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1. In tro duction

Deductiv e systems, giv en via axioms and rules of inference, are a common concep-

tual to ol in mathematical logic and computer science. They are used to sp ecify

man y v arieties of logics and logical theories as w ell as asp ects of programming

languages suc h as t yp e systems or op erational seman tics. A lo gic al fr amework is

a meta-language for the sp eci�cation of deductiv e systems. A n um b er of di�eren t

framew orks ha v e b een prop osed and implemen ted for a v ariet y of purp oses. In addi-

tion, general reasoning systems ha v e b een used to study deductions as mathematical

ob jects, without sp eci�c supp ort for the domain of deductiv e systems.

In this c hapter w e highligh t the ma jor themes, concepts, and design c hoices for

logical framew orks and pro vide p oin ters to the literature for further reading. W e

concen trate on systems designed sp eci�cally as framew orks and among them on

those most immediately based on deduction: hereditary Harrop form ulas (imple-

men ted in � Prolog and Isab elle) and the LF t yp e theory (implemen ted in Elf). W e

brie
y men tion other approac hes b elo w and discuss them in more detail in Section 8.

Logical framew orks are sub ject to the same general design principles as other

sp eci�cation and programming languages. They should b e simple and uniform,

pro viding concise means to express the concepts and metho ds of the in tended ap-

plication domains. Meaningless expressions should b e detected statically and it

should b e p ossible to structure large sp eci�cations and v erify that the comp onen ts

�t together. There are also concerns sp eci�c to logical framew orks. P erhaps most

imp ortan tly , an implemen tation m ust b e able to c hec k deductions for v alidit y with

resp ect to the sp eci�cation of a deductiv e system. Secondly , it should b e feasible to

pro v e (informally) that the represen tations of deductiv e systems in the framew ork

are adequate so that w e can trust formal deriv ations. W e return to eac h of these

p oin ts when w e discuss di�eren t design c hoices for logical framew orks.

Historically , the �rst logical framew ork w as Automath [de Bruijn 1968, de Bruijn

1980, Nederp elt, Geuv ers and de V rijer 1994] and its v arious languages, dev elop ed

during the late sixties and early sev en ties. The goal of the Automath pro ject w as

to pro vide a to ol for the formalization of mathematics without foundational prej-

udice. Therefore, the logic underlying a particular mathematical dev elopmen t w as

an in tegral part of its formalization. Man y of the ideas from the Automath lan-

guage family ha v e found their w a y in to mo dern systems. The main exp erimen t

conducted within Automath w as the formalization of Landau's F oundations of

A nalysis [Jutting 1977]. In the early eigh ties the imp ortance of constructiv e t yp e

theories for computer science w as recognized through the pioneering w ork of Martin-

L• of [Martin-L• of 1980, Martin-L• of 1985 a , Martin-L• of 1985 b ]. On the one hand, this

led to a n um b er of systems for constructiv e mathematics and the extraction of

functional programs from constructiv e pro ofs (b eginning with P etersson's imple-

men tation [P etersson 1982], follo w ed b y Nuprl [ Nuprl 1999, Constable et al. 1986],

Co q [ Co q 1999, Do w ek, F elt y , Herb elin, Huet, Murth y , P aren t, P aulin-Mohring and

W erner 1993], PX [Ha y ashi and Nak ano 1988], and LEGO [ LEGO 1998, Luo and

P ollac k 1992, P ollac k 1994]). On the other hand, it strongly in
uenced the design

of LF [Harp er, Honsell and Plotkin 1987, Harp er, Honsell and Plotkin 1993], some-
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times called the Edin burgh Logical F ramew ork (ELF). Concurren t with the dev el-

opmen t of LF, framew orks based on higher-order logic and resolution w ere designed

in the form of generic theorem pro v ers [P aulson 1986, P aulson 1989, Nipk o w and

P aulson 1992] and logic programming languages [Nadath ur and Miller 1988, Miller,

Nadath ur, Pfenning and Scedro v 1991]. The t yp e-theoretic and logic programming

approac hes w ere later com bined in the Elf language [Pfenning 1989, Pfenning

1991 a ]. A t this p oin t, there w as a pause in the dev elopmen t of new frame-

w orks, while the p oten tial and limitations of existing systems w ere explored in

n umerous exp erimen ts (see Section 8.3). The mid-nineties sa w renew ed activ-

it y with implemen tations of framew orks based on inductiv e de�nitions suc h as

FS

0

[F eferman 1988, Matthews, Smaill and Basin 1993, Basin and Matthews 1996]

and ALF [Nordstr• om 1993, Altenkirc h, Gasp es, Nordstr• om and v on Sydo w 1994],

partial inductiv e de�nitions [Halln• as 1991, Eriksson 1993 a , Eriksson 1994], sub-

structural framew orks [Sc hro eder-Heister 1991, Girard 1993, Miller 1994, Cerv esato

and Pfenning 1996, Cerv esato 1996], rewriting logic [Mart � �-Oliet and Meseguer

1993, Boro v ansk � y, Kirc hner, Kirc hner, Moreau and Ringeissen 1998], and lab elled

deductiv e systems [Gabba y 1994, Basin, Matthews and Vigan� o 1998, Gabba y 1996].

A full discussion of these is b ey ond the scop e of this c hapter|the reader can �nd

some brief remarks in Section 8.

Some researc hers distinguish b et w een logical framew orks and meta-lo gic al fr ame-

works [Basin and Constable 1993], where the latter is in tended as a meta-language

for reasoning ab out deductiv e systems rather than within them. Clearly , an y meta-

logical framew ork m ust also pro vide means for sp ecifying deductiv e systems, though

with di�eren t goals. W e therefore consider them here and discuss issues related

to meta-theoretic reasoning in Section 5. Systems not based on t yp e theory are

sometimes called gener al lo gics . W e do not attempt to delineate precisely what

c haracterizes general logics as a sp ecial case of logical framew orks, but w e p oin t

out some metho dological di�erences b et w een approac hes ro oted in t yp e theory and

logic throughout this c hapter. They are summarized in Section 8.

The remainder of this c hapter follo ws the tasks whic h arise in a t ypical applica-

tion of a logical framew ork: sp e ci�c ation , se ar ch , and meta-the ory . As an example

w e pic k a fragmen t of predicate logic. In Section 2 w e in tro duce tec hniques for the

represen tation of form ulas and other expressions of a giv en ob ject logic. Section 3

treats the represen tation of judgmen ts and legal deductions. These t w o sections

therefore illustrate ho w logical framew orks supp ort sp eci�cation of deductiv e sys-

tems. Section 4 sk etc hes generic principles underlying pro of searc h and ho w they

are realized in logical framew orks. It therefore co v ers reasoning within deductiv e

systems. Section 5 discusses approac hes for formal reasoning ab out the prop erties

of logical systems. Sections 6 and 7 summarize the formal de�nitions underlying the

framew orks under consideration in this c hapter. W e conclude with remarks ab out

curren t lines of researc h and applications in Section 8.
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2. Abstract syn tax

The sp eci�cation of a deductiv e system usually pro ceeds in t w o stages: �rst w e de�ne

the syn tax of an ob ject language and then the axioms and rules of inference. In order

to concen trate on the meanings of expressions w e ignore issues of concrete syn tax

and parsing and concen trate on sp ecifying abstract syn tax. Di�eren t framew ork

implemen tations pro vide di�eren t means for customizing the parser in order to

em b ed the desired ob ject-language syn tax.

As an example throughout this c hapter w e consider form ulations of in tuitionis-

tic and classical �rst-order logic. In order to k eep this c hapter to a manageable

length, w e restrict ourselv es to the fragmen t con taining implication, negation, and

univ ersal quan ti�cation. The reader is in vited to test his or her understanding

b y extending the dev elopmen t to include a more complete set of connectiv es and

quan ti�ers. Represen tations of �rst-order in tuitionistic and classical logic in v ari-

ous logical framew orks can b e found in the literature (see, for example, [F elt y and

Miller 1988, P aulson 1990, Harp er et al. 1993, Pfenning 2001]).

Our fragmen t of �rst-order logic is constructed from individual v ariables, func-

tion sym b ols, and predicate sym b ols in the usual w a y . W e assume eac h function

and predicate sym b ol has a unique arit y , indicated b y a sup erscript, but generally

omitted since it will b e clear from the con text. Individual constan ts are function

sym b ols of arit y 0 and prop ositional constan ts are predicate sym b ols of arit y 0.

F unction sym b ols f

k

Predicate sym b ols p

k

V ariables x

T erms t ::= x j f

k

( t

1

; : : : ; t

k

)

A toms P ::= p

k

( t

1

; : : : ; t

k

)

F orm ulas A ::= P j A

1

� A

2

j : A j 8 x: A

W e assume that there is an in�nite n um b er of v ariables x . The set of function

and predicate sym b ols is left unsp eci�ed in the general dev elopmen t of logic. W e

therefore view our sp eci�cation as op en-ended. A commitmen t, sa y , to arithmetic

w ould �x the a v ailable function and predicate sym b ols. W e write x and y for v ari-

ables, t and s for terms, and A , B , and C for form ulas. There are some imp ortan t

op erations on terms and form ulas required for the presen tation of inference rules.

Sp eci�cally , w e need the notions of free and b ound v ariable, the renaming of b ound

v ariables, and the op erations of substitution [ t=x ] s and [ t=x ] A , where the latter

ma y need to rename v ariables b ound in A in order to a v oid v ariable capture. W e

assume that these op erations are understo o d and do not de�ne them formally . An

assumption generally made in connection with v ariable names is the so-called vari-

able c onvention [Barendregt 1980] (whic h go es bac k to Ch urc h and Rosser [Ch urc h

and Rosser 1936]) whic h states that expressions di�ering only in the names of

their b ound v ariables are considered iden tical. W e examine to whic h exten t v arious

framew orks supp ort this con v en tion.
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2.1. Uni-typ e d r epr esentations

As the arc het ypical un t yp ed represen tation language w e c ho ose �rst-order terms

themselv es. Actually , it is more appropriate to think of it as a uni-typ e d language,

that is, a language with a single t yp e of individuals. F or eac h function sym b ol f w e

ha v e a corresp onding function sym b ol c

f

of the same arit y in the represen tation.

Similarly , eac h predicate sym b ol p is represen ted b y a constan t c

p

. The represen-

tation of v ariables is more complex, since there are in�nitely man y of them. F or

simplicit y , w e assume v ariables are en umerated and the n th v ariable x

n

is repre-

sen ted b y va r ( n ), where the natural n um b ers n are either meta-language constan ts

or constructed from constan ts for zero and successor. W e write p � q for the repre-

sen tation function whic h maps expressions of an ob ject language to ob jects in the

meta-language. W e use sans-serif font for constan ts in v arious logical framew orks

w e consider.

p x

n

q = va r ( n )

p f

k

( t

1

; : : : ; t

k

) q = c

k

f

( p t

1

q ; : : : ; p t

k

q )

p p

k

( t

1

; : : : ; t

k

) q = c

k

p

( p t

1

q ; : : : ; p t

k

q )

p A � B q = imp ( p A q ; p B q )

p : A q = not ( p A q )

p 8 x: A q = fo rall ( p x q ; p A q )

Ho w ev er, our task is not y et complete: w e need to b e able to c hec k, for example,

if a giv en meta-language term represen ts a form ula. F or this w e use Horn clauses

to axiomatize the atomic prop osition fo rmula ( t ) whic h expresses that the meta-

language term t represen ts a form ula of the ob ject language. This requires sev eral

auxiliary predicates to recognize represen tations of v ariables and terms. The sp ec-

i�cation b elo w is e�ectiv e in the sense that it can b e executed in pure Prolog to

c hec k if a giv en term represen ts a w ell-formed form ula. F or our purp oses, w e think

of Horn clauses as generated b y the follo wing grammar.

Horn clauses D ::= P j > j D

1

^ D

2

j P

1

^ : : : ^ P

n

� P j 8 x: D

where P stands for atomic prop ositions and > stands for the true prop osition. W e

refer to a collection of closed Horn clauses as a Horn the ory and write T `

H

P if

the Horn theory T en tails P . Natural n um b ers are represen ted in unary form with

z represen ting 0 and s represen ting the successor function.

nat ( z )

8 n: nat ( n ) � nat ( s ( n ))

8 n: nat ( n ) � va riable ( va r ( n ))

8 t: va riable ( t ) � term ( t )

8 A: 8 B : fo rmula ( A ) ^ fo rmula ( B ) � fo rmula ( imp ( A; B ))

8 A: fo rmula ( A ) � fo rmula ( not ( A ))

8 x: 8 A: va riable ( x ) ^ fo rmula ( A ) � fo rmula ( fo rall ( x; A ))
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W e ha v e to add clauses for particular function and predicate sym b ols. F or example,

if an equalit y predicate eq

2

is a v ailable in the ob ject logic, w e add the clause

8 x: 8 y : term ( x ) ^ term ( y ) � fo rmula ( eq ( x; y ))

Arities of the function sym b ols and predicates are th us built in to the represen tation.

A dra wbac k with this and related �rst-order, uni-t yp ed metho ds is that w e ha v e to

pr ove fo rmula ( t ) to v erify that t represen ts a form ula of the ob ject language; it is

an external rather than an internal prop ert y of the represen tation. More precisely ,

if w e denote the theory ab o v e b y F , then w e ha v e the follo wing represen tation

theorem.

2.1. Theorem ( Adequacy).

1. F `

H

va riable ( t

0

) i� t

0

= p x

n

q for a variable x

n

.

2. F `

H

term ( t

0

) i� t

0

= p t q for a term t .

3. F `

H

fo rmula ( t

0

) i� t

0

= p A q for a formula A .

Pr oof. In one direction this follo ws b y an easy induction on n and the structure

of t and A .

In the other direction w e need a deep seman tic or pro of-theoretic understanding

of Horn logic. F or example, w e use the structure of the least Herbrand mo del, or

w e can tak e adv an tage of the fact that a Horn theory inductiv ely de�nes its atomic

predicates.

Adequacy theorems pla y a critical role in logical framew orks. They guaran tee

that w e can translate expressions from the ob ject language to ob jects in the meta-

language, compute with them, and then in terpret the results bac k in the ob ject

language. This will b e particularly imp ortan t when w e consider the adequacy of the

enco ding of inference rules (Theorem 3.1) and deductions (Theorem 3.2), b ecause

they ensure that formal reasoning in the logical framew ork is correct with resp ect

to the ob ject logic under consideration. Generally , w e w ould lik e the represen tation

function to b e a bijection, but this is not alw a ys necessary as long as w e can translate

safely in b oth directions.

F or the particular adequacy theorem ab o v e it is irrelev an t whether the prop osi-

tions of the meta-logic are in terpreted classically or in tuitionistically , since classical

and in tuitionistic pro v abilit y coincide on Horn clauses. W e can also view a �xed

set of Horn clauses as an inductiv e de�nition of the atomic predicates in v olv ed.

In our example, the predicates nat , va riable , term , and fo rmula are all inductiv ely

de�ned b y the clauses giv en ab o v e. The fact that Horn clauses allo w suc h div erse

in terpretations is one reason wh y they constitute a stable and frequen tly used basis

for logical framew orks.

The �rst-order represen tation ab o v e do es not supp ort the v ariable con v en-

tion: renaming of b ound v ariables m ust b e implemen ted explicitly . F or example,

the represen tations of 8 x

1

: p ( x

1

) and 8 x

3

: p ( x

3

) are not iden ti�ed in the meta-

language. Instead w e can de�ne a binary predicate id suc h that id ( A

1

; A

2

) holds
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i� A

1

and A

2

represen t form ulas whic h di�er only in the names of their b ound

v ariables. The tec hnique of de Bruijn indic es [de Bruijn 1972] eliminates this

shortcoming without requiring a c hange in the expressiv e p o w er of the meta-

language. There, a v ariable is represen ted b y a natural n um b er n , whic h indi-

cates that the v ariable is b ound b y the n th enclosing abstraction. F or example,

8 x

1

: 8 x

5

: p ( x

5

) � p ( x

1

) and all alphab etic v arian ts of it w ould b e represen ted as

fo rall ( fo rall ( imp ( p ( va r (1)) ; p ( va r (2))))). De Bruijn indices ha v e b een emplo y ed as

the basic represen tation for man y implemen tation and v eri�cation e�orts for de-

ductiv e systems (see, for example, [de Bruijn 1972, Shank ar 1988]).

2.2. Simply-typ e d r epr esentation

A standard metho d for transforming an external v alidit y condition (giv en here b y a

Horn theory) in to an internal prop ert y of the represen tation is to in tro duce t yp es.

By designing the t yp e system so that t yp e c hec king is decidable, w e turn a dynamic

prop ert y in to a static prop ert y . W e b egin with simple typ es . The idea is to in tro duce

t yp e constan ts i and o for ob ject-lev el terms and form ulas, resp ectiv ely . Implication,

for example, is then represen ted b y a constan t of t yp e o ! ( o ! o ), that is,

a form ula constructor taking t w o form ulas as argumen ts emplo ying the standard

tec hnique of Currying. This idea can b e directly applied to the represen tation in the

previous section if w e also in tro duce a t yp e constan t for v ariables. W e can impro v e

up on this b y enric hing the represen tation language to include higher-order terms,

whic h leads us to the simply-t yp ed � -calculus, �

!

. W e brie
y summarize it here;

for more complete discussion, see Section 6.

T yp es A ::= a j A

1

! A

2

Ob jects M ::= c j x j �x : A: M j M

1

M

2

W e use a to range o v er t yp e constan ts, c o v er ob ject constan ts, and x o v er ob ject

v ariables. W e follo w the usual syn tactic con v en tions: ! asso ciates to the righ t,

and application to the left. P aren theses group sub expressions, and the scop e of a

� -abstraction extends to the innermost enclosing paren theses or to the end of the

expression. W e allo w tacit � -con v ersion (renaming of b ound v ariables) and write

[ M =x ] N for capture-a v oiding substitution of M for x in N . Constan ts and v ariables

are declared and assigned t yp es in a signature � and con text �, resp ectiv ely . Neither

is p ermitted to declare constan ts or v ariables more than once.

Using the simply-t yp ed � -calculus �

!

as a represen tation language requires us

to distinguish b et w een arbitrary w ell-t yp ed ob jects and c anonic al forms . Canonical

forms directly represen t ob ject-language en tities, while the meaning of arbitrary

w ell-t yp ed ob jects is computed b y con v erting them to canonical form. This is similar

to most programming languages where v alues represen t data and the meaning of

an expression is determined b y ev aluation. This p oin t of view leads to the follo wing

principal judgmen ts. They are parametrized b y a signature � that declares t yp e

and ob ject constan ts and a con text � that declares the t yp e of v ariables free in M
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and M

0

.

� `

�

M : A M is an ob ject of t yp e A

� `

�

M

0

* A M

0

is a canonical ob ject of t yp e A

� `

�

M * M

0

: A M has canonical form M

0

at t yp e A

The formal de�nition of the language and these judgmen ts can b e found in Sec-

tion 6. The appropriate notion for canonical forms are long � � -normal forms, that

is, � -reduced and � -expanded ob jects. Giv en a syn tactic category in the ob ject

language and its represen tation t yp e A , canonical forms of t yp e A are in bijectiv e

corresp ondence with ob ject-language expressions in the appropriate syn tactic cate-

gory (see Theorem 2.2 and the subsequen t discussion). Since ev ery v alid ob ject has

a unique t yp e and canonical form (see Theorem 6.1), the meaning of an arbitrary

v alid ob ject is unam biguously determined.

Tw o ob jects are de�nitional ly e qual if they ha v e the same canonical form.

� `

�

M � N : A M is de�nitionally equal to N at t yp e A .

This is equiv alen t to stipulating that t w o ob jects are de�nitionally equal if they can

b e transformed in to eac h other b y � - and � -con v ersion. Since canonical forms de-

p end on t yp es, de�nitional equalit y also dep ends on t yp es, although w e sometimes

abbreviate it as M � N . F orm ulations of t yp ed � -calculi as the foundation for func-

tional programming normally do not include � -con v ersion, since it do es not preserv e

observ ational equiv alence under the usual op erational seman tics. F or example, the

Pure T yp e Systems review ed in [Barendregt and Geuv ers 2001] (Chapter 18 of this

Handb o ok) t ypically do not include � -con v ersion.

Returning to the represen tation of �rst-order logic, w e in tro duce t w o declarations

i : t yp e

o : t yp e

for the t yp es of represen tations of terms and form ulas, resp ectiv ely . F or ev ery func-

tion sym b ol f of arit y k , w e add a corresp onding declaration

f : i ! � � � ! i !

| {z }

k

i :

One of the cen tral ideas in using a � -calculus for represen tation is to represen t

ob ject-language v ariables b y meta-language v ariables. Through � -abstraction at the

meta-lev el w e can prop erly delineate the scop es of v ariables b ound in the ob ject

language. F or simplicit y , w e giv e corresp onding v ariables the same name in the t w o

languages.

p x q = x

p f ( t

1

; : : : ; t

k

) q = f p t

1

q : : : p t

k

q

Predicate sym b ols are dealt with lik e function sym b ols. W e add a declaration
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p : i ! � � � ! i !

| {z }

k

o

for ev ery predicate sym b ol p of arit y k . Here are the remaining cases of the repre-

sen tation function.

p p ( t

1

; : : : ; t

k

) q = p p t

1

q : : : p t

k

q

p A

1

� A

2

q = imp p A

1

q p A

2

q imp : o ! o ! o

p : A q = not p A q not : o ! o

p 8 x: A q = fo rall ( �x : i : p A q ) fo rall : ( i ! o ) ! o

The last case in the de�nition in tro duces the concept of higher-or der abstr act syntax .

If w e represen t v ariables of the ob ject language b y v ariables in the meta-language,

then v ariables b ound b y a construct in the ob ject language m ust b e b ound in the

represen tation as w ell. The simply-t yp ed � -calculus has a single binding op erator � ,

so all v ariable binding is mapp ed to binding b y � . This idea go es bac k to Ch urc h's

form ulation of classical t yp e theory , see [Andrews 2001] (Chapter 15 of this Hand-

b o ok), and Martin-L• of 's system of arities [Nordstr• om, P etersson and Smith 1990].

In programming en vironmen ts this w as prop osed b y Huet and Lang [1978] and

dev elop ed further b y Pfenning and Elliott [1988].

This leads to the �rst imp ortan t represen tation principle of logical framew orks

emplo ying higher-order abstract syn tax: Bound variable r enaming in the obje ct lan-

guage is mo dele d by � -c onversion in the meta-language. Since w e follo w the v ariable

con v en tion in the meta-language, the v ariable con v en tion in the ob ject language is

automatically supp orted in a framew ork using the represen tation tec hnique ab o v e.

Consequen tly , it cannot b e used directly for binding op erators for whic h renaming is

not v alid suc h as o ccur, for example, in mo dule systems of programming languages.

The v ariable binding constructor \ 8 " of the ob ject language is translated in to a

second-order constructor fo rall in the meta-language, since delineating the scop e of

x in tro duces a function ( �x : i : p A q ) of t yp e i ! o . What do es it mean to apply this

function? This question leads to the concept of c omp ositionality , a crucial prop ert y

of higher-order abstract syn tax. First w e note that

( �x : i : p A q ) p t q � [ p t q =x ] p A q ;

since � -con v ersion is an admissible rule for de�nitional equalit y . W e can further

pro v e (b y a simple induction) that

[ p t q =x ] p A q = p [ t=x ] A q :

Here, substitution (b oth at the ob ject and meta-lev el) are de�ned to rename b ound

v ariables as necessary in order to a v oid the capturing of v ariables free in t . Com-

p ositionalit y also pla ys a v ery imp ortan t role in the represen tation of deductions

in Section 3; w e summarize it as: Substitution in the obje ct language is mo dele d by

� -r e duction in the meta-language.
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The declarations of the basic constan ts ab o v e are op en-ende d in the sense that w e

can alw a ys add further constan ts without destro ying the v alidit y of earlier represen-

tations. In logic programming, this is called the op en-world assumption . Ho w ev er,

the de�nition also has an inductiv e c haracter in the sense that the v alidit y judgmen t

of the meta-language ( �

!

, in this case) is de�ned inductiv ely b y some axioms and

rules of inference. Therefore w e can state and pro v e that there is a c omp ositional

bije ction b et w een w ell-formed form ulas and canonical ob jects of t yp e o . Since a

term or form ula ma y ha v e free individual v ariables, and they are represen ted b y

corresp onding v ariables in the meta-language, w e m ust tak e care to declare them

with their prop er t yp es in the meta-language con text. W e refer to the particular

signature with the declarations for term and form ula constructors as F .

2.2. Theorem ( Adequacy).

1. We have

x

1

: i ; : : : ; x

n

: i `

F

M * i i� M = p t q ;

wher e the fr e e variables of term t ar e among x

1

; : : : ; x

n

.

2. We have

x

1

: i ; : : : ; x

n

: i `

F

M * o i� M = p A q ;

wher e the fr e e variables of formula A ar e among x

1

; : : : ; x

n

.

3. The r epr esentation function p � q is a comp ositional bijection in the sense that

[ p t q =x ] p s q = p [ t=x ] s q and [ p t q =x ] p A q = p [ t=x ] A q

Pr oof. In one direction w e pro ceed b y an easy induction on the structure of terms

and form ulas. Comp ositionalit y can also b e established directly b y an induction on

the structure of s and A , resp ectiv ely .

In the other direction w e carry out an induction o v er the structure of the deriv a-

tions of M * i and M * o . T o pro v e that the represen tation function is a bijection,

w e write do wn its in v erse on canonical forms and pro v e that b oth comp ositions are

iden tit y functions.

An imp ortan t asp ect of this theorem is that it establishes a bijection b et w een

canonical forms of a giv en t yp e ( i and o ) and the ob ject-language en tities w e are

trying to represen t (terms and form ulas, resp ectiv ely). It is clear that not ev ery

w ell-t yp ed ob ject of t yp e i or o lies in the image of the represen tation function.

The next t w o examples sho w that canonical forms and not just � -normal forms are

actually required. W e assume w e ha v e one unary predicate p and a corresp onding

constan t p : i ! o .

` fo rall ( �x : i : (( �q : o : q ) ( p x ))) : o

` fo rall p : o

Both of these ob ject ha v e t yp e o but are not in the image of the represen tation

function p � q . Their meaning can b e determined b y con v ersion to canonical form.
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W e calculate

` fo rall ( �x : i : (( �q : o : q ) ( p x ))) * fo rall ( �x : i : p x ) : o

` fo rall p * fo rall ( �x : i : p x ) : o

and th us b oth ob jects represen t 8 x: P ( x ) (or an alphab etic v arian t, of course).

Similar examples exist for the represen tation of deriv ations in Section 3. This sho ws

that canonical forms pla y the role of observable values in a functional language, and

con v ersion to canonical form the role of ev aluation. A simple � -normal form w ould

not b e su�cien t, as the second example illustrates.

W e summarize the concepts and tec hniques in tro duced in this section. W e noted

the tension b et w een external and internal v alidit y of represen tations. The for-

mer arises if w e write a general (logical) sp eci�cation that allo ws us to pro v e

that meta-language ob jects represen t w ell-formed ob ject-language expressions. The

latter arises from a typ e d meta-language where w ell-t yp ed meta-language ob jects

corresp ond to w ell-formed expressions of the ob ject language. V alidit y of in ternal

represen tations are decidable b y design, while this issue has to b e reexamined in

eac h case for external v alidit y .

A cen tral issue in the represen tation of syn tax is the treatmen t of v ariables.

An enco ding where v ariables are represen ted b y constan ts in the meta-language

is a wkw ard and requires a signi�can t mac hinery to handle the frequen tly required

op erations of b ound v ariable renaming and substitution. The more adv anced tec h-

nique of de Bruijn indic es represen ts o ccurrences of b ound v ariables b y p oin ters

to their binding o ccurrence, drastically simplifying man y op erations. Substitution

m ust still b e axiomatized explicitly . The tec hnique of higher-or der abstr act syn-

tax represen ts ob ject language v ariables b y meta-language v ariables. It requires � -

abstraction in the meta-language in order to prop erly delineate the scop e of b ound

v ariables, whic h suggests the use of the simply-t yp ed � -calculus as a represen ta-

tion language. In this approac h, v ariable renaming is mo deled b y � -con v ersion, and

capture-a v oiding substitution is mo deled b y � -reduction, b oth of whic h preserv e

de�nitional equalit y .

