreational games—
that within each round, the number of private signals received is the same across players (this could quite
likely be relaxed). We also assume that the legal actions that a player has are independent of the signals
received. For example, in poker, the legal betting actions are independent of the cards received. Finally, the
strongest assumption is that there is a partial ordering over sets of signals, and the payoffs are increasing
(not necessarily strictly) in these signals. For example, in poker, this partial ordering corresponds exactly
to the ranking of card hands.
Definition 5 A game with ordered signals is a tuple Γ = hI, G, L, Θ, κ, γ, p, , ω, ui where:
1. I = {1, . . . , n} is a finite set of players.

2. G = hG1 , . . . , Gr i, Gj = V j , E j , is a finite collection of finite directed trees with nodes V j and edges
E j . Let Z j denote the leaf nodes of Gj and let N j (v) denote the outgoing neighbors of v ∈ V j . Gj is
the stage game for round j.
3. L = hL1 , . . . , Lr i, Lj : V j \ Z j → I indicates which player acts (chooses an outgoing edge) at each
internal node in round j.
4. Θ is a finite set of signals.
5. κ = hκ1 , . . . , κr i and γ = hγ 1 , . . . , γ r i are vectors of nonnegative integers, where κj and γ j denote
the number of public and private signals (per player), respectively, revealed in round j. Each signal
θ ∈ Θ may only be revealed
Pr once, and in each round every player receives the same number of privatej
signals, so we require j=1 κj + nγ j ≤ |Θ|. The public information revealed in round j is αj ∈ Θκ

and the public information revealed in all rounds up through round j is α̃j = α1 , . . . , αj . The private
j
information revealed to player i ∈ I in round j is βij ∈ Θγ and
revaled to
 the private information

player i ∈ I in all rounds up through round j is β̃ij = βi1 , . . . , βij . We also write β̃ j = β̃1j , . . . , β̃nj to
 j
 

j
j
j
j
represent all private information up through round j, and β̃ 0 i , β̃−i
= β̃1j , . . . , β̃i−1
, β̃ 0 i , β̃i+1
, . . . , β̃nj


j
is β̃ j with β̃ij replaced with β̃ 0 i . The total information revealed up through round j, α̃j , β̃ j , is said
to be legal if no signals are repeated.

6. p is a probability distribution over Θ, with p(θ) > 0 for all θ ∈ Θ. Signals are drawn from Θ according
to p without replacement, so if X is the set of signals already revealed, then
(
P p(x)
if x ∈
/X
p(y)
y ∈X
/
p(x | X) =
0
if x ∈ X.
7.  is a partial ordering of subsets of Θ and is defined for at least those pairs required by u.
8. ω :

r
S

Z j → {over, continue} is a mapping of terminal nodes within a stage game to one of two

j=1

values: over, in which case the game ends, or continue, in which case the game continues to the next
r
round. Clearly,
we require ω(z) = over for all
. Note that ω is independent of the signals. Let

 z∈Z
j
j
j
j
ωover = z ∈ Z | ω(z) = over and ωcont = z ∈ Z | ω(z) = continue .
9. u = (u1 , . . . , ur ), uj :

j−1

k=1

k
j
ωcont
× ωover
×

j


k

Θκ ×

j
n 


i=1 k=1
j−1


k=1

every j, 1 ≤ j ≤ r, for every i ∈ I, and for every z̃ ∈

k=1

two conditions holds:
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k

Θγ → Rn is a utility function such that for
k
j
ωcont
× ωover
, at least one of the following

(a) Utility is signal independent: uji (z̃, ϑ) = uji (z̃, ϑ0 ) for all legal ϑ, ϑ0 ∈

j

k=1

k

Θκ ×

j
n 


k

Θγ .

i=1 k=1

(b)  is defined for all legal signals (α̃j , β̃ij ) and (α̃j , β̃i0j ) through round j and a player’s utility is
increasing in her private signals, everything else equal:

 





 j

j
j
α̃j , β̃ij  α̃j , β̃i0j =⇒ ui z̃, α̃j , β̃ij , β̃−i
≥ ui z̃, α̃j , β̃ 0 i , β̃−i
.
We will use the term game with ordered signals and the term ordered game interchangeably.
3.2.1

Rhode Island Hold’em modeled as an ordered game

As an illustration, we describe how Rhode Island Hold’em can be defined as an ordered game in accordance
with Definition 5. First, we describe the rules of Rhode Island Hold’em.
1. Each player pays an ante of 5 chips which is added to the pot. Both players initially receive a single
card, face down; these are known as the hole cards.
2. After receiving the hole cards, the players participate in one betting round. Each player may check
(not placing any money in the pot and passing) or bet (placing 10 chips into the pot) if no bets have
been placed. If a bet has been placed, then the player may fold (thus forfeiting the game along with
any money they have put into the pot), call (adding chips to the pot equal to the last player’s bet),
or raise (calling the current bet and making an additional bet). In Rhode Island Hold’em, the players
are limited to three bets each per betting round. (A raise equals two bets.) In the first betting round,
the bets are equal to 10 chips.
3. After the first betting round, a community card is dealt face up. This is called the flop card. Another
betting round take places at this point, with bets equal to 20 chips.
4. Following the second betting round, another community card is dealt face up. This is called the turn
card. A final betting round takes place at this point, with bets again equal to 20 chips.
5. If neither player folds, then the showdown takes place. Both players turn over their cards. The player
who has the best 3-card poker hand takes the pot. In the event of a draw, the pot is split evenly.
Rank
1
2
3
4
5
6

Hand
Straight flush
Three of a kind
Straight
Flush
Pair
High card

Prob.
0.00217
0.00235
0.03258
0.04959
0.16941
0.74389

Description
3 cards w/ consecutive rank & same suit
3 cards of the same rank
3 cards w/ consecutive rank
3 cards of the same suit
2 cards of the same rank
None of the above

Example
K♠, Q♠, J♠
Q♠, Q♥, Q♣
3♣, 4♠, 5♥
2♦, 5♦, 8♦
2♦, 2♠, 3♥
J♣, 9♥, 2♠

Table 1: Rankings of three-card poker hands.
Hands in 3-card poker games are ranked slightly differently than 5-card poker hands. The main differences
are that the order of flushes and straights are reversed, and a three of a kind is better than straights or
flushes. Table 1 describes the rankings. Within ranks, ties are broken by by ordering hands according to the
rank of cards that make up the hand. If players are still tied after applying this criterion, kickers are used
to determine the winner. A kicker is a card that is not used to make up the hand. For example, if player 1
has a pair of eights and a five, and player 2 has a pair of eights and a six, player 2 wins.
To make the definition of ordered games concrete, here we define each of the components of the tuple
Γ = hI, G, L, Θ, κ, γ, p, , ω, ui for Rhode Island Hold’em. There are two players so I = {1, 2}. There are
12
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Figure 2: Stage game GRI , player label L, and game-ending nodes ω for Rhode Island Hold’em. The action labels
denote which action the player is taking: k (check), b (bet), f (fold), c (call), and r (raise). Lower case letters indicate
player 1 actions and upper case letters indicate player 2 actions.

three rounds, and the stage game is the same in each round so we have G = hGRI , GRI , GRI i where GRI is
given in Figure 2, which also specifies the player label L. Θ is the standard deck of 52 cards. The community
cards are dealt in the second and third rounds, so κ = h0, 1, 1i. Each player receives a since face down card
in the first round only, so γ = h1, 0, 0i. p is the uniform distribution over Θ.  is defined for three card
hands and is defined using the ranking given in Table 1. The game-ending nodes ω are denoted in Figure 2
by ω. u is defined as in the above description; it is easy to verify that it satisfies the necessary conditions.

3.3

Information filters

In this subsection, we define an information filter for ordered games. Instead of completely revealing a signal
(either public or private) to a player, the signal first passes through this filter, which outputs a coarsened
signal to the player. By varying the filter applied to a game, we are able to obtain a wide variety of games
while keeping the underlying action space of the game intact. We will use this when designing our abstraction
techniques. Formally, an information filter is as follows.
Definition 6 Let Γ = hI, G, L, Θ, κ, γ, p, , ω, ui be an ordered game. Let S j ⊆

j

k=1

k

Θκ ×

j


k

Θγ be the

k=1

set of legal signals (i.e., no repeated signals) for one player through round j. An information filter for Γ is
j
a collection F = hF 1 , . . . , F r i where each F j is a function F j : S j → 2S such that each of the following
conditions hold:
1. (Truthfulness) (α̃j , β̃ij ) ∈ F j (α̃j , β̃ij ) for all legal (α̃j , β̃ij ).
2. (Independence) The range of F j is a partition of S j .
3. (Information preservation) If two values of a signal are distinguishable in round k, then they are distinPj
guishable fpr each round j > k. Let mj = l=1 κl +γ l . We require that for all legal (θ1 , . . . , θmk , . . . , θmj ) ⊆
0
0
Θ and (θ10 , . . . , θm
k , . . . , θmj ) ⊆ Θ:
0
0
0
(θ10 , . . . , θm
/ F k (θ1 , . . . , θmk ) =⇒ (θ10 , . . . , θm
/ F j (θ1 , . . . , θmk , . . . , θmj ).
k) ∈
k , . . . , θmj ) ∈
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A game with ordered signals Γ and an information filter F for Γ defines a new game ΓF . We refer
to such
games
as filtered
oordered games. We are left with the original game if we use the identity filter
 n

j
j
j
j
j
α̃ , β̃i . We have the following simple (but important) result:
F α̃ , β̃i =
Proposition 1 A filtered ordered game is an extensive form game satisfying perfect recall.
A simple proof proceeds by constructing an extensive form game directly from the ordered game, and
showing that it satisfies perfect recall. In determining the payoffs in a game with filtered signals, we take the
average over all real signals in the filtered class, weighted by the probability of each real signal occurring.

3.4

Strategies and Nash equilibrium in games with ordered signals

We are now ready to define behavior strategies in the context of filtered ordered games.
Definition 7 A behavior strategy for player i in round j of Γ = hI, G, L, Θ, κ, γ, p, , ω, ui with information
filter F is a probability distribution over possible actions, and is defined for each player i, each round j, and
each v ∈ V j \ Z j for Lj (v) = i:
j
σi,v
:

j−1




k
ωcont
× Range F j → ∆ w ∈ V j | (v, w) ∈ E j .

k=1

(∆(X) is the set of probability distributions over a finite set X.) A behavior strategy for player i in round
j
j
) for each vk ∈ V j \ Z j where Lj (vk ) = i. A behavior strategy for player i in
, . . . , σi,v
j is σij = (σi,v
m
1

1
r
Γ is σi = σi , . . . , σi . A strategy profile is σ = (σ1 , . . . , σn ). A strategy profile with σi replaced by σi0 is
(σi0 , σ−i ) = (σ1 , . . . , σi−1 , σi0 , σi+1 , . . . , σn ).
As in extensive form games, we abuse notation to say player i receives an expected payoff of ui (σ) when
all players are playing the strategy profile σ. Strategy σi is said to be player i’s best response to σ−i if for all
other strategies σi0 for player i we have ui (σi , σ−i ) ≥ ui (σi0 , σ−i ). σ is a Nash equilibrium if, for every player
i, σi is a best response for σ−i . A Nash equilibrium always exists in finite extensive form games [87], and
one exists in behavior strategies for games with perfect recall [71]. Using these observations, we have the
following corollary to Proposition 1:
Corollary 1 For any filtered ordered game, a Nash equilibrium exists in behavior strategies.

