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ABSTRACT

We introduce take-it-or-leave-it auctions (TLAs) as an al-
location mechanism that allows buyers to retain much of
their private valuation information as do the most common
auction mechanisms (English and Dutch auctions), yet, un-
like them, generates close-to-optimal expected utility for the
seller. We show that if each buyer receives at most one offer,
each buyer’s dominant strategy is to act truthfully. In more
general TLAs, the buyers’ optimal strategies are more intri-
cate, and we derive the perfect Bayesian equilibrium for the
game. We develop algorithms for finding the equilibrium
and also for optimizing the offers in both types of TLAs
so as to maximize the seller’s expected utility. We prove
that optimal TLAs have many desirable features. In several
example settings we show that the seller’s expected utility
already is close to optimal for a small number of offers. As
the number of buyers increases, the seller’s expected utility
increases, and becomes increasingly (but not monotonically)
more competitive with Myerson’s expected utility maximiz-
ing auction. Myerson’s uses full valuation revelation and is
arguably impractical because its rules are unintuitive, unlike
ours.

1. INTRODUCTION

Auctions have emerged as a key mechanism for task and
resource allocation in multiagent systems. We focus on the
problem of allocating an indivisible good to one of a group
of interested buyers, while maximizing the seller’s expected
utility. (All of our results apply to reverse auctions as well, in
which a single buyer, facing many sellers, wants to minimize
her procurement cost.) This is the canonical auction setting
(e.g., [7, 19, 10, 14]).

In this setting, the Myerson auction (see Definition 1)

*This material is based upon work supported by the Na-
tional Science Foundation under CAREER Award IRI-
9703122, Grant I1IS-9800994, ITR 11S-0081246, and ITR, IIS-
0121678.

Permission to make digital or hard copies of all or part of this work for
personal or classroom use is granted without fee provided that copies are
not made or distributed for profit or commercial advantage and that copies
bear this notice and the full citation on the first page. To copy otherwise, to
republish, to post on servers or to redistribute to lists, requires prior specific
permission and/or a fee.

AAMAS-03 Workshop on Agent-Mediated Electronic Commerce V (AMEC-
V) 2003 Melboune, Australia

Andrew Gilpin
Computer Science Department
Carnegie Mellon University
5000 Forbes Avenue
Pittsburgh, PA 15213

gilpin@cs.cmu.edu

yields the highest expected utility to the seller, compared to
any other allocation mechanism [11]. Despite being the opti-
mal allocation mechanism, the Myerson auction has several
undesirable features. First, buyers must fully reveal their
true valuations for the good.! Buyers may be unwilling to
reveal private information because such information is pro-
prietary or its revelation would have a negative strategic
long-term impact. For example, after such an auction the
buyers will be at a disadvantage in future negotiations with
the seller (who may be able to extract more surplus in the
future using information about the buyers’ valuations). Sim-
ilar long-term adverse effects have been observed in other
truthful full-revelation auction mechanisms when it comes
to future negotiation between a bidder and the bidder’s
subcontractors [16]. Second, buyers may not understand
the complex, unintuitive rules of the Myerson auction, and
therefore choose to not participate. Third, for a layman, it is
unintuitive to submit true valuations because bid shading is
rational in many commonly used auction mechanisms. Buy-
ers are thus likely to shade bids even in Myerson auctions,
with unpredictable and suboptimal results. For these rea-
sons and potentially others, to our knowledge, the theoreti-
cally elegant Myerson auction is not being used anywhere.

In the most commonly used auction mechanisms—the En-
glish auction (a.k.a. ascending open-cry auction) and the
Dutch auction (a.k.a. descending auction)? —bidders do
not reveal their valuations completely [7]. Unfortunately, in
these auctions, the seller’s expected utility is not optimal
and in fact can be arbitrarily far from optimal (for example
when one bidder’s valuation for the good is arbitrarily much
higher than the other bidders’, and each bidder’s valuation is
common knowledge). The Vickrey auction [19] suffers from
both full valuation revelation and seller’s expected utility
being arbitrarily far from optimal.

In this paper we present a mechanism that achieves close-
to-optimal expected utility for the seller while allowing each
buyer to retain much of her private valuation information.
Our take-it-or-leave-it auction (TLA) mechanism consists of
a sequence of take-it-or-leave-it offers made by the seller to

'Recently, cryptographic techniques have also been pro-
posed to address this drawback [12].

2 At first glance, it appears that the Dutch auction and TLAs
are equivalent. This is not true. The Dutch auction is more
powerful in the sense that the seller can make an infinite
number of offers, and less powerful in the sense that the
seller has to make the offers symmetrically to the buyers.



the buyers, each buyer in turn. Before the auction is held,
the seller publicizes the order in which the buyers receive
offers and the amount of each offer. During a fixed time after
receiving an offer, the buyer has to accept (“take”) the offer,
at which point the auction ends, or reject (“leave”) the offer,
in which case the seller may proceed to make other offers.
After rejecting an offer, the buyer never has the option of
accepting that offer. We show how rational buyers should
act in such an auction and how the seller can optimize the
sequence of offers given her knowledge about the buyers. In
this sense, our approach is automated mechanism design [5].

