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Optimization
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o Unconstrained optimization: gradient =
o Equality-constrained optimization

o Lagrange multipliers
o Inequality-constrained: either

o nonnegative multipliers (last W), or
o Seach thiough bases (simplex, on M)
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Optimization in ILPs
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Optimization in ILPs
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» Duality gap and Slaté® condition
o Cutting planes (how to use, how to Pnd
o generally e.g., Gomory

o problem specibc, e.qg., subtour
elimination for TSPs

o Branch and cut




ILPS
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Historical note

X ~ = 1" E.:"l" .h.

o Gomory©cuts weznOthe brst poly-time
cuts: e.g., Dantzig in 1959

o But they weg brst to guarantee bnite
termination of cutting plane method for

o Proven by Gomory in 1963
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Game sean













I\/Iaklng It work

o Minimax Is all well and good for small
games

o But what about bigger ones? 2 answers
o cutting off searh early (big win)
o pruning (smaller win but still useful)




Heuristics
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o Quickly and apppximately evaluate a
position without seah

o E.g.,Q=9,R=5B=N=3,B1

o Build out game &e as far as we can, us
heuristic at leaves in lieu oéal value

o might want to build it out unevenly
(more below)




Heuristics
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o Deep Blue used: materiel, mobiliking
nosition, center conti, open Ple foraok,
naired bishopstioks, E (> 6000 total
features!)

o \W\eights ae context dependent, learned
from DB of grandmaster games then he
tweaked




Quiescence
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Alpha beta prunlng
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o Do a DFS though game #&e
o At each node n on stack, keep bounds

o a(n): value of best deviation so far fo
MAX along path to n

o B(n): value of best deviation so far fo
MIN along path to n




Alpha beta prunlng
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o Deviation = way of leaving the path to r
o S0, 1o gety,
o take all MAX nodes on path to n

» look at all their childen that weOve
Pnished evaluating

o best (highest) of these chifr isa
o Lowest of childen of MIN nodes I8







Alpha beta prunlng
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o At max node:
o receivea andp values fom paent
o expand childen one by one
o Updatea as we go
o If a ever gets higher thap, stop

» won©ever each this node éturno)




Alpha beta prunlng
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o At min node:
o receivea andp values fom paent
o expand childen one by one
o Updatep as we go
o If B ever gets lower than, stop
o won©Oever each this node éturnp)







How much do we save?
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o Original tree: I¥ nodes
o b = branching factor
o d = depth

o |If we expand childgn in random ater,
pruning will touch B94 nodes

o Lower bound (best node brst}%

o Can often get close to lower bound w/
move ordering heuristics
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Matrix
games




Matrix games
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o Games whex each player chooses a sin
move (simultaneously with other player

o Also called normal form games

o Simultaneous moves cause uncertainty
donOknow what other player(s) will do




Acting In a matrix game
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o One of the simplest kinds of games; we
get moe complicated later in course

o But still will make us talk about
o negotiation
o cooperation
o threats, pomises




Matrix game prlsone@ dilemm:z

C D C D
C -1 -9 C = 0
D 0 =9 D -9 -5

payoff to Row

Payoff to Col







Can also have n- player game
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H T H T
H |10,0,140,0,1| H |1,1,40,0,1
b 1000 111 ( T [0,0,10,0,1

If Layer plays H

If Layer plays T




simple
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Analyzmg a game

o What do we want to know about a gam

o Value of a joint action: justaad it off of
the table

o Value of a mixed joint strategy: almost ¢




Value of a mixed joint strategq:
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C D

G 06*.3*W | .4*.3*X

D O*.7*y | .4*.7*Z

o Suppose Row plays 30-70, Col plays 6!




Payof of Jomt strategy
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o Just an average over elements of payo
matrices Mz and M

o If xandy ae strategy vectors like (.3, .7
then we can write »xy and x®cy




What else?
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o Could ask for value of a strategy x unde
various weaker assumptions about othe
players@trategies yz, E

o Weakest assumption: other players mig
do absolutely anything!

o How much does a strateguarantee Us In
the most paranoid of all possible worlds




Safety value
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o Wbrst-case value of aw strategy X in 2-
player game is

o miny XOMRr Yy
o More than two players, min overz; E

o Best worst-case value s8fety value or
minimax value of game

o max min, XxVir y
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/ern-sum
games




Zero-sum game
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o A 2-player matrix game wher

o (payoff toA) = -(payoff to B) for all
combinations of actions

o Note: 3-player games amever called
Zel-sum, even If payoffs add to O

o But If (payoff toA) = 7 - (payoff to B) we
sometimes fudge and call it zesum







Minimax
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o In zeo-sum games, safety value for Ro'
negative of safety value for Col (famou:
theoem of Nash)

o A strategy that guarantees minimax vall
IS aminimax strategy

o If both players play such strategies, we
IN a minimax equilibrium

o NO Incentive for either player to switc


































Duality

e . & : E A Pty I Lt e Wy L by s P PV, e arn e W PR

o X IS dual variable for My 1z

o Complementarity: Row can only play
strategies wher My =1z

o Makes sense: others cost mor

o Dual of this LPlooks the same, so Col ¢
only play strategies wherxOM Is maxim;
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General-sun
equilibria







