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Note that the second premise of the ⊃L rule is an unfocused sequent. From a
practical point of view it is important to continue with the focusing steps in
the first premise before attempting to prove the second premise, because the
decomposition of B may ultimately fail when an atomic proposition is reached.
Such a failure would render the possibly difficult proof of A useless.

It is possible to extend the definition of L
+

to include conjunction and > and
remove the left focus rules for conjunction. In some situations this would clearly
lead to shorter proofs, but the present version appears to have less disjunctive
non-determinism.3

Initial Sequents. There is a slight, but important asymmetry in the initial
sequents: we require that we have focused on the left proposition.

init
∆;P � ·;P

Since this is the only rule which can be applied when the left focus formula
is atomic, a proof attempt fails in a situation where ∆;P � ·;Q for P 6= Q.
This is a very important property of the search, limiting non-determinism in
focusing.

If one shows only applications of the decision rules in a derivation, the format
is very close to assertion-level proofs as proposed by Huang [Hua94]. His mo-
tivation was the development of a formalism appropriate for the presentation
of mathematical proofs in a human-readable form. This provides independent
evidence for the value of focusing proofs. Focusing derivations themselves were
developed by Andreoli [And92] in the context of classical linear logic. An adap-
tation to intuitionistic linear logic was given by Howe [How98] which is related
the calculus LJT devised by Herbelin [Her95]. Herbelin’s goal was to devise
a sequent calculus whose derivations are in bijective correspondence to normal
natural deductions. Due to the ∨, ⊥ and ∃ elimination rules, this is not the
case here.

The search procedure which works with focusing sequents is similar to the
one for inversion: it mixes conjunctive non-determinism for active rules with
disjunctive non-determinism for choice and focused rules. After the detailed
development of inversion proofs, we will not repeat or extend the development
here, but refer the interested reader to the literature. The techniques are very
similar to the ones shown in Section 4.1.

4.3 Unification

When proving a proposition of the form ∃x. A by its right rule in the sequent
or focusing calculus, we must supply a term t and then prove [t/x]A. The
domain of quantification may include infinitely many terms (such as the natural

3[evaluate]
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68 Focused Derivations

numbers), so this choice cannot be resolved simply by trying all possible terms
t. Similarly, when we use a hypothesis of the form ∀x. A we must supply a term
t to substitute for x. We refer to this a existential non-determinism.

Fortunately, there is a technique called unification which is sound and com-
plete for syntactic equality between terms. The basic idea is quite simple: we
postpone the choice of t and instead substitute a new existential variable (often
called meta-variable or logic variable) X for x and continue with the bottom-up
construction of a derivation. When we reach initial sequents we check if there is
a substitution for the existential variables such that the hypothesis matches the
conclusion. If so, we apply this instantiation globally to the partial derivation
and continue to search for proofs of other subgoals. Finding an instantiation
for existential variables under which two propositions or terms match is called
unification. It is decidable if a unifying substitution or unifier exists, and if so,
we can effectively compute it in linear time. Moreover, we can do so with a
minimal commitment and we do not need to choose between various possible
unifiers.

Because of its central importance in both backward- and forward-directed
search, unification has been thoroughly investigated. Herbrand [Her30] is given
credit for the first description of a unification algorithm in a footnote of his
thesis, but it was not until 1965 that it was introduced into automated deduc-
tion through the seminal work by Alan Robinson [Rob65, Rob71]. The first
algorithms were exponential, and later almost linear [Hue76, MM82] and linear
algorithms [MM76, PW78] were discovered. In the practice of theorem proving,
generally variants of Robinson’s algorithm are still used, due to its low constant
overhead on the kind of problems encountered in practice. For further discussion
and a survey of unification, see [Kni89]. We describe a variant of Robinson’s
algorithm.

Before we describe the unification algorithm itself, we relate it to the problem
of proof search. We use here the sequent calculus with atomic initial sequents,
but it should be clear that precisely the same technique of residuation applies to

focused derivations. We enrich the judgment Γ
−

=⇒ A by a residual proposition
F such that

1. if Γ
−

=⇒ A then Γ
−

=⇒ A \ F and F is true, and

2. if Γ
−

=⇒ A \ F and F is true then Γ
−

=⇒ A.

