Algorithms: Solutions 1
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The histogram shows the distribution of grades, from 0 to 10.

Problem 1
Let A[l..n] be an array of n distinct numbers. Write an algorithm INVERSIONS(A, n) that
determines the number of inversions in A[l..n].

INVERSIONS(A, n)
counter < 0
fori+—1ton—1
do for j < i+1ton
do if Afi] > A[j]
then counter < counter +1
return counter

The time complexity of the INVERSIONS algorithm is ©(n?).



Problem 2

Let A[l..n| be a sorted array of n distinct numbers. Write an efficient algorithm BINARY-
SEARCH(A, n, k) that finds a given value k in the array A[l..n]. It should return the index
of the found element; if the array does not include &, the algorithm should return 0.

BINARY-SEARCH(A, n, k)
p+1
r<n
while p < r
dog=|[(p+r)/2]
if k < Alg]
then r < ¢
elsep<+qg+1
if £ = Alp]
then return p
else return 0

The time complexity of this binary search is ©(lgn).

Problem 3
(@) 1+z4+22+23+...+a" ==L (where z # 1).

z—1

We use a proof by induction. Clearly, the equality holds for n = 1; we now show that, if it
holds for n, then it also holds for n + 1:

n—|—1_1
l4+z+...+z"+z2" = $71+x”+1
x_
B $”+1—1+.’En+1'(.’1)—1)
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xn—f—l -1+ xn+2 _ xn—{—l

r—1
x(n-{—l)—f—l -1

z—1
) 1+24+3+4+...+n)?=134+224+33 443+ .. +nd.
We observe that the equality holds for n = 1, and apply induction to “step” from n to n+ 1:

(I+2+..+n+(n+1)? = Q+2+..+n)°+2-14+2+..+n)-(n+1)+ (n+1)°

“(n+1)

= P4+ +ndy2. “(n+1)+(n+1)>

= B4+ 4+ 40 +n-(n+1)*+ (n+1)?
= P+ 4+ +nP+(n+1)-(n+1)?
= P+ 4+ +nP+(n+1)>



