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Goodideasare basedon pastexperience
— G. Polya,Howto Solvelt.

Abstract

The choiceof an appropriatgproblem-solvingnethod,from
availablemethodsijs a crucial skill for expertsin mary areas.
We describea techniquefor the automaticselectionamong
methodswhich is basedn a statisticalanalysisof their past
performances.

We formalizethestatisticalprobleminvolvedin selecting
anefficient problem-solvingnethod derive a solutionto this
problem, and describea method-selectioralgorithm. The
algorithm not only choosesamongavailable methods,but
alsodecidesvhento abandorthechosemmethod|f it proves
to taketoo muchtime. We give empiricalresultson the use
of this techniquein selectingamongsearchenginesin the
PRODIGY planningsystem.

1 Intr oduction

Thechoiceof anappropriatgroblem-solvingnethods one
of themainthemesof Polya’s famousbook Howto Solvelt
(Polyal957).Polyashavedthattheselectiorof aneffective
approachto a problemis a crucial skill for a mathemati-
cian. Psychologisthave accumulatednuch evidencethat
confirmsPolya’s pioneeringnsight: the performancef ex-
pertsdepend®ntheirability to chooseheright approacho
aproblem(Newell andSimon1972).

The purposeof our researchs to automatehe selection
of aproblem-solvingnethod.This researchs motivatedby
work on the PRODIGY planningsystemwhich includesser-
eralsearchenginegVelosoandStonel995). First, we need
to provide amechanisnfor decidingwhich seach engineis
appropriatefor agivenproblem.Secondsinceprogramsn
the real world cannotrun forever, we needsomemeansto
decidewhento interruptan unsuccessfideach.

Researcherbave long realizedthe importanceof auto-
maticevaluationandselectiorof searchalgorithms,andde-
velopedtechniquegor variousspeciakcase®f this problem.
In particular Horvitz describecdh framework for evaluating
algorithmsbasedon trade-ofs betweencomputationcost
andsolutionquality, andusedthis framewvork in automatic
selectionof asortingalgorithm(Horvitz 1988). Breeseand
Horvitz designedh decision-theoreti@algorithmthat evalu-
atesdifferentmethodsof belief-networkinferenceand se-
lectsthe optimal method(BreeseandHorvitz 1990). Hans-
sonand Mayer (1989), and Russell(1990) appliedrelated
evaluationandselectiortechniqueso theproblemof choos-
ing promisingbranche®f thesearchspace.
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Russell SubramaniargndParrformalizedageneraprob-
lem of selectingamongalternatie problem-solvingmeth-
odsanduseddynamicprogrammingto solve somespecial
casef this problem(Russelletal. 1993). Minton devel-
opedaninductivelearningsystenthatconfigureconstraint-
satisfactiorprogramspy selectingamongalternatve search
stratgies(Minton 1996).

Hansenand Zilberstein studiedtrade-ofs betweenrun-
ningtime andsolutionqualityin simpleary-timealgorithms,
anddesigneda dynamic-programmingechniquefor decid-
ing whento terminatethe search(Hansenand Zilberstein
1996). MouaddibandZilbersteindevelopeda similar tech-
niguefor hierarchicaknowledge-basedlgorithms(Mouad-
dib andZilberstein1995).

We found that the previous resultsare not applicableto
the problemof selectingamongPRODIGY searchalgorithms
becausehe developedtechniquesely on the analysisof a
sufficiently large sampleof pastperformancedata. When
we apply PRODIGY to a new domain,or usenew heuristics
or controlrules,we usuallyhave little or no prior data. Ac-
quiring moredatais impractical becausexperimentations
muchmoreexpensve thensolvinga givenproblem.

We thereforedevelop a novel selectiontechniquewhich
makesthe bestuse of the available data, even whenthey
do not provide an accurateestimate. We combinethe ex-
ploitation of pastdatawith explorationof new alternatves,
which enableaus to collectadditionalperformancedataas
thesystemsolvesgivenproblems.

We alsoconsiderthetaskof settinga time boundfor the
chosenproblem-solvingmethod. The previous resultsfor
decidingon thetime of terminatingary-time algorithmsare
not applicableto this task becauseur problemsolversdo
notuseary-time behaior anddo notsatisfytheassumptions
usedn thepaststudies.Weprovideastatisticatechniqudor
selectingtime bounds.We demonstrat¢hatdeterminingan
appropriateboundis ascrucialfor efficient problemsolving
aschoosingheright method.