In many applications the seller may be aware of some sta-
tistical information about the buyers. (For example, in the
reverse auction setting, the buyer may know that a partic-
ular seller’s cost of production is much less than the other
sellers’ due to geographic location or through some other
means.) By taking this information into account, the seller
can design mechanisms so as to maximize her expected util-
ity. In our setting, this is done by making the assump-
tion that every buyer’s valuation is drawn from some known
probability distribution. This assumption violates the Wil-
son doctrine which states that mechanisms should be de-
signed without the use of any priors. Some examples of
auctions that follow the Wilson doctrine include Vickrey,
English, Dutch, and first-price sealed bid auctions. These
types of auctions are not optimal, and in fact can be arbitrar-
ily far from optimal. Further, it is generally not possible to
design utility maximizing auctions (or even approximately
optimal auctions) without using priors. Just as is done in
the Myerson auction, we use priors in our mechanism to help
the seller extract more surplus from the buyers.

2. THE SETTING AND BACKGROUND

We study the usual auction setting in which a seller has an
indivisible good that she can allocate to any one (or none)
of a set of buyers B = {1, ... ,n}. Each buyer ¢ has a valua-
tion v; for the good that is drawn from a distribution f; with
cumulative density F;. The buyers’ valuations are drawn in-
dependently.® The distributions f; are common knowledge,
but the valuation v; is only known by the buyer i herself.
The setting is symmetric if each buyer draws her valuation
from the same distribution (i.e., f; = f; for all buyers 7 and
7). Otherwise the setting is asymmetric. Finally, we make
the standard auction theory assumption that there is no af-
termarket (i.e., no trade occurs after the auction is over).

By designing the rules of the auction, the seller tries to
maximize her expected utility. The seller has a valuation vo
(potentially zero) for the good. By the standard quasilin-
earity assumption about the seller, the seller’s utility is vg if
she keeps the item, and if she allocates the item to a buyer,
her utility is the revenue that she receives from the buyers.

To motivate the buyers to participate in the auction, the
rules of the auction have to guarantee that each buyer re-
ceives no less utility by participating than by not partici-
pating. Such ex post participation constraints imply that 1)
a buyer who does not get the good cannot be charged, and
2) the buyer who receives the good cannot be charged more
than her valuation.

We review the optimal auction for this setting [11] below.

31f the valuations can have arbitrary correlations, then even
designing an approximately optimal auction is hard compu-
tationally [15].

It is the benchmark against which we will compare our TLA
mechanism.*

DEFINITION 1. Myerson auction [11]

o Ewvery buyer i reveals a valuation v;. (A buyer’s dom-
inant strategy is to reveal her true valuation: ¥; = v;.)

e For each buyer i, compute that buyer’s virtual valua-
tion:
1= Fi(w)
=5 — Vi)
VT TR

o Select the buyer ¢* with the highest virtual valuation
Yix.

o If i+ > wo, buyer i* receives the item and pays the
smallest valuation, ¥,, that would still have made her
win.

o If1;x < wo, the seller keeps the good and no payments
are made.

3. TAKE-IT-OR-LEAVE-IT AUCTION

In this section we define our idea of using a sequence of
take-it-or-leave-it offers as an auction mechanism.

DEFINITION 2. Take-it-or-leave-it auction (TLA)
Let A = (b1,a1), (b2,a2),..., {br,ar) be a sequence of k
offers. Let an offer A; be a tuple (b;j,a;}, where a; is the
amount of the offer and b; € B is the buyer to whom the
offer is made. The entire sequence of offers A is revealed
by the seller to the buyers before the auction. The auction
proceeds as follows:

e Forj from 1tok

— Let (b,a) = Aj.
— The seller offers the good to buyer b for amount
a

If buyer b accepts, she gets the good and pays a to
the seller. The auction ends.
— If buyer b rejects offer a, the auction continues.

o If the auction has reached this point, the seller keeps
the good and collects no payments.

The following auction mechanism turns out to be an inter-
esting special case:

DEFINITION 3. Single-offer TLA
A TLA is a single-offer TLA if each buyer gets at most one
offer, i.e., by # by for all q,r € {1,2,... ,k}, g # .

When we need to differentiate between a single-offer TLA
and a TLA in which a buyer may receive multiple offers, we
will refer to the latter as a multiple-offer TLA.

Note that in a TLA it is entirely possible for the seller to
allocate the good to a buyer who does not have the high-
est valuation, thus making the mechanism inefficient. This
is also the case in the Myerson auction. It is well-known
that among asymmetric bidders, there is no mechanism that
maximizes both seller’s expected utility and efficiency.

“The proof of optimality of the Myerson auction assumes
that the setting is regular, i.e., the hazard rate f;/(1 — F;)
is increasing for each buyer ¢ [11]. This assumption is sat-
isfied in all cases where we benchmark against the Myerson
auction (in Section 7), so we are benchmarking against the
real optimum.



3.1 Strategies and utility

A formal notation for strategies in a TLA is useful. Strate-
gies for TLAs are slightly different than for other auctions
since a single buyer may need to make many decisions during
the course of an auction.