Languages suc h as the form ulas of �rst-order logic are essen tially op en-ende d

in the sense that w e ma y obtain sp eci�c theories b y making a commitmen t to a

particular set of function and predicate sym b ols. On the other hand they are also

inductive in the sense that in order to pro v e a meta-theoretic prop ert y , w e ma y

need to pro ceed b y induction o v er the structure of form ulas, whic h is only p ossible

if w e kno w that w e are considering all p ossible cases. The comp ositionalit y of the

represen tation function is a simple example of suc h an inductiv e pro of. This tension

is re
ected in the simply-t yp ed � -calculus as a represen tation language. On the

one hand, it is op en-ended in the sense that w e can alw a ys declare new constan ts

without in v alidating an y prior t yping or equalit y judgmen ts. On the other hand,

the canonical ob jects constructed o v er a �xed signature are inductiv ely de�ned,

since the meta-language has an inductiv e de�nition. Some framew orks, suc h as

FS

0

[F eferman 1988, Matthews et al. 1993] or ALF [Nordstr• om 1993] mak e the

inductiv e nature of these de�nitions explicit, at the price of giving up higher-order
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abstract syn tax. On the other hand one can then reason in ternally ab out prop erties

of deductiv e systems b y induction. W e will come bac k to inductiv e meta-reasoning

in Section 5.

3. Judgmen ts and deductions

After designing the represen tation of terms and form ulas, the next step is to enco de

the axioms and inference rules of the logic under consideration. There are sev eral

st yles of deductiv e systems whic h can b e found in the literature. There is the ax-

iomatic style (originated b y F rege [1879] and in its mo dern form b y Hilb ert and

Berna ys [1934]) where a logical system is giv en b y axioms and a minimal n um b er of

inference rules. Gen tzen [1935] dev elop ed natur al de duction in whic h the meaning of

eac h logical sym b ol is explained b y means of its in tro duction and elimination rules.

Natural deductions w ere dev elop ed to mo del mathematical reasoning practices more

closely than axiomatic deriv ations while still remaining completely formal. Gen tzen

also in tro duced se quent c alculi in whic h certain prop erties of deriv ations (suc h as

the subform ula prop ert y) are explicit. Sequen t calculi form the basis of man y pro of

searc h pro cedures to da y . Y et another st yle of presen tation is based on category

theory [Lam b ek and Scott 1986].

Logical framew orks are t ypically designed to deal particularly w ell with some

of these systems, while b eing less appropriate for others. The Automath languages

w ere designed to re
ect and promote go o d informal mathematical practice. It should

th us b e no surprise that they w ere particularly w ell-suited to systems of natural

deduction. The same is true for hereditary Harrop form ulas and the LF t yp e theory ,

so w e discuss the problem of represen ting natural deduction �rst. W e return to

axiomatic systems in Section 3.5. Other systems, including sequen t calculi, can also

b e directly enco ded [Pfenning 1995, Pfenning 2000].

3.1. Par ametric and hyp othetic al judgments

First, w e in tro duce some terminology used in the presen tation of deductiv e systems

in tro duced with their mo dern meaning b y Martin-L• of [Martin-L• of 1985 a ]. W e will

generally in terpret the notions as formal and syn tactic, rather than seman tic, since

w e w ould lik e to tie them closely to logical framew orks and their implemen tations. A

judgment is de�ned b y infer enc e rules . An inference rule has zero or more premises

and a conclusion; an axiom is an inference rule with no premises. A judgmen t is

evident or derivable if it can b e deduced using the giv en rules of inference. Most

inference rules are schematic in that they con tain meta-v ariables. W e obtain in-

stanc es of a sc hematic rule b y replacing meta-v ariables with concrete expressions

of the appropriate syn tactic category . Eac h instance of an inference rule ma y b e

used in deriv ations. W e write D :: J or

D

J
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when D is a deriv ation of judgmen t J . All deriv ations w e consider m ust b e �nite.

Natural deduction further emplo ys hyp othetic al judgments . W e write

u

J

1

.

.

.

J

2

to express that judgmen t J

2

is deriv able under h yp othesis J

1

lab elled u , where the

v ertical dots ma y b e �lled b y a hyp othetic al derivation . Hyp otheses ha v e scop e,

that is, they ma y b e dischar ge d so that they are not a v ailable outside a giv en sub-

deriv ation. W e annotate the disc harging inference with the lab el of the h yp othesis.

The meaning of a h yp othetical judgmen t can b e explained b y substitution: W e can

substitute an arbitrary deduction E :: J

1

for eac h o ccurrence of a h yp othesis J

1

lab elled u in D :: J

2

and obtain a deriv ation of J

2

that no longer dep ends on u . W e

write this substitution as [ E =u ] D :: J

2

. F or this to b e meaningful w e assume that

m ultiple o ccurrences of a lab el annotate the same h yp othesis, and that h yp otheses

satisfy the structural prop erties of exchange (the order in whic h h yp otheses are

made is irrelev an t), we akening (a h yp othesis need not b e used) and c ontr action (a

h yp othesis ma y b e used more than once).

An imp ortan t related concept is that of a p ar ametric judgment . Evidence for a

judgmen t J that is parametric in a v ariable a is giv en b y a deriv ation D :: J that

ma y con tain free o ccurrences of a . W e refer to the v ariable a as a p ar ameter and

use a and b to range o v er parameters. W e can substitute an arbitrary ob ject O

of the appropriate syn tactic category for a throughout D to obtain a deduction

[ O =a ] D :: [ O =a ] J . P arameters also ha v e scop e and their disc harge is indicated b y a

sup erscript as for h yp othesis lab els.

3.2. Natur al de duction

Natural deduction is de�ned via a single judgmen t

`

N

A form ula A is true

and the mec hanisms of h yp othetical and parametric deductions explained in the

previous section.

In natural deduction eac h logical sym b ol is c haracterized b y its intr o duction rule

or rules whic h sp ecify ho w to infer a conjunction, disjunction, implication, univ er-

sal quan ti�cation, etc. The elimination rule or rules for the connectiv e then sp ecify

ho w w e can use a conjunction, disjunction, etc. Underlying the form ulation of the

in tro duction and elimination rules is the principle of ortho gonality : eac h connectiv e

should b e c haracterized purely b y its rules, and the rules should only use judg-

men tal notions and not other logical connectiv es. F urthermore, the in tro duction

and elimination rules for a logical connectiv e cannot b e c hosen freely|as explained
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b elo w, they should matc h up in order to form a coheren t system. W e call these

conditions lo c al soundness and lo c al c ompleteness .

Lo cal soundness expresses that w e should not b e able to gain information b y

in tro ducing a connectiv e and immediately eliminating it. That is, if w e in tro duce

and then eliminate a connectiv e w e should b e able to reac h the same judgmen t

without this detour. W e sho w that this is p ossible b y exhibiting a lo c al r e duction

on deriv ations. The existence of a lo cal reduction sho ws that the elimination rules

are not to o strong|they are lo cally sound.

Lo cal completeness expresses that w e should not lose information b y in tro ducing

a connectiv e. That is, giv en a judgmen t there is some w a y to eliminate its principal

connectiv e and then re-in tro duce it to arriv e at the original judgmen t. W e sho w

that this is p ossible b y exhibiting a lo c al exp ansion on deriv ations. The existence

of a lo cal expansion sho ws that the elimination rules are not to o w eak|they are

lo cally complete.

Under the Curry-Ho w ard isomorphism b et w een pro ofs and programs [Ho w ard

1980], lo cal reduction corresp ond to � -reduction and lo cal expansion corresp onds

to � -expansion. W e express lo cal reductions and expansions via judgmen ts whic h

relate deriv ations of the same judgmen t.

D

`

N

A = )

R

D

0

`

N

A D lo cally reduces to D

0

D

`

N

A = )

E

D

0

`

N

A D lo cally expands to D

0

In the framew ork of p artial inductive de�nitions [Halln• as 1991] when used as a

meta-logic [Halln• as 1987, Sc hro eder-Heister 1991, Eriksson 1992, Eriksson 1993 b ,

Eriksson 1993 a , Eriksson 1994] the sp eci�cation of in tro duction rules for a con-

nectiv e automatically leads to the prop er elimination rules b y virtue of general

prop erties of the framew ork. W e do not presupp ose suc h a mec hanism, but explic-

itly describ e b oth in tro duction and elimination rules. In the spirit of orthogonalit y ,

w e pro ceed connectiv e b y connectiv e, discussing in tro duction and elimination rules

and lo cal reductions and expansions.

Implic ation. T o deriv e `

N

A � B w e assume `

N

A to deriv e `

N

B . W ritten as a

h yp othetical judgmen t:

u

`

N

A

.

.

.

`

N

B

� I

u

`

N

A � B

The h yp othetical deriv ation describ es a construction b y whic h w e can transform a

deriv ation of `

N

A in to a deriv ation of `

N

B . This is accomplished b y substituting
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the deriv ation of `

N

A for ev ery use of the h yp othesis `

N

A lab elled u in the

deriv ation of `

N

B . The elimination rule expresses just that: if w e ha v e a deriv ation

of `

N

A � B and also a deriv ation of `

N

A , then w e can obtain a deriv ation of `

N

B .

`

N

A � B `

N

A

� E

`

N

B

The lo cal reduction carries out the substitution of deriv ations explained ab o v e.

u

`

N

A

D

`

N

B

� I

u

`

N

A � B

E

`

N

A

� E

`

N

B

= )

R

E

u

`

N

A

D

`

N

B

The deriv ation on the righ t dep ends on all the h yp otheses of E and D except u ,

for whic h w e ha v e substituted E . The reduction describ ed ab o v e ma y signi�can tly

increase the o v erall size of the deriv ation, since the deduction E is substituted for

eac h o ccurrence of the assumption lab eled u in D and ma y therefore b e replicated.

Lo cal expansion is sp eci�ed in a similar manner.

D

`

N

A � B

= )

E

D

`

N

A � B

u

`

N

A

� E

`

N

B

� I

u

`

N

A � B

Here, u m ust b e a new lab el, that is, it cannot already b e used in D .

Ne gation. In order to deriv e `

N

: A w e assume `

N

A and try to deriv e a con tra-

diction. This is the usual form ulation, but has the disadv an tage that it requires

falseho o d ( ? ) as a logical sym b ol, thereb y violating the orthogonalit y principle.

Th us, in in tuitionistic logic, one ordinarily thinks of : A as an abbreviation for

A � ? . An alternativ e rule sometimes prop osed assumes `

N

A and tries to deriv e

`

N

B and `

N

: B for some B . This also breaks the usual pattern b y requiring the

logical sym b ol w e are trying to de�ne ( : ) in a premise of the in tro duction rule.

Ho w ev er, there is another p ossibilit y to explain the meaning of negation without

recourse to implication or falseho o d. W e sp ecify that `

N

: A should b e deriv able

if w e can conclude `

N

p for an y form ula p from the assumption `

N

A . In other

w ords, the deduction of the premise is h yp othetical in the assumption `

N

A and



Logical framew orks 1079

parametric in the form ula p .

u

`

N

A

.

.

.

`

N

p

: I

p;u

`

N

: A

`

N

: A `

N

A

: E

`

N

C

According to our in tuition, the parametric judgmen t should b e deriv able if w e

can substitute an arbitrary concrete form ula C for the parameter p and obtain

a v alid deriv ation. Th us, p ma y not already o ccur in the conclusion : A , or in

an y undisc harged h yp othesis. The reduction rule for negation follo ws from this

in terpretation and is analogous to the reduction for implication.

u

`

N

A

D

`

N

p

: I

p;u

`

N

: A

E

`

N

A

: E

`

N

C

= )

R

E

u

`

N

A

[ C =p ] D

`

N

C

The lo cal expansion is also similar to that for implication.

D

`

N

: A

= )

E

D

`

N

: A

u

`

N

A

: E

`

N

p

: I

p;u

`

N

: A

Universal quanti�c ation. Under whic h circumstances should w e b e able to deriv e

`

N

8 x: A ? This clearly dep ends on the domain of quan ti�cation. F or example, if w e

kno w that x ranges o v er the natural n um b ers, then w e can conclude `

N

8 x: A if

w e can deriv e `

N

[0 =x ] A , `

N

[1 =x ] A , etc. Suc h a rule is not e�ectiv e, since it has

in�nitely man y premises. Th us one usually uses induction principles as inference

rules. Ho w ev er, in a general treatmen t of predicate logic w e w ould lik e to pro v e

statemen ts whic h are true for al l domains of quan ti�cation. Th us w e can only sa y

that `

N

8 x: A should b e deriv able if `

N

[ a=x ] A is deriv able for an arbitrary new

parameter a . Con v ersely , if w e kno w `

N

8 x: A , w e kno w that `

N

[ t=x ] A for an y term

t .

`

N

[ a=x ] A

8 I

a

`

N

8 x: A

`

N

8 x: A

8 E

`

N

[ t=x ] A

The sup erscript a is a reminder ab out the pro viso for the in tro duction rule: the pa-

rameter a m ust b e \new", that is, it ma y not o ccur in an y undisc harged h yp othesis
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in the deriv ation of [ a=x ] A or in 8 x: A itself. In other w ords, the deriv ation of the

premise is parametric in a . If w e kno w that `

N

[ a=x ] A is deriv able for an arbitrary

a , w e can conclude that `

N

[ t=x ] A should b e deriv able for an y term t . Th us w e ha v e

the reduction

D

`

N

[ a=x ] A

8 I

a

`

N

8 x: A

8 E

`

N

[ t=x ] A

= )

R

[ t=a ] D

`

N

[ t=x ] A

Here, [ t=a ] D is our notation for the result of substituting t for the parameter a

throughout the deduction D . F or this to b e sensible, w e m ust kno w that a do es not

already o ccur in A , b ecause otherwise the conclusion of [ t=a ] D w ould b e [ t=a ][ t=x ] A .

Similarly , w e w ould c hange the assumptions if a o ccurred free in an y of the undis-

c harged h yp otheses. This migh t render a larger deriv ation incorrect. As an example,

consider the judgmen t `

N

8 x: 8 y : p ( x ) � p ( y ) whic h should clearly not b e deriv able

for an arbitrary predicate p . The follo wing is not a deduction of this judgmen t.

u

`

N

P ( a )

8 I

a

?

`

N

8 x: P ( x )

8 E

`

N

P ( b )

� I

u

`

N

P ( a ) � P ( b )

8 I

b

`

N

8 y : P ( a ) � P ( y )

8 I

a

`

N

8 x: 8 y : P ( x ) � P ( y )

The 
a w is at the inference mark ed with \?," where a is free in the assumption

u . Applying a lo cal pro of reduction to the (incorrect) 8 I inference follo w ed b y 8 E

leads to the assumption [ b=a ] P ( a ) whic h is equal to P ( b ). The resulting deriv ation

u

`

N

P ( b )

� I

u

`

N

P ( a ) � P ( b )

8 I

b

`

N

8 y : P ( a ) � P ( y )

8 I

a

`

N

8 x: 8 y : P ( x ) � P ( y )

is once again incorrect since the h yp othesis lab elled u should b e P ( a ), not P ( b ).

The lo cal expansion just in tro duces and immediately disc harges the parameter.

D

`

N

8 x: A

= )

E

D

`

N

8 x: A

8 E

`

N

[ a=x ] A

8 I

a

`

N

8 x: A



Logical framew orks 1081

Classic al lo gic. The inference rules so far only mo del in tuitionistic logic, and some

classically true form ulas suc h as P eirce's la w (( A � B ) � A ) � A (for arbitrary A

and B ) or double negation ( :: A ) � A (for arbitrary A ) are not deriv able. There are

a n um b er of equiv alen t w a ys to extend the system to full classical logic, t ypically

using negation (for example, the la w of excluded middle, pro of b y con tradiction, or

double negation elimination). In the fragmen t without disjunction or falseho o d, w e

migh t c ho ose either a rule of double negation or pro of b y con tradiction.

`

N

:: A

dbneg

`

N

A

u

`

N

: A

.

.

.

`

N

A

contr

u

`

N

A

The rule for classical logic (whic hev er w e c ho ose to adopt) breaks the pattern of

in tro duction and elimination rules. One can still form ulate some reductions for

classical deriv ations, but natural deduction is at heart an in tuitionistic calculus.

The symmetries of classical logic are b etter exhibited in sequen t calculi.

Here is a simple example of a natural deduction sho wing that `

N

A � :: A is

deriv able in in tuitionistic logic. W e attempt to sho w the pro cess b y whic h suc h a

deduction ma y ha v e b een generated, as w ell as the �nal deduction. The three v ertical

dots indicate a gap in the deriv ation w e are trying to construct, with h yp otheses

sho wn ab o v e and the desired conclusion b elo w the gap. A trace of this pro cess when

the searc h is carried out in a logical framew ork is giv en in Section 4.4.

.

.

.

`

N

A � :: A

;

u

`

N

A

.

.

.

`

N

:: A

� I

u

`

N

A � :: A

;

u

`

N

A

w

`

N

: A

.

.

.

`

N

p

: I

p;w

`

N

:: A

� I

u

`

N

A � :: A

;

w

`

N

: A

u

`

N

A

: E

`

N

p

: I

p;w

`

N

:: A

� I

u

`

N

A � :: A

The sym b ol A in this deduction stand for an arbitrary form ula; w e can th us view

the deriv ation ab o v e as parametric in A . In other w ords, ev ery instance of this

deriv ation (replacing A b y an arbitrary form ula) is a v alid deriv ation.
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Belo w is a summary of the rules of in tuitionistic natural deduction. The use of

h yp otheses is implicit in this form ulation, using our understanding of h yp othetical

judgmen ts.

In tro duction Rules Elimination Rules

u

`

N

A

.

.

.

`

N

B

� I

u

`

N

A � B

`

N

A � B `

N

A

� E

`

N

B

u

`

N

A

.

.

.

`

N

p

: I

p;u

`

N

: A

`

N

: A `

N

A

: E

`

N

C

`

N

[ a=x ] A

8 I

a

`

N

8 x: A

`

N

8 x: A

8 E

`

N

[ t=x ] A

3.3. R epr esenting derivability

There are sev eral approac hes to the represen tation of natural deductions in logi-

cal framew orks. W e can in tro duce a predicate nd suc h that nd ( p A q ) holds in the

meta-logic if and only if `

N

A has a deriv ation. This do es not require an explicit

represen tation of natural deductions as ob jects in the meta-language. Another p os-

sibilit y is to in tro duce an explicit represen tation for natural deductions and enco de

the prop ert y \ D is a de duction of `

N

A ".

W e �rst consider the enco ding of deriv abilit y via axioms in a meta-logic. In order

to tak e adv an tage of higher-order abstract syn tax in the represen tation, w e need to

go b ey ond Horn clauses as in tro duced in Section 2.1. An appropriate language is the

language of her e ditary Harr op formulas [Miller et al. 1991] whic h form the basis

b oth of the logic programming language � Prolog [ � Pr olo g 1997] and the generic

theorem pro v er Isab elle [P aulson 1994]. V ariations of this approac h to enco ding

deriv abilit y ha v e b een devised b y P aulson [1986] and F elt y and Miller [1988, 1989].

Quan ti�ers in the meta-logic ha v e t yp e lab els and range o v er simply-t yp ed � -terms.

Since it is unnecessary for our purp oses, w e exclude quan ti�cation o v er form ulas

in the meta-logic and omit some logical connectiv es that are easily de�nable. The

meta-v ariable A ranges here o v er simple t yp es as in Section 6 and should not b e
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confused with the form ulas of �rst-order logic in the preceding section.

Hereditary Harrop form ulas H ::= P j > j H

1

^ H

2

j H

1

� H

2

j 8 x : A: H

There are t w o imp ortan t di�erences to Horn logic: the addition of t yp es so that

quan ti�ers no w range o v er simply-t yp ed � -terms, and the generalization whic h al-

lo ws the b o dy of clauses to con tain implications and univ ersal quan ti�cations (so-

called emb e dde d implic ation and emb e dde d universal quanti�c ation ). On this frag-

men t classical and in tuitionistic logic div erge, so it is crucial that the meta-logic is

in tuitionistic. A theory T is a collection of closed hereditary Harrop form ulas.

T `

HH

H theory T in tuitionistically en tails prop osition H

The extension to allo w em b edded implications also means that theories consisting

of hereditary Harrop form ulas no longer constitute inductiv e de�nitions the w a y

Horn clauses do.

Deriv abilit y b y natural deductions is represen ted b y a predicate nd on represen-

tations of form ulas, that is, meta-lev el terms of t yp e o . The inference rules are then

translated in to meta-lev el axioms concerning the predicate nd . F or example, the

rule � E is implemen ted b y

8 A : o : 8 B : o : ( nd ( imp A B ) ^ nd A ) � nd B

In order to represen t h yp othetical judgmen ts w e tak e adv an tage of em b edded impli-

cation. This is correct only b ecause the meta-logic is in tuitionistic and a complete

strategy for pro ving a form ula H

1

� H

2

is to pro v e H

2

under assumption H

1

. Using

this fact, one can pro v e that the follo wing axiom is an adequate represen tation of

the � I rule.

8 A : o : 8 B : o : ( nd A � nd B ) � nd ( imp A B )

F or parametric judgmen ts w e can use a similar enco ding with em b edded univ ersal

quan ti�cation. W e state the remaining rules here for completeness; the same idea

is emplo y ed in the t yp e-theoretic treatmen t in Section 3.4 and explained there in

detail.

8 A : o : ( 8 p : o : nd ( A ) � nd ( p )) � nd ( : A )

8 A : o : nd ( : A ) � 8 C : o : ( nd ( A ) � nd ( C ))

8 A : i ! o : ( 8 x : i : nd ( A x )) � nd ( fo rall ( �x : i : A x ))

8 A : i ! o : nd ( fo rall ( �x : i : A x )) � ( 8 x : i : nd ( A x ))

W e summarize the represen tation principle in the phrase judgments-as-pr op ositions :

judgmen ts of the ob ject language (e.g., `

N

A ) are represen ted b y a prop osition in the

meta-logic (e.g., nd ( p A q )). The adequacy theorem of this represen tation is rather

direct. W e refer to the theory consisting of the t yp e declarations and the six axioms

ab o v e as ND .
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3.1. Theorem ( Adequacy).

ND `

HH

nd ( p A q ) i� `

N

A

In order to pro v e this theorem, w e need to generalize it to accoun t for h yp othetical

judgmen ts. One p ossible form emplo ys meta-lev el implication.

ND `

HH

nd ( p A

1

q ) � � � � � nd ( p A

n

q ) � nd ( p A q ) i�

u

1

`

N

A

1

� � �

u

n

`

N

A

n

.

.

.

`

N

A

Another form, giv en for the related t yp e-theoretic in terpretation in the next section,

directly uses h yp othetical reasoning in the meta-language.

3.4. De ductions as obje cts

If w e ha v e a general reasoning to ol for hereditary Harrop form ulas w e can no w

reason in in tuitionistic logic b y using the axioms in the theory ND , and in classi-

cal logic if w e assume an additional axiom mo delling double negation elimination.

Isab elle [P aulson 1994, Nipk o w and P aulson 1992] is suc h a general to ol. Pro of

searc h can b e programmed externally b y using a language of tactics and tacti-

cals to construct deriv ations using these axioms and deriv ed rules of inference.

The meta-programming language in this case is ML, whose t yp e system together

with a correct implemen tation of hereditary Harrop form ulas guaran tees that only

w ell-formed meta-deriv ations can b e constructed. More on this st yle of reasoning

with the aid of a logical framew ork implemen tation can b e found in Section 4. As

men tioned ab o v e, this is an implemen tation of derivability and explicit deductions

need nev er b e constructed. If they are main tained, they are only an in ternal data

structure.

There are man y circumstances where w e are in terested in deductions as explicit

ob jects. F or example, w e ma y w an t to extract functional programs from construc-

tiv e (or ev en classical) deriv ations. Or w e ma y w an t to implemen t pro of trans-

formation and presen tation to ols in a theorem pro ving en vironmen t. If w e do not

trust a complex theorem pro v er, w e ma y construct it so that it generates pro of

ob jects whic h can b e indep enden tly v eri�ed. In the arc hitecture of pro of-carrying

co de [Necula 1997], deductions represen ted in LF are attac hed to mobile co de to

certify safet y (see Section 8.2). Another class of applications is the implemen tation

of the meta-theory of the deductiv e systems under consideration. F or example, w e

ma y w an t to sho w that natural deductions and axiomatic deriv ations de�ne the

same theorems and exhibit translations b et w een them (see Sections 5.2 and 5.4).

The simply-t yp ed � -calculus, whic h w e used to represen t the terms and form ulas

of �rst-order logic, is also a go o d starting p oin t for the represen tation of natural

deductions. As w e will see b elo w w e need to re�ne it further in order to allo w an
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in ternal v alidit y condition for deductions. This leads us to �

�

, the dep enden tly

t yp ed � -calculus underlying the LF logical framew ork [Harp er et al. 1993].

W e b egin b y in tro ducing a new typ e nd of natural deductions instead of the

predicate in tro duced in the previous section. An inference rule is a constan t function

from deductions of the premises to a deduction of the conclusion. F or example,

imp e : nd ! nd ! nd

migh t b e used to represen t implication elimination. A h yp othetical deduction is

represen ted as a function from a deriv ation of the h yp othesis to a deriv ation of the

conclusion.

impi : ( nd ! nd ) ! nd

One can clearly see that this represen tation requires an external v alidit y condition

since it do es not carry the information ab out the conclusion of a deriv ation. F or

example, w e ha v e

` impi ( �u : nd : imp e u u ) * nd

but this term do es not represen t a v alid natural deduction. An external v alidit y

predicate can b e sp eci�ed using hereditary Harrop form ulas and is executable in

� Prolog [F elt y and Miller 1988, F elt y 1989]. Ho w ev er, it is dynamic (rather than

static) and not prima facie decidable. F urthermore, during searc h external mec ha-

nisms m ust b e put in to place in order to prev en t in v alid deductions. This is related

to the problem of invalid tactics in ML/LCF [Gordon, Milner and W adsw orth 1979].

Through data abstraction, tactics are guaran teed to generate only v alid deductions,

but the t yp e system cannot enforce that they ha v e the exp ected conclusion.

F ortunately , it is p ossible to re�ne the simply-t yp ed � -calculus so that v alidit y of

the represen tation of deriv ations b ecomes an internal prop ert y , without destro ying

the decidabilit y of the t yp e system. This is ac hiev ed b y in tro ducing indexe d typ es .

Consider the follo wing enco ding of the elimination rule for implication.

imp e : nd ( imp A B ) ! nd A ! nd B

In this sp eci�cation, nd ( imp A B ) is a typ e , the t yp e represen ting deriv ations of

A � B . Th us w e sp eak of the judgments-as-typ es principle. The typ e family nd is

indexed b y ob jects of t yp e o .

nd : o ! t yp e

W e call o ! t yp e a kind . Secondly , w e ha v e to consider the status of the free

v ariables A and B in the declaration. In tuitiv ely , imp e represen ts a whole family of

constan ts, one for eac h c hoice of A and B . Sc hematic declarations lik e the one giv en

ab o v e are desirable in practice, but they lead to an undecidable t yp e c hec king prob-

lem [Do w ek 1993]. W e can reco v er decidabilit y b y viewing A and B as additional

argumen ts in the represen tation of � E. Th us imp e has four argumen ts represen ting

A , B , a deriv ation of A � B and a deriv ation of A . It returns a deriv ation of B .

With the usual function t yp e constructor w e could only write
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imp e : o ! o ! nd ( imp A B ) ! nd A ! nd B :

This do es not express the dep endencies b et w een the �rst t w o argumen ts and the

t yp es of the remaining argumen ts. Th us w e name the �rst t w o argumen ts A and

B , resp ectiv ely , and write

imp e : � A : o : � B : o : nd ( imp A B ) ! nd A ! nd B :

This is a closed t yp e, since the dep endent function typ e constructor � binds the

follo wing v ariable. F rom the consideration ab o v e w e can see that the t yping rule

for application of a function with dep enden t t yp e should b e

� `

�

M : � x : A: B � `

�

N : A

app

� `

�

M N : [ N =x ] B

F or example, giv en a v ariable p : o w e ha v e

p : o `

�

imp e ( not p ) p : nd ( imp ( not p ) p ) ! nd ( not p ) ! nd p

where the signature � con tains the declarations for form ulas and inferences rules

dev elop ed ab o v e. The coun terexample impi ( �u : nd A: imp e u u ) from ab o v e is no w

no longer w ell-t yp ed: the instance of A w ould ha v e to b e of the form A

1

� A

2

(�rst

o ccurrence of u ) and sim ultaneously b e equal to A

1

(second o ccurrence of u ). This

is clearly imp ossible. The rule for � -abstraction do es not c hange m uc h from the

simply-t yp ed calculus.

� `

�

A : t yp e � ; x : A `

�

M : B

lam

� `

�

�x : A: M : � x : A: B

The v ariable x ma y no w app ear free in B , whereas without dep endencies it could

only o ccur free in M . F rom these t w o rules it can b e seen that the rules for � x : A: B

sp ecialize to the rules for A ! B if x do es not o ccur in B . Th us A ! B is generally

considered a deriv ed notation that stands for � x : A: B for a v ariable x not free in

B .

