Rule Summary

L8.1

Abstract Syntax

Types T =
Terms e =

Contexts I' =

Judgments

T ctx
't 7 type
I'ke:7

e value
e e

Theorems

n—n|Vor|la|nxn|l[n+7|0|par

x| Az.e|ees

Aa.e | elT]

(e1,e9) | case e ((x1,x9) = €)

() [casee (() =€)
l-e|r-efcasee (l-xy = e |r 29 = €2)
case e ()

fold e | unfold e

fix f.e

| T,atype | Tz o7

I' is a valid context
7 is a valid type presupposes I ctx
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(all variables distinct)

expression e has type 7 presupposes I ctx, ensures I' - 7 type

expression e is a value  presupposes - - e : 7 for some 7
expression e steps to e’ presupposes - |- e : 7 for some T

Preservation. If -Fe:7ande— e then-F € : 7.

Progress. If - - e : 7 then either e — ¢’ for some €’ or e value.

Finality of Values. There isno - - e : 7 such that e — ¢’ for some ¢’ and e value.

Sequentiality. If e — e; and e — e; then e; = e.

Canonical Forms. Assume - - v : 7 and v value.

(i) If 7 =7 — 7 then v = Ax. e5 for some e,

(ii) If 7 = Va. 7’ then v = Aa. € for some €

(iii) If 7 = 7y X 7 then v = (vy, v9) for some v; value and v, value
(iv) If T =1thenv = ()

(v) If 7 =71 4+ 7 then v =1 v; for some vy value or v = r - v, for some vy value

(vi) If 7 = 0 then we have a contradiction

(vii) If 7 = pa. 7’ then v = fold v’ for some v’ value
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Rule Summary L8.2
Contexts I'
T ctx Ietx T'F 71 type
ctx/emp ———————— ctx/tpvar ctx/var
(+) ctx (T, a type) ctx (Dyx @ 7) ctx
Functions 71 —
I'E7 type T+ 1 type
tp/arrow
'k T — T2 type
2l var
'kFxz:7 P
I'Erntype I'izp:mibey:m I'bey:m—>1 T'hey:m
tp/lam tp/app
F|_>\$1ZT1.€237'1—>T2 F|_€1€217'1
ey value
val/lam step/app/lam
Az. e value (Ax.e1) ey — [ea/x]e;
e €] ey value ey +— €
— step/app, step/app,
€1 €2 > €] €2 €1 62 > €1 €9
Polymorphic Types Vo. T
atype € T’ I', o type = 7 type
—— tp/tpvar tp/forall
I' = o type I' = Va. 1 type
Iatypet-e: T I'e:Va.r I'F o type
tp/tplam tp/tpapp
I'FAa.e:Va.r I'kelo]:[o/alT
/
val/tplam step/tpapp/tplam e step/tpapp
Aa. e value Aace) 1] = [T/ale — ¢ [7]
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Rule Summary L8.3

Pairs 7 X 1

' 7 type T+ 75 type

tp/prod
' 7 X 7o type P/p
I'Fe:mm They:im  T're:mxmn Dyaoy:m,r:mbe 7
tp/pair tp/casep
I'F (e, e0) i1 X7 I'Fcasee ((x1,20) =€) : 7
e, value ey value _
val/pair

(€1, e2) value

vy value vy value

case (v, v9) ({21, 22) = €3) — [v1/21][va/2]es step/casep/pair

e €] _ vy value ey — € _
, step/pair, / step/pair,
<€17 €2> — <€17 62) <U17 €2> — <U17 62)
ey — €
step/casep,

case ey ((z1,22) = e3) > case e ((x1,22) = e3)

Unit 1

. F'Fe:1 THe 7
— tp/one ———— tp/unit tp/caseu
'+ 1 type 'E():1 I'Fcasee (()=¢): 7

() value val/unit case () () > ¢) s step/caseu/unit

ey — €

, step/caseu,
case ey (() = e1) — caseej (() = e1)
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Rule Summary L8.4

Sums 71 + 7

I'Em7 type T'F 1y type

tp/sum
't 7 + 7 type P/
e i T'Emtype '=mtype I'i-eg: 7
tp/left tp/right
I'tl-e:m+m F'kFr-e:m+m

I'Fe:mm+mn ioy:mbe o Tiag:mbey:o

tp/cases
[Fcasee(l-zy = e |r-a9 =€) :0

ey value ey value _
——  val/left ~ —— val/right
1-e; value r - ey value

v value

step/cases/left
casel-v; (1- 21 = e | v 29 = e3) = [v1/x1]E61

vy value _
step/cases/right
caser vy (1-x1 = €1 | r- 29 = e3) — [vg/15]en
e €] ey > €y .
step/left ——— step/right
l-ey—1-€) r-ey—>r-e
eo — €
step/cases,

caseeo(l~x1:>61 I"I2:>€2)'—>C35€€0(1'I1:>61 I".Z’2:>€2)

Empty Type 0
I'Fey:0 I'F7type
———— tp/zero tp/casez
I' -0 type (no constructor) I'Fcaseey (): 7
ep > €
° ‘ —— step/casez
(no values) case e () +— case ¢ ()
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Rule Summary

L8.5

Recursive Types pa. 7

I', a type &= 7 type

tp/mu
I' = po. T type P/
'Fe:lpa.7/alT 'Fe:pa.rt
a7/l tp/fold tp/unfold
['Ffolde: pa.t ['F unfold e : [pa. 7/alT
_coalue val/fold v value step/unfold /fold
fold e value unfold (fold v) +— v
/ /
e step/fold c-e step/unfold,
fold e — fold ¢’ unfold e — unfold €’
Recursion
If:tke:r _
f_ tp/fix : : step/fix
I'fix firoe: 7 fix f.e— [fix f.e/fle
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