3.5

Equilibrium-preserving abstractions

In this section, we present our main technique for reducing the size of games. We begin by defining a filtered
signal tree which represents all of the chance moves in the game. The bold edges (i.e. the first two levels of
the tree) in the game trees in Figure 3 correspond to the filtered signal trees in each game.
Definition 8 Associated with every ordered game Γ = hI, G, L, Θ, κ, γ, p, , ω, ui and information filter F
is a filtered signal tree, a directed tree in which each node corresponds to some revealed (filtered) signals and
edges correspond to revealing specific (filtered) signals. The nodes in the filtered signal tree represent the set
of all possible revealed filtered signals (public and private) at some point in time. The filtered public signals

Pj−1
revealed in round j correspond to the nodes in the κj levels beginning at level k=1 κk + nγ k and the private
P
Pj−1
j
signals revealed in round j correspond to the nodes in the nγ j levels beginning at level k=1 κk + k=1 nγ k .
We denote children of a node x as N (x). In addition, we associate weights with the edges corresponding to
the probability of the particular edge being chosen given that its parent was reached.
In many games, there are certain situations in the game that can be thought of as being strategically
equivalent to other situations in the game. By melding these situations together, it is possible to arrive at a
strategically equivalent smaller game. The next two definitions formalize this notion via the introduction of
the ordered game isomorphic relation and the ordered game isomorphic abstraction transformation.
14

{{J1}, {J2}, {K1}, {K2}}
1/3

J2
c

C

B F

0

1

b

1/3

c

B C

b

1

-1 0

K1

B F

B C

B F

b

J1,J2
c

b

1

1/3

c

K1

b

c

1

1/3

c

B C

b

1

B F

c

B C

b

1/4

2/3 1/3

b

1

1/3

J1
2
2
2
2
2
2
2
2
B C

BF

c

B C

1

b

-1 2

1/3

J2

K2

b

c

BF

B C

b

J1
c

b

B F B C

-1 2 0
f

b

c

b

2/3 1/3

1

-1 0

c

b

b

BF

0

B C

BF

-1 0 -1
f

b

-1 0

1

B C

B F

-1 -2 -1
f

b

-1 -2

1

b

f

b

c

B C

b

1/2

1/2

b

-1 0

K1,K2

J1,J2
c

b

B

-1 0
f

-1 2

b

B F

-1 2 0
f

K1,K2
c

K1

b

b

2/3

1/3

1

K1,K2
c

b

2
2
2
2

B C

BF

-1 -2 1
-1 -2

1

1/3

J2

BF

-1 2 1

J1,J2
1/3 2/3

1/3

c

B C

2
2
2
2
2
2
C

1/3

1

-1 2

J1,J2

K1
c

BF

f

{{J1,J2}, {K1,K2}}
J1,J2

b

-1 0 1
f

-1 2

K2

b

1/3

-1 2 1
f

-1 -2

1

b

-1 -2 1
b

K2

1/4

K1

c

b

B F

f

K2
c

1/4

K2

-1 -2 -1
f

1/4

J1,J2
c

K1

-1 -2

K1
b

1/3

b

-1 0 -1
-1 0

K2

b

1/3

1/2

J1,J2
1/3

b

BF

f

-1 -2

{{J1,J2}, {K1}, {K2}}
1/3

B C

-1 -2 0
f

-1 -2

c

b

1/4

J2
J1

c

-1 -2 -1
f

1/4

K2

b

-1 0 -1
f

1/3

J1

B C

B F

-1 2 0
f

b

-1 2

1

B C

BF

-1 0 1
f

b

-1 0

B C

BF

-1 2 0
f

b

1

-1 2

B

C

-1 0
f

BF

0

b

f

-1 0

B

BF

-1 0 -1
b

-1 0

1

B C

BF

-1 -2 1
f

b

-1 -2

B C

BF

-1 2 0
f

b

-1 2

1

B

-1 0
f

b

-1 0

Figure 3: GameShrink applied to a tiny two-person four-card (two Jacks and two Kings) poker game. Next
to each game tree is the range of the information filter F . Dotted lines denote information sets, which are
labeled by the controlling player. Open circles are chance nodes with the indicated transition probabilities.
The root node is the chance node for player 1’s card, and the next level is for player 2’s card. The payment
from player 2 to player 1 is given below each leaf. In this example, the algorithm reduces the game tree from
53 nodes to 19 nodes.
Definition 9 Two subtrees beginning at internal nodes x and y of a filtered signal tree are ordered game
isomorphic if x and y have the same parent and there is a bijection f : N (x) → N (y), such that for w ∈ N (x)
and v ∈ N (y), v = f (w) implies the weights on the edges (x, w) and (y, v) are the same and the subtrees
beginning at w and v are ordered game isomorphic. Two leaves (corresponding to filtered signals ϑ and ϑ0
r−1
 j
r
up through round r) are ordered game isomorphic if for all z̃ ∈
ωcont × ωover
, ur (z̃, ϑ) = ur (z̃, ϑ0 ).
j=1

Definition 10 Let Γ = hI, G, L, Θ, κ, γ, p, , ω, ui be an ordered game and let F be an information filter for
Γ. Let ϑ and ϑ0 be two information structures where the subtrees in the induced filtered signal

Pj−1tree corresponding to the nodes ϑ and ϑ0 are ordered game isomorphic, and ϑ and ϑ0 are at either level k=1 κk + nγ k or
P
Pj
j−1
k
k
k=1 κ +
k=1 nγ for some round j. The ordered game isomorphic abstraction transformation is given
by creating a new information filter F 0 :





j
j

  F j α̃j , β̃ij
,
β̃
∈
/ ϑ ∪ ϑ0
if
α̃
i


F 0j α̃j , β̃ij =

ϑ ∪ ϑ0
if
α̃j , β̃ij ∈ ϑ ∪ ϑ0 .
Figure 3 shows the ordered game isomorphic abstraction transformation applied twice to a tiny poker
game. Theorem 2, our main equilibrium result, shows how the ordered game isomorphic abstraction transformation can be used to compute equilibria faster.
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Theorem 2 Let Γ = hI, G, L, Θ, κ, γ, p, , ω, ui be an ordered game and F be an information filter for Γ. Let
F 0 be an information filter constructed from F by one application of the ordered game isomorphic


 abstraction
j
j
0
0
=
transformation. Let σ be a Nash equilibrium of the induced game ΓF . If we take σi,v z̃, F α̃j , β̃ij



0j
j
0j
j
σi,v z̃, F
α̃ , β̃i , σ is a Nash equilibrium of ΓF .

3.6

GameShrink: An efficient algorithm for computing ordered game isomorphic abstraction transformations

In this section we present an algorithm, GameShrink, for conducting the abstractions. The algorithm only
needs to analyze the signal tree discussed above, rather than the entire game tree.
We first present a subroutine that GameShrink uses. It is a dynamic program for computing the ordered
game isomorphic relation. Again, it operates on the signal tree.
Algorithm 1 OrderedGameIsomorphic? (Γ, ϑ, ϑ0 )
1. If ϑ and ϑ0 have different parents, then return false.
2. If ϑ and ϑ0 are both leaves of the signal tree:
(a) If ur (ϑ | z̃) = ur (ϑ0 | z̃) for all z̃ ∈

r−1

j=1

j
r
, then return true.
ωcont
× ωover

(b) Otherwise, return false.
3. Create a bipartite graph Gϑ,ϑ0 = (V1 , V2 , E) with V1 = N (ϑ) and V2 = N (ϑ0 ).
4. For each v1 ∈ V1 and v2 ∈ V2 :
If OrderedGameIsomorphic? (Γ, v1 , v2 )
Create edge (v1 , v2 )
5. Return true if Gϑ,ϑ0 has a perfect matching; otherwise, return false.
By evaluating this dynamic program from bottom to top, Algorithm 1 determines, in time polynomial in
the size of the signal tree, whether or not any pair of equal depth nodes x and y are ordered game isomorphic.
We can further speed up this computation by only examining nodes with the same parent, since we know
(from step 1) that no nodes with different parents are ordered game isomorphic. The test in step 2(a) can
be computed in O(1) time by consulting the  relation from the specification of the game. Each call to
OrderedGameIsomorphic? performs at most one perfect matching computation on a bipartite graph with
O(|Θ|) nodes and O(|Θ|2 ) edges (recall that Θ is the set of signals). Using the Ford-Fulkerson algorithm [38]
for finding a maximal matching, this takes O(|Θ|3 ) time. Let S be the maximum number of signals possibly
revealed in the game (e.g., in Rhode Island Hold’em, S = 4 because each of the two players has one card
in the hand plus there are two cards on the table). The number of nodes, n, in the signal tree is O(|Θ|S ).
The dynamic program visits each node in the signal tree, with each visit requiring O(|Θ|2 ) calls to the
OrderedGameIsomorphic? routine. So, it takes O(|Θ|S |Θ|3 |Θ|2 ) = O(|Θ|S+5 ) time to compute the entire
ordered game isomorphic relation.
While this is exponential in the number of revealed signals, we now show that it is polynomial in the size
of the signal tree—and thus polynomial in the size of the game tree because the signal tree is smaller than
the game tree. The number of nodes in the signal tree is
n=1+

S Y
i
X
i=1 j=1
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(|Θ| − j + 1)

(Each term in the summation corresponds to the number of nodes at a specific depth of the tree.) The
number of leaves is
 
S
Y
|Θ|
(|Θ| − j + 1) =
S!
S
j=1
which is a lower bound on the number of nodes.6 For large |Θ| we can use the relation


n
k



∼

nk
k!

to get


 S
|Θ|
|Θ|
S! ∼
S! = |Θ|S
S
S!

and thus the number of leaves in the signal tree is Ω(|Θ|S ). Therefore, O(|Θ|S+5 ) = O(n|Θ|5 ), which proves
that we can indeed compute the ordered game isomorphic relation in time polynomial in the number of
nodes, n, of the signal tree.
The algorithm often runs in sublinear time (and space) in the size of the game tree because the signal tree
is significantly smaller than the game tree in most nontrivial games. (Note that the input to the algorithm is
not an explicit game tree, but a specification of the rules, so the algorithm does not need to read in the game
tree.) See Figure 3. In general, if an ordered game has r rounds, and each round’s stage game has at least b
nonterminal leaves, then the size of the signal tree is at most b1r of the size of the game tree. For example,
in Rhode Island Hold’em, the game tree has 3.1 billion nodes while the signal tree only has 6,632,705.
Given the OrderedGameIsomorphic? routine for determining ordered game isomorphisms in an ordered
game, we are ready to present the main algorithm, GameShrink.
Algorithm 2 GameShrink (Γ)
1. Initialize F to be the identity filter for Γ.
2. For j from 1 to r:
For each pair of sibling nodes ϑ, ϑ0 at either level
the filtered (according to F ) signal tree:

Pj−1

k=1


Pj
Pj−1
κk + nγ k or k=1 κk + k=1 nγ k in

If OrderedGameIsomorphic?(Γ, ϑ, ϑ0 ), then F j (ϑ) ← F j (ϑ0 ) ← F j (ϑ) ∪ F j (ϑ0 ).
3. Output F .
Given as input an ordered game Γ = hI, G, L, Θ, κ, γ, p, , ω, ui, GameShrink applies the shrinking ideas
presented above as aggressively as possible. Once it finishes, there are no contractible nodes (since it compares
every pair of nodes at each level of the signal tree), and it outputs the corresponding information filter F .
The correctness of GameShrink follows by a repeated application of Theorem 2. Thus, we have the following
result:
Theorem 3 GameShrink finds all ordered game isomorphisms and applies the associated ordered game
isomorphic abstraction transformations. Furthermore, for any Nash equilibrium, σ 0 , of the abstracted game,
the strategy profile constructed for the original game from σ 0 is a Nash equilibrium.
The dominating
factor in the run time of GameShrink is in the rth iteration of the main for-loop. There

|Θ|
are at most S S! nodes at this level, where we again take Sto be the maximum
number of signals possibly

2 

|Θ|
revealed in the game. Thus, the inner for-loop executes O
times. As discussed in the next
S S!
subsection, we use a union-find data structure to represent the information filter F . Each iteration of the inner
for-loop possibly performs a union operation on the data structure; performing M operations on a union-find
6 Using

the inequality

n
k

≥


n k
,
k

we get the lower bound

|Θ|
S!
S
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≥



|Θ|
S

S

S! = |Θ|S SS!S .

data structure containing N elements takes O(α(M, N )) amortized time per operation, where α(M, N ) is the
inverse
[1, 124] 
(which grows extremely slowly). Thus, the total time for GameShrink
Ackermann’s
function


 2
 2

k
|Θ|
|Θ|
is O
α
, |Θ|S
. By the inequality nk ≤ nk! , this is O (|Θ|S )2 α (|Θ|S )2 , |Θ|S .
S S!
S S!
Again, although this is exponential in S, it is Õ(n2 ), where n is the number of nodes in the signal tree.
Furthermore, GameShrink tends to actually run in sublinear time and space in the size of the game tree
because the signal tree is significantly smaller than the game tree in most nontrivial games, as discussed
above.