Dep enden t t yp es further create the need for a rule of typ e c onversion . This is

required, for example, in the represen tation of 8 I b elo w. W e tak e a brief excursion

in to the realm of functional programming to illustrate the nature of dep enden t

t yp es and the need for t yp e con v ersion. Consider a t yp e family vecto r indexed b y a

natural n um b er represen ting its length. Then concatenation of v ectors w ould ha v e

t yp e

concat : � n : nat : � m : nat : vecto r n ! vecto r m ! vecto r ( n + m ) :

Using the inference rules for application w e �nd

concat 2 3 [1 ; 2] [1 ; 3 ; 5] : vecto r (2 + 3) ; and

concat 3 2 [1 ; 2 ; 1] [3 ; 5] : vecto r (3 + 2) :
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Since b oth expressions compute to the same v alue, namely

[1 ; 2 ; 1 ; 3 ; 5] : vecto r (5) ;

w e w ould exp ect that in a sensible t yp e system all three expressions w ould ha v e

the same t yp e. Eviden tly they do not, unless w e iden tify the t yp es vecto r (2 + 3),

vecto r (3 + 2), and vecto r (5). All of them represen t the t yp e of v ectors of length

5, so iden tifying them mak es sense in tuitiv ely . In general, w e add a rule of t yp e

con v ersion that allo ws us to apply de�nitional equalities in a t yp e.

� `

�

M : A � `

�

A � B : t yp e

conv

� `

�

M : B

The example ab o v e also sho ws that adding dep enden t t yp es to a functional lan-

guage can quic kly lead to an undecidable t yp e c hec king problem, since w e need to

compare expressions in the program language for equalit y (whic h is undecidable

in general). The LF t yp e theory con tains no recursion at the lev el of ob jects and

t yp e-c hec king remains decidable since de�nitional equalit y remains decidable. This

is an imp ortan t illustration of the design principle that the framew ork should b e

as w eak as p ossible. Adding recursion, while it ma y o ccasionally seem desirable,

can easily destro y decidabilit y of de�nitional equalit y and therefore t yping. In an

undecidable t yp e system, v alidit y of the represen tations for deductions then w ould

no longer b e a static, in ternal prop ert y .

A full complemen t of rules for the �

�

t yp e theory is giv en in Section 7. A v ersion

with a w eak er notion of de�nitional equalit y is giv en in [Barendregt and Geuv ers

2001] (Chapter 18 of this Handb o ok)

With dep enden t function t yp es, w e can no w giv e a represen tation for natural

deductions with an in ternal v alidit y condition. This is summarized in Theorem 3.2

b elo w. W e �rst in tro duce a t yp e family nd that is indexed b y a form ula. The LF

t yp e nd p A q is in tended to represen t the t yp e of natural deductions of the form ula

A .

nd : o ! t yp e

Eac h inference rule is represen ted b y an LF constan t whic h can b e though t of

as a function from a deriv ation of the premises of the rule to a deriv ation of the

conclusion. The constan t further dep ends on the sc hematic v ariables that o ccur in

the sp eci�cation of the inference rule.

Implic ation. The in tro duction rule for implication emplo ys a h yp othetical judg-

men t. The deriv ation of the h yp othetical judgmen t in the premise is represen ted as

a function whic h, when applied to a deriv ation of A , yields a deriv ation of B .

p

u

`

N

A

D

`

N

B

� I

u

`

N

A � B

q

= impi p A q p B q ( �u : nd p A q : p D q )
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The assumption A lab elled b y u whic h ma y b e used in the deriv ation D is repre-

sen ted b y the LF v ariable u whic h ranges o v er deriv ations of A .

p

u

`

N

A

q

= u

F rom this w e can deduce the t yp e of the impi constan t.

impi : � A : o : � B : o : ( nd A ! nd B ) ! nd ( imp A B )

The elimination rule is simpler, since it do es not in v olv e a h yp othetical judgmen t.

The represen tation of a deriv ation ending in the elimination rule is de�ned b y

p

D

`

N

A � B

E

`

N

A

� E

`

N

B

q

= imp e p A q p B q p D q p E q

where

imp e : � A : o : � B : o : nd ( imp A B ) ! nd A ! nd B :

As an example w e consider a deriv ation of A � ( B � A ).

u

`

N

A

� I

w

`

N

B � A

� I

u

`

N

A � ( B � A )

Note that the assumption `

N

B lab elled w is not used and therefore do es not app ear

in the deriv ation. This deriv ation is represen ted b y the LF ob ject

impi p A q ( imp p B q p A q ) ( �u : nd p A q : impi p B q p A q ( �w : nd p B q : u ))

whic h has t yp e

nd ( imp p A q ( imp p B q p A q )) :

This example sho ws clearly some redundancies in the represen tation of the de-

duction (there are man y o ccurrence of p A q and p B q ). F ortunately , it is p ossible to

analyze the t yp es of constructors and eliminate m uc h of this redundancy through

term reconstruction [Pfenning 1991 a , Necula and Lee 1998 b ]. Section 8.2 has some

additional brief remarks on this issue.
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Ne gation. The in tro duction and elimination rules for negation and their represen-

tation follo w the pattern of the rules for implication.

p

u

`

N

A

D

`

N

p

: I

p;u

`

N

: A

q

= noti p A q ( �p : o : �u : nd p A q : p D q )

The judgmen t of the premise is parametric in p and h yp othetical in u . It is th us

represen ted as a function of t w o argumen ts, accepting b oth a form ula p and a

deduction of A .

noti : � A : o : (� p : o : nd A ! nd p ) ! nd ( not A )

The represen tation of negation elimination

p

D

`

N

: A

E

`

N

A

: E

`

N

C

q

= note p A q p D q p C q p E q

leads to the follo wing declaration

note : � A : o : nd ( not A ) ! � C : o : nd A ! nd C

This t yp e just in v erts the second argumen t and result of the noti constan t, whic h

is the reason for the c hosen argumen t order. Clearly ,

note

0

: � A : o : � C : o : nd ( not A ) ! nd A ! nd C

is an equiv alen t declaration.

Universal quanti�c ation. Recall that p 8 x: A q = fo rall ( �x : i : p A q ) and that the

premise of the in tro duction rule is parametric in a .

p

D

`

N

[ a=x ] A

8 I

a

`

N

8 x: A

q

= fo ralli ( �x : i : p A q ) ( �a : i : p D q )

Note that p A q , the represen tation of A , has a free v ariable x whic h m ust b e b ound

in the meta-language, so that the represen ting ob ject do es not ha v e a free v ariable

x . Similarly , the parameter a is b ound at this inference and m ust b e corresp ondingly

b ound in the meta-language. The represen tation determines the t yp e of the constan t

fo ralli .
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fo ralli : � A : i ! o : (� a : i : nd ( A a )) ! nd ( fo rall A )

In an application of this constan t, the argumen t lab elled A will b e �x : i : p A q and

( A a ) will b e ( �x : i : p A q ) a whic h is equiv alen t to [ a=x ] p A q whic h in turn is equiv a-

len t to p [ a=x ] A q b y the comp ositionalit y of the represen tation.

The elimination rule do es not emplo y a h yp othetical judgmen t.

p

D

`

N

8 x: A

8 E

`

N

[ t=x ] A

q

= fo ralle ( �x : i : p A q ) p D q p t q

The substitution of t for x in A is represen tation b y the application of the function

( �x : i : p A q ) (the �rst argumen t to fo ralle ) to p t q .

fo ralle : � A : i ! o : nd ( fo rall A ) ! � t : i : nd ( A t )

W e no w c hec k that

p

D

`

N

8 x: A

8 E

`

N

[ t=x ] A

q

: nd p [ t=x ] A q ;

assuming that p D q : nd p 8 x: A q . This is a part in the pro of of adequacy of this

represen tation of natural deductions. A t eac h step w e v erify that the argumen ts

ha v e the exp ected t yp e and compute the t yp e of the application.

fo ralle : � A : i ! o : nd ( fo rall A ) ! � t : i : nd ( A t )

fo ralle ( �x : i : p A q ) : nd ( fo rall ( �x : i : p A q )) ! � t : i : nd (( �x : i : p A q ) t )

fo ralle ( �x : i : p A q ) p D q : � t : i : nd (( �x : i : p A q ) t )

fo ralle ( �x : i : p A q ) p D q p t q : nd (( �x : i : p A q ) p t q )

fo ralle ( �x : i : p A q ) p D q p t q : nd ([ p t q =x ] p A q )

The last step follo ws b y t yp e con v ersion, noting that

( �x : i : p A q ) p t q � [ p t q =x ] p A q :

F urthermore, b y the comp ositionalit y of the represen tation w e ha v e

[ p t q =x ] p A q = p [ t=x ] A q

whic h yields the desired

fo ralle ( �x : i : p A q ) p D q p t q : nd ( p [ t=x ] A q ) :

The represen tation theorem relates canonical ob jects constructed in certain con-

texts to natural deductions. The restriction to canonical ob jects is once again cru-

cial, as are the restrictions on the form of the con text. W e call the signature con-

sisting of the declarations for �rst-order terms, form ulas, and natural deductions

N D .
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3.2. Theorem ( Adequacy).

1. If D is a derivation of A fr om hyp otheses `

N

A

1

; : : : ; `

N

A

n

lab el le d u

1

; : : : ; u

n

,

r esp e ctively, with al l fr e e individual p ar ameters among a

1

; : : : ; a

m

and pr op osi-

tional p ar ameters among p

1

; : : : ; p

k

then

a

1

: i ; : : : ; a

m

: i ; p

1

: o ; : : : ; p

k

: o ; u

1

: nd p A

1

q ; : : : ; u

n

: nd p A

n

q `

N D

p D q * nd p A q

2. If

a

1

: i ; : : : ; a

m

: i ; p

1

: o ; : : : ; p

k

: o ; u

1

: nd p A

1

q ; : : : ; u

n

: nd p A

n

q `

N D

M * nd p A q

then M = p D q for a derivation D as in p art 1.

3. The r epr esentation function is a bije ction, and is c omp ositional in the sense

that the fol lowing e qualities hold.

p [ t=a ] D q = [ p t q =a ] p D q

p [ C =p ] D q = [ p C q =p ] p D q

p [ E =u ] D q = [ p E q =u ] p D q

Pr oof. The pro of pro ceeds b y induction on the structure of natural deductions

one direction and on the de�nition of canonical forms in the other direction.

Eac h of the rules that ma y b e added to obtain classical logic can b e easily repre-

sen ted with the tec hniques from ab o v e. They are left as an exercise to the reader.

W e summarize the LF enco ding of natural deductions. W e mak e a few cosmetic

c hanges whic h re
ect common practice in the use of logical framew orks. The �rst

is the use of in�x and pre�x notation for logical connectiv es. According to our con-

v en tions, implication is righ t asso ciativ e, and negation is a pre�x op erator binding

more tigh tly than implication.

i : t yp e .

o : t yp e .

imp : o ! o ! o .

not : o ! o .

fo rall : ( i ! o ) ! o .

The second simpli�cation in the concrete presen tation is to omit some �-

quan ti�ers. F ree v ariables in a declaration are then in terpreted as a sc hematic v ari-

ables whose quan ti�ers remain implicit. The t yp es of suc h free v ariables m ust b e

determined from the con text in whic h they app ear. In practical implemen tations

suc h as Tw elf [Pfenning and Sc h • urmann 1998 b , Pfenning and Sc h • urmann 1998 c ],

t yp e reconstruction will issue an error message if the t yp e of free v ariables is am-

biguous.

nd : o ! t yp e .

impi : ( nd A ! nd B ) ! nd ( A imp B ).

imp e : nd ( A imp B ) ! nd A ! nd B .

noti : ( � p : o . nd A ! nd p ) ! nd ( not A ).

note : nd ( not A ) ! ( � C : o . nd A ! nd C ).
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fo ralli : ( � a : i . nd ( A a )) ! nd ( fo rall A ).

fo ralle : nd ( fo rall A ) ! ( � T : i . nd ( A T )).

When constan ts with implicitly quan ti�ed t yp es are used, argumen ts corresp ond-

ing to the omitted quan ti�ers are also left implicit. Again, in practical implemen-

tations these argumen ts are inferred from con text. F or example, the constan t impi

no w app ears to tak e only t w o argumen ts (of t yp e nd A and nd B for some A and

B ) rather than four, lik e the fully explicit declaration

impi : � A : o : � B : o : ( nd A ! nd B ) ! nd ( A imp B ) :

The deriv ation of A � ( B � A ) from ab o v e has this v ery concise represen tation:

impi ( � u : nd A . impi ( � v : nd B . u )) : nd ( A imp ( B imp A )).

In summary , the basic represen tation principle underlying LF is the represen-

tation of judgmen ts as t yp es. A deduction of a judgmen t J is represen ted as a

canonical ob ject M whose t yp e is the represen tation of J . This basic sc heme is

extended to represen t h yp othetical judgmen ts as simple function t yp es and para-

metric judgmen ts as dep enden t function t yp es. This enco ding reduces the question

of v alidit y for a deriv ation to the question of w ell-t yp edness for its represen tation.

Since t yp e-c hec king in the LF t yp e theory is decidable, the v alidit y of deriv ations

has b een in ternalized as a decidable prop ert y in the logical framew ork.

3.5. A n axiomatic formulation

A second imp ortan t st yle of deductiv e system is axiomatic : rather than explaining

the meaning of quan ti�ers and connectiv es b y inference rules, w e use mostly axiom

sc hemas and as few inference rules as p ossible. The follo wing is the system H

1

- IQC

[T ro elstra and v an Dalen 1988]. It consists of the follo wing axiom sc hemas, and the

t w o rules of inference b elo w.

`

A

A � ( B � A ) ( K )

`

A

( A � ( B � C )) � (( A � B ) � ( A � C )) ( S )

`

A

( A � : B ) � (( A � B ) � : A ) ( N

1

)

`

A

: A � ( A � B ) ( N

2

)

`

A

( 8 x: A ) � [ t=x ] A ( F

1

)

`

A

( 8 x: ( B � A )) � ( B � 8 x: A ) ( F

2

)

�

with the pro viso that x m ust not b e free in B in the rule ( F

2

). The t w o rules of

inference are mo dus p onens M P and univ ersal generalization U G .

`

A

A � B `

A

A

M P

`

A

B

`

A

[ a=x ] A

U G

a

`

A

8 x: A

The univ ersal generalization rule carries the pro viso that a m ust b e a new param-

eter, that is, ma y not already o ccur in A . The represen tation of the prop ositional
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axioms and mo dus p onens is straigh tforw ard, follo wing the ideas in the represen ta-

tion of natural deduction. W e in tro duce a t yp e family hil for axiomatic deductions,

indexed b y the conclusion of the deriv ation. In order to impro v e readabilit y , w e use

in�x notation for implication. Also, w e ha v e c hosen constan t names in lo w er case

so that the presen tation of the translations in Section 5.2 will b e easier to read.

hil : o ! t yp e .

k : hil ( A imp B imp A ).

s : hil (( A imp B imp C ) imp ( A imp B ) imp A imp C ).

n

1

: hil (( A imp not B ) imp ( A imp B ) imp not A ).

n

2

: hil ( not A imp A imp B ).

F or rule ( F

1

) w e need to implemen t substitution, whic h is done as usual in higher-

order abstract syn tax b y application, here of A to T .

f

1

: � T : i . hil ( fo rall ( � x : i . A x ) imp A T ).

F or the rule ( F

2

) w e m ust capture the side-condition that x is not free in the

an teceden t of the implication. The follo wing ac hiev es this directly .

f

2

: hil ( fo rall ( � x : i . B imp A x ) imp B imp fo rall ( � x : i . A x )).

Since substitution in the meta-language will rename b ound v ariables to a v oid v ari-

able capture, w e cannot instan tiate B in this declaration with an ob ject that con-

tains a free o ccurrence of x ( x w ould b e renamed). Th us, using higher-order abstract

syn tax, one can concisely represen t simple v ariable o ccurrence conditions. The rules

of inference are isomorphic to ones w e ha v e seen for natural deduction.

mp : hil ( A imp B ) ! hil A ! hil B .

ug : ( � a : i . hil ( A a )) ! hil ( fo rall ( � x : i . A x )).

The adequacy theorem for axiomatic deriv ations is straigh tforw ard and left to

the reader.

3.6. Higher-level judgments

Next w e turn to the lo cal reduction judgmen t for natural deductions in tro duced in

Section 3.2.

D

`

N

A

= )

R

D

0

`

N

A

Recall that this judgmen t witnesses the lo cal soundness of the elimination rules

with resp ect to the in tro duction rules. W e refer to this as a higher-level judgment

since it relates deriv ations. The represen tation tec hniques underlying LF supp ort

this directly , since deductions are represen ted as ob jects whic h can in turn index

t yp e families represen ting higher-lev el judgmen ts.

In this particular example, reduction is de�ned only b y axioms, one eac h for im-

plication, negation, and univ ersal quan ti�cation. The represen ting t yp e family in

LF m ust b e indexed b y the represen tation of t w o deductions D and D

0

, and conse-

quen tly also b y the represen tation of A . This sho ws that there ma y b e dep endencies

b et w een indices to a t yp e family so that w e need a dep enden t constructor � for

kinds in order to represen t judgmen ts relating deriv ations.
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= )

R

: � A : o : nd A ! nd A ! t yp e :

As in the represen tation of inference rules in Sections 3.4 and 3.5, w e omit the

explicit quan ti�er on A and determine A from con text.

= )

R

: nd A ! nd A ! t yp e .

W e sho w the represen tation of the reduction rules for eac h connectiv e in turn,

writing = )

R

as an in�x constan t.

Implic ation. This reduction in v olv es a substitution of a deriv ation for an assump-

tion.

u

`

N

A

D

`

N

B

� I

u

`

N

A � B

E

`

N

A

� E

`

N

B

= )

R

E

u

`

N

A

D

`

N

B

The represen tation of the left-hand side is

imp e ( impi ( � u : nd A . D u )) E

where E = p E q : nd A and D = ( �u : nd p A q : p D q ) : nd A ! nd B . The deriv ation on

the righ t-hand side can b e written more succinctly as [ E =u ] D . Comp ositionalit y of

the represen tation (Theorem 3.2, part 3) and � -con v ersion in LF yield

p [ E =u ] D q = [ p E q =u ] p D q � ( �u : nd p A q : p D q ) p E q :

Th us the represen tation of the righ t-hand side will b e de�nitionally equal to D E

and w e can form ulate the rule concisely as

redl imp : imp e ( impi ( � u : nd A . D u )) E = )

R

D E .

Ne gation. This is similar to implication. The required substitution of C for p in D

is implemen ted b y application and � -reduction at the meta-lev el.

u

`

N

A

D

`

N

p

: I

p;u

`

N

: A

E

`

N

A

: E

`

N

C

= )

R

E

u

`

N

A

[ C =p ] D

`

N

C

redl not : note ( noti ( � p : o . � u : nd A . D p u )) C E = )

R

D C E .
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Universal quanti�c ation. The univ ersal in tro duction rule in v olv es a parametric

judgmen t. Consequen tly , the substitution to b e carried out during reduction re-

places a parameter b y a term.

D

`

N

[ a=x ] A

8 I

a

`

N

8 x: A

8 E

`

N

[ t=x ] A

= )

R

[ t=a ] D

`

N

[ t=x ] A

In the represen tation w e once again exploit the comp ositionalit y .

p [ t=a ] D q = [ p t q =a ] p D q � ( �a : i : p D q ) p t q

This giv es rise to the declaration

redl fo rall : fo ralle ( fo ralli ( � a : i . D a )) T = )

R

D T .

The adequacy theorem states that canonical LF ob jects of t yp e p D q = )

R

p D

0

q

constructed o v er the appropriate signature and in an appropriate parameter con text

are in bijectiv e corresp ondence with deriv ations of D = )

R

D

0

. W e lea v e the precise

form ulation and simple pro of to the diligen t reader.

The enco ding of the lo cal expansions emplo ys the same tec hniques. W e summarize

it b elo w without going in to further detail.

= )

E

: nd A ! nd A ! t yp e .

expl imp : � D : nd ( A imp B ). D = )

E

impi ( � u : nd A . imp e D u ).

expl not : � D : nd ( not A ). D = )

E

noti ( � p : o . � u : nd A . note D p u ).

expl fo rall : � D : nd ( fo rall ( � x : i . A x )). D = )

E

fo ralli ( � a : i . fo ralle D a ).

In summary , the represen tation of higher-lev el judgmen ts con tin ues to follo w the

judgments-as-typ es tec hnique. The expressions related b y higher-lev el judgmen ts are

no w deductions and therefore dep enden tly t yp ed in the represen tation. Substitution

at the lev el of deductions is implemen ted b y � -reduction at the meta-lev el, taking

adv an tage of the comp ositionalit y of the represen tation. F urther examples of higher-

lev el judgmen ts can b e found in Section 5.

4. Meta-programming and pro of searc h

An imp ortan t motiv ation underlying the dev elopmen t of logical framew orks is to

factor the e�ort required to build a theorem pro ving en vironmen t for sp eci�c logics.

The idea is to build one generic en vironmen t for deriving judgmen ts in the logical

framew ork and use this for particular logical systems whose judgmen ts are sp eci�ed

in the framew ork. Eac h logic is still lik ely to require a signi�can t amoun t of dev el-

opmen t, but the goal is to reduce this e�ort as m uc h as p ossible. F urthermore, b y

o�ering a high-lev el notation for the judgmen ts of an ob ject logic, one can increase

the con�dence in the correctness of an implemen tation, esp ecially if the framew ork

o�ers a notation for deriv ations indep enden t of pro of searc h. The practical evidence
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gathered through man y exp erimen ts with Isab elle in a v ariet y of logics indicates

that this is indeed feasible and fruitful.

This raises t w o related questions: whic h are the common concepts in theorem

pro ving shared among di�eren t logics, and ho w do w e p erform searc h in the logical

framew ork? W e concen trate on the latter question in the hop e that the almost

univ ersal applicabilit y of the ideas b ecomes apparen t.

4.1. Se quent c alculus

Man y forms of pro of searc h are based on sequen t calculi. A se quent generally has

the form J = ) J where J is a con text of a v ailable lab elled h yp otheses u

1

::

J

1

; : : : ; u

n

:: J

n

and J is the judgmen t w e are trying to deriv e. This is just a less

cum b ersome notation for h yp othetical judgmen ts as in tro duced in Section 3.1. W e

refer to eac h J

i

as an ante c e dent and J as the suc c e dent of the sequen t.

F ully automatic theorem pro ving for practically in teresting logics is rarely feasi-

ble, so framew ork implemen tations suc h as Isab elle are based on partially automated

searc h. In this case, it is most in tuitiv e to think of the construction of a deriv ation

as pro ceeding b ottom-up, where a sequen t J = ) J represen ts the goal of deriving

J from J . W e describ e the p ossible goal reductions in the form of inference rules for

the sequen t judgmen t. Since this view of searc h is a shared feature b et w een man y

di�eren t logics, it is natural to base the generic searc h in the logical framew ork

on the same principle, thereb y directly supp orting this view for a v ariet y of ob ject

logics. The use of sequen ts for the top-do wn construction of deriv ations is the basis

of the in v erse metho d discussed in [Degt y arev and V oronk o v 2001 b ] (Chapter 4 of

this Handb o ok).

W e describ e here a sequen t calculus for LF. A substan tially similar and sligh tly

simpler presen tation can b e giv en for hereditary Harrop form ulas and related log-

ical framew orks. The form ulation b elo w is based on w ork b y Pym and W allen

[1990, 1991]. The presen tation of LF motiv ated in Section 3.4 and summarized in

Section 7 is highly economical in that the simple function t yp e A ! B is consid-

ered an abbreviation for a dep enden t function t yp e � x : A: B where x do es not o ccur

in B . During searc h, ho w ev er, these t w o are treated di�eren tly: A ! B b eha v es

lik e an implication, while � x : A: B b eha v es lik e a univ ersal quan ti�er. Already in

the description of our represen tation tec hnique w e ha v e informally distinguished

b et w een them: A ! B corresp onded to a h yp othetical judgmen t while � x : A: B

corresp onded to a parametric judgmen t. Our sequen ts ha v e the form

�

LF

= ) M : A

where � is a con text of parameter declarations and h yp otheses and M is a pro of

term for A . During searc h w e think of � and A as giv en, while M is �lled in when

a pro of succeeds. W e �x a signature � whic h enco des the expressions and inference

rules of the ob ject language under consideration and omit it from the judgmen t

since it nev er c hanges. W e main tain the follo wing in v arian ts:
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1. ` � Ctx

2. � ` A : t yp e

3. � ` M : A

W e use h to range o v er either a constan t c declared in � or v ariable declared in �.

W e ha v e initial sequen ts and so-called right and left rules for eac h t yp e constructor

( ! and �).

Initial se quents. W e ha v e solv ed a goal if a h yp othesis matc hes the succeden t, mo d-

ulo de�nitional equalit y .

h : A

0

in � or � � ` A

0

� A : t yp e

init

�

LF

= ) h : A

Hyp othetic al judgments. T o deriv e the represen tation A ! B of a h yp othetical

judgmen t, w e simply in tro duce a h yp othesis A with a new lab el u .

� ; u : A

LF

= ) M : B

! R

u

�

LF

= ) �u : A: M : A ! B

If w e ha v e an assumption A ! B w e are allo w ed to assume B if w e can deriv e A .

The conclusion C do es not c hange in this rule.

h : A ! B in � or � �

LF

= ) M : A � ; u : B

LF

= ) N : C

! L

u

�

LF

= ) [( h M ) =u ] N : C

Par ametric judgments. T o deriv e the represen tation � x : A: B of a parametric judg-

men t, w e simply in tro duce a new parameter (for con v enience also called x ).

� ; x : A

LF

= ) M : B

� R

x

�

LF

= ) �x : A: M : � x : A: B

T o use a parametric assumption � x : A: B w e instan tiate x with an ob ject of the

correct t yp e.

h :� x : A: B in � or � � ` M * A � ; u : [ M =x ] B

LF

= ) N : C

� L

u

�

LF

= ) [( h M ) =u ] N : C

Note that w e fall bac k on the ordinary t yping judgmen t for LF to c hec k that the

substitution term M is w ell-t yp ed in the appropriate con text. The calculus sho wn

ab o v e is sound and complete, as sho wn b y Pym and W allen [1991]. As usual, w e

assume a �xed v alid signature � and that � is v alid in �.
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4.1. Theorem ( Prop erties of LF sequen t calculus).

1. If �

LF

= ) M : A then � ` M : A .

2. If � ` M * A then �

LF

= ) M : A .

Pr oof. The �rst prop ert y is easy to see b y induction on the sequen t deriv ation.

The second can b e pro v ed b y induction on the de�nition of canonical forms, after

appropriate generalization for atomic forms (de�ned in Section 7).

W e can sharp en this theorem if w e restrict initial sequen ts to atomic t yp es P . In

that case �

LF

= ) M : A implies that � ` M * A (see [Pin to and Dyc kho� 1998]).

The additional rule of Cut whic h is sometimes allo w ed in sequen t calculi pla ys a

sp ecial role. It corresp onds to the in tro duction of a lemma during pro of searc h,

whic h is v ery di�cult to automate. Its discussion is left to Section 4.5.

When constructing a sequen t deriv ation up w ards from the conclusion, one is

confron ted with a v ariet y of c hoices. In particular, w e ha v e to decide whic h rule to

apply and, for the left rules, whic h h yp othesis to use. Usually one tak es adv an tage

of additional prop erties of the logic to eliminate some of the c hoices. F or example,

in the sequen t calculus for LF the conclusion of ! R is deriv able if and only if the

premise is deriv able. Therefore it is alw a ys safe to apply this rule when the succeden t

has the form A ! B . Implemen tations of logical framew orks tak e adv an tage of suc h

in v ersion prop erties to eliminate non-determinism in searc h. Ho w ev er, some c hoices

clearly will alw a ys remain|they ha v e to b e addressed either via user in teraction or

some form of meta-programming. This is the topic of the next section.

4.2. T actics and tactic als

In this section w e address the question whic h c hoices arise during searc h within

a sequen t calculus, and ho w the non-determinism inheren t in these c hoices can b e

resolv ed. W e assume a meta-lev el con trol structure of so-called tactics and tactic als .

As a �rst appro ximation, a tactic transforms a partial pro of structure with some

unpro v en leaf sequen ts to another, while a tactical is a (higher-order) function to

com bine tactics to form more complex tactics. A t the top lev el, the user can c ho ose

whic h tactic to apply , and whic h unpro v en sequen t to apply it to. W e analyze the

structure of tactics and tacticals in more detail when discussing the kind of c hoices

they ha v e to resolv e.