DEFINITION 4. Strategy for a TLA
A buyer’s strategy for a TLA is a function from the buyer’s
valuation and the number of the offer (made to that buyer),
to one of two possible actions: accept or reject:

si:IRx{j]7€{1,2,...,k},bj =i} — {accept,reject}.

A strategy profile is s = (81,...,8n). A strategy profile
excluding s; is s—; = {s1, ... ,8i—1,8i+1,--- ,Sn}, and a
strategy profile s with s; replaced with s; is (s_, 5;)-

We make the standard assumption of quasilinearity, that is,
a buyer’s utility u; is zero if she does not get the good (and
does not pay anything), and v; — a if she gets the good and
pays amount a. Given a strategy profile s and the valuation
v;, the expected utility u;(v;, s) of buyer 7 in a TLA A is

-1
u;i(vi, 8) = Z (H R1> Ug(viasi):

{jlbj=i} \i=t

where

i oN_J vi—a; if si(vi,j) = accept
u; (’Uu 57,) - { 0 Zf Si(vi7j) — reject.

Here, R; is the probability that offer [ is rejected by buyer

b if that offer is made. These probabilities depend on the

buyers’ strategy profile s, as discussed next.’

4. EQUILIBRIUM ANALYSIS

We use definitions from game theory to help us understand
how rational buyers will behave in a TLA. We use the two
most prevalent solution concepts for sequential games [6]:
dominant strategies and perfect Bayesian equilibrium.®

4.1 Single-offer TLAs

A strategy s; for a buyer with valuation v; is called a dom-
inant strategy if for all other strategies s; and all strategies
s_i, we have wu;(vi, (s7,5-:)) > ui(vi, (s§,5-;)). As the fol-
lowing proposition illustrates, the strategies employed by ra-
tional buyers in a single-offer TLA are straightforward and
truthful. They are dominant strategies, so a buyer is best
off playing that way regardless of what the other buyers’
preferences are and even if others play irrationally. Also, a
buyer does not have to know much about her own valuation
(the determination of which can be a complex optimization
problem itself, see e.g. [17, 18, 13, 8]), merely whether it
is greater or less than the offer, making a single-offer TLA
easy to play.

5When buyer i computes the utility, R; € {0,1} when b; = 4,
because the buyer knows her own strategy.

5In game theory there are notions of pure and mized strate-
gies. Playing a mixed strategy requires a buyer to per-
form some randomization among different possible strate-
gies. Since all the equilibria that we study in this paper are
pure strategy equilibria, we limit ourselves to pure strategies
in the following definitions.

PROPOSITION 1. In a single-offer TLA, a buyer’s domi-
nant strategy s

« o _ J accept if v > a;
SZ(UZ’J)_{ reject if wv; < aj.

ProOF. Consider buyer ¢ with valuation v; facing offer
aj. Suppose v; > a;, but buyer 7 rejects. Then she gets
payoff 0, whereas she would have gotten payoff v; —a; > 0
by accepting the offer. Now suppose v; < aj, but buyer ¢
accepts. Then she gets payoff v; —a; < 0, whereas she would
have gotten payoff 0 by rejecting the offer. [

4.2 Multiple-offer TLAs

If the sequence of take-it-or-leave-it offers includes poten-
tially multiple offers per buyer, the buyers’ equilibrium strat-
egies become significantly more intricate. The reason is that
a rational buyer will be reluctant to accept an offer at—or
somewhat below—her valuation, because there is a chance
that the auction will make her a significantly lower offer
later on. The analysis is further complicated by the fact
that a buyer’s passing on an offer gives a signal to the other
buyers and the seller about the buyer’s valuation.

Perfect Bayesian equilibrium (PBE) is the most common
solution concept for sequential games with observed actions
and private valuations (types). In such a game, with inde-
pendently drawn valuations, each buyer ¢ has a strategy s;
and beliefs (for each step j of the game, the buyer has, for
each other buyer k, a cumulative probability density func-
tion F about the type of k). A strategy profile s* is a PBE
if the following conditions hold [6]: 1) Each buyer updates
her beliefs using Bayes rule whenever possible; 2) When-
ever it is buyer i’s turn to move, s; prescribes an action that
maximizes ¢’s expected utility from then on, given i’s beliefs;
and the three technical conditions: 3a) At every step of the
game, buyer i’s beliefs about other buyers are independent
of buyer ¢’s valuation, 3b) the beliefs about buyer 7 can only
be changed when 37 acts, and 3c) at every step of the game,
for every triple of buyers 4, k, and | (1 #1, k #1), i and k
have the same beliefs about 1.

We illustrate the PBE analysis through a 5-offer 2-buyer
auction and present the general method after that. For read-
ability, we refer to buyer 1 in the feminine and buyer 2 in the
masculine. Suppose that the seller’s chosen TLA prescribes
that the first offer goes to buyer 1 and the remaining four
offers alternate between the buyers.