Pessimism
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o In Lunch, safety value Is 12/7 < 2

o Could get 3 by suggesting lesef@rred
restaurant

o Any halfway-rational player will
cooperate with this suggestion




Ratlonallty
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o Trust the other player to look out for his
her own best int@sts

o Stronger assumption than Os/he might
anythingO

o Results in possibility of highd¢han-safety
payoff




Dominated strategies
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o FIrst step towads being rational: if a
strategy Is bad no matter what the othe
player does, dohf@lay it!

o Such a strategy B&trictly) dominated
o Strict = always worse (not just the same
o Weak = sometimes worse, never better







Do we always get a unique
answer’?
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o No: try Lunch Al U

o What can we do instead”

o Well, what was special
about Row offeringtopla | Y |0,04, 3
A?




Equnlbrlum
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o If Row says s/he will pla4,

ColObest response is to play Al U
A as well .
. - A ’ 4 ) |
o And If Col playsA, then Rové(
best esponse Is alsA U |0, 04, 3

o S0 (AA) Is a mutually
reinforcing pair of strategies!
an equilibrium




Flndlng equnlbrla
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o The idea of equilibrium allows us to rule
out some ma joint strategies beyond
what dominance gave us

o The particular type of equilibrium wear
about to describe is due to Nash

o his name keeps coming upE




Flndlng equnlbrla
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o In a Nash equilibrium, we have a (mixe
strategy for each player

o Each strategy is a bestsponse to other:
o puts zeo weight on suboptimal action

o therefore zep weight on dominated
actions







How good Is equilibrium?
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o Does an equilibrium tell you how to play

o Sadly no.

o To get furtherweOll need additional
assumptions
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Bargaining




Bargalnlng
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o In the standast model of a matrix game,
players cart@ommunicate

o To allow for bagaining, we will extend tf
model two ways:

o Prst,cheap talk
o Second, anoderator




Cheap talk
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o Players get a chance to talk to one ano
before picking their actions

o They cay say whatever they wantNlie,
threaten, cajole, or even be honest

o What will happen?




Coordination
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o Certainly the players will try tooordinate

o That is, they will try to agre on an
equilibrium

o agreeing on a non-equilibrium will lee
to deviation

o But which one?
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Value to player 1

o
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Pareto dominance
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o In Lunch, thee are 3 Nash equilibria

o Players could agre on any one, or age
to randomize among them

o €.0., each simultaneously say a binal
number XOR togetheluse esult to picl
equilibrium




Pareto dominance
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o Not all equilibria ae
created equal

o For any in bown triangle® ..
Interior, there is one onad -

1001

line that®better forboth ) ;
players o w0 wn o
o Red line =Pareto dominant




Beyond Pareto
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o We still havert@chieved our goal of
actually pedicting what will happen

- WeOve naowed it down a lot: Pato-
dominant equilibria

o Further narowing is the subject of mucl
argument among game theorists




Nash bagaining solution
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o Nash designed a model of the dpaning
process (thex®that name againE)

o Rubinstein later made the model mor
detailed and implementable

o Model includes offers, thats, and
Impatience to@ach an aggement

o In this model, we Pnally have a unique
answer to Owhat will happen?0O




Nash bagaining solution
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o Predicts players
will agree on the
point on Paeto 300|

4007

frontier that 2
maximizes mduct s2°
of extra utility S

100}

o Invariant to axis
rescaling, player

I O 160 | 260 360 460
eXChang N g Value to player 1




Moderator
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o A moderator has a big deck of cir

o Each cad has a ecommended action fo
each player

o Moderator draws a cal, whispers action
to corresponding players

o actions may be coetated
o only Pnd out your own




Correlated equnlbrlum

MWWHM Py T I Sl R TR S POC RS LI O e

o Since players can have celated actions
an equilibrium with a moderator is calle
a correlated equilibrium

o Example: 5-way stoplight
o All NE are CE

o At least as many CE as NE in every ga
(often strictly moe)




Realism?
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o Moderators ae often available
o Sometimes have to be kind of clever

o E.g., can simulate a moderator using
cheap talk and some crypto







Correlated equnlbrlum
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o Probabllity that Row isecommended to
playA=a+Db

o Glven ecommendation fok, probability
that Col also play&=a/ (a + b)

o Rationality: when IOnecommended to
play A, | donOvant to play B instead










Bargalnlng
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o Can use Nash bgaining model to select
among CE

o Same esults hold: unigue answer on
Pareto frontier (but now Pagto frontier
might be better)