T actics and tacticals arose out of the LCF theorem pro ving e�ort [Gordon

et al. 1979, P aulson 1983] and are used in suc h div erse systems as HOL [Gordon and

Melham 1993], Nuprl [ Nuprl 1999, Constable et al. 1986], Co q [ Co q 1999, P aulin-

Mohring 1993], Isab elle [P aulson 1994, P aulson 1994], and � Prolog [ � Pr olo g 1997,

Nadath ur and Miller 1988, F elt y 1993]. In all but � Prolog, they are programmed in

ML whic h w as originally dev elop ed to supp ort theorem pro ving for LCF. Correct-

ness for tactics is ensured dynamically through data abstr action . The basic idea is

that at the core of the implemen tation is an abstract t yp e of Theo rem with con-

structors whic h implemen t and c hec k the correct application of the primitiv e rules
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of inference for a judgmen t. Since the t yp e is abstract, only the giv en rules can

b e used, thereb y reducing the correctness problem for a complex theorem pro ving

en vironmen t to the correctness of the implemen tation of the basic inference rules.

In a logical framew ork with dep enden t t yp es the correctness of deductions ma y

instead b e enforced b y t yp e-c hec king alone, as w e ha v e seen in Section 3.4. W e

therefore skip more detailed discussion of the v alidation of tactics and consider ho w

they deal with c hoices that arise during searc h in a sequen t calculus. In the ELAN

logical framew ork [ ELAN 1998, Boro v ansk � y et al. 1998] the strategy language has

indep enden t status, rather than b eing em b edded in a general-purp ose functional

language suc h as ML. Besides individual tactic com binators to address v arious

asp ects of searc h, tactic languages pro vide general mec hanisms for comp osition of

tactics and iteration or recursion.

Conjunctive choic e. A conjunctiv e c hoice arises when a sequen t rule has sev eral

premises. Eac h of these premises m ust b e deriv ed to deriv e the conclusion. The

! L

u

rule has this c haracter: to deriv e the judgmen t C w e deriv e A , and also C

under the additional h yp othesis B . A tactic can c ho ose an y unpro v en leaf from a

partial pro of structure to w ork on, usually the leftmost p ending sequen t. T actic

languages pro vide a tactical MAP suc h that MAP t is a tactic whic h applies t to all

p ending sequen ts in turn. In an in teractiv e setting the user can na vigate b et w een

unpro v en sequen ts.

Disjunctive choic e. A disjunctiv e c hoice arises when there are sev eral rules whic h

could b e applied, or sev eral di�eren t w a ys in whic h a particular rule migh t b e

applied. F or example, in the ! L

u

rule w e ha v e to pic k a h yp othesis h : A ! B from

� or � when there ma y b e sev eral suc h assumptions. When tactics are emplo y ed

for pro of searc h, this is handled b y b acktr acking . A tactic ma y apply sequen t rules

(from the b ottom up) to reduce an unpro v en sequen t, or it migh t fail . F ailure for

a tactic to apply signals that an alternativ e should b e tried for an earlier c hoice.

In the language of tacticals this is expressed with the ORELSE com binator. The

tactic t

1

ORELSE t

2

tries to apply t

1

and returns its result if successful. If t

1

fails

it tries to apply t

2

instead and returns its result. In particular, if t

2

also fails, then t

1

ORELSE t

2

fails. W e refer to this as shal low b acktr acking b ecause when t

1

succeeds

the alternativ e t

2

will nev er b e reconsidered. W e discuss de ep b acktr acking b elo w,

when w e examine the in teraction b et w een disjunctiv e c hoice and meta-v ariables.

Universal choic e. This arises, for example, in the � R

a

rule where w e ha v e to c ho ose

a new parameter a . Since the only relev an t criterion is that a is new, this do es not

lead to an y undesirable non-determinism: an y new a su�ces.

Existential choic e. This arises when w e ha v e to pic k a term as, for example, the

ob ject M in the rule � L . Early implemen tations of tactics t ypically either guessed

a plausible term or required the user to supply it. Since there often are an in�nite

n um b er of c hoices, more recen t implemen tations usually p ostp one a commitmen t
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un til further searc h unco v ers information ab out whic h terms migh t lead to a suc-

cessful deriv ation. W e ac hiev e this p ostp onemen t b y using a place-holder X for M ,

called a meta-variable or lo gic al variable . In order to guaran tee soundness when

meta-v ariables are instan tiated w e record its t yp e A

X

and the con text �

X

whic h

con tains the parameters whic h are allo w ed to o ccur in the instan tiation term for

X . The latter constrain t on X replaces Sk olemization as used in classical �rst-order

theorem pro ving, whic h do es not w ork for all ob ject logics and w ould therefore b e

a p o or c hoice in a logical framew ork.

P ostp oned existen tial c hoices are resolv ed when initial sequen ts are reac hed.

Rather than c hec k if a h yp othesis matc hes the succeden t mo dulo de�nitional equal-

it y , w e ha v e to decide if there is a w a y to instan tiate the meta-v ariables in a h yp oth-

esis and the succeden t so that the resulting judgmen ts are de�nitionally equal. This

problem is called uni�c ation and discussed in the Section 4.3 and in more detail in

[Do w ek 2001] (Chapter 16 of this Handb o ok). The in tro duction of meta-v ariables

in to searc h also in teracts strongly with conjunctiv e and disjunctiv e c hoices, whic h

w e no w revisit.

Conjunctive choic e with meta-variables. Meta-v ariables ma y b e shared among sev-

eral unpro v en leaf sequen ts. Since uni�cation instan tiates these v ariables globally

in a partial pro of structure, the order in whic h unpro v en sequen ts are reduced is no

longer irrelev an t. T actics ha v e to b e a w are of this in teraction, although there are

no simple and general recip es.

Disjunctive choic e with meta-variables. Deriving an unpro v en sequen t often requires

a commitmen t to a particular instan tiation for meta-v ariables as determined b y uni-

�cation at the lea v es. This commitmen t could mak e it imp ossible to deriv e another

sequen t whic h shares some of the meta-v ariables. This means that ev en after suc-

cessfully deriving a particular sequen t, w e migh t ha v e to reexamine the c hoices

made during this deriv ation in case another sequen t turns out to b e unpro v able.

This leads to de ep b acktr acking whic h revisits disjunctiv e c hoices ev en though an

alternativ e had previously b een successful.

Under the simpli�ed functional mo del for tactics in tro duced ab o v e, a tactic re-

turns either no result (it fails) or a single result (the new partial pro of structure).

Deep bac ktrac king requires that a tactic can return a p oten tially un b ounded n um b er

of alternativ es, where zero alternativ es indicate failure. This can b e done b y using

a lazily computed sequence of alternativ es whic h can b e incremen tally expanded as

necessary during bac ktrac king. The Isab elle logical framew ork implemen tation uses

this tec hnique, since its meta-programming language ML is functional. In ELAN

the op erator dk (for don 't know cho ose ) ac hiev es this b eha vior.

The � Prolog and Elf implemen tations pro vide an alternativ e b y using a logic

programming in terpretation of the logical framew ork to program searc h. Since logic

programming inheren tly supp orts logical v ariables, uni�cation, and deep bac ktrac k-

ing, signi�can tly less mac hinery is needed to implemen t tactics (see [F elt y 1993]).

On the other hand, don't-care non-determinism requires additional programming
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or extra-logical constructs suc h as the cut op erator \ ! ", since the op erational in-

terpretation of logic programs is based on don't-kno w non-determinism. W e come

bac k to this in Section 4.4.

W e use t

1

THEN t

2

to denote the sequen tial comp osition of tactics and REPEA T

t for the iterator whic h applies t un til it fails and then returns the last result.

REPEA T t is an example of an unfailing tactic whic h alw a ys succeeds, though

subgoals ma y of course remain. The in teraction of p ossibly failing and unfailing

tactics is one of the di�culties in tactic programming.

As a simple example, assume w e ha v e basic tactics Init , Arro wR , and PiR whic h

apply the rules init , ! R and � R , resp ectiv ely . Then the tactic

Right* = REPEA T ( Arro wR ORELSE PiR ORELSE Init )

rep eatedly applies the righ t rules to a sequen t un til the succeden t is atomic. The

atomic goal is solv ed if it uni�es with a h yp othesis; otherwise it remains as a subgoal.

This tactic is safe , that is, if the original sequen t is deriv able, the resulting sequen t

will still b e deriv able. Right* is safe, despite the fact that w e use a committed c hoice

tactical ORELSE , since the righ t rules of the sequen t calculus for �

�

are invertible :

the premise is deriv able if and only if the conclusion is deriv able. The in teraction

of safe and unsafe tactics is another complicated asp ect of tactic programming.

4.3. Uni�c ation and c onstr aint simpli�c ation

As sk etc hed ab o v e, uni�cation is a cen tral and indisp ensable mec hanism in tradi-

tional �rst-order theorem pro v ers and logic programming languages. It allo ws the

searc h algorithm to p ostp one existen tial c hoices un til more information b ecomes

a v ailable ab out whic h instances ma y b e useful. Most logical framew orks go b ey ond

�rst-order terms in t w o w a ys: they emplo y t yp es and they emplo y � -abstraction.

Consequen tly , �rst-order uni�cation is insu�cien t. In this section w e brie
y re-

view the asp ects of higher-order uni�cation most relev an t to the practice of logical

framew orks. F or more information see [Do w ek 2001] (Chapter 16 of this Handb o ok).

One can iden tify the simply-t yp ed � -calculus ( �

!

) as motiv ated in Section 2.2

as an imp ortan t base language. F ortunately , de�nitional equalit y ( � � -con v ersion) is

decidable. On the other hand, the general uni�cation problem is undecidable [Huet

1973] ev en for the second-order fragmen t [Goldfarb 1981], and most general uni�ers

ma y not exist. T o appreciate some of the problems of higher-order uni�cation,

consider the equation

( �x : i : F ( s x )) = ( �x : i : s ( F x ))

where s : i ! i is a constan t, and F is a meta-v ariable w e are trying to solv e for.

Note that F itself ma y not con tain free o ccurrences of x according to the de�nition

of capture a v oiding substitution. There are in�nitely man y di�eren t solutions for

F , namely

( �y : i : s : : : ( s y ))

for an y n um b er of applications of s , including zero.
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Despite the undecidabilit y , Huet [1975] devised a practical algorithm for higher-

or der pr e-uni�c ation , a form of uni�cation whic h p ostp ones certain solv able equa-

tions instead of en umerating their solutions. The resulting semi-decision pro cedure

is non-deterministically complete, that is, if there is a uni�er a less committed pre-

uni�er can in principle alw a ys b e found. Moreo v er, when used to compute m ultiple

solutions, it is guaran teed to en umerate non-redundan t pre-uni�ers to a giv en set

of equations. With the addition of a mo di�ed v ersion of the o ccurs-c hec k, it coin-

cides with �rst-order uni�cation when called on �rst-order terms. Huet's algorithm

has b een used extensiv ely in � Prolog and Isab elle and generally seems to ha v e

go o d computational prop erties. Both languages m ust therefore manage constrain ts

during searc h or execution of programs [Kirc hner, Kirc hner and Vittek 1993].

The practical success of Huet's algorithm seemed to b e in part due to the fact that

di�cult, higher-order uni�cation problems rarely arise in practice. An analysis of

this observ ation led Miller [1991] to disco v er higher-or der p atterns , a sublanguage of

the simply-t yp ed � -calculus with restricted v ariable o ccurrences. F or this fragmen t,

most general uni�ers exist. In fact, the theoretical complexit y of this problem is

linear [Qian 1993], just as for �rst-order uni�cation. Miller prop osed it as the basis

for a lo w er-lev el language L

�

similar to � Prolog, but one where uni�cation do es

not branc h since only higher-order patterns are p ermitted as terms. An empirical

study of this restriction b y Mic ha ylo v and Pfenning [1992, 1993] sho w ed that most

dynamically arising uni�cation problems lie within this fragmen t, while a static

restriction rules out some useful programming idioms.

The Elf language therefore mak es no syn tactic restriction to higher-order pat-

terns, nor do es it use Huet's algorithm for higher-order uni�cation as generalized to

�

�

(disco v ered indep enden tly b y Elliott [1989, 1990] and Pym [1990, 1992]). Instead,

it emplo ys a constrain t solving algorithm [Pfenning 1991 a , Pfenning 1991 b , Do w ek,

Hardin, Kirc hner and Pfenning 1996] where uni�cation problems within the decid-

able fragmen t prop osed b y Miller are solv ed directly , while all others (solv able or

not) are p ostp oned as constrain ts. This can drastically reduce bac ktrac king com-

pared to higher-order pre-uni�cation and imp oses no restrictions on v ariable o c-

currences. On the other hand, unsolv able constrain ts ma y remain un til the end

of the computation, in whic h case the answ er is conditional: Eac h solution to the

remaining constrain ts giv es rise to a solution of the original equations, and eac h

solution to the original equations will b e an instance of the remaining constrain ts.

In most practical applications, these somewhat w eak er soundness and completeness

theorems are su�cien t.

4.4. L o gic pr o gr amming

Logic programming o�ers a di�eren t approac h to meta-programming in a log-

ical framew ork than ML or a separate strategy language. Rather than meta-

programming in a language in whic h the logical framew ork itself is implemen ted

(t ypically ML), w e endo w the logical framew ork with an op erational in terpretation

in the spirit of Prolog. It should b e clear that a sp eci�cation of a logic under this
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approac h do es not automatically giv e rise to a theorem pro v er, but that theorem

pro v ers ma y b e programmed in the meta-language. Tw o framew orks to date ha v e

pursued this approac h: � Prolog [ � Pr olo g 1997, Nadath ur and Miller 1988], whic h

giv es an op erational in terpretation of hereditary Harrop form ulas, and Elf [Pfenning

and Sc h • urmann 1998 b , Pfenning 1994 a ], whic h giv es an op erational in terpretation

to �

�

.

In logic programming the basic computational mec hanism is pro of searc h follo w-

ing a sp eci�c searc h strategy . Since the searc h strategy is �xed, the computational

b eha vior of a program can b e predicted and exploited b y the programmer. This

predictabilit y comes at the price of completeness: programs ma y nev er terminate

ev en if there is a pro of. On the other hand, w e are careful to preserv e at least w eak

completeness, whic h means that if searc h fails then no pro of can exist. Th us w e

can rely on success due to soundness and failure due to w eak completeness, while

w e ha v e no information if the program do es not terminate. This summarizes some

essen tial di�erences b et w een logic programming and general theorem pro ving.

The idea of logical framew ork implemen tations suc h as � Prolog and Elf is to

use the op erational reading of sp eci�cations to implemen t algorithms for pro of

searc h and related problems. In man y cases, the original sp eci�cation itself can

b e used algorithmically . F or example, a natural seman tics sp eci�cation of Mini-

ML [Hannan 1991, Mic ha ylo v and Pfenning 1991] can b e used directly for ev aluation

or t yp e-c hec king, one of the original motiv ations for natural seman tics [Kahn 1987,

Hannan 1993].

W e base our op erational understanding of logic programming on the sequen t

calculus. The op erational in terpretation of a logical sp eci�cation is based on t w o

principles: goal-directed searc h [Miller et al. 1991] and fo cusing [Andreoli 1992].

Goal-directed searc h expresses that w e alw a ys �rst apply the righ t rules b ottom-

up to deriv e a giv en sequen t un til the succeden t is atomic. An atomic succeden t

should no w result in an analogue to pro cedure call. This is ac hiev ed b y fo cusing on

a particular h yp othesis and applying a succession of left rules un til it is atomic. If

it then happ ens to unify with the atomic succeden t w e next attempt to deriv e the

p ending premises of the left rules; otherwise w e fail and bac ktrac k. In a sligh t abuse

of terminology w e refer to deriv ations whic h are b oth goal-directed and fo cused as

uniform . If ev ery deriv able judgmen t has a uniform deriv ation w e claim to ha v e

an abstr act lo gic pr o gr amming language b ecause searc h follo wing this op erational

sp eci�cation will b e sound and w eakly complete.

W e no w sp ecify uniform deriv ations more concretely , in the form of t w o m utually

recursiv e judgmen ts for LF.

�

uni

= ) M : A A is uniformly deriv able

�

uni

= ) u : A � N : P A immediately en tails P

In these judgmen ts, M and N are pro of terms for A and P , resp ectiv ely . In the

immediate en tailmen t judgmen t, A is the h yp othesis w e ha v e fo cused on and u its

lab el. When view ed op erationally , w e think of �, A and P as giv en, while M and

N are computed together with the deriv ation. W e presupp ose and main tain the
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follo wing in v arian ts:

1. ` � Ctx in b oth judgmen ts;

2. � ` A : t yp e and

3. � ` M : A for uniform deriv abilit y , and

4. � ` P : t yp e and

5. � ; u : A ` N : P for immediate en tailmen t.

Actually , the restricted form of searc h guaran tees a stronger in v arian t, namely that

M is alw a ys canonical and N alw a ys atomic.

A tomic judgments.

� ` Q � P : t yp e

init

�

uni

= ) u : Q � u : P

h : A in � or � �

uni

= ) u : A � N : P

call

u

�

uni

= ) [ h=u ] N : P

Hyp othetic al judgments.

� ; u : A

uni

= ) M : B

! R

u

�

uni

= ) �u : A: M : A ! B

�

uni

= ) u : B � N : C �

uni

= ) M : A

! L

u

�

uni

= ) w : A ! B � [( w M ) =u ] N : C

Par ametric judgments.

� ; x : A

uni

= ) M : B

� R

x

�

uni

= ) �x : A: M : � x : A: B

� ` M * A �

uni

= ) u : [ M =x ] B � N : C

� L

u

�

uni

= ) w :� x : A: B � [( w M ) =u ] N : C

Uniform deriv ations are sound and complete with resp ect to sequen t deriv a-

tions. In fact, w e can pro v e a stronger theorem that there is a bijection b et w een

canonical ob jects M of a giv en t yp e A and the ob jects suc h that

uni

= ) M : A

is deriv able [Pfenning 1991 a , Dyc kho� and Pin to 1994, Pfenning 2001, Pin to and

Dyc kho� 1998].

4.2. Theorem ( Prop erties of LF uniform deriv ations).



Logical framew orks 1105

1. If �

uni

= ) M : A then � ` M * A .

2. If � ` M * A then �

uni

= ) M : A .

Pr oof. The �rst prop ert y is easy to see b y induction on the uniform deriv ation.

The second can b e pro v ed b y induction on the de�nition of canonical forms, after

appropriate generalization for atomic forms (see [Pfenning 2001]). An alternativ e

pro of examines the p erm utabilit y of inference rules in the sequen t calculus for LF

from Section 4.1.

W e no w revisit the remaining non-deterministic c hoices w e examined in the dis-

cussion of tactics in Section 4.2.

Conjunctive choic e. W e alw a ys solv e the sub deriv ations in the m ultiple premise rule

! L from left to righ t. This means that when a h yp othesis u : A ! ( B ! C ) is used

to deriv e C , the �rst subgoal to b e solv ed is B and the second A . If w e rewrite the

same declaration with the arro ws rev ersed, w e obtain u : ( C  B )  A whic h lends

itself to a natural reading as a lab elled program clause in logic programming. Using

the con v en tion that \  " is left-asso ciativ e, w e can write this ev en more concisely as

u : C  B  A . It is imp ortan t to deriv e the premises of ! L in this order since w e

do not w an t to solv e subgoals un til w e kno w if the target t yp e ( C in the example)

matc hes the atomic goal. In Prolog terminology conjunctiv e c hoice is called sub go al

sele ction .

Disjunctive choic e. W e emplo y deep bac ktrac king as indicated in Section 4.2. Since

only one inference rule applies to an y sequen t, disjunctiv e c hoices arise only in t w o

circumstances: w e ha v e to decide whic h constan t or h yp othesis to use for one of

the call rules, and uni�cation ma y allo w more than one p ossibilit y (see the notes

on existen tial c hoice b elo w). W e �rst try constan ts from �rst to last in the �xed

signature �, then the parameters and h yp otheses from � from righ t to left (the

most recen tly in tro duced h yp othesis is tried �rst).

Universal choic e. Just as b efore, w e simply in tro duce new parameters or h yp othesis

lab els.

Existential choic e. In the � L rule w e in tro duce a fresh meta-v ariable X , record �

and A and pro ceed. When w e try to complete a branc h of the deriv ation with the

init rule, w e use uni�cation instead of equalit y . � Prolog emplo ys Huet's uni�cation

algorithms to en umerate pre-uni�ers, while Elf uses constrain t simpli�cation based

on patterns [Do w ek et al. 1996].

T o illustrate uniform deriv ations w e reconsider the example at the end of Sec-

tion 3.2 with its enco ding in LF from Section 3.4. W e omit the pro of terms for the

sak e of brevit y .
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�

uni

= ) � A : o : nd ( A imp not not A )

� R

A

whic h lea v es

A : o

uni

= ) nd ( A imp not not A )

call with impi whic h lea v es

A : o

uni

= ) (� A : o : � B : o : ( nd ( A ) ! nd ( B )) ! nd ( A imp B )) � nd ( A imp not not A )

� L with A whic h lea v es

A : o

uni

= ) (� B : o : ( nd ( A ) ! nd ( B )) ! nd ( A imp B )) � nd ( A imp not not A )

� L with not not A whic h lea v es

A : o

uni

= ) (( nd ( A ) ! nd ( not not A )) ! nd ( A imp not not A )) � nd ( A imp not not A )

! L whic h lea v es t w o subgoals

A : o

uni

= ) nd ( A imp not not A ) � nd ( A imp not not A )

init whic h is solv ed, lea ving one subgoal

A : o

uni

= ) nd ( A ) ! nd ( not not A )

In the remainder w e omit the immediate en tailmen t steps.

A : o

uni

= ) nd ( A ) ! nd ( not not A ) ! R

u

A : o ; u : nd ( A )

uni

= ) nd ( not not A ) call with noti

A : o ; u : nd ( A )

uni

= ) � p : o: ( nd ( not A ) ! nd ( p )) � R

p

A : o ; u : nd ( A ) ; p : o

uni

= ) ( nd ( not A ) ! nd ( p )) ! R

w

A : o ; u : nd ( A ) ; p : o ; w : nd ( not A )

uni

= ) nd ( p ) call with note , lea ving subgoals

A : o ; u : nd ( A ) ; p : o ; w : nd ( not A )

uni

= ) nd ( not A ) call with w , solv ed, and

A : o ; u : nd ( A ) ; p : o ; w : nd ( not A )

uni

= ) nd ( A ) call with u , solv ed

T o compute the pro of term w e pro ceed through the sequen ts, assigning pro of

terms at eac h step. A t the ro ot, this yields the sequen t

A : o

uni

= ) ( impi ( � u : nd A . noti ( � p : o . � w : nd ( not A ). note w p u )))

: nd ( A imp not not A ).

There are some adv an tages and some disadv an tages to the logic programming

approac h to meta-programming. P erhaps the most imp ortan t adv an tage is unifor-

mit y of language for sp eci�cation and implemen tation. Sp eci�c algorithms suc h a

ev aluation, t yp e inference, or certain theorem pro ving strategies can easily b e im-

plemen ted at a v ery high lev el. On the other hand, the logic programming paradigm

do es not lend itself v ery w ell to in teractiv e theorem pro ving since the state of the

searc h and user commands are inheren tly imp erativ e in nature. In � Prolog this is

addressed with extra-logical constructs whic h augmen t the logical foundation, just

as Prolog extends Horn logic in n umerous w a ys. F urthermore, the curren t state
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of the art in implemen tation of � Prolog is suc h that complex tactics or decision

pro cedures can b e m uc h faster in a functional meta-language. An ongoing e�ort

in compiler design and implemen tation migh t c hange this situation in the near

future [Nadath ur and Mitc hell 1999].

Elf remains pure and is therefore di�cult to use for in teractiv e theorem pro ving.

Ho w ev er the purit y of the language has an imp ortan t b ene�t, namely that w e can

express pro ofs of meta-theorems to a certain exten t. In particular, w e can write

meta-programs in Elf whic h translate traces of a searc h algorithm written in Elf to

deductions as sp eci�ed in LF. W e will see an example for this kind of application

in the Section 5.

4.5. The ory development

In practical applications one is usually in terested in more than just pro ving one

theorem, but in the dev elopmen t of a whole theory consisting of declarations, de�-

nitions, lemmas, and theorems. Moreo v er, theories are often organized in to subthe-

ories related in a v ariet y of w a ys.

A t the most fundamen tal lev el, the logical framew ork calculus LF can b e ex-

tended b y global de�nitions of the form c : A = M or b y lo cal de�nitions in the form

let x : A = M in N . These can b e view ed as either in tro ducing syn tactic abbrevia-

tions (if the t yp e A represen ts a syn tactic category) or in tro ducing a deriv ed rule

A with deriv ation M (if the t yp e A represen ts a judgmen t). One can either view

suc h an extension as seman tically completely transparen t so that the let ab o v e is

treated as syn tactic sugar for ( �x : A: N ) M , or one can in tro duce a new t yping rule

� ` M : A � ; x : A ` N : C

let

� ` let x : A = M in N : C

and a new rule of de�nitional equalit y

let x : A = M in N � [ M =x ] N :

The canonical form theorem and decidabilit y of t yp e-c hec king con tin ue to hold,

but the searc h op erations underlying b oth tactics and logic programming are com-

plicated. The problem is that expansion of all de�nitions is rarely feasible, while

not expanding them jeopardizes w eak completeness. A solution of this problem

for LF based on a simple form of strictness analysis is prop osed in [Pfenning and

Sc h • urmann 1998 a ].

In the sequen t calculus, the in tro duction of a lemma in to the deriv ation during

searc h corresp onds to an application of the cut rule.

�

LF

= ) M : A � ; u : A

LF

= ) N : C

Cut

u

�

LF

= ) let u : A = M in N : C
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One could also c ho ose the pro of term [ M =u ] N in the conclusion in order to a v oid

a language extension. The cut rule for LF is admissible , whic h means that an y

instance of this rule can b e eliminated from a deriv ation.

F or further discussion of mo dularit y mec hanisms in logical framew orks, see Sec-

tion 8.1.

5. Represen ting meta-theory

Logical framew orks are designed to admit a direct and natural represen tation of

deductiv e systems at a v ery high lev el of abstraction. In Section 3 w e sho w ed that

c hec king the v alidit y of a deriv ation can b e reduced to t yp e-c hec king in the frame-

w ork whic h is decidable. In Section 4 w e indicated ho w generic ideas for pro of

searc h in a logical framew ork can supp ort theorem pro ving in particular logics,

and ho w a logic programming in terpretation of a framew ork can b e used for the

implemen tation of sp eci�c algorithms related to deductiv e systems.

This lea v es the question if w e can tak e adv an tage of the conciseness and elegance

of the enco dings to also mec hanize the meta-theory of deductiv e systems. F or exam-

ple, w e migh t w an t to pro v e that the natural deduction form ulation of in tuitionistic

logic in Section 3.2 and the axiomatic form ulation in Section 3.5 ha v e the same the-

orems. Other examples from the area of logic include admissibilit y of inference rules

suc h as cut in a sequen t system, or the correctness of logical in terpretations. In the

area of programming languages w e think of prop erties suc h as t yp e preserv ation,

correctness of t yp e inference algorithms, or compiler correctness.

The answ er is a quali�ed \ yes ". Some framew orks suc h as FS

0

are sp eci�cally de-

signed for meta-theoretic reasoning, but they giv e up tec hniques suc h as static pro of

c hec king, higher-order abstract syn tax, or h yp othetical judgmen ts as functions. As

w e explain b elo w, there are some di�culties with enco dings utilizing higher-order

abstract syn tax with a n um b er of p ossible solutions. In man y w a ys the p oten tial of

logical framew orks for meta-theoretic reasoning has not y et b een fully explored.

Just as w e isolated the notions of v ariable binding, parametric, and h yp othetical

judgmen ts as cen tral in the presen tation of deductiv e systems, w e should analyze

the pro of tec hniques used to carry out the meta-theory of deductiv e systems and

then consider ho w a framew ork migh t supp ort them. By far the most common

pro of tec hnique is induction, b oth o v er the structure of expressions and deriv ations.

Th us one naturally lo oks to w ards framew orks that p ermit inductiv e de�nitions of

judgmen ts and allo w the corresp onding induction principles. Unfortunately , there

is a con
ict b et w een induction and the represen tation tec hniques of higher-order

abstract syn tax and functional represen tation of h yp othetical judgmen ts. The issue

is complicated further b y dep enden t t yp es, so w e consider �rst the implicational

fragmen t of the simply-t yp ed represen tation of deductions.

nd : t yp e

impi : ( nd ! nd ) ! nd

imp e : nd ! nd ! nd
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Ev en if w e considered the ab o v e signature as complete (rather than op en-ended),

the t yp e nd w ould not b e inductiv ely de�ned in the usual sense, b ecause of the

negativ e o ccurrence of nd in the t yp e of impi . Straigh tforw ard attempts to form ulate

a v alid induction principle for the t yp e nd fail. Informally , at least one di�cult y

is clear: when w e try to pro v e a theorem ab out natural deductions, w e in v ariably

ha v e to generalize o v er all p ossible collection of h yp otheses. Since they are not

represen ted explicitly in our tec hnique, w e cannot directly form ulate the required

induction pro ofs. W e consider an example b elo w.