Buyer 1, when facing the first offer, must decide whether
or not she should accept it. If her valuation, v1, is less than
the first offer, a1, then clearly she must reject. However,
the converse is not as simple. Even though she might stand
to gain positive utility by accepting the first offer, she might
expect to gain even more utility by rejecting the first offer
and accepting a later offer. For each offer made to a buyer,
we would like to compute a threshold value above which the
buyer will accept and below which she will reject. (If the
buyer’s valuation is equal to the threshold, she is indifferent
between rejecting and accepting.) We will refer to buyer #’s
threshold at offer j as t!.

At the last offer made to each buyer, both buyers have
dominant strategies. They simply accept if the offer is below
their valuation and reject otherwise. This is analogous to the
strategies employed by buyers in a single-offer TLA.

Now, consider the third offer (the second offer made to
buyer 1). Buyer 1 knows what her utility is if she accepts



this offer. She wishes to determine what her ezpected utility
is if she rejects the third offer (in a gamble to face the fifth
offer). To compute this she needs to compute the probabil-
ity that buyer 2 rejects the fourth offer. At this point in
the game, buyer 1 knows that buyer 2 has rejected the sec-
ond offer. Assuming buyer 2 is playing in equilibrium, his
valuation must be less than ¢3, his threshold when facing
the second offer. Buyer 1 must take this into account when
computing the probability that buyer 2 will reject the fourth
offer. That is, buyer 1 updates her belief about the distribu-
tion from which buyer 2’s valuation is drawn. After buyer
2 has rejected the second offer, by Bayes rule, the right tail
of his valuation distribution (probability density function)
above t2 can be cut, and the remaining distribution needs
to be rescaled to make its integral one. Thus the new cumu-
lative distribution is Fy (z) = Fy(x)/Fs (t3). (In general,
we will write F/ to denote the world’s belief about buyer 4’s
distribution when facing offer j. If a buyer ¢ is facing her
first offer j, then F; = F;.) With this new notation, we can
write equations describing the thresholds for buyers 2 and 1
when facing offers 2 and 3, respectively:

t5—ax = F{(t]) (5 —as
t2—as = F24(U/4) t3 —as) .

We evaluate F} at t3 since we know that buyer 1 will only
reject if her valuation is below t3.

Determining the strategy that buyer 1 should use at the
first offer is slightly more complicated since buyer 1 could
reject the first offer in a hope to accept the third offer or
the fifth offer. The following equation describes buyer 1’s
threshold at the first offer:

ti —a1 = Fy (t%) - max {ti — as, F} (as) (ti — a5)}.

4.2.1 A simplifying observation

At this point we have completely characterized the strategies
that the buyers will use, but we have said nothing about
how to compute these strategies. Computing the strategies
is complicated by the max operation in the above equation.
The determination of the strategies could be split into cases,
with each case corresponding to a particular term within
the max operation being greatest. However, as we move
beyond 5 offers, this becomes complex. As the number of
offers increases by one, the number of max operations in the
system increases by one, thus doubling the number of cases
to analyze. Therefore, the number of cases is exponential in
the number of offers.”

This computation would be easier if we could assume that
the thresholds only depend on the next offer. In the above
equation, this would mean that t{ — a3 > Fy (a4) (t% - a5).
We observe that if this inequality does not hold, the third
offer would in effect be wasted because it certainly would be
rejected. Since this paper is concerned with optimal TLAs,
we can assume that such offers will never be made.® There-

" Actually, the number of cases is further increased by the
fact that as an offer is added, the number of terms in the
existing max operations of that buyer’s threshold equations
increases by one (a max operations with 2 terms is added in
the equation where there was no max operation before).
8This assumes that the order in which buyers receive offers
is not fixed. If this order is fixed (for example, due to ex-
ternal constraints), then making a surely rejected offer can
be beneficial in order to in effect change the order without
actually changing it.

fore, we need to focus on only one of the exponentially many
cases.

4.2.2  Equilibrium for any number of buyers and
offers

Algorithm 1 is a general procedure for generating the system
of equations that determines buyers’ thresholds. First, we
need an expression for evaluating updated distributions:

; Fi(z) if b; ¢{1,...,bj—1}
, = Fi(z .

Fz (.’L‘) P (ij'.,)) if bj € {1, c. ,bj_l}
where j' is the most recent offer made to buyer i.

Second, we need an expression for the probability that a
buyer will reject a given offer j:

R — Fg] (aj) if bj¢{bj+1a"':bk}
T ng (téj) if b; € {bjy1,...,bx}.

The above value depends on whether or not the buyer faces
another offer or not. If the buyer does face another offer,
then the expression involves a threshold value. Otherwise,
the expression only involves the offer. The algorithm be-
low makes a pass through the offers. If an offer is not the
last one offered to a buyer, then an equation is output con-
taining an expression for the threshold. The output of this
algorithm can then be used as input to a software package
that can solve systems of equations in order to determine
the equilibrium thresholds (in our implementation, we used
Matlab).

ALGORITHM 1. Output system of threshold equations
1. For j from 1 to k
(a) If buyer b; faces another offer after offer j
e Then denote the index of the next offer as j'
and output the equation

ty, —aj = Rip1Rjtz--- Ry (tij _ai’)

The product of R;’s that is output for each equation is the
expression describing the probability that the auction will
go from offer j + 1 to offer j' without a buyer accepting an
offer.