Generally, we cannot prove such properties directly by induction, but we need
to generalize them, exhibiting the close relationship between the derivations of
the sequents and residual formulas F .

Residual formulas F are amenable to specialized procedures such as unifi-
cation, since they are drawn from a simpler logic or deductive system than the
general propositions A. In practice they are often solved incrementally rather
than collected throughout a derivation and only solved at the end. This is
important for the early detection of failures during proof search. Incremental
solution of residual formulas is the topic of Exercise ??.
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4.3 Unification 69

What do we need in the residual propositions so that existential choices and
equalities between atomic propositions can be expressed? The basic proposition
is one of equality between atomic propositions, P1

.
= P2. We also have conjunc-

tion F1 ∧ F2, since equalities may be collected from several subgoals, and > if
there are no residual propositions to be proven. Finally, we need the existen-
tial quantifier ∃x. F to express the scope of existential variables, and ∀x. F to
express the scope of parameters introduced in a derivation. We add equality
between terms, since it is required to describe the unification algorithm itself.
We refer to the logic with these connectives as unification logic, defined via a
deductive system.

Formulas F ::= P1
.
= P2 | t1

.
= t2 | F1 ∧ F2 | > | ∃x. F | ∀x. F

The main judgment “F is valid”, written |= F , is defined by the following
rules, which are consistent with, but more specialized than the rules for these
connectives in intuitionistic natural deduction (see Exercise ??).

.
= I

|= P
.
= P

.
= I′

|= t
.
= t

|= F1 |= F2
∧I

|= F1 ∧ F2

>I
|= >

|= [t/x]F
∃I

|= ∃x. F

|= [a/x]F
∀Ia

|= ∀x. F

The ∀Ia rule is subject to the usual proviso that a is a new parameter not
occurring in ∀x. F . There are no elimination rules, since we do not need to
consider hypotheses about the validity of a formula F which is the primary
reason for the simplicity of theorem proving in the unification logic.

We enrich the sequent calculus with residual formulas from the unification
logic, postponing all existential choices. Recall that in practice we merge resid-
uation and solution in order to discover unprovable residual formulas as soon as
possible. This merging of the phases is not represented in our system.

Initial Sequents. Initial sequents residuate an equality between its principal
propositions. Any solution to the equation will unify P ′ and P , which means
that this will translate to a correct application of the initial sequent rule in the
original system.

init
Γ, P ′

−
=⇒ P \ P ′ .= P

Propositional Connectives. We just give a few sample rules for the con-
nectives which do not involve quantifiers, since all of them simply propagate or
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70 Focused Derivations

combine unification formulas, regardless whether they are additive, multiplica-
tive, or exponential.

Γ, A
−

=⇒ B \ F
⊃R

Γ
−

=⇒ A⊃ B \ F
>R

Γ
−

=⇒ > \ >

Γ, A⊃ B −
=⇒ A \ F1 Γ, A⊃B,B −

=⇒ C \ F2
⊃L

Γ, A⊃B −
=⇒ C \ F1 ∧ F2

Quantifiers. These are the critical rules. Since we residuate the existential
choices entirely, the ∃R and ∀L rules instantiate a quantifier by a new parameter,
which is existentially quantified in the residual formula in both cases. Similarly,
the ∀R and ∃L rule introduce a parameter which is universally quantified in the
residual formula.

Γ
−

=⇒ [a/x]A \ [a/x]F
∀Ra

Γ
−

=⇒ ∀x. A \ ∀x. F

Γ, ∀x. A, [a/x]A
−

=⇒ C \ [a/x]F
∀La

Γ, ∀x. A −
=⇒ C \ ∃x. F

Γ
−

=⇒ [a/x]A \ [a/x]F
∃Ra

Γ
−

=⇒ ∃x. A \ ∃x. F

Γ, ∃x. A, [a/x]A
−

=⇒ C \ [a/x]F
∃La

Γ, ∃x. A −
=⇒ C \ ∀x. A

The soundness of residuating equalities and existential choices in this manner
is straightforward.

Theorem 4.9 (Soundness of Equality Residuation)

If Γ
−

=⇒ A \ F and |= F then Γ
−

=⇒ A.

Proof: By induction on the structure of the given derivation R. We show the
critical cases. Note how in the case of the ∃R rule the derivation of |= ∃x. F
provides the essential witness term t.