There is a further di�cult y with induction in the framew ork whic h stems from

the essen tial op en-endedness of represen tations. F or example, assume w e declare

constan ts z for zero and s for successor in the form ulation of �rst-order logic, but w e

do not assume an induction principle for natural n um b ers in our ob ject logic. If the

framew ork p ermitted an induction principle o v er the represen tation t yp e i , w e w ould

no longer ha v e an adequate enco ding of �rst-order logic with t w o unin terpreted

function constan ts. The enco ding of the univ ersal in tro duction rule,

fo ralli : � A : i ! o : (� a : i : nd ( A a )) ! nd ( fo rall A )

no w represen ts an ! -rule, since ob jects of t yp e � a : i : nd ( A a ) allo w case analysis on

a and are therefore no longer necessarily parametric in a . Dep ending on the strength

of the induction principle in the meta-language w e w ould b e able to deriv e v arious

prop ositions in the ob ject language that are not actually deriv able in pure �rst-

order logic and the adequacy of the represen tation is destro y ed. A similar problem

already arises at the lev el of syn tax if w e p ermit primitiv e recursion in to the logical

framew ork.

Sev eral options ha v e b een explored to escap e this dilemma. The �rst is to reject

the notion of higher-order abstract syn tax and use inductiv e represen tations di-

rectly (see, for example, [Matthews et al. 1993, Basin and Constable 1993, F eferman

1988, Magn usson and Nordstr• om 1994]). This engenders a complication of the en-

co ding and consequen tly of the meta-theory , whic h no w has to deal with man y

lemmas regarding v ariable naming. This can b e alleviated b y using de Bruijn in-

dices [de Bruijn 1972], y et formalizations are still substan tially more complex than

informal pro ofs. There are man y examples of formal dev elopmen ts along these lines.

A second p ossibilit y is to relax the conditions on inductiv e de�nitions, whic h

leads to p artial inductive de�nitions [Halln• as 1991]. They allo w in v ersion principles

but not a direct generalization of pro ofs b y induction. P artial inductiv e de�nitions

ha v e b een used as the basis for a logical framew ork [Halln• as 1987, Eriksson 1993 a ],

implemen ted in the Pi deriv ation editor [Eriksson 1994]. Their p oten tial for formal-

izing meta-theory is curren tly b eing explored b y McDo w ell and Miller [1997] (see

also [McDo w ell 1997]); more on their approac h b elo w.

A third option is to emplo y re
ection with some restrictions to ensure sound-

ness. In [Desp eyroux, Pfenning and Sc h • urmann 1997] this w as ac hiev ed b y a

mo dal t yp e op erator satisfying the la ws of S4. Ho w ev er, the practicalit y of

these and some related prop osals [Desp eyroux and Hirsc ho witz 1994, Desp ey-

roux, F elt y and Hirsc ho witz 1995, Leleu 1998] has nev er b een demonstrated. Dif-
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feren t re
ection mec hanisms ha v e b een emplo y ed in the Calculus of Construc-

tion [Rue� 1996, Rue� 1997] and Nuprl [Allen, Constable, Ho w e and Aitk en 1990].

These last t w o do not use higher-order abstract syn tax.

A fourth option is to externalize the induction. This leads to a three-lev el arc hitec-

ture: the ob ject logic, the logical framew ork in whic h it is sp eci�ed, and a meta-logic

for reasoning ab out the logical framew ork. V ariations of this are curren tly pursued

b y McDo w ell and Miller [1997] and Sc h • urmann and Pfenning [1995, 1998]. In prin-

ciple, an y meta-logic could b e used for reasoning ab out the logical framew ork, but

the e�ort required to dev elop the theory of the framew ork and then apply it to

individual signatures w ould b e prohibitiv e unless the meta-logic w as sp eci�cally

designed for meta-theoretic reasoning. Brie
y , the logic of McDo w ell and Miller is

based on de�nitional re
ection [Sc hro eder-Heister 1993] and natural n um b er in-

duction, while that of Sc h • urmann and Pfenning admits only 89 form ulas where

the quan ti�ers range o v er closed LF ob jects and uses explicit termination order-

ings [Roh w edder and Pfenning 1996]. Recen tly , this approac h has b een generalized

b y Sc h • urmann [2000].

A more detailed discussion of suc h meta-logical framew orks is b ey ond the scop e

of this c hapter. In the next section w e presen t another approac h where the meta-

theory is only partially v eri�ed, but where the computational con ten ts of the meta-

theoretic pro ofs is directly a v ailable for execution.

5.1. R elational meta-the ory

As alluded to ab o v e, it is di�cult to soundly extend the logical framew ork to include

induction. Ho w ev er, it is p ossible to enco de the computational con ten ts of pro ofs

of meta-theoretic prop erties in Elf and thereb y partially v erify them. Moreo v er,

they can b e executed for a n um b er of di�eren t purp oses. The tec hnique emplo ys

higher-lev el judgmen ts as in tro duced in Section 3.6.

As an example w e consider the equiv alence b et w een natural deduction and ax-

iomatic form ulations of the fragmen t of �rst-order logic in tro duced in Sections 3.2

and 3.5. In one direction this is expressed simply as:

If `

A

A then `

N

A .

Recall that form ulas A are represen ted as ob jects of t yp e o , while deriv ations of `

A

A

are represen ted b y ob jects of t yp e hil p A q and deriv ations of `

N

A as ob jects of t yp e

nd p A q . Expressed in a meta-logic for LF, w e can use adequacy of the enco dings to

reform ulate the theorem.

F or any LF obje cts A : o and H : hil A ther e exists an LF obje ct D : nd A .

If w e ignore the issues of parameters for the momen t, the quan ti�ers range o v er

closed ob jects with resp ect to the signature that enco des natural and axiomatic

form ulations of in tuitionistic logic. F rom a constructiv e pro of of this prop osition

w e can extract a function whic h maps a form ula A and a deriv ation of `

A

A to a

deduction of `

N

A . If this function w ere represen table in the logical framew ork, it

w ould ha v e t yp e

� A : o : hil A ! nd A:
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Since the pro of pro ceeds b y induction o v er the structure of the axiomatic deriv ation

H of `

A

A , suc h a function w ould b e de�ned b y induction o v er its second argumen t|

something the framew ork do es not allo w. Ho w ev er, w e can sp ecify this function as

a higher-lev el judgmen t relating H and the natural deduction D . This higher-lev el

judgmen t is declared as a t yp e family hilnd .

hilnd : � A : o : hil A ! nd A ! t yp e

This relation can b e sp eci�ed in LF and executed as a logic program in Elf. Queries

ha v e the form hilnd A H D , where A and H are giv en closed ob jects of appropriate

t yp e, while D is a free v ariable whic h will b e computed during logic programming

searc h.

It is imp ortan t to realize, ho w ev er, that t yp e-c hec king the signature declaring

hilnd do es not guaran tee the v alidit y of the meta-theorem w e w ere trying to pro v e.

F or this, some additional conditions ha v e to b e satis�ed: mo de c orr e ctness whic h

expresses that the logic programming in terpretation of hilnd resp ects the desired

input/output in terpretation, termination whic h guaran tees that eac h call of hilnd

of the form ab o v e terminates, and c over age whic h guaran tees that for eac h p ossible

com bination of input v alues a case in the de�nition of hilnd will b e applicable. Some

asp ects of this c hec k are discussed in [Pfenning and Roh w edder 1992, Roh w edder

and Pfenning 1996].

A similar idea in the area of functional programming without the notion of higher-

order abstract syn tax has b een explored in the ALF system [Magn usson 1995, Mag-

n usson and Nordstr• om 1994, Co quand and Smith 1993, Co quand, Nordstr• om,

Smith and v on Sydo w 1994] and the F o etus system [Ab el 1999]. The empirical

evidence suggests that this shortens dev elopmen ts considerably and allo ws the for-

m ulations of functions in a manner whic h is closer to functional programming prac-

tice [Co quand 1992, Gasp es and Smith 1992, Magn usson 1993]. In these systems,

termination and co v erage has also b een externalized, rather than forcing adherence

to an in
exible sc hema of primitiv e recursion.

5.2. T r anslating axiomatic derivations to natur al de ductions

In this section w e illustrate the relational represen tation of pro ofs b y relating deriv a-

tions in the axiomatic system to natural deductions. As a �rst step w e pro v e that

ev ery axiomatic deduction ma y b e transformed in to a natural deduction.

5.1. Theorem. If `

A

A then `

N

A .

Pr oof. The pro of pro ceeds b y a simple structural induction o v er the deriv ation

H :: `

A

A . In eac h case w e exhibit the corresp onding natural deduction. Our

represen tation of this pro of in tro duces a new judgmen t relating, for an y form ula

A , the Hilb ert deriv ations of A to the natural deductions of A . This judgmen t is

represen ted b y the t yp e family

hilnd : hil A ! nd A ! t yp e
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where w e ha v e left a quan ti�er o v er A implicit as explained in Section 3.4.

As explained in the preceding section, this relation implemen ts a total function

� A : o : hil A ! nd A whic h is not directly expressible in the framew ork.

Eac h case in the induction argumen t turns in to a declaration of a corresp onding

higher-lev el judgmen t.

Case:

H =

K

`

A

A � ( B � A )

In this case w e ha v e to supply a natural deduction of `

N

A � ( B � A ), whic h w e

ha v e already seen at the end of Section 3.4. Recall that k implemen ts the axiom K .

hnd k : hilnd k ( impi ( � u : nd A . impi ( � v : nd B . u ))).

Case:

H =

S

`

A

( A � ( B � C )) � (( A � B ) � ( A � C ))

A natural deduction of the conclusion is

u

`

N

A � ( B � C )

w

`

N

A

� E

`

N

B � C

v

`

N

A � B

w

`

N

A

� E

`

N

B

� E

`

N

C

� I

w

`

N

A � C

� I

v

`

N

( A � B ) � ( A � C )

� I

u

`

N

( A � ( B � C )) � (( A � B ) � ( A � C ))

This deduction can no w b e represen ted in LF b y the usual metho d.

hnd s :

hilnd s

( impi ( � u : nd ( A imp B imp C ).

impi ( � v : nd ( A imp B ).

impi ( � w : nd A . imp e ( imp e u w ) ( imp e v w ))))).

Case:

H = N

1

`

A

( A � : B ) � (( A � B ) � ( : A ))
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This is similar to the previous case.

u

`

N

A � : B

w

`

N

A

� E

`

N

: B

v

`

N

A � B

w

`

N

A

� E

`

N

B

: E

`

N

p

: I

p;w

`

N

: A

� I

v

`

N

( A � B ) � : A

� I

u

`

N

( A � : B ) � (( A � B ) � : A )

In the formalization, the prop ositional parameter p app ears as a b ound v ariable.

hnd n

1

:

hilnd n

1

( impi ( � u : nd ( A imp not B ).

impi ( � v : nd ( A imp B ).

noti ( � p : o . � w : nd A . note ( imp e u w ) p ( imp e v w ))))).

The remaining axioms are easy to pro v e, and w e only sho w their enco dings

hnd n

2

:

hilnd n

2

( impi ( � u : nd ( not A ). impi ( � v : nd A . note u B v ))).

hnd f

1

:

hilnd ( f

1

T ) ( impi ( � u : nd ( fo rall ( � x : i . A x )). fo ralle u T )).

hnd f

2

:

hilnd f

2

( impi ( � u : nd ( fo rall ( � x : i . B imp A x )).

impi ( � v : nd B . fo ralli ( � a : i . imp e ( fo ralle u a ) v )))).

Case:

H =

H

1

`

A

A � B

H

2

`

A

A

M P

`

A

B

By induction h yp othesis on H

1

and H

2

there exist natural deductions D

1

:: `

N

A � B

and D

2

:: `

N

A , resp ectiv ely . Using the rule of implication elimination � E, w e obtain

D =

D

1

`

N

A � B

D

2

`

N

A

� E

`

N

B

In the represen tation w e emphasize the op erational reading of the implemen tation

b y using the arro w that p oin ts to the left. It asso ciates to the left, and therefore

A

3

 A

2

 A

1

is equiv alen t to A

1

! A

2

! A

3

.
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hnd mp : hilnd ( mp H

1

H

2

) ( imp e D

1

D

2

)

 hilnd H

1

D

1

 hilnd H

2

D

2

.

Note that hilnd H

1

D

1

will b e the �rst subgoal to b e solv ed, and hilnd H

2

D

2

the

second, according to the op erational seman tics sk etc hed in Section 4.4.

Case:

H =

H

1

`

A

[ a=x ] A

U G

a

`

A

8 x: A

This case corresp onds directly to univ ersal in tro duction ( 8 I) in natural deduction.

By induction h yp othesis on H

1

there exists a natural deduction D

1

:: `

N

[ a=x ] A .

Since the deduction D

1

is not h yp othetical, the side condition on U G that a not

app ear in A is su�cien t to guaran tee the corresp onding side condition on 8 I and

w e can form

D =

D

1

`

N

[ a=x ] A

8 I

a

`

N

8 x: A

In the represen tation, H

1

is a function from a to a deduction of [ a=x ] A . Th us the

higher-lev el judgmen t relating H

1

to D

1

is parametric in a . P arametric judgmen ts

are represen ted b y functions as usual, so a dep enden t function t yp e will app ear in

the premise.

hnd ug : hilnd ( ug H

1

) ( fo ralli D

1

)  ( � a : i . hilnd ( H

1

a ) ( D

1

a )).

Op erationally in Elf, solving the subgoal in tro duces a new parameter a and sub-

stitutes it for the v ariable b ound in H

1

. The resulting deduction is translated to

a natural deduction that ma y con tain a . Matc hing this against the pattern ( D

1

a )

creates the correct functional represen tation of the judgmen t that is h yp othetical

in a , and whic h is the premise of 8 I and th us the argumen t to fo ralli .

The pro of ab o v e describ es a metho d for translating axiomatic deriv ations to

natural deductions. Under the Curry-Ho w ard isomorphism [Ho w ard 1980], this cor-

resp onds to a translation from t yp ed com binators (based on S and K and others)

to t yp ed � -terms. As a sample execution of this program, consider the query

hilnd ( mp ( mp s k ) k ) D

where D is a free v ariable of t yp e nd ( A imp A ). This will compute the follo wing

instan tiation for D , whic h is an indirect w a y of deriving `

N

A � A .
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imp e

( imp e

( impi

( � u : nd ( A imp ( B imp A ) imp A ).

impi

( � v : nd ( A imp B imp A ).

impi ( � w : nd A . imp e ( imp e u w )

( imp e v w )))))

( impi ( � u : nd A . impi ( � v : nd ( B imp A ). u ))))

( impi ( � u : nd A . impi ( � v : nd B . u ))).

5.3. The de duction the or em

One crucial step in pro ving the other direction (natural deductions can b e translated

to axiomatic deriv ations) is the de duction the or em . In its simplest form it concerns

a h yp othetical deriv ation: if w e can pro v e B assuming A (written as A `

A

B ), then

w e can deriv e `

A

A � B . This is not quite enough for our application, since during

a natural deduction man y h yp otheses ma y arise. So w e let � range o v er collections

of h yp otheses A

1

; : : : ; A

n

and write � `

A

B . An implemen tation of a pro of of the

deduction theorem using FS

0

is describ ed in [Basin and Matthews 1996] and ma y

b e compared to the relational implemen tation b elo w.

5.2. Theorem ( Deduction Theorem). If � ; A `

A

B then � `

A

A � B .

Pr oof. The pro of pro ceeds b y induction on the structure of the deriv ation H ::

� ; A `

A

B . In the implemen tation of the pro of the extraneous h yp otheses � will

b e represen ted b y h yp otheses in LF and can therefore b e left implicit in the main

judgmen t. Th us the pro of is implemen ted as a higher-lev el judgmen t, relating the

represen tation of the h yp othetical deriv ation of A `

A

B to the deriv ation of `

A

A � B . Recall that a h yp othetical deriv ation is represen ted as an LF function from

deriv ations of the h yp othesis to deriv ations of the conclusion. Th us w e arriv e at the

t yp e family

ded : ( hil A ! hil B ) ! hil ( A imp B ) ! t yp e

where A and B are implicitly quan ti�ed.

Case: H = � ; A `

A

A , that is, H consists of a use of the h yp othesis A . Then w e need

to sho w that � `

A

A � A . This follo ws b y t w o applications of Mo dus P onens from

( S ) and ( K ). W ritten in linear form instead of the more a wkw ard tree w e ha v e

1 ( A � (( B � A ) � A )) � (( A � ( B � A )) � ( A � A )) S

2 ( A � (( B � A ) � A )) K

3 ( A � ( B � A )) � ( A � A ) M P 1 2

4 A � ( B � A ) K

5 A � A M P 3 4
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As an LF term, this is represen ted succinctly b y mp ( mp s k ) k , a term already

familiar from the sample query at the end of the previous section. The LF func-

tion � u : hil A . u represen ts the immediate use of the h yp othesis `

A

A , lab elled

in ternally b y u . Th us w e ha v e

ded id : ded ( � u : hil A . u ) ( mp ( mp s k ) k ).

Case: H = � ; A `

A

A

i

, where A

i

o ccurs in �. In this case w e ha v e to giv e a

deriv ation of � `

A

A � A

i

. But this follo ws from an application of Mo dus P onens

and K.

1 � `

A

A

i

� ( A � A

i

) K

2 � `

A

A

i

( hy p )

3 � `

A

A � A

i

M P 1 2

There is no corresp onding case in the implemen tation of the t yp e family ded . In-

stead, w e need to mak e the assumption that the deduction theorem applied to a

new h yp othesis lab elled w yields mp k w wherev er w is in tro duced. This tec hnique

will b e illustrated in the next section.

Case:

H =

K

� ; A `

A

B

1

� ( B

2

� B

1

)

Then w e pro ceed as follo ws:

1 � `

A

( B

1

� ( B

2

� B

1

)) � ( A � ( B

1

� ( B

2

� B

1

))) K

2 � `

A

B

1

� ( B

2

� B

1

) K

3 � `

A

A � ( B

1

� ( B

2

� B

1

)) M P 1 2

ded k : ded ( � u : hil A . k ) ( mp k k ).

Cases: All remaining axioms ( S , N

1

, N

2

, F

1

, F

2

) are handled as in the previous

case. W e only sho w their implemen tations.

ded n

1

: ded ( � u : hil A . n

1

) ( mp k n

1

).

ded n

2

: ded ( � u : hil A . n

2

) ( mp k n

2

).

ded f

1

: ded ( � u : hil A . f

1

T ) ( mp k ( f

1

T )).

ded f

2

: ded ( � u : hil A . f

2

) ( mp k f

2

).

Case:

H =

H

1

� ; A `

A

B

1

� B

2

H

2

� ; A `

A

B

1

M P

� ; A `

A

B

2
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1 � `

A

A � ( B

1

� B

2

) Ind. h yp. on H

1

2 � `

A

( A � ( B

1

� B

2

)) � (( A � B

1

) � ( A � B

2

)) S

3 � `

A

( A � B

1

) � ( A � B

2

) M P 2 1

4 � `

A

A � B

1

Ind. h yp. on H

2

5 � `

A

A � B

2

M P 3 4

App eals to induction h yp otheses are implemen ted in the premises of the higher

lev el judgmen t, generating H

0

1

and H

0

2

, resp ectiv ely . Note ho w the premises H

1

and

H

2

of H are once again h yp othetical, that is, they ma y dep end on the assumption

A . This is implemen ted as ( H

1

u ) and ( H

2

u ) in the declaration b elo w.

ded mp :

ded ( � u : hil A . mp ( H

1

u ) ( H

2

u )) ( mp ( mp s H

1

0

) H

2

0

)

 ded H

1

H

1

0

 ded H

2

H

2

0

.

Case:

H =

H

1

� ; A `

A

[ a=x ] B

1

U G

a

� ; A `

A

8 x: B

1

1 � `

A

A � [ a=x ] B

1

Ind. h yp. on H

1

2 � `

A

8 x: ( A � B

1

) U G

a

1

3 � `

A

( 8 x: ( A � B

1

)) � ( A � 8 x: B

1

) F

2

4 � `

A

A � 8 x: B

1

M P 3 2

The side conditions on U G

a

and F

2

are satis�ed b y virtue of the pro viso that a not

o ccur in �, A , or 8 x: B

1

, that is, that H

1

b e parametric in a . In the implemen tation

w e simply create a new parameter a .

ded ug :

ded ( � u : hil A . ug ( H

1

u )) ( mp f

2

( ug H

1

0

))

 ( � a : i . ded ( � u : hil A . H

1

u a ) ( H

1

0

a )).

The declarations for the higher-lev el judgmen t ded can b e executed as a logic

program, th us capturing the computational con ten ts of the deduction theorem. This

corresp onds to the algorithm for br acket abstr action in com binatory logic [Curry

and F eys 1958].

5.4. T r anslating natur al de ductions to axiomatic derivations

Obtaining a translation from natural deductions to axiomatic deriv ations is no w

straigh tforw ard. Note that w e m ust allo w for h yp otheses, since the � I rule in tro-
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duces them (if view ed from the b ottom up).

5.3. Theorem. If `

N

A fol lows fr om hyp otheses `

N

A

1

; : : : ; `

N

A

n

, then ther e exists

a hyp othetic al axiomatic derivation of A

1

; : : : ; A

n

`

A

A .

Pr oof. By induction on D :: `

N

A . W e abbreviate A

1

; : : : ; A

n

b y �. In the imple-

men tation w e deal with eac h h yp othesis as it is in tro duced, rather than globally .

Th us the t yp e family that implemen ts the meta-pro of just relates a natural deduc-

tion to a Hilb ert deriv ation.

ndhil : � A : o . nd A ! hil A ! t yp e .

Case:

D =

u

i

`

N

A

i

This constitutes application of a h yp othesis. Then H is a one-step deriv ation us-

ing the corresp onding the h yp othesis. It is implemen ted wherev er h yp otheses are

in tro duced, whic h are the cases for � I and : I.

Case:

D =

u

`

N

A

1

D

1

`

N

A

2

� I

u

`

N

A

1

� A

2

By induction h yp othesis on D

1

, there exists a deriv ation H

1

of � ; A

1

`

A

A

2

. Hence,

b y the deduction theorem, there exists a deriv ation H

0

1

of � `

A

A

1

� A

2

, whic h is

what w e needed to sho w. The implemen tation com bines this and the previous case

b y in tro ducing h yp otheses u : nd A

1

and v : hil A

1

and assuming that the translation

of u should b e v . Since this rule in tro duces a new h yp othesis `

A

A

1

, w e m ust also

indicate ho w the deduction theorem b eha v es on the new assumption. This ma y b e

gleaned from the second case in the pro of of the deduction theorem.

ndh impi :

ndhil ( impi D

1

) H

1

0

 ( � u : nd A

1

. � v : hil A

1

.

( � C : o . ded ( � w : hil C . v ) ( mp k v ))

! ndhil u v

! ndhil ( D

1

u ) ( H

1

v ))

 ded H

1

H

1

0

.
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Case:

D =

D

1

`

N

8 x: A

1

8 E

`

N

[ t=x ] A

1

By induction h yp othesis on D

1

there exists a deriv ation H

1

of � `

A

8 x: A

1

. By

mo dus p onens from an instance of axiom sc hema F

1

and H

1

w e can then construct

a deriv ation H of � `

A

[ t=x ] A

1

.

ndh fo ralle : ndhil ( fo ralle D

1

T ) ( mp ( f

1

T ) H

1

)  ndhil D

1

H

1

.

Cases: W e omit the remaining cases whic h are similar to the t w o giv en ab o v e. It is

an instructiv e exercise to reconstruct the informal argumen t from the implemen ta-

tion giv en b elo w.

ndh imp e : ndhil ( imp e D

1

D

2

) ( mp H

1

H

2

)

 ndhil D

1

H

1

 ndhil D

2

H

2

.

ndh noti :

ndhil ( noti D

1

) ( mp ( mp n

1

H

1

0

) H

1

0 0

)

 ( � p : o . � u : nd A

1

. � v : hil A

1

.

( � C : o . ded ( � w : hil C . v ) ( mp k v ))

! ndhil u v

! ndhil ( D

1

p u ) ( H

1

p v ))

 ded ( H

1

( not A )) H

1

0

 ded ( H

1

A ) H

1

0 0

.

ndh note : ndhil ( note D

1

C D

2

) ( mp ( mp n

2

H

1

) H

2

)

 ndhil D

1

H

1

 ndhil D

2

H

2

.

ndh fo ralli : ndhil ( fo ralli D

1

) ( ug H

1

)

 ( � a : i . ndhil ( D

1

a ) ( H

1

a )).

In summary , w e can represen t some asp ects of constructiv e meta-theoretic pro ofs

as higher-lev el judgmen ts in LF. These higher-lev el judgmen ts can b e executed in

Elf with the op erational seman tics from Section 4.4 to translate deriv ations b et w een

deductiv e systems. While the result of eac h individual computation of this form is

guaran teed to b e correct, the higher-lev el judgmen t is only partially v eri�ed since

termination and co v erage of all p ossible cases are prop erties outside the scop e of

the t yp e-c hec k er.

6. App endix: the simply-t yp ed � -calculus

F or the represen tation of the abstract syn tax of a language, the simply-t yp ed � -

calculus ( �

!

) is usually adequate. When w e tac kle the task of represen ting inference
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rules, w e will ha v e to re�ne the t yp e system b y adding dep enden t t yp es. The reader

should b ear in mind that �

!

should not b e considered as a functional programming

language, but as a represen tation language. In particular, the absence of recursion

will b e crucial in order to guaran tee adequacy of represen tations. Our form ulation of

the simply-t yp ed � -calculus has t w o lev els: the lev el of typ es and the lev el of obje cts ,

where t yp es classify ob jects. F urthermore, w e ha v e signatur es whic h declare t yp e

and ob ject constan ts, and c ontexts whic h assign t yp es to v ariables. The presen tation

is in the st yle of Ch urc h: Ev ery v alid ob ject has a unique t yp e. This requires that

t yp es app ear in the syn tax of ob jects to resolv e the inheren t am biguit y of certain

functions suc h as the iden tit y function. W e let a range o v er t yp e constan ts, c o v er

ob ject constan ts, x o v er v ariables.

T yp es A ::= a j A

1

! A

2

Ob jects M ::= c j x j �x : A: M j M

1

M

2

Signatures � ::= � j � ; a : t yp e j � ; c : A

Con texts � ::= � j � ; x : A

W e mak e the general restriction that constan ts and v ariables can o ccur at most

once in a signature or con text, resp ectiv ely . W e use A and B to range o v er t yp es, and

M and N to range o v er ob jects. W e refer to t yp e constan ts a as atomic typ es and

t yp es of the form A ! B as function typ es . W e also consider terms that di�er only

in the names of their b ound v ariables as iden tical and use the v ariable con v en tion

as for �rst-order logic in Section 2.

The judgmen ts de�ning �

!

are

`

�

A : t yp e A is a v alid t yp e

� `

�

M : A M is a v alid ob ject of t yp e A in con text �

`

�

� Ctx � is a v alid con text

` � Sig � is a v alid signature

Note that the �rst three of these judgmen ts dep end on a signature � whic h w e

presupp ose to b e v alid. Similarly , w e assume that � is alw a ys v alid in the judgmen t

� `

�

M : A . The judgmen ts are de�ned via the follo wing inference rules.

V alid obje cts

c : A in �

con

� `

�

c : A

x : A in �

va r

� `

�

x : A

`

�

A : t yp e � ; x : A `

�

M : B

lam

� `

�

�x : A: M : A ! B

� `

�

M : A ! B � `

�

N : A

app

� `

�

M N : B
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V alid typ es

a : t yp e in �

con

`

�

a : t yp e

`

�

A : t yp e `

�

B : t yp e

a rro w

`

�

A ! B : t yp e

V alid signatur es

sigemp

` � Sig

` � Sig

sigt yp

` � ; a : t yp e Sig

` � Sig `

�

A : t yp e

sigobj

` � ; c : A Sig

V alid c ontexts

ctxemp

`

�

� Ctx

`

�

� Ctx `

�

A : t yp e

ctxobj

`

�

� ; x : A Ctx

The rules for v alid ob jects are somewhat non-standard in that they con tain no

c hec k whether the signature � or the con text � are v alid, whic h w e presupp ose.