With the above discussion in mind, we can now present
our main equilibrium result.

THEOREM 2. Suppose we have a multiple-offer TLA A =
(b1, a1),(b2,a2),...,{(bk,ar) that is optimal in the sense of
mazimizing the seller’s utility, subject to the constraint that
only k offers are made. Consider the following strategy for
buyer i with valuation v; facing offer a;:

accept if vy > aj,4 ¢ {bj41,...,bx}
s2 (vi, a;) = reject if v <aj,i € {bjt1,... b}
VI accept if wi > t],0 € {bjv1, ..., i}

reject if wv; <tl,4€ {bjt1,...,bk}

where the t{-' values solve the system of equations generated
by Algorithm 1. The strategy profile s* = (s1,85,...,8n) 18
a perfect Bayesian equilibrium.

PrOOF. It is easy to see that the technical Conditions
3a-3c of PBE are satisfied. As described above, the buyers
update their beliefs using Bayes rule whenever possible, so
Condition 1 is satisfied. What remains to be shown is that



Condition 2 is satisfied, i.e., that it is never profitable to
deviate from the above strategy (in any of the four scenar-
ios). For the first two scenarios, the proof is analogous to
the proof of Proposition 1. For the other two scenarios, in
which the buyers face another offer later in the auction, we
need to make use of the thresholds. Consider buyer ¢ with
valuation v;, facing offer a;. Let a;; be the next offer that
buyer ¢ faces. Suppose v; > t{, but buyer ¢ rejects. The
highest expected utility she can expect to get later in the
auction is Rjy1---Rji_1 (vi —a;). But, by the construc-
tion of the thresholds, this is less than v; —a;. So buyer i is
better off accepting the offer. The scenario where v; < ¢} is
proven similarly. []

S. OPTIMIZING THE OFFERS

So far we have described how we would expect buyers to
behave in a TLA. Now we turn to the problem faced by the
seller: how to maximize expected utility? The seller can
choose the order in which the offers are made as well as the
offer values. Before describing the optimization problem, we
formalize the seller’s objective.

DEFINITION 5. Seller’s expected utility
Given an instance A of a TLA, the seller’s expected utility
from step j onward is defined recursively as

o (1—Rj)aj+ijo if j=k
= (1—Rj)a; + Rjmj+1 if j<k.

The seller’s expected utility is given by w1, and we denote
it by w(A). (Recall that vo is the seller’s valuation.)

We can now formally define the design problem faced by the
seller.

DEFINITION 6. TLA design problem
Given a limit kimaz on the number of offers made, the seller’s
TLA design problem is

AT = Argmax 4 | 14| <kman ) T(A)-
We say that A* is an optimal TLA.

Note that in Definition 6 the kmq., parameter is exogenous.
It is a constraint imposed on the optimization problem that
comes from some external source, for example a limit on the
amount of time or resources the seller is able to commit to
the auction.

We now discuss some characteristic properties of optimal
TLAs.

PROPOSITION 3. For any given TLA design problem, an
optimal TLA exists in which no buyer receives consecutive

offers.

ProOOF. If a buyer receives consecutive offers, she will
never accept any of them except possibly the lowest. Thus,
the other ones of those offers can be removed from A. [

In an optimal TLA, the offers might not decrease over
time:

EXAMPLE 1. Consider the 2-buyer, 3-offer setting where
buyer 1’s valuation is uniformly distributed on the interval
[0,1] and buyer 2’s valuation is uniformly distributed on the
interval [1,4]. The only optimal sequence of offers is A =
(2,2.125), (1,0.5275), (2, 2.0).

However, decreasing offers can be made to each buyer:

PROPOSITION 4. For any given TLA design problem, an
optimal TLA exists in which each buyer individually receives
strictly decreasing offers.

PrOOF. If, in equilibrium, all the rejection probabilities
R; of the other buyers that get offers in between two offers of
buyer ¢ are zero, that is equivalent to buyer ¢ receiving con-
secutive offers, which is unnecessary by Proposition 3. We
can therefore restrict attention, without loss in the seller’s
expected utility, to TLAs where this never occurs.

We now show that a buyer will never accept an offer that
is equal to or higher than her previous offer. Suppose that
in an optimal TLA, buyer i is offered a; at some point in the
auction, and the next offer to buyer i is a;,, where a; < a;/.
Without loss of generality, say buyer i’s valuation v; is at
least ajr. (If it is less than, then buyer 4 will clearly never
accept the offer.) Then the expected utility from accepting
offer a; is v; —a;, while the expected utility from rejecting of-
fer a; and later accepting offer a; is strictly less than v;—a;r
since the utility must be multiplied by the probability that
the auction will continue to offer a;: without another buyer
accepting an offer and thus ending the auction. Let r de-
note the probability that no other buyer accepts in between.
Since a; < a;r and r < 1 (by the argument in the paragraph
above), we have v; —a; > r (vi — a;s), so buyer ¢ will never
accept offer a;. Thus, the wasted offer ag- can be removed
from the auction and the auction remains optimal. [

6. COMPUTATIONAL RESULTS

In this section we develop the computational methodology
for solving for an optimal TLA (which involves as a sub-
problem solving for how the buyers will behave). Designing
a TLA involves finding an order (the b; values) in which the
buyers receive the offers, and determining the value of each
offer (the a; values).