3.7

Efficiency enhancements

We designed several speed enhancement techniques for GameShrink, and all of them are incorporated into
our implementation. One technique is the use of the union-find data structure [26, Chapter 21] for storing
the information filter F . This data structure uses time almost linear in the number of operations [124].
Initially each node in the signalling tree is its own set (this corresponds to the identity information filter);
when two nodes are contracted they are joined into a new set. Upon termination, the filtered signals for the
abstracted game correspond exactly to the disjoint sets in the data structure. This is an efficient method of
recording contractions within the game tree, and the memory requirements are only linear in the size of the
signal tree.
Determining whether two nodes are ordered game isomorphic requires us to determine if a bipartite graph
has a perfect matching. We can eliminate some of these computations by using easy-to-check necessary
conditions for the ordered game isomorphic relation to hold. One such condition is to check that the nodes
have the same number of chances as being ranked (according to ) higher than, lower than, and the same
as the opponents. We can precompute these frequencies for every game tree node. This substantially speeds
up GameShrink, and we can leverage this database across multiple runs of the algorithm (for example,
when trying different abstraction levels; see next section). The indices for this database depend on the
private and public signals, but not the order in which they were revealed, and thus two nodes may have
the same corresponding database entry. This makes the database
more compact. (For example
 47 46significantly
 50
in Texas Hold’em, the database is reduced by a factor 50
/
=
20.)
We store the histograms in
3
1
1
5
a 2-dimensional database. The first dimension is indexed by the private signals, the second by the public
signals. The problem of computing the index in (either) one of the dimensions is exactly
the problem


 of
computing a bijection between all subsets of size r from a set of size n and integers in 0, . . . , nr − 1 . We
efficiently compute this using the subsets’ colexicographical ordering [15]. Let {c1 , . . . , cr }, ci ∈ {0, . . . , n−1},
denote the r signals and assume that ci < ci+1 . We compute a unique index for this set of signals as follows:
index(c1 , . . . , cr ) =

r  
X
ci
i=1

4

i

.

Lossy automated abstraction [45, 47, 48, 49]

Some games are too large to compute an exact equilibrium, even after applying GameShrink as described
in the previous section. By slightly modifying the GameShrink algorithm we can obtain an algorithm that
yields even smaller game trees, at the expense of losing the equilibrium guarantees of Theorem 2. Instead of
requiring the payoffs at terminal nodes to match exactly, we can instead compute a penalty that increases
as the difference in utility between two nodes increases.
There are many ways in which the penalty function could be defined and implemented. One possibility
is to create edge weights in the bipartite graphs used in Algorithm 1, and then instead of requiring perfect
matchings in the unweighted graph we would instead require perfect matchings with low cost (i.e., only
consider two nodes to be ordered game isomorphic if the corresponding bipartite graph has a perfect matching
with cost below some threshold). Thus, with this threshold as a parameter, we have a knob to turn that
in one extreme (threshold = 0) yields an optimal abstraction and in the other extreme (threshold = ∞)
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yields a highly abstracted game (this would in effect restrict players to ignoring all signals, but still observing
actions).
Following this approach we developed the first version of our Texas Hold’em player, GS1, and we showed
it to be competitive with Sparbot and Vexbot [45]. However, we observe that GameShrink when applied in
this lossy mode suffers from three major drawbacks.
• The first, and most serious, is that the abstraction that GameShrink computes can be highly inaccurate
because the grouping of states is in a sense greedy. For example, if GameShrink determines that hand
A is similar to hand B, and then determines that hand B is similar to hand C, it will group A and
C together, despite the fact that A and C may not be very similar. The quality of the abstraction
can be even worse when a longer sequence of such comparisons leads to grouping together extremely
different hands. Stated differently, the greedy aspect of the algorithm leads to lopsided classes where
large classes are likely to attract even more states into the class.
• The second drawback to GameShrink is that there is no way to directly specify how many classes
the abstraction algorithm should yield (overall or at any specific betting round). Rather, there is
a parameter (for each round) that specifies a threshold of how different states can be and still be
considered the same. If one knows how large an LP can be solved, one cannot create an LP of that
size by specifying the number of classes in the abstraction directly; rather one must use trial-and-error
(or some variant of binary search applied to the setting of multiple parameters) to pick the similarity
thresholds (one for each betting round) in a way that yields an LP of the desired size.
• The third drawback to GameShrink is its scalability. In particular, the time needed to compute an
abstraction for a three-round truncated version of Texas Hold’em was over a month. Furthermore,
it would have to be executed in the inner loop of the parameter guessing algorithm of the previous
paragraph (i.e., once for each setting of the parameters).
In this section we describe new abstraction algorithms that eliminates these problems.

4.1

Automated abstraction using clustering and integer programming

GameShrink operates on a data structure called the filtered signal tree (Section 3.5). This structure captures
all of the information that the players receive from moves of nature, and is also used to represent the actual
abstraction. We introduce a similar structure for our algorithm, which we will call the abstraction
tree.

For Texas Hold’em, the basic abstraction tree is initialized as follows. The root node contains 52
=
1326
2

children, one for each possible pair of hole cards that a player may be dealt. Each of these children has 50
3
children, each corresponding to the possible flops that can appear after the two hole cards in the parent node
have already been dealt. Similarly, the nodes at the next two levels have 47 and 46 children corresponding
to the possible turn and river cards, respectively. This structure is by no means limited to poker, but here
for simplicity we only describe it in terms of Texas Hold’em poker since that is the primary application of
this paper.
As described in the previous section, we limit the number of strategically
different hands we can consider

in the first round to 15. Thus, we need to group each of the 52
=
1326
different
hands into 15 classes.
2
We treat this as a clustering problem. To perform the clustering, we must first define a metric to determine
the similarity of two hands. Letting (w, l, d) be the number of possible wins, losses, and draws (based on
the roll-out of the remaining cards), we compute the hand’s value as w − l + d/2, and we take the distance
between two hands to be the absolute difference between their values. This gives us the necessary ingredients
to apply the k-means clustering algorithm [79], which we specialize here to our problem:
Algorithm 3 k-means clustering for poker hands
1. Create k centroid points in the interval between the minimum and maximum hand values.
2. Assign each hand to the nearest centroid.
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3. Adjust each centroid to be the mean of their assigned hand values.
4. Repeat steps 2 and 3 until convergence.
This algorithm is guaranteed to converge, but it may find a local optimum. Therefore, in our implementation we run it several times with different starting points to try to find a global optimum. For a given
clustering, we can compute the error (according to the value measure) that we would expect to have when
using the abstraction.
For the later stages of the game, we again want to determine what the best abstraction classes are. Here
we face the additional problem of determining how many children each parent in the abstraction tree can
have. We use a limit of 225 total child edges that we can use at this level.7 How should the right to have
225 children (abstraction classes that have not yet been generated at this stage) be divided among the 15
parents? We model and solve this problem as a 0-1 integer program [89] as follows. Our objective is to
minimize the expected error in the abstraction. Thus, for each of the 15 parent nodes, we run the k-means
algorithm presented above for values of k between 1 and 30.8 We denote the expected error when node i
has k children by ci,k . We denote by pi the probability of getting dealt a hand that is in abstraction class i
(i.e., in parent i); this is simply the number of hands in i divided by 52
2 . Based on these computations, the
following 0-1 integer program finds the abstraction that minimizes the overall expected error for the second
level:
min

15
P

s.t.

i=1
k=1
15 P
30
P

≤

225

i=1 k=1
30
P

xi,k

=

1 ∀i

xi,k

∈

{0, 1}

pi

30
P

ci,k xi,k

kxi,k

k=1

The decision variable xi,k is set to 1 if and only if node i has k children. The first constraint ensures that
the limit on the overall number of children is not exceeded. The second constraint ensures that a decision
is made for each node. This problem is a generalized knapsack problem, and although NP-complete, can
be solved efficiently using off-the-shelf integer programming solvers (e.g., CPLEX solves this problem in less
than one second at the root node of the branch-and-bound search tree).
We repeat this procedure for the third betting round (with the second-round abstraction classes as the
parents, and a limit of 900 on the maximum number of children). This completes the abstraction that is
used in Phase 1.9
For Phase 2, we compute a third and fourth-round abstraction using the same approach. We do this
10
separately for each of the 52
4 possible flop and turn combinations.

4.2

Estimating payoffs of a truncated game

The second main new idea of this paper is estimating the leaf payoffs for a truncated version of a game by
simulating the actions in the remaining portion of the game. This allows the equilibrium-finding algorithm
7 This

limit was again determined based on the size of the LP that was solvable.
maximum number of children of a particular node in an optimal abstraction will depend on several factors. For this
problem, we observed that 30 was an upper bound on this number.
9 As discussed, our technique optimizes the abstraction round by round, i.e., level by level in the abstraction tree. A
better abstraction (even for the same similarity metric) could conceivably be obtained by optimizing all rounds in one holistic
optimization. However, that seems infeasible. First, the optimization problem would be nonlinear because the probabilities at
a given level depend on the abstraction at previous levels of the tree. Second, the number of decision variables in the problem
would be exponential in the size of the initial abstraction tree (which itself is large), even if the number of abstraction classes
for each level is fixed.
10 Most of the computation time of the abstraction algorithm is spent running the k-means clustering algorithm. Our
straightforward implementation of the latter could be improved by using sophisticated data structures such as a kd-tree [97] or
performing bootstrap averaging to find the initial clusters [30]. This would also allow one to run the k-means clustering more
times and thus have an even better chance of finding the global optimum of any individual k-means clustering problem.
8 The
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to take into account the entire game tree while having to explicitly solve only a truncated version. This
section covers the idea in the context of Texas Hold’em.
In both Sparbot and GS1, the payoffs that are computed for the leaf nodes at the end of the truncated
game (Phase 1) are based on the betting history leading to that node and the expected value of winning
that hand assuming that no more betting takes place in later rounds (i.e. the payoffs are averaged over the
possible fourth-round cards drawn uniformly at random, and assuming that neither player bets in the final
round). This completely ignores the fact that later betting actions affect the expected payoff of a node in
the game tree.
Instead of ignoring the fourth-round betting, we in effect incorporate it into the truncated game tree
by simulating the betting actions for the fourth round (using reasonable fixed randomized strategies for the
fourth round), and then using these payoffs as the payoffs in the truncated game. This is intended to mitigate
the negative effects of performing an equilibrium analysis on a truncated game.
At the beginning of the fourth round, each player has two hole cards and there are five community cards
on the table. Letting (w, l, d) be the number of possible wins, losses, and draws for a player in that situation,
we compute the hand’s value using the formula w − l + d/2 (this is the same formula used by our clustering
algorithm). For hands in the fourth round, this gives a value in the interval [−990, 990]. Using the history
from 343,513 games of Sparbot in self-play (of which 187,850 went to the fourth round), we determined the
probability of performing each possible action at each player’s turn to act as a function of the hand value.
To illustrate this, Figures 4–6 show these smoothed probabilities for three particular points to act.