F urthermore, the rules guaran tee that if w e ha v e a deriv ation D of � `

�

M : A and

� is v alid, then ev ery con text app earing in D is also v alid. This is b ecause the t yp e

A in the lam rule is c hec k ed for v alidit y as it is added to the con text.

Our form ulation of the simply-t yp ed � -calculus ab o v e is parametrized b y a sig-

nature in whic h new constan ts can b e declared; only v ariables, � -abstraction, and

application are built in to the language itself. The analogue of observable values in

functional programming languages is the notion of c anonic al form , since they are

in one-one corresp ondence with the data w e are trying to represen t. Unlik e in func-

tional languages, ev ery w ell-t yp ed ob ject will ha v e an equiv alen t canonical form

whic h can b e calculated with a simple algorithm. F or the de�nition of canonical

forms as a deductiv e system w e need t w o m utually recursiv e judgmen ts: canonical

and atomic forms. F or the sak e of brevit y , w e elide the �xed signature � from this

judgmen t.

� ` M * A ob ject M is canonical of t yp e A

� ` M # A ob ject M is atomic of t yp e A

An atomic form is a v ariable or constan t applied to some n um b er of argumen ts,

eac h of whic h is in canonical form. A canonical form of functional t yp e m ust b e

a � -abstraction; a canonical form of atomic t yp e a m ust itself b e atomic. This is



1122 Frank Pfenning

captured with the follo wing inference rules.

� ; x : A ` M * B

a rro w

� ` �x : A: M * A ! B

� ` M # a

co erce

� ` M * a

x : A in �

va r

� ` x # A

c : A in �

con

� ` c # A

� ` M # B ! A � ` N * B

app

� ` M N # A

The algorithm for con v ersion to canonical and atomic forms in tro duces � -

abstractions if the ob ject is of functional t yp e, essen tially applying � -expansion.

A t base t yp e w e c hec k if the ob ject has the form of a v ariable or constan t applied

to some argumen ts. If so, w e con v ert the argumen ts to canonical form. If not, w e

rep eatedly apply w eak head reduction un til the other case applies. This metho d

of de�nition of a t yp ed � -calculus corresp onds to an op erational seman tics for a

functional language and is v ery m uc h in the spirit of the metho d of algorithmic

de�nition for t yp e theories [de Bruijn 1993]. Related systems ha v e b een describ ed

in [F elt y and Miller 1990, Co quand 1991]. The algorithm is giv en as a deductiv e

system consisting of three judgmen ts whic h ma y b e in terpreted as a logic program.

M

w hr

� ! M

0

M w eak head reduces to M

0

� ` M * M

0

: A M con v erts to canonical form M

0

at t yp e A

� ` M # M

0

: A M con v erts to atomic form M

0

at t yp e A

First, the rules for w eak head reduction. W e write [ N =x ] M for the result of substi-

tuting N for x in M , p ossibly renaming b ound v ariables to a v oid v ariable capture.

whr b eta

( �x : A: M ) N

w hr

� ! [ N =x ] M

M

w hr

� ! M

0

whr app

M N

w hr

� ! M

0

N

The rules for con v ersion to canonical and atomic form m utually dep end on eac h

other. Note ho w the rules for canonical form are t yp e-directed, while the rules for
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atomic form are ob ject-directed.

� ; x : A ` M x * M

0

: B

a rro w

� ` M * ( �x : A: M

0

) : A ! B

M

w hr

� ! M

0

� ` M

0

* M

00

: a

whr

� ` M * M

00

: a

� ` M # M

0

: a

co erce

� ` M * M

0

: a

x : A in �

va r

� ` x # x : A

c : A in �

con

� ` c # c : A

� ` M # M

0

: A ! B � ` N * N

0

: A

app

� ` M N # M

0

N

0

: B

The follo wing prop erties of the simply-t yp ed � -calculus follo w easily from kno wn

results for more con v en tional represen tations. The last is the most di�cult and can

b e established rather elegan tly using logical relations [Pfenning 2001].

6.1. Theorem ( Prop erties of �

!

).

1. If � ` M * A then � ` M : A .

2. If � ` M # A then � ` M : A .

3. If � ` M * M

0

: A then � ` M

0

* A .

4. If � ` M # M

0

: A then � ` M

0

# A .

5. If � ` M : A then ther e exists a unique N such that � ` M * N : A .

Tw o ob jects M and M

0

are de�nitionally equal at t yp e A (written as � ` M �

M

0

: A ) if they ha v e the same canonical form at t yp e A . This coincides with a

notion of de�nitional equalit y based on � - and � -con v ersions. In particular, � - and

� -con v ersion are admissible rules of inference to determine de�nitional equalit y of

ob jects. W e ma y omit the con text, signature, and t yp e and just write M � M

0

.

Systems are often de�ned based on a notion of con v ersion, in whic h case the system

ab o v e could b e considered as sp ecifying an algorithm for deciding equalit y . The

next section pro vides an example of this kind.

7. App endix: the dep enden tly t yp ed � -calculus

The t yping rules for LF can b e found under the name �P in [Barendregt and

Geuv ers 2001] (Chapter 18 of this Handb o ok), except that the rule of t yp e con-

v ersion for LF is based on � � -con v ersion rather than just � -con v ersion. Because

� � -con v ersion is not con
uen t on ill-t yp ed terms, the standard approac h to pro ving

theoretical prop erties do es not w ork in the con text of LF, ev en though it ma y b e

adapted with some e�ort [Geuv ers 1992, Ghani 1997, Goguen 1999].
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W e prefer a form ulation with t yp ed equalit y judgmen ts in the st yle of Martin-

L• of [Harp er 1988] as presen ted in a sligh tly ric her framew ork [Co quand 1991]. W e

call the resulting t yp e theory �

�

. First w e de�ne its basic judgmen ts, whic h in-

clude t yping and de�nitional equalit y . Co quand [1991] pro v es the correctness of

an un t yp ed algorithm for con v ersion whic h demonstrates decidabilit y of the judg-

men ts de�ning LF. F rom this one can conclude easily that canonical (that is, long

� � -normal) forms exist and are unique, whic h is critical for the adequacy theo-

rems throughout this c hapter. An alternativ e pro of using an erasure in terpretation

for dep endencies is giv en b y Harp er and Pfenning [2000]. W e giv e an inductiv e

de�nition of canonical forms whic h can b e used directly in adequacy pro ofs to es-

tablish a comp ositional bijection b et w een canonical ob jects of �

�

and expressions

or deductions in an ob ject logic. This part is analogous to the dev elopmen t for

the simply-t yp ed � -calculus in the preceding section. W e also ha v e eliminated the

non-dep enden t function t yp e A ! B since w e can think of it as an abbreviation for

� x : A: B where x do es not o ccur in B .

�

�

is predicativ e calculus with three lev els: kinds, families, and ob jects. W e also

de�ne signatures and con texts as they are needed for the judgmen ts.

Kinds K ::= t yp e j � x : A: K

F amilies A ::= a j A M j � x : A

1

: A

2

Ob jects M ::= c j x j �x : A: M j M

1

M

2

Signatures � ::= � j � ; a : K j � ; c : A

Con texts � ::= � j � ; x : A

Besides the t yp ed notion of equalit y , this language di�ers from the one giv en b y

Harp er et al. [1993] in that w e do not allo w families to b e formed b y explicit ab-

straction. Since suc h families nev er o ccur in canonical forms, this do es not lead to

an y loss in expressiv e p o w er. Unlik e in �

!

, w e can no longer in tro duce t yping inde-

p enden tly of de�nitional equalit y , b ecause of the rule of t yp e con v ersion motiv ated

in Section 3.4.

� `

�

M : A M has t yp e A

� `

�

M � M

0

: A M is de�nitionally equal to M

0

at t yp e A

� `

�

A : K A has kind K

� `

�

A � A

0

: K A is de�nitionally equal to A

0

at kind K

� `

�

K : kind K is a v alid kind

� `

�

K � K

0

: kind K is de�nitionally equal to K

0

` � Sig � is a v alid signature

`

�

� Ctx � is a v alid con text

These judgmen t are de�ned b y the rules giv en b elo w. F or the t yping and equalit y

judgmen ts w e presupp ose that the signature � and the con text � are v alid, so w e
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do not c hec k this in the rules for v ariables and constan ts. F urthermore, w e do not

ha v e an explicit rule for � -con v ersion, since it, together with a congruence rule for

� -abstraction, is equiv alen t to the extensionalit y rule eq lam for functional equalit y .

V alid obje cts

� `

�

A : t yp e � ; x : A `

�

M : B

lam

� `

�

�x : A: M : � x : A: B

� `

�

A : t yp e � ; x : A `

�

M x � M

0

x : B

eq lam

� `

�

M � M

0

: � x : A: B

c : A in �

con

� `

�

c : A

x : A in �

va r

� `

�

x : A

� `

�

M : � x : A: B � `

�

N : A

app

� `

�

M N : [ N =x ] B

� `

�

M � M

0

: � x : A: B � `

�

N � N

0

: A

eq app

� `

�

M N � M

0

N

0

: [ N =x ] B

� ; x : A `

�

M : B � `

�

N : A

b eta

� `

�

( �x : A: M ) N � [ N =x ] M : [ N =x ] B

V alid typ es

� `

�

A : t yp e � ; x : A `

�

B : t yp e

pi

� `

�

� x : A: B : t yp e

� `

�

A � A

0

: t yp e � ; x : A `

�

B � B

0

: t yp e

eq pi

� `

�

� x : A: B � � x : A

0

: B

0

: t yp e

a : K in �

con

� `

�

a : K

� `

�

A : � x : B : K � `

�

M : B

app

� `

�

A M : [ M =x ] K

� `

�

A � A

0

: � x : B : K � `

�

M � M

0

: B

eq app

� `

�

A M � A

0

M

0

: [ M =x ] K
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V alid kinds

t yp e

� `

�

t yp e : kind

� `

�

A : t yp e � ; x : A `

�

K : kind

pi

� `

�

� x : A: K : kind

� `

�

A � A

0

: t yp e � ; x : A `

�

K � K

0

: kind

eq pi

� `

�

� x : A: K � � x : A

0

: K

0

: kind

Equality rules. W e presen t the equalit y rules for all three lev els in abbreviated

form, where U , V , and W range o v er ob jects, t yp es, kinds, or the sym b ol kind as

appropriate for the equalit y judgmen ts sho wn ab o v e.

� `

�

U : V

re


� `

�

U � U : V

� `

�

U

1

� U

2

: V

sym

� `

�

U

2

� U

1

: V

� `

�

U

1

� U

2

: V � `

�

U

2

� U

3

: V

trans

� `

�

U

1

� U

3

: V

� `

�

U : V � `

�

V � V

0

: W

conv

� `

�

U : V

0

� `

�

U

1

� U

2

: V � `

�

V � V

0

: W

eq conv

� `

�

U

1

� U

2

: V

0

V alid signatur es

sigemp

` � Sig

` � Sig `

�

K : kind

sigfam

` � ; a : K Sig

` � Sig `

�

A : t yp e

sigobj

` � ; c : A Sig

V alid c ontexts

ctxemp

`

�

� Ctx

`

�

� Ctx � `

�

A : t yp e

ctxobj

`

�

� ; x : A Ctx

W e can obtain the decidabilit y of the judgmen ts constituting this form ulation

of LF via a sequence of lemmas culminating in an argumen t via Kripk e-logical
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relations and an un t yp ed algorithm for testing equalit y as giv en b y Co quand [1991].

The v ersion of this theorem for � -con v ersion only (where the eq lam rule is replaced

b y a congruence rule for � -abstraction) is due to Harp er et al. [1993].

7.1. Theorem ( Prop erties of LF).

1. If �

1

; x : A; y : B ; �

2

`

�

M : C and �

1

`

�

B : t yp e then �

1

; y : B ; x : A; �

2

`

�

M : C .

2. If � `

�

M : C and � `

�

A : t yp e then � ; x : A `

�

M : C .

3. If �

1

; x : A; �

2

`

�

M : C and �

1

`

�

N : A

then �

1

; [ N =x ]�

2

`

�

[ N =x ] M : [ N =x ] C .

4. A l l judgments de�ning the �

�

typ e the ory ar e de cidable.

W e single out the prop erties of exc hange, w eak ening, and substitution, since

they are at the core of the judgmen ts-as-t yp es represen tation tec hnique. Note that

con traction is a simple consequence of substitution in our form ulation. P aramet-

ric and h yp othetical judgmen ts can b e implemen ted as functions in �

�

b ecause

these prop erties matc h the prop erties of h yp otheses. Logics suc h as linear logic in

whic h assumptions do not satisfy these prop erties m ust b e represen ted with di�er-

en t tec hniques. This has led, for example, to the dev elopmen t of the linear logical

framew ork [Cerv esato and Pfenning 1996] whic h pro vides more con trol o v er prop-

erties of assumptions.

W e con tin ue b y presen ting the notions of canonical and atomic form as a judg-

men t, generalizing the analogous judgmen ts from the simply-t yp ed � -calculus in

Section 6.

� `

�

M * A M is canonical of t yp e A

� `

�

M # A M is atomic of t yp e A

� `

�

A * K A is canonical of kind K

� `

�

A # K A is atomic of kind K

These judgmen ts are de�ned via the follo wing inference rules. W e use P for a

b ase typ e , that is, one whic h has the form a M

1

: : : M

n

rather than � x : A: B .

Canonic al obje cts

� `

�

A * t yp e � ; x : A `

�

M * B � `

�

A � A

0

: t yp e

pi

� `

�

�x : A: M * � x : A

0

: B

� `

�

M # P � `

�

P � P

0

: t yp e

co erce

� `

�

M * P

0
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A tomic obje cts

c : A in �

con

� `

�

c # A

x : A in �

va r

� `

�

x # A

� `

�

M # � x : A: B � `

�

N * A

atmapp

� `

�

M N # [ N =x ] B

Canonic al typ es

� `

�

A * t yp e � ; x : A `

�

B * t yp e

pi

� `

�

� x : A: B * t yp e

� `

�

P # t yp e

co erce

� `

�

P * t yp e

A tomic typ es

a : K in �

con

� `

�

a # K

� `

�

A # � x : B : K � `

�

M * B

app

� `

�

A M # [ M =x ] K

It is easy to see that canonical forms are w ell-t yp ed.

7.2. Theorem ( Prop erties of canonical forms).

1. If � `

�

M * A then � `

�

M : A .

2. If � `

�

M # A then � `

�

M : A .

3. If � `

�

A * K then � `

�

A : K .

4. If � `

�

A # K then � `

�

A : K .

Pr oof. By straigh tforw ard induction on the structure of the canonical and atomic

forms.

Finally w e come to algorithms for con v ersion to canonical form. They are designed

so that t w o terms are de�nitionally equal if they ha v e the same canonical form.

M

w hr

� ! M

0

M w eak head reduces to M

0

� `

�

M * M

0

: A M has canonical form M

0

at t yp e A

� `

�

M # M

0

: A

0

M has atomic form M

0

at t yp e A

0

� `

�

A * A

0

: K A has canonical form A

0

at kind K

� `

�

A # A

0

: K

0

A has atomic form A

0

at kind K

0
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T o read these judgmen ts as algorithms w e apply the logic programming in terpre-

tation of these rules for the b ottom-up construction of a deriv ation. In w eak head

reduction w e assume that M is giv en and M

0

is constructed. In the judgmen ts for

con v ersion to canonical form w e assume that �, �, M , A , and K are giv en while

w e construct M

0

and A

0

. In the judgmen ts for atomic forms w e assume �, �, M ,

and A to b e giv en and construct M

0

, A

0

and K

0

.

We ak he ad r e duction

whr b eta

( �x : A: M ) N

w hr

� ! [ N =x ] M

M

w hr

� ! M

0

whr app

M N

w hr

� ! M

0

N

Conversion to c anonic al obje cts

� `

�

A * A

0

: t yp e � ; x : A

0

`

�

M x * M

0

: B

pi

� `

�

M * �x : A

0

: M

0

: � x : A: B

� `

�

M # M

0

: P � `

�

P � P

0

atm

� `

�

M * M

0

: P

0

M

w hr

� ! M

0

� `

�

M

0

* M

00

: P

whr

� `

�

M * M

00

: P

Conversion to atomic obje cts

c : A in �

con

� `

�

c # c : A

x : A in �

va r

� `

�

x # x : A

� `

�

M # M

0

: � x : A: B � `

�

N * N

0

: A

app

� `

�

M N # M

0

N

0

: [ M

0

=x ] B

Conversion to c anonic al typ es

� `

�

A * A

0

: t yp e � ; x : A

0

`

�

B * B

0

: t yp e

pi

� `

�

� x : A: B * � x : A

0

: B

0

: t yp e

� `

�

P # P

0

: t yp e

atm

� `

�

P * P

0

: t yp e
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Conversion to atomic typ es

a : K in �

con

� `

�

a # a : K

� `

�

A # A

0

: � x : B : K � `

�

M * M

0

: B

app

� `

�

A M # A

0

M

0

: [ M

0

=x ] K

W e sho w only the relev an t prop erties for canonical forms on ob jects|atomic

forms, t yp es, and kinds satisfy similar prop erties.

7.3. Theorem ( Con v ertibilit y).

1. If � `

�

M * M

0

: A then � `

�

M

0

* A .

2. If � `

�

M * M

0

: A then � `

�

M � M

0

: A .

3. If � `

�

M : A then ther e is a unique M

0

such that � `

�

M * M

0

: A .

4. � `

�

M � M

0

: A i� � `

�

M * N : A and � `

�

M

0

* N : A for some N .

Pr oof. The �rst t w o prop erties follo w b y simple structural inductions. The last

t w o follo w from Co quand's algorithm [Co quand 1991] b y additional � -expansions.

Related pro ofs are giv en b y Harp er and Pfenning [2000] and Virga [1999].

8. Conclusion

W e ha v e pro vided an in tro duction to the tec hniques of logical framew orks with an

emphasis on LF whic h is based on the dep enden tly t yp ed � -calculus �

�

. W e no w

summarize the basic c hoices that arise in the design of logical framew orks.

Equational vs. de ductive enc o dings. Logical framew orks based on rewriting logic

[Mart � �-Oliet and Meseguer 1993] (v ariations of whic h are implemen ted in Maude

[ Maude 1999] and ELAN [ ELAN 1998, Kirc hner et al. 1993, Hab erstrau 1994,

Boro v ansk � y et al. 1998]) are based on equational reasoning, rewriting, and con-

strain ts, while others discussed in this c hapter (LF, hereditary Harrop form ulas,

FS

0

, ALF) are based on deductiv e reasoning. It is clear that eac h approac h can

b e sim ulated in the other, but usually with some loss of clarit y , e�ciency and

elegance for certain classes of applications. Rewriting logic, for example, deals par-

ticularly w ell with concurrency , while it do es not seem w ell suited for situations

where deductions themselv es need to b e rei�ed in the meta-language. First steps

for com bining ideas from these classes of framew orks are the rewriting mec hanisms

in Isab elle [Nipk o w 1989] and the study of term rewriting in higher-order languages

with dep enden t t yp es [Virga 1996, Virga 1999]. F or more on rewriting logic and its

use as a logical framew ork, see [Meseguer 1998, Kirc hner and Kirc hner 1998]. The

seman tic origin of this w ork is institutions [Goguen and Burstall 1992]; a connection

is made b y Meseguer [1987].



Logical framew orks 1131

Str ong vs. we ak fr ameworks. De Bruijn, the founder of the �eld of logical frame-

w orks, argues in [de Bruijn 1991 a ] that logical framew orks should b e foundationally

uncommitted and as w eak as p ossible. This allo ws simple pro ofs of adequacy for

enco dings, e�cien t c hec king of the correctness of deriv ations, and allo ws e�ectiv e

algorithms for uni�cation and pro of searc h in the framew ork whic h are otherwise

di�cult to design (for example, in the presence of iterated inductiv e de�nitions).

This is also imp ortan t if w e use explicit pro ofs as a means to increase con�dence in

the results of a theorem pro v er: the simpler the logical framew ork, the more trusted

its implemen tation is lik ely to b e. While most framew orks are based on w eak frag-

men ts of in tuitionistic logic or t yp e theory , lab el le d de ductive systems as prop osed

b y Gabba y [1994, 1996] are a notable exception. They are based essen tially on

classical, �rst-order logic where deductions are restricted through the use of lab els

endo w ed with an equational theory . Pro of searc h can pro ceed, for example, b y clas-

sical resolution tec hniques. F or more on this approac h, see [Ohlbac h et al. 2001]

(Chapter 21 of this Handb o ok). This enco ding is w ell-suited for mo dal logics, but

it app ears less immediately applicable to other deductiv e systems, esp ecially those

arising in the theory of programming languages.

Inductive r epr esentations vs. higher-or der abstr act syntax. This is related to the pre-

vious question. Inductiv e represen tations of logics are supp orted in FS

0

[F eferman

1988] and ALF [Magn usson and Nordstr• om 1994] and man y logics not explic-

itly designed as logical framew orks suc h as Nuprl [Basin and Constable 1993],

LEGO [P ollac k 1994], Co q [Do w ek, F elt y , Herb elin, Huet, Murth y , P aren t, P aulin-

Mohring and W erner 1993], and Isab elle/HOL [P aulson 1993]. They allo w a for-

mal dev elopmen t of the meta-theory of the deductiv e system in question, but

the enco dings are less direct than for framew orks emplo ying higher-order ab-

stract syn tax and functional represen tations of h yp othetical deriv ations. These are

the foundation of LF (underlying Elf) and hereditary Harrop form ulas (underly-

ing � Prolog and Isab elle). Presen t w ork on com bining adv an tages of b oth either

emplo y re
ection [Desp eyroux et al. 1997, Leleu 1998] or formal meta-reasoning

ab out the logical framew ork itself [McDo w ell and Miller 1997, Sc h • urmann and

Pfenning 1998, Sc h • urmann 2000].

L o gic al vs. typ e-the or etic meta-languages. A logical meta-language suc h as one

based on hereditary Harrop form ulas enco des judgmen ts as prop ositions. Searc h

for a deriv ation in an ob ject logic is reduced to pro of searc h in the meta-logic.

In addition, t yp e-theoretical meta-languages suc h as LF o�er a represen tation for

deriv ations as ob jects. Chec king the correctness of a deriv ation is reduced to t yp e-

c hec king in the meta-language. This is a decidable prop ert y that enables the use of

a logical framew ork for applications suc h as pro of-carrying co de, where an explicit

represen tation for deductions is required (see Section 8.2).

F unctional vs. lo gic al meta-pr o gr amming. ML has originally b een designed as a

meta-language to program theorem pro v ers for complex logics. It is still used in this
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capacit y in man y theorem pro ving en vironmen ts and logical framew orks, including

Isab elle. The strategy language of ELAN is similar, but has ric h primitiv es for non-

deterministic searc h whic h ha v e to b e programmed in ML, a sequen tial language.

The functional meta-language approac h has the disadv an tage that the programmer

m ust deal with man y languages: the ob ject logic, the logical framew ork, and the

implemen tation language of the logical framew ork. A more uniform approac h is

to directly giv e an op erational seman tics to the logical framew ork in the spirit

of abstract logic programming [Miller et al. 1991]. This mak es it quite easy to

program algorithms, but this approac h has some dra wbac ks when it comes to user

in teraction.

8.1. F r amework extensions

Logical framew ork languages are judged along man y dimensions, as the discus-

sions ab o v e indicate. Three of the most imp ortan t concerns are ho w directly ob ject

languages ma y b e enco ded, ho w easy it is to pro v e the adequacies of these enco d-

ings, and ho w simple the pro of c hec k er for a logical framew ork can b e. A great

deal of practical exp erience has b een accum ulated, for example, through the use

of � Prolog, Isab elle, and Elf. These exp erimen ts ha v e also iden ti�ed certain short-

comings in the logical framew orks, some of them ha v e ev en led to explicit negativ e

results [Gardner 1992]. W e brie
y summarize some of the curren t researc h on re�n-

ing or extending logical framew orks. An y prop osed extension m ust carefully w eigh

the b ene�ts for classes of applications against the complications it in tro duces in to

the meta-theory .

Substructur al extensions. F ramew orks suc h as hereditary Harrop form ulas or LF

can enco de linear and other substructural logics [Girard 1987], but their enco dings

are not as direct as one migh t hop e. The reason is that linear assumptions (eac h of

whic h m ust b e used exactly once) can not b e mo deled as h yp otheses in the meta-

language (whic h satisfy w eak ening and con traction). F or similar reasons, the store

in the enco ding of an imp erativ e programming language cannot b e mo deled via h y-

p otheses on the v alues of the cells in the store. The linear framew orks F orum and

linear LF ha v e b een designed to o v ercome these limitations. F orum [Miller 1994]

is based on classical linear logic and extends hereditary Harrop form ulas. Chirimar

[1995] sho ws ho w to apply F orum to the theory of imp erativ e programming lan-

guages. Linear LF [Cerv esato and Pfenning 1997] is a conserv ativ e extension of LF

with linear h yp otheses. The desirable prop erties of LF are retained when the new

connectiv es are restricted to linear implication, additiv e conjunction, and additiv e

truth. Unlik e F orum, the connectiv es are in terpreted in tuitionistically , whic h allo ws

pro of terms with decidable equalit y and t yp e-c hec king relations to reify linear de-

ductions and imp erativ e computations. Applications to imp erativ e programming

can b e found in [Cerv esato 1996], applications to cut-elimination in b oth classical

and in tuitionistic sequen t calculi are giv en in [Pfenning 1994 b ].
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Subtyping. In man y cases an ob ject language or logic exhibits natural subt yping

relationships. F or example, deductions in normal form ma y b e considered a subt yp e

of arbitrary natural deductions. In the absence of subt yping, these can b e co ded

either as explicit higher-lev el judgmen ts or via explicit co ercions, in b oth cases

often signi�can tly complicating the represen tation. In [Pfenning 1993], w e ha v e

prop osed an extension of LF to p ermit a simple and decidable subt yping judgmen t.

Despite its relativ e simplicit y it complicates uni�cation and pro of searc h [Kohlhase

and Pfenning 1993] and the pragmatic consequences are unclear at presen t. Other

approac hes for general t yp e theories ha v e also b een prop osed recen tly [Aspinall

and Compagnoni 1996], but their practicalit y in the con text of logical framew orks

is un tested.

Polymorphism. Both Isab elle and � Prolog allo w p olymorphism in the presen tation

of logics; in the case of Isab elle this includes sort restrictions on t yp e v ariables. Lik e

subt yping, p olymorphism signi�can tly complicates uni�cation and pro of searc h.

Adequacy of enco dings using higher-order abstract syn tax is also more di�cult to

pro v e, since the notion of � -long form is more complex [Do w ek, Huet and W erner

1993, Ghani 1997] and not preserv ed under substitution for t yp e v ariables. On

the other hand, p olymorphism a v oids co de duplication|a similar e�ect migh t b e

ac hiev ed with mo dule systems instead.

Mo dule languages. The mo dular presen tation of logical systems has alw a ys b een

considered imp ortan t. F or Automath, de Bruijn has prop osed the notion of

telescop e [de Bruijn 1991 b ] as a mo dularit y mec hanism. F or pure t yp e sys-

tems [Barendregt 1992] (whic h include �

�

as a sub calculus) Couran t [1997, 1999]

has describ ed a general mo dule calculus. The mo dular presen tation of logics has

b een in v estigated in [Harp er, Sannella and T arlec ki 1989 a , Harp er, Sannella and

T arlec ki 1989 b , Harp er, Sannella and T arlec ki 1994] and cast in a concrete mo dule

language for Elf in [Harp er and Pfenning 1998] follo wing the ideas of signatures and

functors in ML. Rewriting logic also explicitly supp orts logic morphisms within a


exible mo dule language based on [Meseguer 1987]. The notion of theory in Isab elle

pro vides another structuring mec hanism [Nipk o w 1993]. The mo dule language for

� Prolog is more concerned with the op erational seman tics and searc h spaces while

remaining based on solid logical foundations [Miller 1986, Miller 1989, Nadath ur

and T ong 1999].

8.2. Pr o of-c arrying c o de

An imp ortan t recen t application of logical framew orks is the notion of pr o of-c arrying

c o de (PCC) [Necula 1997] and certifying compilation [Necula 1998, Necula and Lee

1998 a ]. Pro of-carrying co de is a safet y infrastructure for mobile co de and op erating

system extension. A co de pro ducer supplies not only a binary executable but also

a pro of of its safet y according to some predetermined safet y p olicy . This pro of is
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expressed as an ob ject in the LF logical framew ork, although other t yp e-theoretic

framew orks could b e used as w ell. The co de consumer do wnloads the binary and

pro of ob ject and c hec ks the safet y pro of against the binary . This is accomplished

b y generating a v eri�cation condition A from the binary in a single, linear sw eep

and then c hec king the pro of ob ject M against the v eri�cation condition b y simple

LF t yp e-c hec king, M : A .