6.1 Multiple-offer TLAs

In computing the optimal multiple-offer TLA, we assume
that the order of the offers is fixed (e.g., one can include an
outer loop to try all orders)® and then optimize the TLA for
that order as follows.

We run Algorithm 1 to generate the equations for the
thresholds ¢]. Because the shorthand values R; are ex-
panded in each of those equations, each equation has on
the right hand side the offer levels a1,as,... ,ak, the spe-
cific functional forms of the prior distributions on the types
F1,Fs,...,F,, and the thresholds ¢tJ. We then solve this
group of nonlinear equations (we used Matlab to do this) to
obtain the perfect Bayesian equilibrium as a function of the
offers. In other words, we have each t] equal to a nonlinear
function of the offer levels a1, as,... ,ak.

Finally, we run a nonlinear optimizer (Matlab in our case)
with these equations as constraints and the expanded recur-
sion for w(A) from Definition 6 as the objective, which is
now just a function of the offer levels a1,a2,...,ar. The
output of the optimizer is the values of the optimal offer
levels a1, a3, ... ,a.

We also set k¥ = kmaqs. This is without loss of generality
because the optimizer simply can make some of the offers
so high that they surely will be rejected (in practice this
never occurred for any of the valuation distributions that
we tried).



The computational complexity of computing the optimal
offers in a multiple-offer TLA is an open problem. The anal-
ysis is complicated by the system of equations that describe
the buyer’s thresholds. Solving for the threshold variables
directly produces large algebraic expressions, and the com-
plexity of these expressions depends heavily on the underly-
ing distribution.

6.1.1 A tractable case

Although the question of complexity remains open for the
general case, we have developed a linear-time algorithm for
the special case of two buyers with uniform distributions
on the interval [0,1]. This algorithm relies heavily on re-
sults obtained recently by Blumrosen and Nisan [4]. They
examine auctions in which the amount of information a
buyer can transmit to the seller is severely limited. One
of the main results is that when a buyer is limited to choos-
ing from among k possible messages, the buyer’s valuation
range is partitioned into k continuous intervals (the intervals
are, in general, asymmetric among the bidders). The buyer
signals which interval her valuation happens to fall in. It
turns out that the thresholds that separate the intervals are
the same as the equilibrium thresholds in an optimal TLA.
(Note that these are the equilibrium thresholds, not the of-
fer levels.) This is easily seen by considering a TLA where
each buyer receives k offers, and thus has k threshold values.
The TLA could be converted to a direct mechanism where
the buyer simply states the first offer that she is willing to
accept. Then the problem of computing the thresholds in
a TLA becomes the same as computing the thresholds in
a communication-bounded auction. The following theorem
from [4] (stated using our threshold notation) motivates Al-
gorithm 2.

THEOREM 5. ([4]) When there are two buyers with valu-
ations drawn uniformly from the interval [0,1] the thresholds
in an optimal 2k-offer TLA, k > 2, are:

t] = t+ (2k_j2;1—){.3(1_t) if .] € {17 2) s ,2k - 1}
: 1 if j=2k

Algorithm 2 computes the offer levels for a multiple-offer
TLA with two buyers having uniform distributions on the

interval [0, 1].

ALGORITHM 2. Let kmaz > 4 be an even number denot-
ing the total number of offers made.
1. k< Emae 49
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3. For j from 1 to kmaz — 1
(a) If j is odd, then i < 1, else i < 2
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For j from kmaz — 2 down to 1
(a) If j is odd, then i « 1, else i « 2
(b) aj =t; — Rj41 (] — aj+2)
J .
(c) If j > 2, then R; + t—;%'g, else Rj « t]
THEOREM 6. Algorithm 2 computes an optimal TLA for

the setting with two buyers having uniform distributions on
the interval [0, 1].

PROOF. Immediate from Theorems 2 and 5 and from the
algorithm. [

6.2 Single-offer TLAs

Now we are considering single-offer TLAs, so we have kpqz <
n by definition. Since making at least some offer to every
buyer cannot hurt the seller’s expected utility, we always
have an optimal single-offer TLA with k = kmaz. S0, we set
k= kmacc-

For convenience, we will think of the optimization problem
as two separate problems. The first problem is to determine
the order in which the buyers receive the offers. The second
problem is to compute the actual offer values.

First, consider symmetric settings, i.e., F; = F; for all
buyers %, j. In this case the order does not matter, so we set
them arbitrarily. The offer values can be determined with
the following algorithm.

ALGORITHM 3. Compute offer levels for single-offer TLA
1. ™+ vo
2. For i from ke, down to 1

(a) a; «+ argmax, (1 — Fi(a))a + Fi(a)w

(b) T4 (1 - Fz(ai))al + Fi(ai)ﬂ'

PROPOSITION 7. In the symmetric setting, the single-of-
fer TLA design problem is solved optimally by Algorithm 3.