Ourtechniquesreaimedat selectinga methodandtime
boundbefoe solvinga givenproblem.We do not provide a
meandor switchingamethodor revisingtheselectedound
during the searchfor a solution. Developingsucha means
is animportantopenproblem.

EventhoughtheselectioramongrPRODIGY algorithmspro-
vided a motivation for our work, the developedtecnique
doesnot rely on specificpropertiesof the PRODIGY system.
The selectionalgorithmis applicableto choosingamong
multiple problem-solvingmethodsin ary Al system. It is
equallyeffective for smallandlarge-scalelomains.The se-
lectiontakedittle computatiorandits runningtimeis usually
nggligible comparedo the problem-solvingime.



We first formalize the statisticalproblem of estimating
the expectedperformanceof a method,basedon the past
experiencgSection?). We derive a solutionto this problem
(Section3) anduseit in selectinga methodandtime bound
(Sectio). Wethendescribeheuseof aheuristicameasure
of problemcompleity toimprove theperformancestimate
(Section5). Notethatwe do notneeda perfectestimatewe
only needaccumcy suficientfor selectingthe right method
andfor settinga close-to-optimatime bound

We give empiricalresultson the useof our techniqueto
selectamongPRODIGY planningengines. We show that it
choosesnappropriateengineandtime bound. Thetime of
makinga selectioris threeordersof magnitudesmallerthan
PRODIGY’s planningtime (Section6).

Thegeneralityof our statisticaltechniquemakest appli-
cableto practicalproblem=utsideartificial intelligence.We
illustrateit by applyingthelearningalgorithmto decidehow
long oneshouldwait onthe phone peforehangingup,when
thereis no answer

2 Motivating Example

Supposehat we usePRODIGY to constructplansfor trans-
portingpackagebetweenlifferentiocationsn acity (Veloso
1994). We considerthe useof threeplanningmethods.The
first of themis basedon several control rules, designedoy
Veloso(1994)andPérez(1995)to guidePRODIGY’ssearchn
thetransportatiodomain. This methodappliesthe selected
planning operatorsas early as possible;we call it APPLY.
The secondmethodusesthe samecontrol rulesanda spe-
cial rulethatdelaystheoperatorapplicationandforcesmore
emphasi®on the backwardsearch(Velosoand Stone1995);
we call it DELAY. ThedistinctionbetweempPLY andDELAY
is similar to thatbetweerthe savTA andsAga plannersjm-
plementedy VelosoandStone(1995). The third method,
ALPINE (Knoblock 1994),is a combinationof AppLy with
an abstractiorgeneratgrwhich determinegelative impor-
tanceof element®of aplanningdomain.ALPINE firstignores
the lessimportantelementsandbuilds a solutionoutline; it
thenrefinesthe solution,taking careof theinitially ignored
details.

Experimenthiave demonstratethatdelayingtheoperator
executionimprovesefficieng/ in somedomains,but slows
PRODIGY down in others(Stoneet al. 1994); abstraction
sometimegivesdrastidime savingsandsometimesvorsens
theperformancg€Knoblock1991;BacchusandYang1992).
The mostreliable way to selectan efficient methodfor a
givendomainis by empiricalcomparison.

Theapplicationof amethodo aprodemgivesoneof three
outcomes:it may solve the problem;it mayterminatewith
failure, after exhaustingthe available searchspacewithout
finding a solution;or we mayinterruptit, if it reachesome
pre-setime boundwithouttermination.In Table1, we give
theresultsof solvingthirty transportatiomproblemspy each
of thethreemethods.We denotesuccessely s, failuresby
f, and hitting the time boundby b. Note that our dataare
only for illustrating the selectionproblem,and not for the
purposeof a generalcomparisorof theseplanners. Their
relative performancenaybeverydifferentin otherdomains.

# time (sec)andoutcome # of
APPLY DELAY | ALPINE | packs
1 16s 16s 16s 1
2 21s 21s 20s 1
3 24 s 5.8s 44 s 2
4 5.6 s 6.2s 76 s 2
5 32s| 134s 5.0s 3
6| 543s| 13.8f| 8l4s 3
7 40s| 31.2f 6.3s 4
8| 200.0b | 31.6f | 200.0b 4
9 7.2s|200.0b 8.8s 8
10| 200.0b | 200.0b | 200.0b 8
11 28s 28s 28s 2
12 38s 38s 3.0s 2
13 44s| 76.8s 32s 4
14 | 200.0b | 200.0b 6.4s 4
15 28s 28s 28s 2
16 44s| 684s 46 s 4
17 6.0 s | 200.0b 6.2s 6
18 7.6s|200.0b 7.8s 8
19| 11.6s|200.0b| 11.0s| 12
20 | 200.0b | 200.0b | 200.0b | 16
21 32s 29s 42 s 2
22 6.4s 32s 7.8s 4
23| 270s 44s| 422s| 16
24| 200.0b 6.0s | 200.0b 8
25 48s| 11.8f 32s 3
26 | 200.0b | 63.4f 6.6 f 6
27 6.4s| 29.1f 5.4 f 4
28 96s| 694f 7.8f 6
29| 200.0b | 200.0b | 10.2f 8
30 6.0s| 19.1s 54 f 4

Tablel: Performancef APPLY, DELAY, andALPINE onthirty
transportatiomproblems.