A safet y p olicy is expressed b y a v eri�cation condition generator and an LF

signature whic h enco des the pro of rules for v eri�cation conditions. Examples of

suc h safet y p olicies are t yp e safet y and memory safet y , guaran teeing that a program

will not access memory outside its address space [Necula 1998]. Another example is

resource b ounds in op erating systems extensions suc h as pac k et �lters [Necula and

Lee 1996].

Since b oth the v eri�cation condition generator and the LF t yp e-c hec k er are rel-

ativ ely small (compared to compilers or theorem pro v ers), the trusted computing

base of this arc hitecture is quite small. The use of a logical framew ork where de-

ductions are rei�ed as ob jects allo ws one single implemen tation to supp ort m ultiple

safet y p olicies and pro of rules, increasing trust in the reliabilit y of the arc hitecture,

esp ecially since the prop erties of LF are w ell understo o d and thoroughly in v esti-

gated.

The realization of pro of-carrying co de raised some in teresting directions for the

dev elopmen t of logical framew orks. Here w e consider t w o: ho w do w e generate pro of

ob jects and ho w can w e eliminate redundancy from LF ob jects to ac hiev e compact

enco dings of pro ofs?

The generation of pro of ob jects is the task of a c ertifying c ompiler whic h tak es

adv an tage of prop erties of the source language to generate annotations on the as-

sem bly co de. In case of the T ouc hstone compiler [Necula 1998], this is a safe subset

of C. The annotations guaran tee that a sp ecialized theorem pro v er has enough infor-

mation to deriv e the v eri�cation condition for the binary . The sp ecialized theorem

pro v er main tains enough information to generate LF pro of ob jects with resp ect to

the axioms and inference rules a v ailable for the giv en safet y p olicy . F or t yp e and

memory safet y , this has b een sho wn to b e practical, including a pro of-generating

v ersion of the simplex algorithm describ ed in [Necula 1998]. Th us, the theorem

pro v er as a whole do es not need to b e trusted, since it generates deriv ations whic h

can b e v eri�ed indep enden tly .

The second question concerns the elimination of redundancy in the LF represen-

tation of deriv ations. A �rst prop osal in this direction for the Elf logic programming

language w as made in [Mic ha ylo v and Pfenning 1992]. In PCC, the represen tation

can b e further optimized [Necula and Lee 1998 b ] since the main op eration w e are

concerned with is t yp e-c hec king, while Elf has to supp ort uni�cation and pro of

searc h. The principle, ho w ev er is the same and go es bac k to the notion of strict-

ness in functional languages. This has b een analyzed b y Pfenning and Sc h • urmann

[1998 a ].
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8.3. F urther r e ading

There ha v e b een n umerous case studies and applications carried out with the aid of

logical framew orks or generic theorem pro v ers, to o man y to surv ey them here. The

principal application areas lie in the theory of programming languages and logics,

reasoning ab out sp eci�cations, programs, and proto cols, and the formalization of

mathematics. W e refer the in terested reader to [Pfenning 1996] for some further in-

formation on applications of logical framew orks. A surv ey with deep er co v erage of

mo dal logics and inductiv e de�nitions can b e found in [Basin and Matthews 2000].

The textb o ok [Pfenning 2001] pro vides a gen tler and more thorough in tro duction to

the pragmatics of the LF logical framew ork and its use for the study of programming

languages. The author also main tains a home page on logical framew orks [ L o gic al

F r ameworks 1994] at http://www.cs.cm u. edu /~ fp /lf s. htm l whic h is p erio dically

up dated, and whic h con tains a more extensiv e bibliograph y and p oin ters to imple-

men tations, mailing lists, and related material.

Bibliograph y

Abel A. [1999], A seman tic analysis of structural recursion, Master's thesis, Ludwig-Maximilians-

Univ ersit• at M • unc hen.

Allen S. F., Const able R. L., Howe D. J. and Aitken W. E. [1990], The seman tics of

re
ected pro of, in `Pro ceedings of the Fifth Ann ual Symp osium on Logic in Computer Science

(LICS'90)', IEEE Computer So ciet y Press, pp. 95{105.

Al tenkir ch T., Gaspes V., Nordstr

•

om B. and von Sydo w B. [1994], A User's Guide to ALF ,

Chalmers Univ ersit y of T ec hnology , Sw eden.

Andreoli J.-M. [1992], `Logic programming with fo cusing pro ofs in linear logic', Journal of

L o gic and Computation 2 (3), 297{347.

Andrews P. [2001], Classical t yp e theory , in A. Robinson and A. V oronk o v, eds, `Handb o ok of

Automated Reasoning', V ol. I I, Elsevier Science, c hapter 15, pp. 965{1007.

Aspinall D. and Comp agnoni A. [1996], Subt yping dep enden t t yp es, in E. Clark e, ed., `Pro-

ceedings of the 11th Ann ual Symp osium on Logic in Computer Science', IEEE Computer

So ciet y Press, New Brunswic k, New Jersey , pp. 86{97.

Barendregt H. and Geuvers H. [2001], Pro of-assistan ts using dep enden t t yp e systems, in

A. Robinson and A. V oronk o v, eds, `Handb o ok of Automated Reasoning', V ol. I I, Elsevier

Science, c hapter 18, pp. 1149{1238.

Barendregt H. P. [1980], The L amb da-Calculus: Its Syntax and Semantics , North-Holland.

Barendregt H. P. [1992], Lam b da calculi with t yp es, in S. Abramsky , D. Gabba y and

T. Maibaum, eds, `Handb o ok of Logic in Computer Science', V ol. 2, Oxford Univ ersit y Press,

c hapter 2, pp. 117{309.

Basin D. A. and Const able R. L. [1993], Metalogical framew orks, in G. Huet and G. Plotkin,

eds, `Logical En vironmen ts', Cam bridge Univ ersit y Press, pp. 1{29.

Basin D. and Ma tthews S. [1996], Structuring metatheory on inductiv e de�nitions, in

M. McRobbie and J. Slaney , eds, `Pro ceedings of the 13th In ternational Conference on Au-

tomated Deduction (CADE-13)', Springer-V erlag LNAI 1104, New Brunswic k, New Jersey ,

pp. 171{185.

Basin D. and Ma tthews S. [2000], Logical framew orks, in D. Gabba y and F. Guen thner, eds,

`Handb o ok of Philosophical Logic', 2nd edn, Klu w er Academic Publishers. In preparation.



1136 Frank Pfenning

Basin D., Ma tthews S. and Vigan

�

o L. [1998], A mo dular presen tation of mo dal logics in a

logical framew ork, in `The Tbilisi Symp osium on Language, Logic and Computation: Selected

P ap ers', CSLI Publications.

Bor o v ansk

�

y P., Kirchner C., Kirchner H., Moreau P.-E. and Ringeissen C. [1998], An

o v erview of ELAN, in C. Kirc hner and H. Kirc hner, eds, `Pro ceedings of the In ternational

W orkshop on Rewriting Logic and its Applications', V ol. 15 of Ele ctr onic Notes in The or etic al

Computer Scienc e , Elsevier Science, P on t-� a-Mousson, F rance.

URL: http://www.elsevier.c om/lo c ate/entcs/volume15.html

Cer vesa to I. [1996], A Linear Logical F ramew ork, PhD thesis, Dipartimen to di Informatica,

Univ ersit� a di T orino.

Cer vesa to I. and Pfenning F. [1996], A linear logical framew ork, in E. Clark e, ed., `Pro ceedings

of the Elev en th Ann ual Symp osium on Logic in Computer Science', IEEE Computer So ciet y

Press, New Brunswic k, New Jersey , pp. 264{275.

Cer vesa to I. and Pfenning F. [1997], Linear higher-order pre-uni�cation, in G. Winsk el, ed.,

`Pro ceedings of the Tw elfth Ann ual Sump osium on Logic in Computer Science (LICS'97)',

IEEE Computer So ciet y Press, W arsa w, P oland, pp. 422{433.

Chirimar J. L. [1995], Pro of Theoretic Approac h to Sp eci�cation Languages, PhD thesis, Uni-

v ersit y of P ennsylv ania.

Chur ch A. and R osser J. [1936], `Some prop erties of con v ersion', T r ansactions of the A meric an

Mathematic al So ciety 39 (3), 472{482.

Const able R. L. et al. [1986], Implementing Mathematics with the Nuprl Pr o of Development

System , Pren tice-Hall, Englew o o d Cli�s, New Jersey .

Co q [1999], Pro ject home page. V ersion 6.2.3.

URL: http://p auil lac.inria.fr/c o q/

Coquand C. [1992], A pro of of normalization for simply t yp ed lam b da calculus written in ALF,

in `Pro ceedings of the W orkshop on T yp es for Pro ofs and Programs', B � astad, Sw eden, pp. 85{

92.

Coquand T. [1991], An algorithm for testing con v ersion in t yp e theory , in G. Huet and

G. Plotkin, eds, `Logical F ramew orks', Cam bridge Univ ersit y Press, pp. 255{279.

Coquand T., Nordstr

•

om B., Smith J. M. and von Sydo w B. [1994], `T yp e theory and pro-

gramming', Bul letin of the Eur op e an Asso ciation for The or etic al Computer Scienc e 52 , 203{

228.

Coquand T. and Smith J. M. [1993], What is the status of pattern matc hing in t yp e theory?, in

`Pro ceedings of the W orkshop on T yp es for Pro ofs and Programs', Nijmegen, The Netherlands,

pp. 91{94.

Courant J. [1997], A mo dule calculus for pure t yp e systems, in P . de Gro ote and R. Hindley ,

eds, `Pro ceedings of the Third In ternational Conference on T yp ed Lam b da Calculus and

Applications (TLCA'97)', Springer-V erlag LNCS, Nancy , F rance, pp. 112{128.

Courant J. [1999], MC: a mo dular calculus for Pure T yp e Systems, Rapp ort de Rec herc he 1217,

CNRS Univ ersit � e P aris Sud.

Curr y H. B. and Feys R. [1958], Combinatory L o gic , North-Holland, Amsterdam.

de Bruijn N. [1968], The mathematical language A UTOMA TH, its usage, and some of its

extensions, in M. Laudet, ed., `Pro ceedings of the Symp osium on Automatic Demonstration',

Springer-V erlag LNM 125, V ersailles, F rance, pp. 29{61.

de Bruijn N. [1972], `Lam b da-calculus notation with nameless dummies: a to ol for automatic for-

m ula manipulation with application to the Ch urc h-Rosser theorem', Indag. Math. 34 (5), 381{

392.

de Bruijn N. [1980], A surv ey of the pro ject A UTOMA TH, in J. Seldin and J. Hindley , eds,

`T o H.B. Curry: Essa ys in Com binatory Logic, Lam b da Calculus and F ormalism', Academic

Press, pp. 579{606.

de Bruijn N. [1991 a ], A plea for w eak er framew orks, in G. Huet and G. Plotkin, eds, `Logical

F ramew orks', Cam bridge Univ ersit y Press, pp. 40{67.



Logical framew orks 1137

de Bruijn N. [1991 b ], `T elescopic mappings in t yp ed lam b da calculus', Information and Com-

putation 91 (2), 189{204.

de Bruijn N. [1993], Algorithmic de�nition of lam b da-t yp ed lam b da calculus, in G. Huet and

G. Plotkin, eds, `Logical En vironmen t', Cam bridge Univ ersit y Press, pp. 131{145.

Degty arev A. and V or onk o v A. [2001], The in v erse metho d, in A. Robinson and A. V oronk o v,

eds, `Handb o ok of Automated Reasoning', V ol. I, Elsevier Science, c hapter 4, pp. 179{272.

Despeyr oux J., Fel ty A. and Hirschowitz A. [1995], Higher-order abstract syn tax in Co q, in

M. Dezani-Ciancaglini and G. Plotkin, eds, `Pro ceedings of the In ternational Conference on

T yp ed Lam b da Calculi and Applications', Springer-V erlag LNCS 902, Edin burgh, Scotland,

pp. 124{138.

Despeyr oux J. and Hirschowitz A. [1994], Higher-order abstract syn tax with induction in Co q,

in F. Pfenning, ed., `Pro ceedings of the 5th In ternational Conference on Logic Programming

and Automated Reasoning', Springer-V erlag LNAI 822, Kiev, Ukraine, pp. 159{173.

Despeyr oux J., Pfenning F. and Sch

•

urmann C. [1997], Primitiv e recursion for higher-order

abstract syn tax, in R. Hindley , ed., `Pro ceedings of the Third In ternational Conference on

T yp ed Lam b da Calculus and Applications (TLCA'97)', Springer-V erlag LNCS 1210, Nancy ,

F rance, pp. 147{163. An extended v ersion is a v ailable as T ec hnical Rep ort CMU-CS-96-172,

Carnegie Mellon Univ ersit y .

Do wek G. [1993], The undecidabilit y of t ypabilit y in the lam b da-pi-calculus, in M. Bezem and

J. Gro ote, eds, `Pro ceedings of the In ternational Conference on T yp ed Lam b da Calculi and

Applications', Springer-V erlag LNCS 664, Utrec h t, The Netherlands, pp. 139{145.

Do wek G. [2001], Higher-order uni�cation and matc hing, in A. Robinson and A. V oronk o v, eds,

`Handb o ok of Automated Reasoning', V ol. I I, Elsevier Science, c hapter 16, pp. 1009{1062.

Do wek G., Fel ty A., Herbelin H., Huet G., Mur thy C., P arent C., P a ulin-Mohring C.

and Werner B. [1993], The Co q pro of assistan t user's guide, Rapp ort T ec hniques 154, INRIA,

Ro cquencourt, F rance. V ersion 5.8.

Do wek G., Hardin T., Kirchner C. and Pfenning F. [1996], Uni�cation via explicit substi-

tutions: The case of higher-order patterns, in M. Maher, ed., `Pro ceedings of the Join t In-

ternational Conference and Symp osium on Logic Programming', MIT Press, Bonn, German y ,

pp. 259{273.

Do wek G., Huet G. and Werner B. [1993], On the de�nition of the eta-long normal form in

t yp e systems of the cub e, in H. Geuv ers, ed., `Informal Pro ceedings of the W orkshop on T yp es

for Pro ofs and Programs', Nijmegen, The Netherlands.

D yckhoff R. and Pinto L. [1994], Uniform pro ofs and natural deduction, in D. Galmic he and

L. W allen, eds, `Pro ceedings of the W orkshop on Pro of Searc h in T yp e-Theoretic Languages',

Nancy , F rance, pp. 17{23.

ELAN [1998], System home page. V ersion 3.3.

URL: http://www.loria.fr/ELAN

Elliott C. [1989], Higher-order uni�cation with dep enden t t yp es, in N. Dersho witz, ed., `Rewrit-

ing T ec hniques and Applications', Springer-V erlag LNCS 355, Chap el Hill, North Carolina,

pp. 121{136.

Elliott C. M. [1990], Extensions and Applications of Higher-Order Uni�cation, PhD thesis,

Sc ho ol of Computer Science, Carnegie Mellon Univ ersit y . Av ailable as T ec hnical Rep ort CMU-

CS-90-134.

Eriksson L.-H. [1992], A �nitary v ersion of the calculus of partial inductiv e de�nitions, in L.-H.

Eriksson, L. Halln• as and P . Sc hro eder-Heister, eds, `Pro ceedings of the Second In ternational

W orkshop on Extensions of Logic Programming', Springer-V erlag LNAI 596, Sto c kholm, Sw e-

den, pp. 89{134.

Eriksson L.-H. [1993 a ], Finitary P artial Inductiv e De�nitions and General Logic, PhD thesis,

Departmen t of Computer and System Sciences, Ro y al Institute of T ec hnology , Sto c kholm.



1138 Frank Pfenning

Eriksson L.-H. [1993 b ], Finitary partial inductiv e de�nitions as a general logic, in R. Dyc kho�,

ed., `Pro ceedings of the 4th In ternational W orkshop on Extensions of Logic Programming',

Springer-V erlag LNAI 798.

Eriksson L.-H. [1994], Pi: An in teractiv e deriv ation editor for the calculus of partial inductiv e

de�nitions, in A. Bundy , ed., `Pro ceedings of the 12th In ternational Conference on Automated

Deduction', Springer V erlag LNAI 814, Nancy , F rance, pp. 821{825.

Feferman S. [1988], Finitary inductiv e systems, in R. F erro, ed., `Pro ceedings of Logic Collo-

quium '88', North-Holland, P ado v a, Italy , pp. 191{220.

Fel ty A. [1989], Sp ecifying and Implemen ting Theorem Pro v ers in a Higher-Order Logic Pro-

gramming Language, PhD thesis, Univ ersit y of P ennsylv ania. Av ailable as T ec hnical Rep ort

MS-CIS-89-53.

Fel ty A. [1993], `Implemen ting tactics and tacticals in a higher-order logic programming lan-

guage', Journal of A utomate d R e asoning 11 (1), 43{81.

Fel ty A. and Miller D. [1988], Sp ecifying theorem pro v ers in a higher-order logic programming

language, in E. Lusk and R. Ov erb eek, eds, `Pro ceedings of the Nin th In ternational Conference

on Automated Deduction', Springer-V erlag LNCS 310, Argonne, Illinois, pp. 61{80.

Fel ty A. and Miller D. [1990], Enco ding a dep enden t-t yp e � -calculus in a logic program-

ming language, in M. Stic k el, ed., `10th In ternational Conference on Automated Deduction',

Springer-V erlag LNCS 449, Kaiserslautern, German y , pp. 221{235.

Frege G. [1879], Be gri�sschrift, eine der arithmetischen nachgebildete F ormelspr ache des r einen

Denkens , V erlag v on Louis Neb ert. English translation Be gri�sschrift, a formula language,

mo dele d up on that of arithmatic, for pur e thought in J. v an Heijeno ort, editor, F r om F r e ge

to G• odel; A Sour c e Bo ok in Mathematic al L o gic, 1879{1931 , pp. 1{82, Harv ard Univ ersit y

Press, 1967.

Gabba y D. M. [1994], Classical vs non-classical logic, in D. Gabba y , C. Hogger and J. Robinson,

eds, `Handb o ok of Logic in Arti�cial In telligence and Logic Programming', V ol. 2, Oxford

Univ ersit y Press, c hapter 2.6.

Gabba y D. M. [1996], L ab el le d De ductive Systems , V ol. 1, Oxford Univ ersit y Press.

Gardner P. [1992], Represen ting Logics in T yp e Theory , PhD thesis, Univ ersit y of Edin burgh.

Av ailable as T ec hnical Rep ort CST-93-92.

Gaspes V. and Smith J. M. [1992], Mac hine c hec k ed normalization pro ofs for t yp ed com binator

calculi, in `Pro ceedings of the W orkshop on T yp es for Pro ofs and Programs', B � astad, Sw eden,

pp. 177{192.

Gentzen G. [1935], `Un tersuc h ungen •ub er das logisc he Sc hlie�en', Mathematische Zeitschrift

39 , 176{210, 405{431. English translation Investigations into lo gic al de ductions in M. E. Sz-

ab o, editor, The Col le cte d Pap ers of Gerhar d Gentzen , pp. 68{131, North-Holland Publishing

Co., 1969.

Geuvers H. [1992], The Ch urc h-Rosser prop ert y for � � -reduction in t yp ed � -calculi, in A. Sce-

dro v, ed., `Sev en th Ann ual IEEE Symp osium on Logic in Computer Science', San ta Cruz,

California, pp. 453{460.

Ghani N. [1997], Eta-expansions in dep enden t t yp e theory | the calculus of constructions, in

P . de Gro ote and J. Hindley , eds, `Pro ceedings of the Third In ternational Conference on T yp ed

Lam b da Calculus and Applications (TLCA'97)', Springer-V erlag LNCS 1210, Nancy , F rance,

pp. 164{180.

Girard J.-Y. [1987], `Linear logic', The or etic al Computer Scienc e 50 , 1{102.

Girard J.-Y. [1993], `On the unit y of logic', A nnals of Pur e and Applie d L o gic 59 , 201{217.

Goguen H. [1999], Soundness of the logical framew ork for its t yp ed op erational seman tics, in

J.-Y. Girard, ed., `Pro ceedings of the 4th In ternational Conference on T yp ed Lam b da Calculi

and Applications (TLCA'99)', Springer-V erlag LNCS 1581, L'Aquila, Italy , pp. 177{197.

Goguen J. A. and Burst all R. M. [1992], `Institutions: Abstract mo del theory for sp eci�cation

and programming', Journal of the A CM 39 (1), 95{146.



Logical framew orks 1139

Goldf arb W. D. [1981], `The undecidabilit y of the second-order uni�cation problem', The or etic al

Computer Scienc e 13 , 225{230.

Gordon M. J., Milner R. and W adsw or th C. P. [1979], Edinbur gh LCF , Springer-V erlag

LNCS 78.

Gordon M. and Melham T. [1993], Intr o duction to HOL: A The or em Pr oving Envir onment

for Higher Or der L o gic , Cam bridge Univ ersit y Press.

Haberstrau M. [1994], ECOLOG: An en vironmen t for constrain t logics, in J.-P . Jouannaud, ed.,

`Pro ceedings of the First In ternational Conference on Constrain ts in Computational Logics',

Springer-V erlag LNCS 845, Munic h, German y , pp. 237{252.

Halln

•

as L. [1987], A note on the logic of a logic program, in `Pro ceedings of the W orkshop on

Programming Logic', Univ ersit y of G• oteb org and Chalmers Univ ersit y of T ec hnology , Rep ort

PMG-R37.

Halln

•

as L. [1991], `P artial inductiv e de�nitions', The or etic al Computer Scienc e 87 (1), 115{142.

Hannan J. [1993], `Extended natural seman tics', Journal of F unctional Pr o gr amming 3 (2), 123{

152.

Hannan J. J. [1991], In v estigating a Pro of-Theoretic Meta-Language for F unctional Programs,

PhD thesis, Univ ersit y of P ennsylv ania. Av ailable as T ec hnical Rep ort MS-CIS-91-09.

Harper R. [1988], An equational form ulation of LF, T ec hnical Rep ort ECS-LF CS-88-67, Uni-

v ersit y of Edin burgh.

Harper R., Honsell F. and Plotkin G. [1987], A framew ork for de�ning logics, in `Symp osium

on Logic in Computer Science', IEEE Computer So ciet y Press, pp. 194{204.

Harper R., Honsell F. and Plotkin G. [1993], `A framew ork for de�ning logics', Journal of

the Asso ciation for Computing Machinery 40 (1), 143{184.

Harper R. and Pfenning F. [1998], `A mo dule system for a programming language based on

the LF logical framew ork', Journal of L o gic and Computation 8 (1), 5{31.

Harper R. and Pfenning F. [2000], On equiv alence and canonical forms in the LF t yp e the-

ory , T ec hnical Rep ort CMU-CS-00-148, Departmen t of Computer Science, Carnegie Mellon

Univ ersit y .

Harper R., Sannella D. and T arlecki A. [1989 a ], Logic represen tation, in D. Pitt, D. Ryde-

heard, P . Dyb jer, A. Pitts and A. P oigne � e, eds, `Pro ceedings of the W orkshop on Category

Theory and Computer Science', Springer-V erlag LNCS 389, Manc hester, UK, pp. 250{272.

Harper R., Sannella D. and T arlecki A. [1989 b ], Structure and represen tation in LF, in

`F ourth Ann ual Symp osium on Logic in Computer Science', IEEE Computer So ciet y Press,

P aci�c Gro v e, California, pp. 226{237.

Harper R., Sannella D. and T arlecki A. [1994], `Structured presen tations and logic repre-

sen tations', A nnals of Pur e and Applie d L o gic 67 , 113{160.

Ha y ashi S. and Nakano H. [1988], PX: A Computational L o gic , F oundations of Computing

Series, MIT Press.

Hilber t D. and Berna ys P. [1934], Grund lagen der Mathematik , Springer-V erlag, Berlin.

How ard W. A. [1980], The form ulae-as-t yp es notion of construction, in J. P . Seldin and J. R.

Hindley , eds, `T o H. B. Curry: Essa ys on Com binatory Logic, Lam b da Calculus and F ormal-

ism', Academic Press, pp. 479{490. Hitherto unpublished note of 1969.

Huet G. [1973], `The undecidabilit y of uni�cation in third order logic', Information and Contr ol

22 (3), 257{267.

Huet G. [1975], `A uni�cation algorithm for t yp ed � -calculus', The or etic al Computer Scienc e

1 , 27{57.

Huet G. and Lang B. [1978], `Pro ving and applying program transformations expressed with

second-order patterns', A cta Informatic a 11 , 31{55.

Isab el le [1998], System home page. V ersion 98-1.

URL: http://www.cl.c am.ac.uk/R ese ar ch/HV G/Isa b el le/

Jutting L. [1977], Chec king Landau's \Grundlagen" in the A UTOMA TH System, PhD thesis,

Eindho v en Univ ersit y of T ec hnology .



1140 Frank Pfenning

Kahn G. [1987], Natural seman tics, in `Pro ceedings of the Symp osium on Theoretical Asp ects

of Computer Science', Springer-V erlag LNCS 247, pp. 22{39.

Kirchner, C. and Kirchner, H., eds [1998], Pr o c e e dings of the International Workshop on

R ewriting L o gic and its Applic ations , V ol. 15 of Ele ctr onic Notes in The or etic al Computer

Scienc e , Elsevier Science, P on t-� a-Mousson, F rance.

URL: http://www.elsevier.c om/lo c ate/entcs/volume15.html

Kirchner C., Kirchner H. and Vittek M. [1993], Implemen ting computational systems with

constrain ts, in P . v an Hen tenryc k and V. Sarasw at, eds, `Pro ceedings of the First W orkshop

on Principles and Practice of Constrain ts Programming', MIT Press, Newp ort, Rho de Island.

K ohlhase M. and Pfenning F. [1993], Uni�cation in a � -calculus with in tersection t yp es, in

D. Miller, ed., `Pro ceedings of the In ternational Logic Programming Symp osium', MIT Press,

V ancouv er, Canada, pp. 488{505.

Lambek J. and Scott P. [1986], Intr o duction to Higher-Or der Cate goric al L o gic , Cam bridge

Univ ersit y Press.

LEGO [1998], System home page. V ersion 1.3.1.

URL: http://www.dcs.e d.ac.uk/home/le go

Leleu P. [1998], Induction et Syn taxe Abstraite d'Ordre Sup � erieur dans les Th � eories T yp � ees,

PhD thesis, Ecole Nationale des P on ts et Chaussees, Marne-la-V allee, F rance.

L o gic al F r ameworks [1994], Home page. Includes bibliograph y and p oin ters to implemen tations.

Last up dated June 1997.

URL: http://www.cs.cmu.e du/~fp/lfs.html

Luo Z. and Polla ck R. [1992], The LEGO pro of dev elopmen t system: A user's man ual, T ec h-

nical Rep ort ECS-LF CS-92-211, Univ ersit y of Edin burgh.

Ma gnusson L. [1993], Re�nemen t and lo cal undo in the in teractiv e pro of editor ALF, in `Pro-

ceedings of the W orkshop on T yp es for Pro ofs and Programs', Nijmegen, The Netherlands,

pp. 191{208.

Ma gnusson L. [1995], The Implemen tation of ALF|A Pro of Editor Based on Martin-L• of 's

Monomorphic T yp e Theory with Explicit Substitution, PhD thesis, Chalmers Univ ersit y of

T ec hnology and G• oteb org Univ ersit y .

Ma gnusson L. and Nordstr

•

om B. [1994], The ALF pro of editor and its pro of engine, in

H. Barendregt and T. Nipk o w, eds, `T yp es for Pro ofs and Programs', Springer-V erlag LNCS

806, pp. 213{237.

Mar t

�

�-Oliet N. and Meseguer J. [1993], Rewriting logic as a logical and seman tical framew ork,

T ec hnical Rep ort SRI-CSL-93-05, SRI In ternational.

Mar tin-L

•

of P. [1980], Constructiv e mathematics and computer programming, in `Logic,

Metho dology and Philosoph y of Science VI', North-Holland, pp. 153{175.

Mar tin-L

•

of P. [1985 a ], On the meanings of the logical constan ts and the justi�cations of the

logical la ws, T ec hnical Rep ort 2, Scuola di Sp ecializzazione in Logica Matematica, Diparti-

men to di Matematica, Univ ersit� a di Siena. Reprin ted in the Nor dic Journal of Philosophic al

L o gic , 1 (1), 11-60, 1996.

Mar tin-L

•

of P. [1985 b ], T ruth of a prop osition, evidence of a judgemen t, v alidit y of a pro of.

Notes to a talk giv en at the w orkshop The ory of Me aning , Cen tro Fioren tino di Storia e

Filoso�a della Scienza.

