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Abstract A restricted-orientationcorvex setis a set of points whoseintersectionwith lines from
somefixed setis emptyor connected.This notiongeneralizedoth standarccorvexity andorthogonal
convexity. We explore basicpropertiesof restricted-orientatiocorvex setsin threedimensions. In
particular we establishanalogof thefollowing propertieof standardonvex sets:

¢ Theintersectiorof a convex setwith everyline is emptyor connected

¢ Theintersectiorof a collectionof corvex setsis acornvex set

o For every two pointsof a corvex set,the straightsggmentjoining themis containedn the set

¢ Corvex setsarecontractable

1 Intr oduction

The study of corvex setsis a branchof geometrythat has numerousconnectionswith other areasof
mathematicdncludinganalysis|inearalgebrastatisticsandcombinatoric$4]. Itsimportancestemsrom
the fact that corvex setsarisein mary areasof mathematiceandare oftenamenabldo ratherelementary
reasoning.The concepbf convexity senesto unify awide rangeof mathematicaphenomena.
Theapplicationof corvexity theoryto practicalproblemdedto theexplorationof nontraditionahotions
of corvexity, suchasorthogonalcorvexity [6], finitely orientedcorvexity [5], andlink convexity [1, 9].
Thesenontraditionakcorvexities areusedin pixel graphicsVLSI designmotionplanning,andotherareas.
Rawlins introducedthe notion of restricted-orientatiorcornvexity asa generalizatiorof standardcon-
vexity andorthogonalcorvexity [7]. Rawlins, Wood, and Schuiererstudiedrestricted-orientatioconvex
setsanddemonstratethattheir propertiesaresimilar to the propertieof standardacornvex sets[8, 9].
Theresearclon nontraditionalcornvexities hassofar beenrestrictedo two dimensions.Our goalis to
studynontraditionatorvexities in threeandhigherdimensionsWe have generalizedwo differenttypesof
restricted-orientatiogornvexity, calledstrong corvexity and O-corvexity [7], to higherdimensionakpaces
andpresente@nextensie studyof restricted-orientationorvex setsin higherdimensiong2, 3].
In this paperwe describad-corvex setsin threedimensionsandgive someof their basicproperties.In
particular we establishanalogsof thefollowing propertiesof standardorvex sets:
e Line intersection Theintersectiorof a corvex setwith everyline is emptyor connected
e Intersection Theintersectiorof a collectionof corvex setsis a corvex set
¢ Visibility For everytwo pointsof a corvex set,the straightsegmentjoining themis in the set
e Contractability Corwvex setsarecontractable
Werestrictour attentionto theexploration of closedsets.We conjecturghatmostof theresultgpresented
in the paperhold for nonclosedsetsaswell; however, someof our proofswork only for closedsets.
Weshouldgiveaword of warning here. Theresultsarenot completelyunexpectedyettheir proofs
are sometimessurprisingly complex;intuition servesusbadly. We give only a few proof sketchesand
presentcompleteproofsin the full paper[3].

2 (O-corvexity in two and threedimensions

We bggin by reviewing the notionof O-corvexity in two dimensiong7] andpresentingasicpropertiesof
planarO-corvex sets.
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Figurel: PlanarOQ-corvexity.
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Figure2: Orientationsets.

We candescribestandardcorvex setsin termsof their intersectiorwith straightlines: a setof pointsis
corvex if itsintersectiorwith everyline is eitheremptyor connectedWe define()-corvexity by considering
the intersectionof a setof pointswith linesfrom a certain set(ratherthanall lines). In otherwords,we
selectsomecollectionof lines andsaythata setis (-corvex if its intersectiorwith every line from this
collectionis emptyor connected.

To definethis restrictedcollection of lines, we first introducethe notion of an orientationset. An
orientationset O is a (finite or infinite) closedsetof lines throughsomefixed point o. An exampleof a
finite orientationsetis shavn in Figurel1(a).

A straightline is calledan O-line if it is parallelto oneof thelinesof . Notethatevery translationof
anO-line is alsoan O-line. We usethecollectionof all O-linesin definingO-corvexity.

Definition 1 (O-corwvexity) A setis O-corvex if its intersectionwith every O-line is emptyor connected.