Figure 4: First player’s empirical action probabilities (for folding, calling, and raising) as a function of hand
strength at the beginning of the fourth betting round.
Of course, since these probabilities are only conditioned on the hand value (and ignore the betting history
in the first three rounds), they do not exactly capture the strategy used by Sparbot in the fourth round.
However, conditioning the probabilities on the betting history as well would have required a vast number
of additional trials, as well as much more space to store the result. Conditioning the actions on hand value
alone is a practical way of striking that trade-off.
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Figure 5: Second player’s empirical action probabilities (for folding, calling, and raising) as a function of
hand strength for the fourth betting round after the first player has bet.

Figure 6: First player’s empirical action probabilities (for folding, calling, and raising) as a function of hand
strength for the fourth betting round after the first player has bet and the second player has raised.

4.3

Potential-aware automated abstraction

The automated abstraction algorithm presented in Section 4.1 was based on a myopic expected-value computation. A state of the game was evaluated according to the probability of winning the hand. The algorithm
clustered together states with similar probabilities of winning, and it started computing the abstraction from
the first round and then down through the card tree.
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That approach does not take into account the potential of hands. For example, certain poker hands are
considered drawing hands in which the hand is currently weak, but has a chance of becoming very strong. An
important type of drawing hand is one in which the player has four cards of a certain suit (five are required
to make a flush); at the present stage the hand is not very strong, but could become so if the required
card showed up later in the game. Since the strength of such a hand could potentially turn out to be much
different later in the game, it is generally accepted among poker experts that such a hand should be played
differently than another hand with the same chance of winning, but without as much potential to improve.11
However, if using the difference between probabilities of winning as the metric for performing the clustering,
the automated abstraction algorithm would consider these two very different situations to be quite similar.
One possible approach to handling the problem that certain hands with the same probability of winning
may have different potential would be to consider not only the expected strength of a hand, but also its
variance. In other words, the algorithm would be able to differentiate between two hands that have the
same probability of winning, but where one hand faces more uncertainty about what its final strength will
be, while the other hand strength is unlikely to change much. Although this would likely improve the basic
abstraction algorithm, it does not take into account the different paths of information revelation that hands
take in increasing or decreasing in strength. For example, two hands could have similar means and variances,
but one hand may be determined after one more step, while the other hand needs two more steps before its
final strength is determined.
To address this, we introduce an approach where we associate with each state of the game a histogram
over future possible states. This representation can encode all the pertinent information from the rest of the
game, such as the probability of winning, the variance of winning, and the paths of information revelation. In
such a scheme, the k-means clustering step requires a distance function to measure the dissimilarity between
different states. The metric we use in this paper is the usual L2 -distance metric. Given a finite set S of
states where each hand i is associated with histogram hi over the future possible states S, the L2 -distance
between hands i and j is
# 12
"
X
2
.
dist(i, j) =
(hi (s) − hj (s))
s∈S

There are at least two prohibitive problems with the vanilla approach as stated. First, there are a
huge number of possible reachable future states, so the dimensionality of the histograms is too large to do
meaningful clustering with a reasonable number of clusters (i.e., small enough to lead to an abstracted game
that can be solved for equilibrium). Second, for any two states at the same level of the game, the descendant
states are disjoint. Thus the histograms would have non-overlapping supports, so any two states would have
maximum dissimilarity and thus no basis for clustering.
For both of these reasons (and for reducing memory usage and enhancing speed), we coarsen the domains
of the histograms. First, instead of having histograms over individual states, we use histograms over abstracted states (clusters), which contain a number of states each. We will have, for each cluster, a histogram
over clusters later in the game. Second, we restrict the histogram of each cluster to be over clusters at the
next level of the game tree only (rather than over clusters at all future levels). However, we introduce a
technique (a bottom-up pass of constructing abstractions up the tree) that allows the clusters at the next
level to capture information from all later levels.
One way of constructing the histograms would be to perform a bottom-up pass of the card deal tree:
abstracting level four (i.e., betting round 4) first, creating histograms for level 3 nodes based on the level 4
clusters, then abstracting level 3, creating histograms for level 2 nodes based on the level 3 clusters, and so
on. This is indeed what we do to find the abstraction for level 1.
However, for later betting rounds, we improve on this algorithm further by leveraging our knowledge of
the fact that abstracted children of any cluster at the level above should only include states that can actually
11 In the manual abstraction used in Sparbot, there are six buckets of hands where the hands are selected based on likelihood
of winning and one extra bucket for hands that an expert considered to have high potential [11]. In contrast, our approach is
automated, and does its bucketing holistically based on a multi-dimensional notion of potential (so it does not separate buckets
into ones based on winning probability and ones based on potential). Furthermore, its abstraction is drastically finer grained.
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be children of the states in that cluster. We do this by multiple bottom-up passes, one for each cluster at
the level above. For example, if a cluster at level 1 contains only those states where the hand consists of
two Aces, then when we are doing abstraction for level 2, the bottom-up pass for that level-1 cluster should
only consider future states where the hand contains two Aces as the hole cards. This enables the abstraction
algorithm to narrow the scope of analysis to information that is relevant given the abstraction that it made
for earlier levels. The following subsections describe our abstraction algorithm in detail.
4.3.1

Computing the abstraction for round 1

The first piece of the abstraction we computed
was for the first round, i.e., the pre-flop. In this round we

have a target of 20 buckets, out of the 52
=
1,326
possible combinations of cards. As discussed above, we
2
will have, for each pair of hole cards, a histogram over clusters of cards at level 2. (These clusters are not
necessarily the same that we will eventually use in the abstraction for level 2, discussed later.)
To obtain the level-2 clusters, we perform
a bottom-up pass of the card tree as follows. Starting with

50
the fourth round, we cluster the 52
=
2,809,475,760
hands into 5 clusters12 based on the probability
2 5 
52 50
of winning. Next, we consider the 2 4 = 305,377,800 third-round hands. For each hand we compute its
histogram over the 5 level-4 clusters we computed. Then, we perform k-means
 50 clustering on these histograms
to identify 10 level-3 clusters. We repeat a similar procedure for the 52
2
3 = 25,989,600 hands in the second
round to identify 20 level-2 clusters.

Using those level-2 clusters, we compute the 20-dimensional histograms for each of the 52
= 1,326
2
possible hands at level 1 (i.e., in the first betting round). Then we perform k-means clustering on these
histograms to obtain the 20 buckets that constitute our abstraction for the first betting round.
4.3.2

Computing the abstraction for rounds 2 and 3

Just as we did in computing the abstraction for the first round, we start by performing a bottom-up clustering,
beginning in the fourth round. However, instead of doing thisbottom-up
pass once, we do it once for each

50
bucket in the first round. Thus, instead of considering all 52
=
2,809,475,760
hands in each pass, we
2
5
only consider those hands which contain as the hole cards those pairs that exist in the particular first-round
bucket we are looking at.
At this point we have, for each first-round bucket, a set of second-round clusters. For each first-round
bucket, we have to determine how many child buckets it should actually have. For each first-round bucket,
we run k-means clustering on its second-round clusters for k ∈ {1..80}. (In other words, we are clustering
those second-round clusters (i.e., data points) into k clusters.) This yields, for each first-round bucket and
each value of k, an error measure for that bucket assuming it will have k children. (The error is the sum of
each data point’s L2 distance from the centroid of its assigned cluster.)
Based on our design of the coarseness of the abstraction, we know that we have a total limit of 800 children
(i.e., buckets at level 2) to be spread across the 20 first-round buckets. As in the abstraction algorithm used
by GS2 [48], we formulate and solve an integer program (IP) to determine how many children each first-round
bucket should have (i.e., what k should be for that bucket). The IP simply minimizes the sum of the errors
of the level-1 buckets under the constraint that their k-values do not sum to more than 800. (The optimal
k-value for different level-1 buckets varied between 18 and 51.) This determines the final bucketing for the
second betting round.
The bucketing for the third betting round is computed analogously. We use level-2 buckets as the starting
point (instead of level-1 buckets), and in the integer program we allow a total of 4,800 buckets for the third
betting round. (The optimal k-value for different level-2 buckets varied between 1 and 10.)
12 For this algorithm, the number of clusters at each level (5, 10, 20) was chosen to reflect the fact that when clustering data,
the number of clusters needed to represent meaningful information should be at least the level of dimensionality of the data.
So, the number of clusters on level k should be at least as great as on level k + 1.
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4.3.3

Computing the abstraction for round 4

In round 4 there is no need to use the sophisticated clustering techniques discussed above since the players
will not receive any more information. Instead, we simply compute the fourth-round abstraction based on
each hand’s probability of winning, exactly the way as was done for computing the abstraction for GS2 [48].
Specifically, for each third-round bucket, we consider all possible rollouts of the fourth round. Each of them
constitutes a data point (whose value is computed as the probability of winning plus half the probability of
tying), and we run k-means clustering on them for k ∈ {1..18}. (The optimal k-value for different level-3
buckets varied between 1 and 14.) The error, for each third-round bucket and each k, is the sum over the
bucket’s data points, of the data point’s L2 distance from the centroid of its cluster.
Finally, we run an IP to decide the k for each third-round bucket, with the objective of minimizing the
sum of the third-round buckets’ errors under the constraint that the sum of those buckets’ k-values does not
exceed 28,800 (which is the number of buckets allowed for the fourth betting round, as discussed earlier).
This determines the final bucketing for the fourth betting round.13

4.4

Experiments on GS3

We tested GS3 against the leading prior poker programs: GS2, Sparbot, and Vexbot. For the learning
opponent, Vexbot, we allowed it to learn throughout the 100,000 hands (rather than flushing its memory
every so often as is customary in computer poker competitions).
GS3 outperformed all three players, by statistically significant margins. Table 2√summarizes our results.
The variance of heads-up Texas Hold’em has been empirically observed to be ±6/ N small bets per hand
when N hands are played [9]. This value (for the actual number of hands played) is displayed in the last
column. A win rate greater than this value indicates statistical significance. Figure 7 plots GS3’s bankroll
as a function of the number of hands played.
Opponent
Bluffbot
GS2
Sparbot
Vexbot

# of hands
(N )
20,000
16,000
200,000
100,000

Small bets we won
(per hand)
0.291
0.279
0.033
0.130

√
6/ N
0.042
0.047
0.013
0.019

Table 2: Experiments against the leading prior programs.

4.5

Applying the techniques to no-limit Texas Hold’em poker

GS3 was designed to play limit Texas Hold’em poker. In that game, the players are limited to folding,
calling, or betting a fixed amount. Thus, each information set has at most three actions. In no-limit Texas
Hold’em poker, on the other hand, the players are allowed to bet any amount (above a certain threshold).
Thus, there are actually infinitely many actions at each information set.
Currently we are working on developing techniques for constucting a discretized model of the strategy
space based on important features of the game. There are many different ways in which this discretization
can take place, and we intend to develop and evaluate several alternatives.
13 As discussed, our overall technique optimizes the abstraction one betting round at a time. A better abstraction could
conceivably be obtained by optimizing all rounds together. However, that seems infeasible. First, the optimization problem
would be nonlinear because the probabilities at a given level depend on the abstraction at all previous levels of the tree.
Second, the number of decision variables in the problem would be exponential in the size of the card tree (even if the number
of abstraction classes for each level is fixed). Third, one would have to solve a k-means clustering problem for each of those
variables to determine its coefficient in the optimization problem.
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GS3 versus GS2

GS3 versus Sparbot

10000
Small bets won by GS3

Small bets won by GS3

6000
4500
3000
1500

7500
5000
2500

0

0
0

4000

8000

12000

16000

0

50000

Hands played
GS3 versus Vexbot

150000

200000

GS3 versus Bluffbot

6000
Small bets won by GS3

Small bets won by GS3

15000

100000
Hands played

12000
9000
6000
3000
0

4500
3000
1500
0

0

25000

50000

75000

100000

0

4000

Hands played

8000

12000

16000

20000

Hands played

Figure 7: Performance against GS2, Sparbot, Bluffbot, and Vexbot.