ProoOF. Consider the last offer made in a TLA. The result
of the last offer does not affect the result of any of the other
offers. Thus, the seller should make an optimal offer, which
is computed in step 2(a) during the first iteration. Now
consider the next to last offer. Again, the result of this
offer does not affect any of the previous offers. Also, the
expected utility the seller earns if this offer is rejected has
already been computed and is stored in 7. Thus, the offer
computed in step 2(a) is the optimal offer. Continuing with
this “backward induction,” it is easy to see that Algorithm
3 correctly computes the optimal offer levels. [

If we assume that F; can be evaluated in constant time
and that the “argmax” computation can also be done in
constant time, then Algorithm 3 runs in time linear in the
number of offers kmq,. For a wide range of common dis-
tributions, including uniform and exponential distributions,
these assumptions hold.

Now, consider asymmetric settings. Clearly the order of
offers now can make a difference to the seller’s expected util-
ity. For general asymmetric preferences, we do not know of
an efficient algorithm for ordering the offers. (For example,
always greedily making an offer to the remaining buyer from
whom the seller can myopically expect the greatest utility is
not generally optimal.) One could try all possible orderings,
running Algorithm 3 to evaluate each ordering. However,
for a large number of buyers this would be infeasible since
the number of orderings is kmaz!. Fortunately, we have been
able to show that in some commonly used special cases one
can order the buyers in polynomial time. We denote a uni-
form distribution over the interval [a,b] as Ula,b] and an
exponential distribution having mean 1/u as Exp[u] (its cu-
mulative density is Fi(z) =1 —e™#").

THEOREM 8. With v; ~ U[0, w;], an optimal single-offer
TLA can be determined in O(n log n) time by sorting the
buyers in decreasing order of w; and passing the sequence to
Algorithm 3.



[ Number of buyers: [ 1 | 2 [ 1 6 3 10 20 50 [ 100
vi ~ U[0,1] 1/0 | 938 /.800 | .981 / .978 | .894 / .997 | .900 / 1 907 / 1 937 / 1 972 / 1 992 / 1
v; ~ U[0,1] 1/0 | .980 / .646 | .050 / .844 | .053 / .898 | .952 / .022 | .952 / .936 | .958 / .963 | .971 / .980 | .979 ] .987
v; ~ Uli,7 + 1] 1/0 | .979 / 735 | .990 / .866 | .993 / .910 | .995 / .933 | .996 / .946 | .998 / .973 | .999 / .989 | 1 / .995
v; ~ Bxp[2] T1/0 | 932 / 749 | .994 / .961 | .847 / .991 | .837 / .997 | .833 / .999 | .836 / 1 855 / 1 872/ 1
v; ~ Bxpli] T/0 | .509 / .657 | .017 / .813 | .900 / .824 | .918 / .822 | .927 / .819 | .942 / .813 | .948 / .811 | .948 / .810

Table 1: The left (right) number in each cell is the expected utility of an optimal single-offer TLA (English
auction) divided by the expected utility of the Myerson auction. Values of 1 indicate that the auction was
within 0.0005 of optimal, except in the 1-buyer column where a TLA generates the same expected utility for

the seller as Myerson.

PRrROOF. The proofs are omitted due to limited space. [

THEOREM 9. With v; ~ Exp[us], an optimal single-offer
TLA can be determined in O(n log m) time by sorting the
buyers in increasing order of u; and passing the sequence to
Algorithm 3.

7. ECONOMIC PERFORMANCE OF TLAS

In this section we present experiments and theoretical results
to give an indication of how one can expect our TLAs, opti-
mized as explained above, to perform in practice. (Through-
out these experiments, we set the seller’s valuation vo to
Zero.)

First we studied the performance of our optimal single-
offer TLA as the number of buyers increases. Naturally,
as the number of buyers increases, the expected utility of
the single-offer TLA increases. Table 1 shows how well an
optimal single-offer TLA fares relative to Myerson’s utility-
maximizing auction as the number of buyers increases (and
each buyer is made exactly one offer). The single-offer TLA
is close to optimal. Interestingly, the relative performance
does not improve monotonically, but does improve when the
number of buyers is large.'® The advantage of our single-
offer TLA over the English auction is greatest when the num-
ber of buyers is not very large. Also, it tends to be great-
est in the asymmetric settings. (Naturally, our multiple-
offer TLAs would yield even greater expected utility for the
seller.) In the case of 1 buyer, a TLA performs exactly as the
Myerson auction, and the English auction does not generate
any expected utility for the seller.

Figure 1 shows how the seller’s expected utility in an op-
timal multiple-offer TLA increases as the number of offers
increases. As can be seen, the TLA performs extremely well
after a small number of offers. The following result, which
follows immediately from a result in [4] and the correspon-
dence between communication-bounded auctions and TLAs,
shows that we can expect a TLA to perform well for a wide
variety of distributions.

THEOREM 10. ([4]) The revenue loss in an optimal k-
offer TLA with 2 symmetric buyers having regular distri-
butions is O (k%)

For some distributions, including the uniform distribution,
the above bound is tight. This result is asymptotic, but in
practice TLAs yield close to optimal expected utility for the
seller, as exemplified in Table 2 where we considered sev-
eral 2-buyer settings, showing how close a TLA gets to the
expected utility generated by Myerson’s utility-maximizing

10T the third row, the optimal single-offer TLA determinis-
tically allocates the good to the highest buyer, thus making
the allocation efficient in this case, where the Myerson auc-
tion is inefficient.