Case:

R = init
Γ, P ′

−
=⇒ P \ P ′ .= P

|= P ′
.
= P By assumption

P ′ = P By inversion

Γ, P ′
−

=⇒ P By rule init

Case:

R =

R1

Γ
−

=⇒ [a/x]A1 \ [a/x]F1

∃Ra

Γ
−

=⇒ ∃x. A1 \ ∃x. F1
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4.3 Unification 71

|= ∃x. F1 By assumption
|= [t/x]F1 for some t By inversion

Γ
−

=⇒ [t/x]A1 \ [t/x]F1 By substitution for parameter a

Γ
−

=⇒ [t/x]A1 By i.h.

Γ
−

=⇒ ∃x. A1 By rule ∃R

Case:

R =

R1

Γ
−

=⇒ [a/x]A1 \ [a/x]F1

∀Ra

Γ
−

=⇒ ∀x. A1 \ ∀x. F1

|= ∀x. F1 By assumption
|= [b/x]F1 for a new parameter b By inversion
|= [a/x]F1 By substititution of a for b

Γ
−

=⇒ [a/x]A1 By i.h.

Γ
−

=⇒ ∀x. A1 By rule ∀R

2

The opposite direction is more difficult. The desired theorem:

If Γ
−

=⇒ A then Γ
−

=⇒ A \ F for some F with |= F

cannot be proved directly by induction, since the premisses of the two deriva-
tions are different in the ∃R and ∀L rules. However, one can be obtained from
the other by substituting terms for parameters. Since this must be done simul-
taneously, we introduce a new notation.

Parameter Substitution ρ ::= · | ρ, t/a

We assume all the parameters a substituted for by ρ are distinct to avoid ambi-
guity. We write A[ρ], F [ρ], and Γ[ρ], for the result of applying the substitution
ρ to a proposition, formula, or context, respectively.

Lemma 4.10 If Γ
−

=⇒ A where A = A′[ρ], Γ = Γ′[ρ] then Γ′
−

=⇒ A′ \ F for
some F such that |= F [ρ].

Proof: The proof proceeds by induction on the structure of the given derivation
D. We show only two cases, the second of which required the generalization of
the induction hypothesis.

Case:

D = init
Γ1, P

−
=⇒ P
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72 Focused Derivations

Γ1 = Γ′1[ρ], P = P ′[ρ], and P = P ′′[ρ] Assumption

Γ′1, P
′ −=⇒ P ′′ \ P ′ .= P ′′ By rule init

|= P ′[ρ]
.
= P ′′[ρ] By rule

.
= I

Case:

D =

D1

Γ
−

=⇒ [t/x]A1

∃R
Γ
−

=⇒ ∃x. A1

∃x. A1 = A′[ρ] Assumption
A′ = ∃x. A′1 for a new parameter a with
[a/x]A1 = ([a/x]A′1)[ρ, a/a] By definition of substitution
[t/x]A1 = ([a/x]A′1)[ρ, t/a] By substitution for parameter a
Γ = Γ′[ρ] Assumption
Γ′[ρ] = Γ′[ρ, t/a] Since a is new

Γ′
−

=⇒ [a/x]A′1 \ [a/x]F1, and
|= ([a/x]F1)[ρ, t/a] By i.h.

Γ′
−

=⇒ ∃x. A′1 \ ∃x. F1 By rule ∃R
|= (∃x. F1)[ρ] By rule ∃R and definition of substitution

2

Theorem 4.11 (Completeness of Equality Residuation)

If Γ
−

=⇒ A then Γ
−

=⇒ A \ F for some F and |= F .

Proof: From Lemma 4.10 with A′ = A, Γ′ = Γ, and ρ the identity substitution
on the parameters in Γ and A. 2

4.4 Exercises

Exercise 4.1 Give an alternative proof of the inversion properties (Theorem 4.1)
which does not use induction, but instead relies on admissibility of cut in the
sequent calculus (Theorem 3.11).

Exercise 4.2 Formulate one or several cut rules directly on inversion sequents
as presented in Section 4.1 and prove that they are admissible. Does this simplify
the development of the completeness result for inversion proofs? Show how
admissibility might be used, or illustrate why it is not much help.
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