A glanceat the datarevealsthat AppLY’s performancen
this domainis probablybestamongthe three. We usesta-
tistical analysigo confirmthis intuitive conclusion.We also
shav how to chooseatime boundfor the selectednethod.

We may evaluatethe performancealong several dimen-
sionssuchasthepercentagef solvedproblemstheaverage
successime, andtheaveragetime in caseof afailure or in-
terrupt. To compareifferentmethodswe needto specifya
utility functionthattakesinto accountall thesedimensions.

We assumehatwe have to payfor runningtime andthat
wegetacertainreward R for solvingaproblem.If amethod
solvestheproblem theoverallgainis (R —time). In particu-
lar, if R < time thenthe“gain” is negative andwe arebetter
off nottrying to solvetheproblem.If themethodfails or hits
thetime bound,the“gain” is (—time). We needto estimate
theexpectedjainfor all candidatenethodsaindtime bounds,
andselectthemethodandboundthatmaximizetheexpecta-
tion, which givesusthefollowing statisticalproblem.

Problem Supposehata methodsolvedn problems failed
onm problems,andwasinterrupted(uponhitting the time
bound)on k£ problems.Thesuccessimeswere sq, sy, ..., sy,



thefailuretimeswere f1, fo, ..., fm, @andtheinterrupttimes
wereby, by, ..., by. Givenareward R for solvinga new prob-
lemanda timeboundB, estimatehe expectedyain for this
reward andtime bound,and determinethe standad devia-
tion of theestimate

We usethe stationarityassumption(Valiant 1984): we as-
sumethatthe pastproblemsandthe new problemaredravn
randomlyfrom the samepopulation,usingthe sameproba-
bility distribution. We alsoassumehatthe methods perfor
mancedoesnotimprove overtime.

3 Statistical Foundations

We now derive a solutionto the statisticalproblem. We
assumefor corveniencethatsuccessfailure, andinterrupt
timesaresortedn theincreasingrder;thatis, s; < ... < s,,
1 <...< fm,andby < ... < bg. Wefirst considetthecase
whenthetimeboundB is nolargerthanthelowestof thepast
bounds,B < b;. Let ¢ bethe numberof successimesthat
arenolargerthanB; thatis, s, < B < s.4+1. Similarly, letd
bethe numberof failureswithin B; thatis, f; < B < fa41.

We estimateéhe expectedgainby averagingthegainsthat
would be obtainedin the past,if we usedthe reward R and
timeboundB. Themethodwould solvec problemsgarning
thegainsR—s1, R—s», ..., R—s.. It wouldterminatewith fail-
ured timesresultingin thenegativegains— f1, — fo, ..., — fa.
In theremainingn+m+k—c—d casesit would hit thetime
bound eachtimeearning— B. Theexpectedgainis equalto
themeanof all thesen+m-+k gains:

Zle(R_Si)_ijlfj—(n+m+k—c—d)B
n+m+k

(1)

Sincewe have computedhemeanfor arandomselection
of problemsjt maybedifferentfrom the meanof theoverall
problempopulation. We estimatethe standardieviation of
the expectedgain using the formula for the deviation of a
samplemean:

Sqr— Sunt/(n + m + k)
\/(n+m+k)(n+m+k_l),where 2
Sum= Zf:l(R_ i _Z=1 —( - - )
Sar=3"I(B- % Xt - -z

In Figure 1, we shav the dependenc of the expected
gainon the time boundfor our threemethods.We give the
dependencfor threedifferentvaluesof thereward R, 10.0
(dash-and-dolines), 30.0 (dashedines), and 100.0(solid
lines). Thedottedlines shav the standarddeviation for the
100.0reward: the lower line is “one deviation belon” the
estimateandthe upperline is “one deviation abore”

We now considerthe casewhen B is largerthan of the
pastinterrupttimes;thatis, b < B < b 4+1. For example,
supposehat we interruptedaLPINE on problem4 after 4.5
secondsand on problem7 after 5.5 secondspbtainingthe
datashawn in Table 2(a), andthat we needto estimatethe
gainfor B 6.0.