04167 e

)
IS
T

TLA
English

Myerson

o
i
%

o
i
&

0.33331
0.32f

Seller’s expected utility

0 2 4 6 8 0 12 14 16 18 20
Number of offers

Figure 1: Seller’s expected utility as the number of

offers increases. The two buyers’ valuations have
uniform distributions on the interval [0, 1].

auction as the number of offers increases. Even with a small
number of offers, the expected utility of a TLA is close to
optimal, and increases monotonically with the number of
offers.

[ Total number of offers: [ 1 | 2 [ 3 [ English |
v1 ~ U[0, 1], va ~ UJ0, 1] 600 | .38 | .979 || .800
v1 ~ U[0.5, 2], 02 ~ U[0,1] || .857 | .077 | .992 625
vy ~ U[L,4], va ~ U[0, 1] 932 | .994 | .997 .350
v1 ~ Exp[2], va ~ Exp[2] 551 | .932 | .977 749
v1 ~ Exp|2], v2 ~ Exp[4] || .726 | .068 | .986 || .658

Table 2: Seller’s expected utility of an optimal 2-
buyer TLA and the English auction divided by the
expected utility of the Myerson auction.

8. MECHANISMS SIMILAR TO TLAS

In the economics literature, we know of one paper that dis-
cusses sequential take-it-or-leave-it offers [2]. The authors
propose sequential offers for holding an optimal auction.
However, the authors assume that the seller can decide the
accuracy to which the buyers learn their own valuations.
One way they can achieve this is by withholding informa-
tion. In our model, the seller has no control of the buyers’
information. Furthermore, the authors do not address any
computational issues.

We are aware of one fielded mechanism that is similar to a
TLA. Amazon.com has recently introduced the “Gold Box”
on their web site [1]. Each day, registered users are given up
to ten take-it-or-leave-it offers for ten different goods. The
offers expire after one hour, and after an offer is rejected, it
is no longer available to the user. The offer levels appear to
be below the normal retail price, but we do not know what
pricing strategy is in use. The techniques developed in this
paper could be used to compute optimal values for these
prices so as to maximize Amazon’s expected utility (under
certain reasonable assumptions).

A piece of closely related research concerns online auc-



tions [9] and online exchanges [3]. In those papers the au-
thors examine how bids should be treated in an online set-
ting where the auctioneer (or exchange administrator) has
to make accept/reject decisions about expiring bids before
all potential future bids are received. The authors have de-
veloped online algorithms and analyzed how well their algo-
rithms do compared to an omniscient algorithm that knows
all future bids in advance. Many of those algorithms end
up choosing bid acceptance thresholds, so in that sense they
use (implicit) take-it-or-leave-it offers.

Finally, most retail is of the form of making take-it-or-
leave-it offers. In the typical retail setting the seller posts
price for each item she wishes to sell. The seller generally
does not have specific information about a given buyer, and
so all buyers face the same prices (i.e. the prices are non-
discriminatory). This distinguishes the typical retail setting
from single-offer TLAs where the prices are discriminatory.

9. CONCLUSIONS AND FUTURE WORK

We introduced TLAs as a selling (or buying) mechanism
that has low valuation revelation as do the most commonly
used auction mechanisms (English and Dutch auctions), yet,
unlike them, generates close-to-optimal expected utility for
the seller. We showed that in single-offer TLAs, each buyer’s
dominant strategy is to act truthfully. In multiple-offer
TLAs, the buyers’ optimal strategies are more intricate, and
we derived the perfect Bayesian equilibrium for the game.
We developed algorithms for finding the equilibrium and for
optimizing the offers in single-offer and multiple-offer TLAs
S0 as to maximize the seller’s expected utility (subject to an
exogenous constraint on the number of offers), and proved
that optimal TLAs have many desirable features. We ap-
plied a recent result by Blumrosen and Nisan to TLAs to
show that the seller’s expected utility is close to optimal al-
ready for a small number of offers. We also showed in several
examples that as the number of buyers increases, the seller’s
expected utility increases and becomes increasingly (but not
monotonically) more competitive with Myerson’s expected
utility maximizing auction. Myerson’s uses full valuation
revelation and is arguably impractical because the rules are
unintuitive, unlike ours in which the mechanism is simply
a sequence of take-it-or-leave-it offers. Even our single-offer
TLA tends to yield significantly greater utility to the seller
than the English auction when the setting is asymmetric or
the number of buyers is not very large.

Future research includes developing fast offer-ordering al-
gorithms for asymmetric single-offer TLAs for arbitrary val-
uation distributions, as well as fast special-purpose algo-
rithms for PBE finding, offer ordering, and offer value op-
timization in multiple-offer TLAs. We also plan to extend
this work to auctions of multiple identical units and to auc-
tions of multiple distinguishable items. Finally, we are in-
terested in examining how sensitive TLAs are to the various
assumptions that are made, especially concerning the com-
mon knowledge assumption.
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