Fortheorientationsetin Figurel(a),thesetsshavnin Figuresl(b)andl(c)areO-corvex (someQ-lines
intersectinghesesetsareshavn by dashedines). Ontheotherhand thesetin Figurel(d)is not O-cornvex,
sinceits intersectionwith the dashed?-line is disconnectedThis exampledemonstratethatrotationsdo
not presere O-corvexity, sincethe setin Figure1(d) is arotationof thatin Figure1(c). Unlike standard
corvex sets,(0-corvex setsmaybedisconnectedWe showv adisconnected-cornvex setin Figuresl(e).

Thefollowing propertieof O-corvex setsreadilyfollow from thedefinition[8].

Lemmal
1. Everytranslationof an -corvex setis O-corvex.
2. Everystandad cornvex setis O-corvex.
3. If C isacollectionof O-corvex setsthentheintersection ) C of thesesetsis also O-convex.
4. A disconnectedetis O-corvex if andonlyif everyconnectedcomponenbf the setis O-cornvex
andno O-line intersectswo components.

We now extendthenotionof O-corvexity to threedimensionsAn orientationsetQ in threedimensions
is a (finite or infinite) closedsetof planesthrougha fixed point o. A planeparallelto oneof the elements
of O is calledan O-plane In Figure2, we shawv two finite orientationsets. The first setcontainsthree
mutuallyorthogonaplaneswe call it anorthogonal-orientéion set. Thesecondsetconsistf four planes.

O-linesin threedimensionsareformedby theintersection®f O-planes.In otherwords,a straightline
isanO-lineif it istheintersectiorof two O-planes.Notethatevery translatiorof an O-planeis anO-plane
and,hencegvery translationof an O-line is an O-line.

We defineO-corvexity in threedimensionsn the sameway asin two dimensions:a setis (-corvex
if its intersectionwith every O-line is emptyor connected.For example,the setsin Figures3(b)—(d)are
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Figure3: O-corvexity in threedimensions.
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Figure4: O-connectedneda threedimensions.

O-corvex for the orthogonal-orientatiosetshovn in Figure3(a). Ontheotherhand,the setin Figure3(e)
is not O-corvex, becausédts intersectionwith thedashed?-line is disconnected.

Thepropertieof O-corvex setggivenin Lemmal holdin threedimensionsiswell. We next characterize
three-dimensional-corvex setsin termsof their intersectiorwith O-planes.

Theorem 2 A setis O-corvex if andonlyif its intersectiorwith every O-planeis O-corvex.

Sketchof aproof. Sinceall planesare(-corvex, theintersectiorof an O-cornvex setwith every O-plane
is O-corvex. Supposecorversely thatthe intersectionof a set P with every O-planeis O-corvex. To
demonstratehat the intersectionof P with every O-line [ is empty or connectedwe choosesomeO-
planeH thatcontains!. SinceP N H is O-corvex, P N H N[ is emptyor connected We next notethat
PN HNI=PnlandhenceP Nlisemptyor connected. |

3 (O-connectedness

We have seerthatO-corvex setsmaybedisconnecte@seeFigure3d), whereasll standaraornvex setsare
connected.We now describea subclasof O-cornvex setsthathasthe connectednegsroperty: all setsof
this subclasareconnectedjust like standardcorvex sets.

We definesetsof this subclassn termsof path-connectednes$theirintersectiorwith O-planes.A set
is path-connected everytwo pointsof the setcanbe connectedy a curve thatis wholly containedn the
set. (This propertyis strongerthanusualconnectedness.)

Definition 2 (O-connectednes) A setis (J-connectedf it is path-connectedind O-corvex, and its
intersectiorwith every O-planeis emptyor path-connected.

Forexample thesetin Figure4(b)is O-connectedor theorthogonal-orientatiosetshovnin Figure4d(a).
Ontheotherhand thesetin Figure4(c)is not O-connectedecausé is disconnectedhesetin Figure4(d)
is not O-connectedecauset is not O-corvex, andthe setin Figure4(e)is not O-connectedecausats
intersectiorwith the dashed?-planeis disconnected.

Lemma3
1. Everytranslationof an O-connectedetis O-connected.
2. Everystandad corvex setis )-connected.

We cancharacterize&?-connectedsetsin termsof their intersectionwith O-planes,muchin the same
way aswe characterized-corvex sets(seeTheoren).
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Figure5: Thecontractiorof asetto apoint.
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Figure6: Setsthatarenotcontractable.