APPLY DELAY ALPINE
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Figure 1: Dependeng of the expectedgain on the time
bound for rewardsof 10.0(dash-and-ddines),30.0(dashed
lines), and 100.0(solid lines). The dottedlines shawv the
standardieviation of thegainestimatefor the 100.0reward.

# | ALPINE'S
time weight time weight time
1 16s 1.000 16s 1.000 16s
2 20s 1.000 20s 1.000 20s
3 44s 1.000 44s 1.000 44s
4 45b - - - -
5 50s 1.048 50s 1.048 50s
6 81.4s 1.048| 8l.4s 1.118| 81.4s
7 55b 1.048 55b - -
8 | 200.0b 1.048 | 200.0b 1.118 | 200.0b
9 88s 1.048 8.8s 1.118 88s
29 102 f 1.048| 10.2f 1.118| 10.2f
30 54f 1.048 54f 1.048 54f
@ (b) (©)

Table2: Distributing the chancef interrupttimesamong
thelargertime outcomes.

We cannotusebs, b, ..., b directly in the gain estimate,
sincethe useof thetime bound B would causethe method
to run beyondtheseold bounds.Instead we “re-distribute”
thecorrespondingrobabilitiesamongthe otheroutcomes.

If we had not interruptedthe methodat b; in the past,
it would have succeededr failed at somelarger time, or
hit a larger time bound. We may estimatethe expected
outcomeusingthedataonthepastproblem-solvingpisodes
in whichthemethodranbeyondb;. Wethusremove b, from
the sampleanddistributeits chanceto occuramongall the
highertime outcomes. In the exampleof Table2(a), b; is
4.5 andthereare 21 problemswith larger times. We thus
remaove 4.5 from the sampledataandincreasethe weights
of the largertime outcomedrom 1to 1 + Zil 1.048(see
Table2b).

We next distribute the weight of b, amongthe larger
than#, times. In our example, b, is 5.5 andthereare 15
problemswith largertimes. Wedistributeb,’ sweight,1.048,
amongthesel5 problems,thusincreasingtheir weight to
1.048+ 1348 1.118(Table2c). Werepeathis processor



bs,...,b .

We denoteheresultingweightsof sq, ..., s. by 1,...,
andtheweightsof f1, ..., fsby 1, ..., 4 All succesdailure,
and interrupt times larger than B have the sameweight,
whichwedenoteby . Wehavethusobtainedn+m+k— )
weightedtimes. We usethemto computethe expectedgain:

2;1 i(R— _Z=1 —( - - =

3
Similarly, we usethe weightsin estimatingthe standard
deviation of theexpectedgain:

Sqr— Sumt/(n + m + k)
(n+m+k)(n+m+k— —1)

, where (4)

Sum=Y, (R oYL, (-

Sar= Z?:l (R— 2 > =1 2 ( - - 2
Theapplicationof theseformulasto thedatain Table2(a),

for ALPINE with reward 30.0 andtime bound®6.0, givesthe

expectedgainof 6.1 andthe standardieviation of 3.0.

We have assumeidh thederivationthatthe executioncost
is proportionatlto therunningtime. We may readily extend
theresultsto ary othermonotonedependenchbetweertime
andcost,by replacingtheterms(R — s;), (— f;), and(—B)
with morecomplex functions.

Notethatwe do not usepastrewardsin the statisticales-
timate. Thereward R may differ from the rewardsearned
onthe sampleproblems.We may extendour resultsto situ-
ationswhentherewardis a function of the solutionquality,
ratherthana constantput it worksonly if thisfunctiondoes
not changdrom problemto problem. We replacetheterms
(R — s;) by (R; — s;), whereR; is thereward for the cor
respondingproblem. Theresultingexpressiorcombineghe
estimateof the expectedrewardandexpectedrunningtime.

In the full paper(Fink 1997), we describean efficient
algorithmthatcomputeghe gainestimategndestimatede-
viations,for multiple valuesof thetime boundB. Thealgo-
rithmdeterminesveightsandfindsgainestimate# onepass
throughthesortedist of succesdailure,andinterrupttimes,
andtime-boundvalues.For  timeboundsandasampleof

problemsthetime compleity is ( 4+ ). Thecom-
plexity of pre-sortinghelistsis (( + )log( + )),
but in practiceit takesmuchlesstime thanthe restof the
computation. We implementedhe algorithmin Common
Lisp and testedit on Sun 5. Its running time is about
( + ) 3 10 “seconds.