5

Specialized algorithms for finding approximate equilibria [54,
43]

As described in Section 2.3.2, the Nash equilibrium problem for two-player zero-sum sequential games of
imperfect information with perfect recall can be formulated using the sequence form representation [103, 61,
129] as the following saddle-point problem:
max min hAy, xi = min max hAy, xi.
y∈Q2 x∈Q1

x∈Q1 y∈Q2

(2)

In this formulation, x is player 1’s strategy and y is player 2’s strategy. The bilinear term hAy, xi is the
payoff that player 1 receives from player 2 when the players play the strategies x and y. The strategy spaces
are represented by Qi ⊆ R|Si | , where Si is the set of sequences of moves of player i, and Qi is the set of
realization plans of player i. Thus x (y) encodes probability distributions over actions at each point in the
game where player 1 (2) acts. The set Qi has an explicit linear description of the form {z ≥ 0 : Ez = e}.
Consequently, problem (2) can be modeled as a linear program (see [129] for details).
The linear programs that result from this formulation have size linear in the size of the game tree. Thus,
in principle, these linear programs can be solved using any algorithm for linear programming such as the
simplex or interior-point methods. For some smaller games, this approach is successful [65]. However, for
many games the size of the game tree and the corresponding linear program is enormous.
We propose a new approach to the approximation of Nash equilibria that directly tackles the saddle-point
formulation of Equation 2. In particular, we are able to compute, in O(1/) iterations, strategies x∗ and y∗
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such that
max hAy∗ , xi − min hAy, x∗ i ≤ .

x∈Q1

y∈Q2

(3)

Strategies that satisfy this inequality are called -equilibria (Definition 4). This class of game-theoretic
solution concepts encapsulates strategies in which either player can gain at most  by deviating to another
strategy. For most applications this type of approximation is acceptable if  is small. The algorithms of this
section are anytime algorithms and guarantee that  approaches zero, and quickly find solutions that have a
very small .
Our approach is based on modern smoothing techniques for saddle-point problems. A particularly attractive feature of our approach is its simple work per iteration as well as the low cost per iteration: the most
complicated operation is a matrix-vector multiplication involving the payoff matrix A. In addition, we can
take advantage of the structure of the problem to improve the performance of this operation both in terms
of time and memory requirements. As a result, we are able to handle games that are several orders of magnitude larger than games that can be solved using conventional linear programming solvers. For example,
we compute approximate solutions to an abstracted version of Texas Hold’em poker whose LP formulation
has 18,536,842 rows and 18,536,852 columns, and has 61,450,990,224 non-zeros in the payoff matrix. This
is more than 1,200 times the number of non-zeros in the Rhode Island Hold’em problem mentioned above.
Since conventional LP solvers require an explicit representation of the problem (in addition to their internal
data structures), this would require such a solver to use more than 458 GB of memory simply to represent
the problem. On the other hand, our algorithm only requires 2.49 GB of memory.
The algorithm we present herein can be seen as a primal-dual first-order algorithm applied to the pair of
optimization problems
max f (x) = min φ(y)
x∈Q1

y∈Q2

where
f (x) = min hAy, xi and φ(y) = max hAy, xi.
y∈Q2

x∈Q1

It is easy to see that f and φ are respectively concave and convex non-smooth (i.e. not differentiable) functions. Our algorithm is based on a modern smoothing technique for non-smooth convex minimization [91].
This smoothing technique provides first-order algorithms whose theoretical complexity to find a feasible
primal-dual solution with gap  > 0 is O(1/) iterations. We note that this is a substantial improvement
to the black-box generic complexity bound O(1/2 ) of general first-order methods for non-smooth convex
minimization (concave maximization) [90].
Some recent work has applied smoothing techniques to the solution of large-scale semidefinite programming problems [77] and to large-scale linear programming problems [23]. However, our work appears to be
the first application of smoothing techniques to Nash equilibrium computation in sequential games.

5.1

Nesterov’s excessive gap technique (EGT)

We next describe Nesterov’s excessive gap smoothing technique [91], specialized to extensive form games.
For i = 1, 2, assume that Si is the set of sequences of moves of player i and Qi ⊆ R|Si | is the set of realization
plans of player i. For i = 1, 2, assume that di is a strongly convex function on Qi , i.e. there exists ρi > 0
such that
1
(4)
di (αz + (1 − α)w) ≤ αdi (z) + (1 − α)di (w) − ραkz − wk2
2
for all α ∈ [0, 1] and z, w ∈ Qi . The largest ρi satisfying (4) is the strong convexity parameter of di . For
convenience, we assume that minz∈Qi di (z) = 0.
The prox functions d1 and d2 can be used to smooth the non-smooth functions f and φ as follows. For
µ1 , µ2 > 0 consider
fµ2 (x) = min {hAy, xi + µ2 d2 (y)}
y∈Q2
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and
φµ1 (y) = max {hAy, xi − µ1 d1 (x)} .
x∈Q1

Because d1 and d2 are strongly convex, it follows [91] that fµ2 and φµ1 are smooth (i.e. differentiable).
Notice that f (x) ≤ φ(y) for all x ∈ Q1 , y ∈ Q2 . Consider the following related excessive gap condition:
fµ2 (x) ≥ φµ1 (y).

(5)

Let Di := maxz∈Qi di (z). If µ1 , µ2 > 0, x ∈ Q1 , y ∈ Q2 and (µ1 , µ2 , x, y) satisfies (5), then [91, Lemma 3.1]
yields
0 ≤ φ(y) − f (x) ≤ µ1 D1 + µ2 D2 .
(6)
This suggests the following strategy to find an approximate solution to (2): generate a sequence (µk1 , µk2 , xk , yk ),
k = 0, 1, . . ., with µk1 and µk2 decreasing to zero as k increases, while xk ∈ Q1 , yk ∈ Q2 and while maintaining
the loop invariant that (µk1 , µk2 , xk , yk ) satisfies (5). This is the strategy underlying the EGT algorithms we
present in this paper.
The building blocks of our algorithms are the mapping sargmax and the procedures initial and shrink.
Let d be a strongly convex function with a convex, closed, and bounded domain Q ⊆ Rn . Let sargmax(d, ·) :
Rn → Q be defined as
sargmax(d, g) := argmax{hg, xi − d(x)}.
(7)
x∈Q

By [91, Lemma 5.1], the following procedure initial yields an initial point that satisfies the excessive
gap condition (5). The notation kAk indicates an appropriate operator norm (see [91] and Examples 1 and
2 for details), and ∇d2 (x̂) is the gradient of d2 at x̂.
initial(A, d1 , d2 )
1. µ01 := µ02 :=

kAk
√
ρ1 ρ2

2. ŷ := sargmax (d2 , 0)


3. x0 := sargmax d1 , µ10 Aŷ
1



4. y0 := sargmax d2 , ∇d2 (x̂) +

1
AT x0
µ02



5. return (µ01 , µ02 , x0 , y0 )
The following procedure shrink enables us to reduce µ1 and µ2 while maintaining (5).
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shrink(A, µ1 , µ2 , τ, x, y, d1 , d2 )


1. y̆ := sargmax d2 , − µ12 AT x
2. ŷ := (1 − τ )y + τ y̆


3. x̂ := sargmax d1 , µ11 Aŷ

4. ỹ := sargmax d2 , ∇d2 (y̆) +



τ
T
(1−τ )µ2 A x̂

5. x+ := (1 − τ )x + τ x̂
6. y+ := (1 − τ )y + τ ỹ
7. µ+
2 := (1 − τ )µ2
+
+
8. return (µ+
2 ,x ,y )

+
+
By [91, Theorem 4.1], if the input (µ1 , µ2 , x, y) to shrink satisfies (5) then so does (µ1 , µ+
2 , x , y ) as
2
2
long as τ satisfies τ /(1 − τ ) ≤ µ1 µ2 ρ1 ρ2 kAk . Consequently, the iterates generated by procedure EGT below
satisfy (5). In particular, after N iterations, Algorithm EGT yields points xN ∈ Q1 and yN ∈ Q2 with
s
4 kAk D1 D2
N
N
0 ≤ max hAy , xi − min hAy, x i ≤
.
y∈Q2
x∈Q1
N
ρ1 ρ2

EGT
1. (µ01 , µ02 , x0 , y0 ) = initial(A, d1 , d2 )
2. For k = 0, 1, . . .:
(a) τ :=

2
k+3

(b) If k is even:

// shrink µ2

i. (µk+1
, xk+1 , yk+1 ) := shrink(A, µk1 , µk2 , τ, xk , yk , d1 , d2 )
2
k+1
ii. µ1 := µk1
(c) If k is odd:

// shrink µ1

i. (µk+1
, yk+1 , xk+1 ) := shrink(AT , −µk1 , −µk2 , τ, yk , xk , d2 , d1 )
1
k+1
ii. µ2 := µk2
Notice that Algorithm EGT is a conceptual algorithm that finds an -solution to (2). It is conceptual only
because the algorithm requires that the mappings sargmax(di , ·) be computed several times at each iteration.
Consequently, a specific choice of the functions d1 and d2 is a critical step to convert Algorithm EGT into an
actual algorithm.

5.2

Nice prox functions

Assume Q is a convex, closed, and bounded set. We say that a function d : Q → R is a nice prox function
for Q if it satisfies the following three conditions:
1. d is strongly convex and continuous everywhere in Q and is differentiable in the relative interior of Q;
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2. min{d(z) : z ∈ Q} = 0;
3. The mapping sargmax(d, ·) : Rn → Q is easily computable, e.g., it has a closed-form expression.
We next provide two specific examples of nice prox functions for the simplex
∆n = {x ∈ Rn : x ≥ 0,

n
X

xi = 1}.

i=1

Example 5.1 Consider the entropy function
d(x1 , . . . , xn ) = ln n +

n
X

xi ln xi .

i=1

The function d is strongly convex and continuous in ∆n and minx∈∆n d(x) = 0. It is also differentiable
in the P
relative interior of ∆n . It has strong convexity parameter ρ = 1 for the 1-norm in Rn , namely,
n
kxk = i=1 |xi |. The corresponding operator norm, kAk, for this setting is simply the value of the largest
entry in A in absolute value. Finally, the mapping sargmax(d, g) has the closed-form expression
egj
.
sargmax(d, g)j = P
n
egi
i=1

Example 5.2 Consider the (squared) Euclidean distance to the center of ∆n , that is,
d(x1 , . . . , xn ) =

n 
X
i=1

1
xi −
n

2
.

This function is strongly convex, continuous and differentiable in ∆n , and minx∈∆n d(x) = 0. It has strong

Pn
2 1/2
convexity parameter ρ = 1 for the Euclidean norm, namely, kxk =
. The corresponding
i=1 |xi |
operator norm, kAk, for this setting is the spectral norm of A, i.e. the square root of the largest eigenvalue of
AT A. Although the mapping sargmax(d, g) does not have a closed-form expression, it can easily be computed
in O(n log n) steps [23].
In order to apply Algorithm EGT to problem (2) for sequential games we need nice prox-functions for the
realization sets Q1 and Q2 (which are more complex than the simplex discussed above in Examples 1 and
2). This problem was recently solved [54]:
Theorem 4 Any nice prox-function ψ for the simplex induces a nice prox-function for a set of realization
plans Q. The mapping sargmax(d, ·) can be computed by repeatedly applying sargmax(ψ, ·).