Theorem 4 A setis O-connectedf andonlyif it is path-connectedndits intersectiorwith every O-plane
is ¥-connected.

Sketch of a proof. Supposehat P is a path-connectedetwhoseintersectionwith every O-planeis
O-connected. Then, by Theorem2, P is O-corvex. Sincethe intersectionof P with every O-planeis
path-connected? is O-connected.

Supposecorversely that P is O-connected. We shaw that the intersectionof P with an arbitrary
O-planeH is O-connectedWe notethat P N H is path-connecte(by the definitionof ()-connectedness)
and O-corvex (by Theorem2). To show thattheintersectionof P N H with every O-planeH’ # H is
emptyor path-connectedye obserethat H N H' is emptyor an O-line. ThereforeP N H N H' is empty
or theintersectiorof P with anO-line; in thelattercase,P N H N H' is emptyor path-connected. O

Theintersectiorof O-connectedetsmaynot be O-connectedFor example,theintersectiorof theset
in Figure4(b) with somestraightlinesis disconnectedaventhoughthis setandall linesare O-connected.
Becausef this “drawback; we do not considerO-connectedness“true” generalizatiorof cornvexity.

We next establislcontractability of O-connectedets.Intuitively, asetis contractabléf it is connected
anddoesnot have holes. For example, lines, planes,andballs are contractable.A hollow spheres not
contractablehecausé hasacavity inside. A doughnuttorus)is notcontractableither becausé hasahole
throughit. To putit moreformally, asetis contractabléf it canbecontinuoushtransformedcontractedjo
apointin suchaway thatall intermediatestage®f thetransformatiorarein the original set(seeFigureb).

All cornvex setsarecontractable Connected?-convex setsin two dimensionsrealsocontractableif
theorientationsetO containsatleastoneline [8, 3]. This propertyof O-corvex setsdoesnothold in three
dimensionsIn Figure6(a),we provide anexampleof aconnected)-corvex setthatis notcontractable.

If the orientationset© is emptyor containsonly oneplain, theneven O-connectedsetsmay not be
contractable For example,considerthesetshavnin Figure6(b). If ahorizontalplaneis the only element
of O, thenthis setis @-connectedhowever, it is not contractable If the orientationset® containsmore
thanoneplane then®-connectedetsarecontractable.

Theorem 5 If O comprisest leasttwo planes thenevery O-connectedetis contractable

Sketchof aproof. Theintersectiorof twoelement®f O isanO-line andeverytranslatiorof thislineisalso
anO-line. If P isnotcontractabletheneithertheintersectiorof P with oneof these?-linesis disconnected
(Figure7a)or oneof the O-lines,sayl, is throughaholein P (Figure7b). In thelattercasetheintersection
of P with someQO-planeH containing is disconnecte@Figure7c). In eithercase P is not(J-connected

4 Visibility

We presentwo notionsof generalizedisibility andcharacteriz&)-corvex and(O-connectedetsin terms
of this generalizedisibility .
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Figure8: Generalizedisibility .

In standardconvexity, two pointsof a setarevisibleto eachotherif the straightsegmentjoining them
is wholly containedn the set. For example,the pointsp andx of thesetin Figure8(b) arevisible to each
other whereag andq arenot. We cancharacterizeorvex setsin termsof visibility: asetis corvex if and
only if everytwo pointsof the setarevisible to eachother We definea weakervisibility , which enablesis
to characterizef O-corvex sets by replacingstraightsggmentswith simpleO-corvex cures.

A curwe c is simpleif, for every two pointsp andgq of ¢, the shortestpathfrom p to ¢ thatis wholly
containedn c isasegmentof ¢. Informally, this definitionsaysthattheshortestvayto reachp from ¢ while
remainingin c is to follow c. Self-intersectingurvesarenotsimple:if p andg arepointson differentsides
of aloop, theshortespathfrom p to ¢ doesnottraversetheloop. Someunusuakurvesarenotsimpleeven
thoughthey arenot self-intersecting.For example,a Peanacurve that coversall pointsof a squares not
simple,eventhoughit may notbe self-intersecting.

We saythattwo pointsof a setareweakly visible to eachotherif thereis a simple O-corvex curve
joining themthat is wholly in the set. For example,we canjoin the points p and ¢ in Figure 8(b) by
the O-corvex polygonalline (p, z, y, z, ¢), which is containedn the set. We characterizgpath-connected
O-corvex setsin termsof this generalizedisibility .

