Algorithms: Solutions 5

Problem 1
Determine asymptotically tight bounds for the following recurrences.

(a) T'(n) =T(n/6) +T(n/3) + T'(n/2) + n.

We use the recursion-tree method:
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The summation shows that n-loggn < T'(n) < n-log, n, which implies that T'(n) = O(n-lgn).
(b) T(n)=T(n—1)+1.

Tn) = T(n—1)+1
= Tn—-2)+1+1 = T(n—-2)+2
= Tn—=3)+1+2 = T(n—3)+3

= Tn—2)+(n—1)+n
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(d) T(n) = T(y) + 1.

. k
For convenience, we assume that n = 22", for some natural value k.

Tn) = T(/2*)+1 = T2 ") +1
= T2 ) +141 = T2V ) +2
= T(V22 ) +142 = T(2Y ") +3

= T2* ") +k
— TO)+k
= O(k)

Note that k£ = lglgn, which implies that 7'(n) = O(Iglgn).

(e) T(n) = v/n-T(Vn)+n.

We assume for convenience that n = 22" and T'(4) = 4, and use induction to prove the
following equality: . .
T(2*) =2* k.

This equality holds for k = 1:
TR )=T@4)=4=2% -1,
and the induction step is as follows:
T(22k+1) —  4/92k ! -T(*/22’“+1) + 22k+1
22" . 7(22") 4 22"
92" (22’“ k) + 92k
222k + 22

_ 22k+1 . k + 22k+1
= 22" (k+1)

Note that k = lglgn, which implies that T'(n) = O(n -1glgn).