5.3

Customizing the algorithm for poker games

The bulk of the computational work at each iteration of the EGT algorithm consists of some matrixvector multiplications x 7→ AT x and y 7→ Ay in addition to some calls to the mappings smax(di , ·) and
sargmax(di , ·). Of these operations, the matrix-vector multiplications are by far the most expensive, both in
terms of memory (for storing A) and time (for computing the product).
5.3.1

Addressing the space requirements

To address the memory requirements, we exploit the problem structure to obtain a concise representation
for the payoff matrix A. This representation relies on a uniform structure that is present in poker games and
many other games. For example, the betting sequences that can occur in most poker games are independent
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of the cards that are dealt. This conceptual separation of betting sequences and card deals is used by
automated abstraction algorithms [46]. Analogously, we can decompose the payoff matrix based on these
two aspects.
The basic operation we use in this decomposition is the Kronecker product, denoted by ⊗. Given two
matrices B ∈ Rm×n and C ∈ Rp×q , the Kronecker product is


b11 C · · · b1n C

..  ∈ Rmp×nq .
..
B ⊗ C =  ...
.
. 
bm1 C

···

bmn C

For ease of exposition, we explain the concise representation in the context of Rhode Island Hold’em
poker [117], although the general technique applies much more broadly. The payoff matrix A can be written
as


A1

A2
A=
A3
where A1 = F1 ⊗ B1 , A2 = F2 ⊗ B2 , and A3 = F3 ⊗ B3 + S ⊗ W for much smaller matrices Fi , Bi , S, and
W . The matrices Fi correspond to sequences of moves in round i that end with a fold, and S corresponds to
the sequences in round 3 that end in a showdown. The matrices Bi encode the betting structures in round
i, while W encodes the win/lose/draw information determined by poker hand ranks.
Given this concise representation of A, computing x 7→ AT x and y 7→ Ay is straightforward, and the
space required is sublinear in the size of the game tree. For example, in Rhode Island Hold’em, the dimensions
of the Fi and S matrices are 10 × 10, and the dimensions of B1 , B2 , and B3 are 13 × 13, 205 × 205, and 1,774
× 1,774, respectively—in contrast to the A-matrix, which is 883,741 × 883,741. Furthermore, the matrices
Fi , Bi , S, and W are themselves sparse which allows us to use the Compressed Row Storage (CRS) data
structure (which stores only non-zero entries).
Table 3 provides the sizes of the four test instances; each models some variant of poker, an important
challenge problem in AI [12]. The first three instances, 10k, 160k, and RI, are abstractions of Rhode Island
Hold’em [117] computed using the GameShrink automated abstraction algorithm [46]. The first two instances
are lossy (non-equilibrium preserving) abstractions, while the RI instance is a lossless abstraction. The last
instance, Texas, is a lossy abstraction of Texas Hold’em. We wanted to test the algorithms on problems of
widely varying sizes, which is reflected by the data in Table 3. We also chose these four problems because
we wanted to evaluate the algorithms on real-world instances, rather than on randomly generated games
(which may not reflect any realistic setting).
Name
10k
160k
RI
Texas

Rows
14,590
226,074
1,237,238
18,536,842

Columns
14,590
226,074
1,237,238
18,536,852

Non-zeros
536,502
9,238,993
50,428,638
61,498,656,400

Table 3: Problem sizes (when formulated as an LP) for the instances used in our experiments.
Table 4 clearly demonstrates the extremely low memory requirements of the EGT algorithms. Most
notably, on the Texas instance, both of the CPLEX algorithms require more than 458 GB simply to represent the problem. In contrast, using the decomposed payoff matrix representation, the EGT algorithms
require only 2.49 GB. Furthermore, in order to solve the problem, both the simplex and interior-point algorithms would require additional memory for their internal data structures.14 Therefore, the EGT family of
14 The memory usage for the CPLEX simplex algorithm reported in Table 4 is the memory used after 10 minutes of execution
(except for the Texas instance which did not run at all as described above). This algorithm’s memory requirements grow and
shrink during the execution depending on its internal data structures. Therefore, the number reported is a lower bound on the
maximum memory usage during execution.
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algorithms is already an improvement over the state-of-the-art (even without the heuristics).
Name
10k
160k
RI
Texas

CPLEX IPM
0.082 GB
2.25 GB
25.2 GB
> 458 GB

CPLEX Simplex
> 0.051 GB
> 0.664 GB
> 3.45 GB
> 458 GB

EGT
0.012 GB
0.035 GB
0.15 GB
2.49 GB

Table 4: Memory footprint in gigabytes of CPLEX interior-point method (IPM), CPLEX Simplex, and EGT
algorithms. CPLEX requires more than 458 GB for the Texas instance.

5.3.2

Speedup from parallelizing the matrix-vector product

To address the time requirements of the matrix-vector product, we can effectively parallelize the operation
by simply partitioning the work into n pieces when n CPUs are available. The speedup we can achieve on
parallel CPUs is demonstrated in Table 5. The instance used for this test is the Texas instance described
above. The matrix-vector product operation scales linearly in the number of CPUs, and the time to perform
one iteration of the algorithm (using the entropy prox function and including the time for applying Heuristic
1) scales nearly linearly, decreasing by a factor of 3.72 when using 4 CPUs.
CPUs
1
2
3
4

matrix-vector product
time (s)
speedup
278.958
1.00x
140.579
1.98x
92.851
3.00x
68.831
4.05x

EGT iteration
time (s) speedup
1425.786
1.00x
734.366
1.94x
489.947
2.91x
383.793
3.72x

Table 5: Effect of parallelization for the Texas instance.

5.4

Heuristics for speeding up the excessive gap technique

We mention that we have developed heuristics for further speeding up the excessive gap technique family
of algorithms. These have led to speed improvements of more than an order of magnitude. However, these
heuristics are not a component of this thesis proposal and will not be described here.

6

Worst-case guarantees

In this section we propose a line of research that aims to develop strong guarantees for the strategies
computed. These guarantees would be bounds on the performance of a computed strategy (measured by
expected utility). We are primarily interested in the two-person zero-sum setting, although we do not wish
to artificially limit ourselves to this setting.

6.1

Ex ante guarantees

The plan of attack for developing guarantees is twofold. First, we are interested in ex ante guarantees, in
which the guarantee is a function of an input parameter to a lossy automated abstraction algorithm. For
example, it would be helpful to have a characterization of how far from optimal in the original game our
computed strategies are as a function of the number of buckets allowed in the abstraction.
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6.2

Ex post guarantees

The second line of attack is the development of techniques for computing ex post guarantees in the original
game. In this approach, we would like to design algorithms for computing bounds in the original game, given
an approximately optimal strategy for that game. In other words, we would be determining a precise lower
bound on the performance of the strategy in the real game.

7

Selective updating with the excessive gap technique

As discussed in Section 5, the biggest computational bottleneck in running the EGT algorithm is in the
computation of the three matrix-vector products in each iteration. In this section we describe a possible
modification to the algorithm that can eliminate parts of this computation by saving solutions from previous
iterations. The motivating idea is that certain parts of the game are easy to play, and the algorithm quickly
finds assignments for the variables corresponding to these parts of the game. Once these assignments are
found, the values of these variables do not change very much and we can afford to just consider them as
fixed. On the other hand, some parts of the game are difficult to play, and the later stages of the convergence
process are primarily geared towards finding appropriate assignments to the variables corresponding to these
parts of the game. By saving the portion of the matrix-vector product corresponding to the easy parts of
the game (whose values are fixed), we can eliminate a portion of the matrix-vector computation by reusing
the answer from the previous iteration.
More formally, let A be the payoff matrix and let I be the index set for the part of the game we are
considering fixed (the easy part of the game). Let J = I c be the index set for the part of the game where
we are still focusing our computational efforts. In each iteration, we want to compute the product Ax for a
given vector x. Let AI and AJ be the columns of A indexed by I and J, and similarly let xI and xJ be the
entries of x indexed by I and J. Thus we can write
Ax = AI xI + AJ xJ .
By saving the portion AI xI from the previous iteration, we can eliminate some of the computations required
to compute Ax.

7.1

Research questions

There are many design decisions that will need to be determined in the course of this development. The
first is how to determine if a part of the game has already converged or not. Along these lines, we would like
to determine what additional information from the game we can incorporate into making this decision. For
example, we may want to use the concept of the betting round in poker to guide these decisions.
A second research question is how to design the internal data structures so that they can efficiently
handle the matrix-vector operations discussed above. Actually splitting the matrix A into the two pieces
AI and AJ will be computationally burdensome. This is particularly relevant since we will likely want
to change the index sets I and J often to take advantage of stationary portions of the game. Hence, we
will need to figure out a representation for the payoff matrix (while still using the matrix representation
based on composition of Kronecker products discussed in Section 5.3.1) that can efficiently support the
needed operations. Furthermore, we will want this data structure to enable the high-level of parallelization
achievable currently in the matrix-vector product computation.
A third research question is how to maintain the convergence properties of the algorithm. Performing
the selective updates means that certain parts of the game remain fixed. However, once µ gets small enough,
it may be required to adjust these fixed variables (probably by small amounts).
As the research in this area is still quite preliminary, likely even more design decisions will reveal themselves during the course of the research.
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8

Specialized interior-point methods for computing equilibria and
equilibrium refinements

Although we have found first-order (gradient-based) methods highly effective at quickly finding -equilibria
in large sequential games, the convergence that these algorithms guarantee is O(1/). On the other hand,
interior-point methods have O(log 1/) convergence. Unfortunately, current interior-point methods do not
scale to the same problem sizes as do first-order methods. An interesting line of research concerns improving
the scalability of interior-point methods by taking advantage of certain problem structure. We discuss
interior-point methods (Section 8.1) and some research possibilities in Section 8.1.3.
Another intriguing possibility is the use of interior-point methods for computing equilibrium refinements.
We discuss this in Section 8.2.

8.1

Specialized interior-point methods

In this subsection, we review some basic facts about the sequence form representation and interior-point
methods, and discuss how such a method could possibly be specialized to the equilibrium problem in order
to boost performance and scalability.
8.1.1

Sequence form representation and LP formulation

Instead of representing strategies as probability distributions over all possible contingency plans (which
would lead to an exponential strategy representation in the worst-case), it is more efficient to represent
strategies in terms of their sequences. This observation has led to the development of the sequence form
representation [103, 61, 129] of extensive form games. In this representation, strategies are represented as
realization weights over sequences. Specifically, player 1’s space of possible realization weights can be encoded
as the solutions to a simple system of linear inequalities: S1 = {x ≥ 0 : Ex = e}. Here, the number of
rows in E is equal to the number of information sets of player 1 (plus one), and the number of columns of
E is equal to the number of actions of player 1 (plus one). The entries of E are from the set {−1, 0, 1}, and
encode the hierarchical relationship of player 1’s actions. (Hence the representation of the set of strategies is
linear in the size of the game tree.) The vector e contains a one as the first entry, and zeros as the remaining
entries. Similarly, player 2’s set of realization weights can be represented as S2 = {y ≥ 0 : F y = f } for a
similarly defined matrix F and vector f . (See [129] for details.)
In addition to the compact representation of strategies via linear inequalities, we can represent the payoff
function as a bilinear product. Specifically, if player 1 uses (randomized) strategy x ∈ S1 and player 2 uses
(randomized) strategy y ∈ S2 , there is a payoff matrix A such that xT Ay is player 1’s payoff and xT (−A)y
is player 2’s payoff. Each entry of A corresponds to one or more leaves in the original game (hence the
encoding size of A is linear in the size of the game tree). Thus, we can state the Nash equilibrium problem
for two-person zero-sum extensive form games in terms of A, E, e, F , and f . In particular, we are interested
in solving the following saddle-point problem:
max min xT Ay = min max xT (−A)y

x∈S1 y∈S2

y∈S2 x∈S1

This problem can be solved via the following (primal) LP [129].
min

eT p

s.t.