Ma tthews S., Smaill A. and Basin D. [1993], Exp erience with F S

0

as a framew ork theory , in

G. Huet and G. Plotkin, eds, `Logical En vironmen ts', Cam bridge Univ ersit y Press, pp. 61{82.

Maude [1999], System home page. V ersion 1.00.

URL: http://maude.csl.sri.c om

McDo well R. [1997], Reasoning in a Logic with De�nitions and Induction, PhD thesis, Univ er-

sit y of P ennsylv ania.

McDo well R. and Miller D. [1997], A logic for reasoning with higher-order abstract syn tax,

in G. Winsk el, ed., `Pro ceedings of the Tw elfth Ann ual Symp osium on Logic in Computer

Science', IEEE Computer So ciet y Press, W arsa w, P oland, pp. 434{445.



Logical framew orks 1141

Meseguer J. [1987], General logics, in H.-D. Ebbinghaus, ed., `Logic Collo quium '87', North-

Holland, Granada, Spain, pp. 275{329.

Meseguer, J., ed. [1998], Pr o c e e dings of the First International Workshop on R ewriting L o gic

and its Applic ations , V ol. 4 of Ele ctr onic Notes in The or etic al Computer Scienc e , Elsevier

Science, P aci�c Gro v e, California.

URL: http://www.elsevier.c om/lo c ate/entcs/volume4.html

Micha ylo v S. and Pfenning F. [1991], Natural seman tics and some of its meta-theory in

Elf, in L.-H. Eriksson, L. Halln• as and P . Sc hro eder-Heister, eds, `Pro ceedings of the Second

In ternational W orkshop on Extensions of Logic Programming', Springer-V erlag LNAI 596,

Sto c kholm, Sw eden, pp. 299{344.

Micha ylo v S. and Pfenning F. [1992], An empirical study of the run time b eha vior of higher-

order logic programs, in D. Miller, ed., `Pro ceedings of the W orkshop on the � Prolog Pro-

gramming Language', Univ ersit y of P ennsylv ania, Philadelphia, P ennsylv ania, pp. 257{271.

Av ailable as T ec hnical Rep ort MS-CIS-92-86.

Micha ylo v S. and Pfenning F. [1993], Higher-order logic programming as constrain t logic pro-

gramming, in `P osition P ap ers for the First W orkshop on Principles and Practice of Constrain t

Programming', Bro wn Univ ersit y , Newp ort, Rho de Island, pp. 221{229.

Miller D. [1986], A theory of mo dules for logic programming, in R. M. Keller, ed., `Third

Ann ual IEEE Symp osium on Logic Programming', Salt Lak e Cit y , Utah, pp. 106{114.

Miller D. [1989], `A logical analysis of mo dules in logic programming', Journal of L o gic Pr o-

gr amming 6 (1-2), 79{108.

Miller D. [1991], `A logic programming language with lam b da-abstraction, function v ariables,

and simple uni�cation', Journal of L o gic and Computation 1 (4), 497{536.

Miller D. [1994], A m ultiple-conclusion meta-logic, in S. Abramsky , ed., `Nin th Ann ual Symp o-

sium on Logic in Computer Science', IEEE Computer So ciet y Press, P aris, F rance, pp. 272{

281.

Miller D., Nada thur G., Pfenning F. and Scedr o v A. [1991], `Uniform pro ofs as a foundation

for logic programming', A nnals of Pur e and Applie d L o gic 51 , 125{157.

Nada thur G. and Miller D. [1988], An o v erview of � Prolog, in K. A. Bo w en and R. A. Ko w al-

ski, eds, `Fifth In ternational Logic Programming Conference', MIT Press, Seattle, W ashington,

pp. 810{827.

Nada thur G. and Mitchell D. J. [1999], System description: T eyjus|a compiler and abstract

mac hine based implemen tation of lam b da Prolog, in H. Ganzinger, ed., `Pro ceedings of the

16th In ternational Conference on Automated Deduction (CADE-16)', Springer-V erlag LNCS,

T ren to, Italy , pp. 287{291.

Nada thur G. and Tong G. [1999], `Realizing mo dularit y in lam b daProlog', Journal of F unc-

tional and L o gic Pr o gr amming 1999 (9).

Necula G. C. [1997], Pro of-carrying co de, in N. D. Jones, ed., `Conference Record of the 24th

Symp osium on Principles of Programming Languages (POPL'97)', A CM Press, P aris, F rance,

pp. 106{119.

Necula G. C. [1998], Compiling with Pro ofs, PhD thesis, Carnegie Mellon Univ ersit y . Av ailable

as T ec hnical Rep ort CMU-CS-98-154.

Necula G. C. and Lee P. [1996], Safe k ernel extensions without run-time c hec king, in `Pro ceed-

ings of the Second Symp osium on Op erating System Design and Implemen tation (OSDI'96)',

Seattle, W ashington, pp. 229{243.

Necula G. C. and Lee P. [1998 a ], The design and implemen tation of a certifying compiler,

in K. D. Co op er, ed., `Pro ceedings of the Conference on Programming Language Design and

Implemen tation (PLDI'98)', A CM Press, Mon treal, Canada, pp. 333{344.

Necula G. C. and Lee P. [1998 b ], E�cien t represen tation and v alidation of logical pro ofs, in

V. Pratt, ed., `Pro ceedings of the 13th Ann ual Symp osium on Logic in Computer Science

(LICS'98)', IEEE Computer So ciet y Press, Indianap olis, Indiana, pp. 93{104.



1142 Frank Pfenning

Nederpel t, R., Geuvers, J. and de Vrijer, R., eds [1994], Sele cte d Pap ers on A utomath , V ol.

133 of Studies in L o gic and the F oundations of Mathematics , North-Holland.

Nipk o w T. [1989], `Equational reasoning in Isab elle', Scienc e of Computer Pr o gr amming 12 , 123{

149.

Nipk o w T. [1993], Order-sorted p olymorphism in Isab elle, in G. Huet and G. Plotkin, eds,

`Logical En vironmen ts', Cam bridge Univ ersit y Press, pp. 164{188.

Nipk o w T. and P aulson L. C. [1992], Isab elle-91, in D. Kapur, ed., `Pro ceedings of the 11th

In ternational Conference on Automated Deduction', Springer-V erlag LNAI 607, Saratoga

Springs, NY, pp. 673{676. System abstract.

Nordstr

•

om B. [1993], The ALF pro of editor, in `Pro ceedings of the W orkshop on T yp es for

Pro ofs and Programs', Nijmegen, pp. 253{266.

Nordstr

•

om B., Petersson K. and Smith J. M. [1990], Pr o gr amming in Martin-L• of 's T yp e

The ory: A n Intr o duction , Oxford Univ ersit y Press.

Nuprl [1999], Pro ject home page. V ersion 4.2.

URL: http://simon.cs.c ornel l.e du/Info/Pr oje cts/NuPrl /nup rl.html

Ohlbach H., Nonnengar t A., de Rijke M. and Gabba y D. [2001], Enco ding t w o-v alued

nonclassical logics in classical logic, in A. Robinson and A. V oronk o v, eds, `Handb o ok of

Automated Reasoning', V ol. I I, Elsevier Science, c hapter 21, pp. 1403{1486.

P aulin-Mohring C. [1993], Inductiv e de�nitions in the system Co q: Rules and prop erties, in

M. Bezem and J. Gro ote, eds, `Pro ceedings of the In ternational Conference on T yp ed Lam b da

Calculi and Applications', Springer-V erlag LNCS 664, Utrec h t, The Netherlands, pp. 328{345.

P aulson L. [1983], T actics and tacticals in Cam bridge LCF, T ec hnical Rep ort 39, Univ ersit y of

Cam bridge, Computer Lab oratory .

P aulson L. C. [1986], `Natural deduction as higher-order resolution', Journal of L o gic Pr o gr am-

ming 3 , 237{258.

P aulson L. C. [1989], `The foundation of a generic theorem pro v er', Journal of A utomate d

R e asoning 5 (3), 363{397.

P aulson L. C. [1990], Isab elle: The next 700 theorem pro v ers, in P . Odifreddi, ed., `Logic and

Computer Science', Academic Press, pp. 361{386.

P aulson L. C. [1993], Isab elle's ob ject-logics, T ec hnical Rep ort 286, Univ ersit y of Cam bridge,

Computer Lab oratory .

P aulson L. C. [1994], Isab el le: A Generic The or em Pr over , Springer-V erlag LNCS 828.

Petersson K. [1982], A programming system for t yp e theory , PMG Rep ort 9, Chalmers Uni-

v ersit y of T ec hnology .

Pfenning F. [1989], Elf: A language for logic de�nition and v eri�ed meta-programming, in

`F ourth Ann ual Symp osium on Logic in Computer Science', IEEE Computer So ciet y Press,

P aci�c Gro v e, California, pp. 313{322.

Pfenning F. [1991 a ], Logic programming in the LF logical framew ork, in G. Huet and G. Plotkin,

eds, `Logical F ramew orks', Cam bridge Univ ersit y Press, pp. 149{181.

Pfenning F. [1991 b ], Uni�cation and an ti-uni�cation in the Calculus of Constructions, in `Sixth

Ann ual IEEE Symp osium on Logic in Computer Science', Amsterdam, The Netherlands,

pp. 74{85.

Pfenning F. [1993], Re�nemen t t yp es for logical framew orks, in H. Geuv ers, ed., `Informal

Pro ceedings of the W orkshop on T yp es for Pro ofs and Programs', Nijmegen, The Netherlands,

pp. 285{299.

Pfenning F. [1994 a ], Elf: A meta-language for deductiv e systems, in A. Bundy , ed., `Pro ceedings

of the 12th In ternational Conference on Automated Deduction', Springer-V erlag LNAI 814,

Nancy , F rance, pp. 811{815. System abstract.

Pfenning F. [1994 b ], Structural cut elimination in linear logic, T ec hnical Rep ort CMU-CS-94-

222, Departmen t of Computer Science, Carnegie Mellon Univ ersit y .



Logical framew orks 1143

Pfenning F. [1995], Structural cut elimination, in D. Kozen, ed., `Pro ceedings of the T en th

Ann ual Symp osium on Logic in Computer Science', IEEE Computer So ciet y Press, San Diego,

California, pp. 156{166.

Pfenning F. [1996], The practice of logical framew orks, in H. Kirc hner, ed., `Pro ceedings of the

Collo quium on T rees in Algebra and Programming', Springer-V erlag LNCS 1059, Link• oping,

Sw eden, pp. 119{134. In vited talk.

Pfenning F. [2000], `Structural cut elimination I. In tuitionistic and classical logic', Information

and Computation 157 (1/2), 84{141.

Pfenning F. [2001], Computation and De duction , Cam bridge Univ ersit y Press. In preparation.

Draft from April 1997 a v ailable electronically .

URL: http://www.cs.cmu.e du/~twelf/notes/c d.ps

Pfenning F. and Elliott C. [1988], Higher-order abstract syn tax, in `Pro ceedings of the

A CM SIGPLAN '88 Symp osium on Language Design and Implemen tation', A tlan ta, Georgia,

pp. 199{208.

Pfenning F. and R ohwedder E. [1992], Implemen ting the meta-theory of deductiv e systems, in

D. Kapur, ed., `Pro ceedings of the 11th In ternational Conference on Automated Deduction',

Springer-V erlag LNAI 607, Saratoga Springs, New Y ork, pp. 537{551.

Pfenning F. and Sch

•

urmann C. [1998 a ], Algorithms for equalit y and uni�cation in the presence

of notational de�nitions, in T. Altenkirc h, W. Narasc hewski and B. Reus, eds, `T yp es for

Pro ofs and Programs', Springer-V erlag LNCS 1657, Kloster Irsee, German y , pp. 179{193.

Pfenning F. and Sch

•

urmann C. [1998 b ], `Tw elf ', Pro ject home page. V ersion 1.2.

URL: http://www.cs.cmu.e du/~twelf

Pfenning F. and Sch

•

urmann C. [1998 c ], Twelf User's Guide , 1.2 edn. Av ailable as T ec hnical

Rep ort CMU-CS-98-173, Carnegie Mellon Univ ersit y .

Pinto L. and D yckhoff R. [1998], Sequen t calculi for the normal terms of the �� - and �� � -

calculi, in D. Galmic he, ed., `Pro ceedings of the W orkshop on Pro of Searc h in T yp e-Theoretic

Languages', V ol. 17 of Ele ctr onic Notes in The or etic al Computer Scienc e , Elsevier Science,

Lindau, German y .

URL: http://www.elsevier.c om/lo c ate/entcs/volume17.html

Polla ck R. [1994], The Theory of LEGO: A Pro of Chec k er for the Extended Calculus of Con-

structions, PhD thesis, Univ ersit y of Edin burgh.

� Pr olo g [1997], Home page. Indexes lam b da Prolog implemen tations.

URL: http://www.cse.psu.e du/~dale/lPr o lo g/

Pym D. [1990], Pro ofs, Searc h and Computation in General Logic, PhD thesis, Univ ersit y of

Edin burgh. Av ailable as CST-69-90, also published as ECS-LF CS-90-125.

Pym D. [1992], `A uni�cation algorithm for the � �-calculus', International Journal of F ounda-

tions of Computer Scienc e 3 (3), 333{378.

Pym D. and W allen L. [1990], In v estigations in to pro of-searc h in a system of �rst-order dep en-

den t function t yp es, in M. Stic k el, ed., `Pro ceedings of the 10th In ternational Conference on

Automated Deduction', Springer-V erlag LNCS 449, Kaiserslautern, German y , pp. 236{250.

Pym D. and W allen L. A. [1991], Pro of searc h in the � �-calculus, in G. Huet and G. Plotkin,

eds, `Logical F ramew orks', Cam bridge Univ ersit y Press, pp. 309{340.

Qian Z. [1993], Linear uni�cation of higher-order patterns, in M.-C. Gaudel and J.-P . Jouannaud,

eds, `Pro ceedings of the Collo quium on T rees in Algebra and Programming', Springer-V erlag

LNCS 668, Orsa y , F rance, pp. 391{405.

R ohwedder E. and Pfenning F. [1996], Mo de and termination c hec king for higher-order logic

programs, in H. R. Nielson, ed., `Pro ceedings of the Europ ean Symp osium on Programming',

Springer-V erlag LNCS 1058, Link• oping, Sw eden, pp. 296{310.

R ue� H. [1996], Re
ection of formal tactics in a deductiv e re
ection framew ork, in M. McRobbie

and J. Slaney , eds, `Pro ceedings of the 13th In ternational Conference on Automated Deduc-

tion', Springer-V erlag LNAI 1104, New Brunswic k, New Jersey , pp. 628{642.



1144 Frank Pfenning

R ue� H. [1997], Computational re
ection in the calculus of constructions and its application to

theorem pro ving, in P . de Gro ote and R. Hindley , eds, `Pro ceedings fo the Third In ternational

Conference on T yp ed Lam b da Calculus and Applications (TLCA'97)', Springer-V erlag LNCS,

Nancy , F rance, pp. 319{335.

Schroeder-Heister P. [1991], Structural framew orks, substructural logics, and the role of elimi-

nation inferences, in G. Huet and G. Plotkin, eds, `Logical F ramew orks', Cam bridge Univ ersit y

Press, pp. 385{403.

Schroeder-Heister P. [1993], Rules of de�nitional re
ection, in M. V ardi, ed., `Pro ceedings

of the Eigh th Ann ual IEEE Symp osium on Logic in Computer Science', Mon treal, Canada,

pp. 222{232.

Sch

•

urmann C. [1995], A computational meta logic for the Horn fragmen t of LF, Master's thesis,

Carnegie Mellon Univ ersit y . Av ailable as T ec hnical Rep ort CMU-CS-95-218.

Sch

•

urmann C. [2000], Automating the Meta Theory of Deductiv e Systems, PhD thesis, De-

partmen t of Computer Science, Carnegie Mellon Univ ersit y . Av ailable as T ec hnical Rep ort

CMU-CS-00-146.

Sch

•

urmann C. and Pfenning F. [1998], Automated theorem pro ving in a simple meta-logic for

LF, in C. Kirc hner and H. Kirc hner, eds, `Pro ceedings of the 15th In ternational Conference on

Automated Deduction (CADE-15)', Springer-V erlag LNCS 1421, Lindau, German y , pp. 286{

300.

Shankar N. [1988], `A mec hanical pro of of the Ch urc h-Rosser theorem', Journal of the Asso ci-

ation for Computing Machinery 35 (3), 475{522.

Tr oelstra A. S. and v an D alen D. [1988], Constructivism in Mathematics , V ol. 121 of Studies

in L o gic and the F oundations of Mathematics , North-Holland, Amsterdam.

Vir ga R. [1996], Higher-order sup erp osition for dep enden t t yp es, in H. Ganzinger, ed., `Pro ceed-

ings of the 7th In ternational Conference on Rewriting T ec hniques and Applications', Springer-

V erlag LNCS 1103, New Brunswic k, New Jersey , pp. 123{137. Extended v ersion a v ailable as

T ec hnical Rep ort CMU-CS-95-150, Ma y 1995.

Vir ga R. [1999], Higher-Order Rewriting with Dep enden t T yp es, PhD thesis, Departmen t of

Mathematical Sciences, Carnegie Mellon Univ ersit y . Av ailable as T ec hnical Rep ort CMU-CS-

99-167.



Logical framew orks 1145

Index

A

abstract syn tax . . . . . . . . . . . . . . . . . . . . . . 1067

higher-order . . . . . . . . . 1072, 1074, 1093

adequacy . . . 1069 , 1073, 1083, 1090, 1109

admissible rule . . . . . . . . . . . . . . . . . . . . . . 1108

ALF . . . . . . . . . . . . . . . . . . . . . . . . . . 1066, 1131

� -con v ersion . . . . . . . . . . . . . . . . . . . . . . . . 1070

an teceden t . . . . . . . . . . . . . . . . . . . . . . . . . . 1096

atomic form . . . . . . . . . . . . . . . . . . . 1121, 1127

Automath . . . . . . . . . . . . . . . . . . . . . 1065, 1075

axiomatic system . . . . . . . . 1075, 1092, 1110

in LF . . . . . . . . . . . . . . . . . . . . . . . . . . . 1093

axioms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1075

B

bac ktrac king . . . . . . . . . . . . 1099, 1100, 1105

base t yp e . . . . . . . . . . . . . . . . . . . . . . . . . . . 1127

� � -con v ersion . . . . . . . . . . . . . . . . . . . . . . . 1123

� � -normal form . . . . . . . . . . . . . . . . . . . . . 1071

b ound v ariable . . . . . . . . . . . . . . . . . . . . . . 1067

brac k et abstraction . . . . . . . . . . . . . . . . . . 1117

C

canonical form . . . . 1070, 1073, 1121, 1127

certifying compiler . . . . . . . . . . . . . . . . . . 1134

classical logic . . . . . . . . . . . . . . . . . . . . . . . . 1081

com binator . . . . . . . . . . . . . . . . . . . . . . . . . . 1114

comp ositionalit y . . . . . . . . . . . . . . . . . . . . . 1072

conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . . 1075

constrain ts . . . . . . . . . . . . . . . . . . . . . . . . . . 1102

con text . . . . . . . . . . . . . . . . . . . . . . . . 1120, 1124

con traction . . . . . . . . . . . . . . . . . . . . . . . . . . 1076

con v ersion

to atomic form . . . . . . . . . . . . . . . . . . 1129

to canonical form . . . . . . . . . . . . . . . . 1129

Co q . . . . . . . . . . . . . . . . . . . . . 1065, 1098, 1131

co v erage . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1111

cut elimination . . . . . . . . . . . . . . . . . . . . . . 1132

cut rule . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1107

D

de Bruijn index . . . . . . . . . . . . . . . 1070, 1074

deduction theorem . . . . . . . . . . . . . . . . . . 1115

deductions as ob jects . . . . . . . . . . 1084, 1131

deductiv e system . . . . . . . . . . . . . . . . . . . . 1065

deep bac ktrac king . . . . . . . . . . . . . 1100, 1105

de�nitional equalit y . . . . . 1071, 1123, 1124

de�nitional re
ection . . . . . . . . . . . . . . . . 1110

dep enden t kind . . . . . . . . . . . . . . . . . . . . . . 1093

dep enden tly t yp ed rewriting . . . . . . . . . 1130

deriv ed rule . . . . . . . . . . . . . . . . . . . . . . . . . 1107

E

Edin burgh LF . . . . . . . . . . . . . . . . . . . . . se e LF

ELAN . . . . . . . . . . . . . . . . . . . 1099, 1130, 1132

Elf . . . . . . . . . . . . . . . . . . . . . . 1066, 1103, 1131

elimination rule . . . . . . . . . . . . . . . . . . . . . 1076

em b edded implication . . . . . . . . . . . . . . . 1083

em b edded univ ersal quan ti�cation . . . 1083

equalit y

de�nitional . . . . . . . . . . 1071, 1123, 1124

� -con v ersion . . . . . . . . . . . . . . . . . . . . . . . . . 1122

exc hange . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1076

F

failure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1099

�rst-order logic . . . . . . . . . . . . . . . . . . . . . . 1067

fo cused searc h . . . . . . . . . . . . . . . . . . . . . . . 1103

form ula . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1067

F orum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1132

free v ariable . . . . . . . . . . . . . . . . . . . . . . . . . 1067

FS

0

. . . . . . . . . . . . . . . . . . . . . 1066, 1108, 1131

function t yp e . . . . . . . . . . . . . . . . . . . . . . . . 1120

G

general logic . . . . . . . . . . . . . . . . . . . . . . . . . 1066

goal-directed searc h . . . . . . . . . . . . . . . . . 1103

H

hereditary Harrop form ula . . . . 1082 , 1131

higher-lev el judgmen t . . . . . . . . . . . . . . . 1110

higher-order abstract syn tax . . 1072, 1074,

1093

higher-order pattern . . . . . . . . . . . . . . . . . 1102

Hilb ert system . . . . . . se e axiomatic system

HOL . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1098

Horn clauses . . . . . . . . . . . . . . . . . . . . . . . . 1068

h yp othesis . . . . . . . . . . . . . . . . . . . . . . . . . . 1076

h yp othetical judgmen t . . . 1076, 1083, 1127

I

implication . . . . . . . . . . . . . . 1077, 1087, 1094

em b edded . . . . . . . . . . . . . . . . . . . . . . . 1083

implicit argumen t . . . . . . . . . . . . . . . . . . . 1091

implicit quan ti�er . . . . . . . . . . . . . . . . . . . 1091

induction . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1108

inductiv e de�nition . . . . . . . . . . . . 1069, 1108

inference rule . . . . . . . . . . . . . . . . . . . . . . . . 1075

in tro duction rule . . . . . . . . . . . . . . . . . . . . 1076

in v alid tactic . . . . . . . . . . . . . . . . . . . . . . . . 1085



1146 Frank Pfenning

Isab elle . . . . . . . . . . . . . . . . . . 1082, 1098, 1131

J

judgmen t . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1075

higher-lev el . . . . . . . . . . . . . . . . 1093, 1110

h yp othetical . . . . . . . . . 1076, 1083, 1127

parametric . . . . . . . . . . 1076, 1083, 1127

judgmen ts as prop ositions . . . . . 1083, 1131

judgmen ts as t yp es . . . . . . . . . . . . . . . . . . 1085

K

kind . . . . . . . . . . . . . . . . . . . . . . . . . . . 1085, 1124

dep enden t . . . . . . . . . . . . . . . . . . . . . . . 1093

L

lab elled deductiv e system . . . . . . 1066, 1131

�

!

. . . . . . . . . . . . . . . . . . . . . . . . . . . 1070, 1119

� -calculus

dep enden tly t yp ed . . . . . . . . 1085, 1123

simply t yp ed . . . . . . . . . . . . . 1070, 1119

�

�

. . . . . . . . . . . . . . . . . . . . . . . . . . . 1085, 1123

� Prolog . . . . . . . . . . . 1082, 1103, 1107, 1131

LCF . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1098

LEGO . . . . . . . . . . . . . . . . . . . . . . . . 1065, 1131

LF . . . . . . . . . . . . . . . . . . . . . 1065, 1085, 1123

linear LF . . . . . . . . . . . . . . . . . . . . . . 1127, 1132

lo cal completeness . . . . . . . . . . . . . . . . . . . 1077

lo cal reduction . . . . . . . . . . . . . . . . . . . . . . 1077

in LF . . . . . . . . . . . . . . . . . . . . . . . . . . . 1095

lo cal soundness . . . . . . . . . . . . . . . . . . . . . . 1077

logic programming . . . . . . . . . . . . 1102, 1132

logical v ariable . . . . . . . . . . . . . . . . . . . . . . 1100

long normal form . . . . . . . . . . . . . . . . . . . . 1071

M

Maude . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1130

meta-program . . . . . . . . . . . . . . . . . . . . . . . 1095

meta-v ariable . . . . . . . . . . . . . . . . . . 1075, 1100

ML . . . . . . . . . . . . . . . . . . . . . . . . . . . 1098, 1131

mo dalit y . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1109

mo des . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1111

mo dule system . . . . . . . . . . . . . . . . 1107, 1133

N

natural deduction . 1075, 1076, 1082, 1110

in HHF . . . . . . . . . . . . . . . . . . . . . . . . . 1083

in LF . . . . . . . . . . . . . . . . . . . . . . . . . . . 1091

natural seman tics . . . . . . . . . . . . . . . . . . . 1103

negation . . . . . . . . . . . . . . . . . 1078, 1088, 1094

Nuprl . . . . . . . . . . . . . . . . . . . 1065, 1098, 1131

O

ob ject . . . . . . . . . . . . . . . . . . . . . . . . . 1120, 1124

observ able v alue . . . . . . . . . . . . . . . 1074, 1121

op en-w orld assumption . . . . . . . . 1073, 1109

orthogonalit y . . . . . . . . . . . . . . . . . . . . . . . . 1076

P

parameter . . . . . . . . . . . . . . . . . . . . . . . . . . . 1076

parametric judgmen t . . . . 1076, 1083, 1127

partial inductiv e de�nition . . . . 1066, 1077,

1109

Pi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1109

p olymorphism . . . . . . . . . . . . . . . . . . . . . . . 1133

pre-uni�cation . . . . . . . . . . . . . . . . . . . . . . 1102

premise . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1075

pro of-carrying co de . . . . . . . . . . . . . . . . . 1133

PX . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1065

R

re
ection . . . . . . . . . . . . . . . . . . . . . . 1110, 1131

rewriting logic . . . . . . . . . . . . . . . . . 1066, 1130

rule of inference . . . . . . . . se e inference rule

S

safe tactic . . . . . . . . . . . . . . . . . . . . . . . . . . . 1101

sequen t calculus . . . . . . . . . . . . . . . 1075, 1096

shallo w bac ktrac king . . . . . . . . . . . . . . . . 1099

signature . . . . . . . . . . . . . . . . . . . . . . 1120, 1124

Sk olemization . . . . . . . . . . . . . . . . . . . . . . . 1100

strategy language . . . . . . . . . . . . . . . . . . . 1099

strictness . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1107

subgoal selection . . . . . . . . . . . . . . . . . . . . 1105

substitution . . . . . . . . . . . . . 1067, 1070, 1072

substructural framew ork . . . . . . . 1066, 1132

subt yp e . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1133

succeden t . . . . . . . . . . . . . . . . . . . . . . . . . . . 1096

T

tactic . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1098

in v alid . . . . . . . . . . . . . . . . . . . . . . . . . . 1085

safe . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1101

unfailing . . . . . . . . . . . . . . . . . . . . . . . . 1101

tactical . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1098

term . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1067

termination . . . . . . . . . . . . . . . . . . . . . . . . . 1111

t yp e con v ersion . . . . . . . . . . . . . . . . . . . . . 1086

t yp e family . . . . . . . . . . . . . . . . . . . . 1085, 1124

t yp e theory . . . . . . . . . . . . . . . . . . . . . . . . . 1065

U

unfailing tactic . . . . . . . . . . . . . . . . . . . . . . 1101

uni�cation . . . . . . . . . . . . . . . . . . . . 1100, 1101

for �

�

. . . . . . . . . . . . . . . . . . . . . . . . . . . 1102

for �

!

. . . . . . . . . . . . . . . . . . . . . . . . . . 1101

uniform deriv ations . . . . . . . . . . . . . . . . . . 1103

univ ersal quan ti�cation . . 1079, 1089, 1095

em b edded . . . . . . . . . . . . . . . . . . . . . . . 1083



Logical framew orks 1147

un t yp ed represen tation . . . . . . . . . . . . . . 1068

V

v ariable con v en tion . . . . . . . . . . . . . . . . . . 1067

v ariable renaming . . . . . . . . . . . . . . . . . . . 1067

W

w eak head reduction . . . . . . . . . . 1122, 1129

w eak ening . . . . . . . . . . . . . . . . . . . . . . . . . . . 1076