Theorem 6 A path-connectedetis O-corvex if andonlyif everytwo pointsof the setcanbejoinedby a
simpleO-corvex curvethatis whollyin the set.

Sketchof a proof. Supposehateverytwo pointsof asetP canbejoinedby asimpleO-corvex cune. If
theline throughtwo pointsis an O-line, thenthe only simple O-corvex curve joining themis the straight
seggment. Thereforetheintersectiorof every O-line with P is emptyor connecte@nd,thus, P is O-corvex.
Theproofof the corverseis trickier. To demonstratéhatevery two pointsp andq of a path-connected
O-corvex set P canbejoined by an O-corvex curve, we considera shortestcurve joining p andqg in P.
(SinceP is assumedlosedthereexistsashortesturve.) Then,we canshawv thatthiscurweis O-corvex. O

We cancharacterizeé)-connectedsetsin a similar way, if we definevisibility in termsof simple O-
connectecturesjoining pointsof a set. This visibility is strongerthan O-corvex visibility: two points
sometimegannotbejoinedby an O-connectedurve evenwhenthey canbejoinedby an O-corvex cune.
For example,the pointsp andq in Figure8(b) cannotbejoined by an O-connectecturve containedn the
set,becausé¢heintersectiorof the O-planeH (Figure8c)with every curwve joining themis disconnected.

Theorem7 A setis O-connectedf and only if every two points of the setcan be joined by a simple
O-connectecturvethatis wholly in the set.



Sketchof a proof. Supposehatevery two pointsof a set P canbejoined by an O-connectecture. If
two pointsof P arein some(-plane,thenanO-connecteature thatjoins thesepointsis containedn this
O-plane;therefore the intersectionof P with every O-planeis path-connectedWe next notethat P is
O-corvex (by Theoremt) andpath-connectedrl herefore, P is O-connected.

Theproofthatevery two pointsp andq of an(-connectedet?’ canbejoinedby asimple(O-connected
cuneis quitecomple. We candemonstraté in thefollowing threesteps.First,we shawv thatthereexistsan
O-planeH andpointspy, ¢1 € PN H suchthatp canbejoinedwith p; by an(@O-connecteaurve contained
in P andq canbejoinedwith ¢1. Secondwe shaw thatp; andg, canbejoinedwith eachother Finally, we
show thatthe concatenationf thesethreecurvesis an O-connectedurve, which joins p andg. O

5 Conclusions

We describeda generalizatiorof corvexity, called O-corvexity, and demonstratedhat the propertiesof
O-corvex setsaresimilarto thatof standardonvex sets. Themainpropertyof cornvex setshatwelosein O-
corvexity is connectednes®very cornvex setis connectedwhereasin O-corvex setmaybedisconnected.
To bridgethis differencewe introduced?-connectedets which arealwaysconnected Thefollowing list
summarizeshe propertieof O-corvex and(O-connectedetsgeneralizedrom standardtorvexity:

e Line intersection Theintersectiorof an(O-corvex setwith every O-line is emptyor connected

e Intersection Theintersectiorof acollectionof O-corvex setsis an(J-corvex set

e Visibility For everytwo pointsof an (-corvex set,thereexistsan (-corvex curwe, contained

in theset,thatjoins thesetwo points. Similarly, every two pointsof anO-connectecgetcanbe
joinedby an@-connecteaurve within theset

e Contractability If © comprisesatleasttwo planesthenO-connectedetsarecontractable
The resultsof this paper exceptfor contractability hold not only in threedimensiongout alsoin higher
dimension$3]. Thegeneralizatiof thecontractabilityresultto higherdimensiongs still anopenproblem.

Thework presentethereleavessomeunansweredquestions For example we have notcharacterizethe
boundarie®f O-cornvex polytopes.In two dimensionsif theorientationsetcontains: lines,the boundary
of every O-corvex polytopecanbe partitionednto atmostn (J-corvex polygonallines[7]. We conjecture
that, for every orientationset® in threedimensionsthereis somefixed numbern suchthatthe boundary
of every O-corvex polytopecanbe partitionedinto at mostn connected?-corvex regions.
We also plan to addresscomputationalaspectsof O-corvexity, suchas verifying O-corvexity and

O-connectedness a polytopeandcomputingthe O-corvex hull.
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