ET p

y,p

(P )

−

The dual of this linear program is as follows.
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Ay
−F y
y

≥
0
= −f
≥
0

−f T q

max
x,q

s.t. −F T q

(D)

− AT x ≤ 0
Ex = e
x ≥ 0

Solving (either of) the above problems yields Nash equilibrium strategies x and y for the game.
It will be useful to write the primal and dual problems in which they consist only of equality constraints
(except for the non-negativity constraints on some of the variables). This is done by adding slack variables
s and t. The primal is:
min

eT p

s.t.

ET p

y,p

(P 0 )

−

Ay
−F y
y

− s =
0
= −f
≥
0
s ≥
0

And the dual is:
max
x,q

0

−f T q

s.t. −F T q

(D )

8.1.2

− AT x + t
Ex
x
t

= 0
= e
≥ 0
≥ 0

Linear programming central path

Using the complementary slackness optimality condition (see, e.g., [24]), we can write the optimality conditions for the primal and dual problems as the following nonlinear feasibility problem (see, e.g., [131]):
ET p
−F T q
(P D)

−
Ay −
− AT x +
Ex
Fy

s = 0
t = 0
= e
= f
XS1 = 0
Y T1 = 0
x, s ≥ 0
y, t ≥ 0

In the above equations, we are denoting by X the diagonal matrix whose diagonal entry Xii is xi and
other entries are zero. We are using a similar notion for S, Y , and T . The symbol 1 represents the vector
of all ones.
Note that this problem is only “mildly” nonlinear: the constraints XS1 = 0 and Y T 1 = 0 are mildly
nonlinear in the sense that each of them includes just a multiplication of two variables, and the rest of the
constraints are linear. The strategy employed by interior-point methods is to relax these two sets of nonlinear
constraints, and solve a sequence of relaxed problems that leads to an optimal solution to the original primal
and dual problems. To this end, consider the following relaxed version of the optimality conditions:
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ET p
−F T q
(P D(ν))

−
Ay −
− AT x +
Ex
Fy

s =
0
t =
0
=
e
=
f
XS1 = ν1
Y T 1 = ν1
x, s >
0
y, t >
0

The first four equations are the same. The nonlinear constraints have a different right-hand side, and
the non-negativity constraints are replaced by positivity constraints. Here, ν > 0 is the smoothing parameter. For a given ν > 0, let {x(ν), y(ν), p(ν), q(ν), s(ν), t(ν)} denote a solution to (P D(ν)). The curve
{x(ν), y(ν), p(ν), q(ν), s(ν), t(ν) : ν > 0} is called the central path of problem (P D).
We now review three basic results from the theory of interior-point methods (see, e.g., [131]), which will
turn out to be useful for our purposes.
Fact 1 For every ν > 0, there is a unique solution {x(ν), y(ν), p(ν), q(ν), s(ν), t(ν)} to (P D(ν)).
(The above result can be proven by showing that solutions to P D(ν) are the minimizers of a strictly convex
function (namely the duality gap plus the logarithmic barrier function for the nonnegative orthant), and
hence unique.)
Fact 2 The central path {x(ν), y(ν), p(ν), q(ν),s(ν), t(ν) : ν > 0} is continuous in ν.
(This result can be proven via an application of the implicit function theorem (see, e.g., [67]).)
Finally, the central path converges to an optimal solution of the primal-dual problem (P D):
Fact 3 If
{x∗ , y ∗ , p∗ , q ∗ , s∗ , t∗ } = lim {x(ν), y(ν), p(ν), q(ν), s(ν), t(ν)}
ν→0

∗

then {x , y , p , q , s , t } is an optimal solution to (P D). (In fact, {x∗ , y ∗ , p∗ , q ∗ , s∗ , t∗ } is the analytic
center of the optimal face of the LP polytope.) In other words, (x∗ , y ∗ ) specifies a Nash equilibrium for the
game.
8.1.3

∗

∗

∗

∗

∗

Specializing interior-point algorithms for equilibrium problems

The main computational work in each iteration is in solving a linear system whose matrix is the Jacobian
of problem (PD). Developing a new solution technique for this linear system is the key to improving the
scalability of interior-point methods as applied to sequential games.
Typically, this linear system is solved by computing a symbolic Cholesky factorization15 at the beginning
of the problem solve. Then, a numerical factorization is performed at each iteration (based on the symbolic
factorization and the actual values of x, s, y, and t at that iteration). The numerical factorization runs in
time linear in the size of the Cholesky factorization. However, the Cholesky factorization can be quite dense.
In fact, even a single dense column in A can lead to an extremely dense Cholesky factorization. (See [131]
for details.)
Avoiding the Cholesky factorization (and other such direct methods) thus seems desirable. One possibility
is to consider iterative methods for solving linear systems. These algorithms do not require factorizations,
but instead require simply computing matrix-vector products—something that we can do very well thanks
to this operation’s importance in the EGT algorithm. However, applying an iterative method is not a
straightforward process. In order for an iterative method to be successful, it will most likely require finding
appropriate preconditioners for the problem. It is not clear at all if this is even possible, but if it can be
15 If

A is positive semidefinite, then an upper-triangular matrix U is the Cholesky factorization of A if A = U T U .
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made to work it could potentially have a major impact on finding equilibria in games even larger than those
solvable by the EGT algorithms, due to the faster convergence of interior-point methods.
Along these lines, another possible improvement that could be made for interior-point methods as applied
to solving games involves warm starting the algorithm. This is the process by which an algorithm is fed
a reasonable (non-optimal) solution as a starting point. Until now, warm starting methods have been
unsuccessful when applied to the general linear programming problem. The difficulty lies in finding a
solution that also satisfies certain technical properties, namely lying in a certain neighborhood of the central
path [131]. However, it may be the case that for special cases of LP (such as finding equilibria in games) it
will be possible to devise such a warm start procedure.
As discussed previously, the excessive gap technique family of algorithms achieves an -solution in O(1/)
iterations, while interior-point methods typically run in O(log 1/) iterations. Thus, one particularly intriguing approach to solving games would be to run the excessive gap technique to obtain a reasonably
good solution, and then warm start a specialized interior-point algorithm to take this good solution to an
optimal solution, thus taking advantage of the fast local convergence properties of interior-point methods.
This process could potentially leverage information about the solution that can be inferred from properties
of the iterates generated by the excessive gap technique.

8.2

Equilibrium refinements

The concept of Nash equilibrium in extensive form games suffers from the fact that it does not specify
rational behavior at points off of the equilibrium path. In particular, if a player expects a particular point
of the game to be reached with probability zero, then it is acceptable under the concept of Nash equilibrium
for the player’s strategy to be sequentially irrational, i.e., to not be the best strategy choice, given the fact
that the point of the game was reached. In other words, if the opponent plays in a way that leads to a
state of the game that should have been reached with zero probability in equilibrium, an agent with a Nash
equilibrium strategy might play nonsensically from then on.
The sequential equilibrium [68] is a refinement of Nash equilibrium for extensive form games. It strengthens the notion of equilibrium by requiring the specification of rational behavior at states of the game that
are “off the equilibrium path”, i.e., are reached with probability zero according to the equilibrium strategies. This feature of the sequential equilibrium concept is especially attractive for applications where the
computed strategy is going to play against a human opponent who is likely to make mistakes, or against a
computerized opponent that does not play Nash equilibrium (e.g., opponents that try to learn during play).
Recently, it was shown that a sequential equilibrium of a two-player zero-sum extensive form game can,
in theory, be found in polynomial time [84].16 That work introduces two algorithms: one that is polynomialtime in the worst case but unusable (due primarily to numerical instability) and one that is usable but
exponential in the worst case. That paper acknowledged the dilemma between practicality and polynomialtime performance.
We would like to show that that dilemma can be overcome. We propose a research plan to investigate
efficient, practical algorithms for finding sequential equilibria in sequential games.
8.2.1

Sequential equilibrium

As discussed above, for many applications, Nash equilibrium is not a sufficient solution concept. It allows
for the specification of irrational behavior at information sets that are reached with probability zero. For
example, if the opponent plays in a way that leads to a state of the game that should have been reached
with zero probability in equilibrium, an agent’s prescribed Nash equilibrium strategy might be nonsensical
from then on. The sequential equilibrium [68] solution concept was developed as a way to eliminate such
equilibria. Before giving the definition of sequential equilibrium, we need to introduce the concepts of beliefs
in extensive form games.
16 There are also fast algorithms for computing other equilibrium refinements, including proper equilibria [83] and normal
form perfect equilibria [128].
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Definition 11 Let Γ = hV, E, P, H, A, u, pi be a two-player extensive formPgame. A belief system µ : V \Z →
[0, 1] is a mapping from the decision nodes of the game to [0, 1], where x∈h µ(x) = 1 for all information
sets h in the game.
Beliefs are typically discussed with respect to an associated strategy profile:
Definition 12 An assessment of a two-player extensive form game Γ is a pair ((β1 , β2 ), µ) where (β1 , β2 )
is a behavioral strategy profile for Γ and µ is a belief system for Γ.
The following definition captures the intuitive notion that strategies should be optimal with respect to
the beliefs.
Definition 13 An assessment ((β1 , β2 ), µ) is sequentially rational if
E[u1 |(β1 , β2 ), µ, h] ≥ E[u1 |(β10 , β2 ), µ, h] for all h ∈ H1 ;
E[u2 |(β1 , β2 ), µ, h] ≥ E[u2 |(β1 , β20 ), µ, h] for all h ∈ H2 .
The following standard definition is a technical tool that enables us to talk about sequentially rational
behavior at information sets that are reached with probability zero.
Definition 14 An assessment ((β1 , β2 ), µ) of a two-player extensive form game Γ is consistent if there exists
a sequence {β1k , β2k , µk }∞
k=0 such that
• β1k and β2k are completely mixed (i.e., every action in the game has positive probability);
• µk is derived from (β1k , β2k ) using Bayes’ rule; and
• lim ((β1k , β2k ), µk ) = ((β1 , β2 ), µ).
k→∞

Combining the above definitions we finally arrive at the definition of sequential equilibrium:
Definition 15 (Kreps & Wilson 1982) A sequential equilibrium is an assessment ((β1 , β2 ), µ) that is
both sequentially rational and consistent.
An intuitive description of sequential equilibrium is that the beliefs should be sensible given the strategies,
and the strategies should be sensible given the beliefs. It is immediate from the definitions above that every
sequential equilibrium is a Nash equilibrium. However, there are numerous examples that show that the
converse is not true (see, e.g., [68, 94, 84]).
As a way of comparing the Nash and sequential equilibrium concepts, the following fact about Nash
equilibria in extensive form games is illustrative. This result can be found in many game theory textbooks
(e.g. [80, Proposition 9.C.1]).
Proposition 5 (β1 , β2 ) is a Nash equilibrium of a two-person zero-sum extensive form game Γ = hV, E, P, H, A, u, pi
if and only if there exists a belief system µ such that
• E[u1 | (β1 , β2 ), µ, h] ≥ E[u1 | (β10 , β2 ), µ, h] for all h ∈ H1 with Pr[h | (β1 , β2 )] > 0; and
• E[u2 | (β1 , β2 ), µ, h] ≥ E[u2 | (β1 , β20 ), µ, h] for all h ∈ H2 with Pr[h | (β1 , β2 )] > 0.
The main difference between this characterization of Nash equilibrium and the definition of sequential
equilibrium lies in the fact that Nash equilibria are only required to be sequentially rational at information
sets that are reached with positive probability. Therefore, Nash equilibrium is silent about what happens if
the game reaches one of the zero-probability information sets (for example, because the opponent did not
play according to equilibrium).
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8.2.2

Fixing interior-point methods to compute sequential equilibria

Ideally, we could state that the central path defined above converges to a sequential equilibrium.17 However,
it is not clear that the limit point of the central path is sequentially rational. In particular, it may be possible
for the probability of reaching a particular information set to go to zero faster than the deviation incentive
at that information set.
Rather than considering the (problem-independent) central path commonly studied in linear programming, we propose considering alternate central path definitions that are designed to prevent the probability
of reaching an information set going to zero faster than the duality gap. One promising possibility is to
modify the logarithmic barrier function to normalize the probabilities at lower levels in the tree, and study
the path of solutions induced by that barrier function.
We propose to investigate such barrier functions and evaluate their usefulness in computing sequential
equilibria in sequential games.

9

Multi-player approaches

In this section we propose a novel solution concept applicable in games with many players. We suggest
an algorithm for solving such games (with respect to our solution concept), and discuss its applicability to
multi-player poker tournaments.

9.1

Regret-minimizing pure strategy solution concept

The problem of finding Nash equilibria is PPAD-complete [22], even in two-player non-zero-sum games.
Hence, finding Nash equilibria is PPAD-complete in zero-sum games with three or more players. Given
this, it is unlikely that there are efficient algorithms for finding (or even approximating) Nash equilibria
in most games with three or more players. Indeed, the present general-purpose algorithms for games with
many players do not scale very well at all [53, 81, 100]. Hence, we propose an alternative solution concept
which may permit practical algorithms for finding solutions, at the expense of the stronger guarantees of an
equilibrium.
The regret-minimizing pure strategy solution concept can be described as follows. Let Si be the set of
pure strategies for player i ∈ {1, . . . , n} = N and let S = S1 × · · · × Sn . Let s = (s1 , . . . , sn ) ∈ S be a profile
of pure strategy selections si ∈ Si for each player. Let ui (s) be the utility player i receives when the profile
s is played, and let regreti (s) be the regret player i experiences when playing si :


0
ui (si , s−i ) − ui (si , s−i ).
regreti (s) = max
0
si ∈Si

We observe that if regreti (s) = 0 for each player i, then s is a Nash equilibrium. However, pure strategy
equilibria do not exist in general. One way to weaken the Nash equilibrium concept is to relax the requirement
that every player have zero regret for their strategy. The regret-minimizing pure strategy solution concept is
the solution to the following problem:
argmin max regreti (s).
s∈S

i∈N

This problem can be formulated and solved as a mixed-integer multi-linear program as described in the
following section.18
One reason to expect that a solution concept confined to pure strategies only would work well in at least
some applications is the empirical observation that in the late stages of a no-limit Texas Hold’em tournament
(when considering jam-fold strategies), very little randomization is required [85].
17 We do know that the central path converges to a well-defined behavior strategy. Furthermore, the resulting assessment is
consistent.
18 Instead of requiring the strategy profile which minimizes the maximum regret experienced by any player, we could instead
require the profile minimizing average regret. This type of concept is also solvable by the algorithm we propose below.
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9.2

Mixed-integer multi-linear programming (MIMLP)

Mixed-integer linear programming has been developed as an approach for finding Nash equilibria in twoperson non-zero-sum games [108]. In that paper, it was pointed out that the technique does not work for
games with three or more players because of the non-linearity that is required in the constraints. In particular,
it required constraints containing terms with products of probabilities, which are continuous variables. On
the other hand, when considering pure strategies only, this yields constraints containing products of binary
variables. Although these constraints are multi-linear, there are standard techniques for linearizing these
constraints [89]. Furthermore, with this approach, it is just as easy to consider sequential games, rather than
the simpler normal form games previously considered [108]. In fact, the linearization will only introduce a
number of binary variables equal to the number of leaves in the game tree.
A straightforward algorithm for finding regret-minimizing pure strategy solutions would be to linearize
the abovementioned multilinear constraints, and directly solve the resulting mixed-integer linear program
using an integer programming solver. However, one can potentially do even better by incorporating a branchand-price approach [4], in which variables are brought into the problem on an as-needed basis. For many
problems, this greatly improves the scalability of the basic branch-and-bound framework.
It is quite reasonable to expect that this technique will be applicable for our problem. At a given point
in the search process, if an action that takes place at the beginning of the game is currently considered to
be taken with probability zero, then it is not necessary to consider any of the actions in the game coming
after that. Due to the inherent exponential increase in tree sizes as the depth increases, this could save a
tremendous number of variables from having to be introduced into the problem.
Another way of finding regret-minimizing pure strategy equilibria would be to directly tackle the multilinear formulation using a general-purpose mixed-integer non-linear programming (MINLP) solver, such as
Bonmin [16]. However, that algorithm does not guarantee finding optimal solutions when the problem (like
ours) is non-convex, and hence would not be the most appropriate for our purposes.

10

Related work

Almost since the field’s founding, game theory has been used to analyze different aspects of poker [17, 127, 6,
70, 88, 5, 56, 58, 93, 52, 40, 27, 105, 106]. That early work was limited to tiny games that could be solved by
hand. In fact, most of that work was focused on computing analytical solutions for various stylized versions
of poker. For example, one typical assumption in that line of work is for the cards to be drawn uniformly at
random from the unit interval, followed by a simple betting protocol. Although this approach seems likely
to be of use only for extremely small games, recently there has been renewed interest in extending some
of these models and determining analytical solutions from them with the goal of applying them to certain
situations in real poker games [35, 36]. Simplified versions of poker have also been developed for illustrative
examples in education [101]. From a cognitive modeling and analysis perspective, poker has proved to be a
fertile environment for research [37, 19, 20].
Using the sequence form representation in conjunction with linear programming, Koller and Pfeffer (1997)
determined solutions to poker games with up to 140,000 nodes. That approach scales to games with about a
million nodes [46]. For a medium-sized (3.1 billion nodes) variant of poker called Rhode Island Hold’em, game
theory-based solutions have been developed using a lossy abstraction followed by linear programming [117]
(of course we have since solved this same problem as discussed previously [46]).
Recently there has been a surge of research into new techniques for developing players for Texas Hold’em
poker [66, 114, 123, 12, 11, 10, 46, 45, 85, 2]. One approach has been opponent modeling, in which a pokerplaying program attempts to identify and exploit weaknesses in the opponents [13, 29, 10, 55, 121, 122, 113].
The most successful Texas Hold’em program from that line of research is Vexbot [10], which combines
opponent modeling with miximax search (a variant of minimax search which allows the players to move
probabilistically according to some model to account for the presence of imperfect information), and is available in the commercial product Poker Academy Pro. The first notable game theory-based player for Texas
Hold’em used expert-designed manual abstractions and is competitive with advanced human players [11].
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A player based on the techniques developed in that paper is available in Poker Academy Pro as Sparbot.
Differences between that player and GS3 are discussed in Section 4.

10.1

Related research on abstraction

The main technique applied in this paper is that of transforming large extensive form games into smaller
extensive form games for which an equilibrium can be computed. Then, the equilibrium strategies of the
smaller game are mapped back into the original larger game. One of the first pieces of research addressing
functions which transform extensive form games into other extensive form games, although not for the
purpose of making the game smaller, was in an early paper [126], which was later extended [34]. In these
papers, several distinct transformations, now known as Thompson-Elmes-Reny transformations, are defined.
The main result is that one game can be derived from another game by a sequence of those transformations
if and only if the games have the same pure reduced normal form. The pure reduced normal form is the
extensive form game represented as a game in normal form where duplicates of pure strategies (i.e., ones
with identical payoffs) are removed and players essentially select equivalence classes of strategies [69]. An
extension to this work shows a similar result, but for slightly different transformations and mixed reduced
normal form games [60]. Modern treatments of this previous work on game transformations have also been
written [98, Ch. 6],[31].
The recently introduced notion of weak isomorphism in extensive form games [21] is related to our notion
of restricted game isomorphism. The motivation of that work was to justify solution concepts by arguing
that they are invariant with respect to isomorphic transformations. Indeed, the author shows, among other
things, that many solution concepts, including Nash, perfect, subgame perfect, and sequential equilibrium,
are invariant with respect to weak isomorphisms. However, that definition requires that the games to be
tested for weak isomorphism are of the same size. Our focus is totally different: we find strategically
equivalent smaller games. Another difference is that their paper does not provide any algorithms.
Abstraction techniques have been used in AI research before. In contrast to our work, most (but not
all) research involving abstraction has been for single-agent problems (e.g. [59, 76]). Furthermore, the use
of abstraction typically leads to sub-optimal solutions, unlike the techniques presented in this paper, which
yield optimal solutions. A notable exception is the use of abstraction to compute optimal strategies for
the game of Sprouts [3]. However, a significant difference to our work is that Sprouts is a game of perfect
information.
One of the first pieces of research to use abstraction in multi-agent settings was the development of
partition search, which is the algorithm behind GIB, the world’s first expert-level computer bridge player [50,
51]. In contrast to other game tree search algorithms which store a particular game position at each node
of the search tree, partition search stores groups of positions that are similar. (Typically, the similarity of
two game positions is computed by ignoring the less important components of each game position and then
checking whether the abstracted positions are similar—in some domain-specific expert-defined sense—to
each other.) Partition search can lead to substantial speed improvements over α-β-search. However, it is not
game theory-based (it does not consider information sets in the game tree), and thus does not solve for the
equilibrium of a game of imperfect information, such as poker.19 Another difference is that the abstraction
is defined by an expert human while our abstractions are determined automatically.
There has been some research on the use of abstraction for imperfect information games. Most notably,
Billings et al [11] describe a manually constructed abstraction for the game of Texas Hold’em poker, and
include promising results against expert players. However, this approach has significant drawbacks. First,
it is highly specialized for Texas Hold’em. Second, a large amount of expert knowledge and effort was used
in constructing the abstraction. Third, the abstraction does not preserve equilibrium: even if applied to a
smaller game, it might not yield a game-theoretic equilibrium. Promising ideas for abstraction in the context
19 Bridge is also a game of imperfect information, and partition search does not find the equilibrium for that game either.
Instead, partition search is used in conjunction with statistical sampling to simulate the uncertainty in bridge. There are also
other bridge programs that use search techniques for perfect information games in conjunction with statistical sampling and
expert-defined abstraction [120]. Such (non-game-theoretic) techniques are unlikely to be competitive in poker because of the
greater importance of information hiding and bluffing.
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of general extensive form games have been described in an extended abstract [99], but to our knowledge,
have not been fully developed.

11

Thesis timeline

An estimated schedule of the proposed research is as follows:
Task
Heads-up no-limit Texas Hold’em player
EGT selective updating
Specialized IPM for sequential games
IPM for equilibrium refinements
MIMLP and multi-player tournament poker player
ex ante and ex post guarantees
Thesis writing, journal submissions

Schedule estimate
Now – July 2007
July 2007 – October 2007
July 2007 – October 2007
July 2007 – October 2007
November 2007 – February 2008
November 2007 – February 2008
March 2008 – August 2008

The topics “specialized IPM for sequential games”, “IPM for equilibrium refinements” and “ex ante and ex
post guarantees” are risky research avenues. The research in these areas is very preliminary at this point, and
there is a chance that this research could be unsuccessful. Therefore, these topics are considered optional
pieces of the thesis.
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