4 Selectionof a Method and Time Bound

We describethe use of the statistical estimateto choose
amongproblem-solvingmethodsand to determineappro-
priate time bounds. We provide heuristicsfor combining
the exploitation of pastexperiencewith explorationof new
alternatves.

The basictechniqués to estimatethe gainfor a number
of time bounds,for eachavailable method,and selectthe
methodandtime boundwith themaximalgain. Forexample,
if the rewardin the transportatiordomainis 30.0,thenthe

bestchoiceis appLy with time bound 11.6, which gives
the expectedgain of 14.0. This choicecorrespondso the
maximumof the dashedinesin Figurel. If the expected
gainfor all timeboundds negative, thenwe arebetteroff not
solvingtheproblematall. For example,if theonly available
methods DELAY andtherewardis 10.0(seeghedash-and-dot
line in Figurel), we shouldskip the problem.

For eachmethod,we useits pastsuccessimesascandi-
datetime bounds. We computethe expectedgain only for
thesebounds.If we computedhe gainfor someothertime
bound B, we would geta smallergainthanfor the closest
lower successime s; (wheres; < B < s;41), becausex-
tendingthetime boundfrom s; to B would notincreasehe
numberof successesn the pastproblems.

We now describea techniquefor incrementalearningof
the performanceof available methods.We assumehat we
begin with no pastexperienceandaccumulatgerformance
dataaswe solve moreproblems.For eachnew problem,we
usethestatisticalnalysigo selectamethodandtime bound.
After applyingthe selectednethod we addtheresultto the
performancelata.

We needto choosea methodandtime boundevenwhen
we have no pastexperience. Also, we sometimeneedto
deviate from the maximal-epectationselectionin orderto
explore new opportunites. If we alwaysusedthe selection
that maximizesthe expectedgain, we would be stuckwith
themethodthatyieldedthefirst successandwe wouldnever
setatime boundhigherthanthefirst successime.

We have notconstructed statisticaimodelfor combining
explorationandexploitation. Instead we provide a heuris-
tical solution, which hasprovedto work well for selecting
amongPRODIGY planners.We first considerthe selectionof
atimeboundfor afixedmethod andthenshowv how to select
amethod.

If we have no previous dataon a methods performance,
we setthe time boundequalto the reward.  Now sup-
posethatwe have accumulateddomedataon the methods
performancewhich enableusto determinethe boundwith
the maximalexpectedgain. To encouragexploration, we
selectthe largestboundwhoseexpectedgainis “not much
different”from themaximum.

Let us denotethe maximalexpectedgainby max andits
standarddeviationby nax. Supposehatthe expectedgain
for someboundis andits deviationis . Theexpecteddif-
ferencebetweerthegain andthemaximalgainis max—

If ourestimategrenormallydistributed thestandardievia-

tion of theexpectedlifferencas  Z.,,+ 2. Thisestimate
of thedeviationis anapproximationbecaus¢hedistribution

for smallsamplesnaybe Studentsratherthannormal,and

becausenaxand arenotindependengsthey arecomputed
from the samedata.

We saythat is “not muchdifferent” from the maximal
gainif theratio of the expecteddifferenceto its deviation
is boundedby someconstant. We setthis constanto 0.1,
which tendsto give goodresults:%_l_ < 0.1. We thus

2
selectthelargesttime boundwhosegainestimate satisfies
this condition.

Wepresentheresultsof thisselectiorstrategy in Figure2.




We raneachof thethreemethodonthethirty transportation
problemsfrom Table1, in order The horizontalaxesshov
the problems number(from 1 to 30), whereaghe vertical
axesaretherunningtime. Thedottedinesshow theselected
time boundswhereashedashedinesmarkthetime bounds
that give the maximalgain estimates.The solid lines shav
therunningtime; they touchthedottedlineswherethemeth-
odshit the time bound. The successfullysolved problems
aremarkedby circlesandthefailuresareshavn by pluses.

APPLY’s total gain is 360.3, which makesan averageof
12.0perproblem.If we usedthe maximal-gairtime bound,
11.6,for all problemsthe gainwould be 14.0per problem.
Thus,theuseof incrementalearningyieldedanearmaximal
gain, in spiteof theinitial ignorance. AppLY’s estimateof
the maximal-gainbound,after solving all problems;is 9.6.
It differsfrom the 11.6bound,foundfrom Table1, because
the useof boundsthatensurea nearmaximalgain prevents
sufficient exploration.

DELAY’stotalgainis 115.7,0r 3.9perproblem.If weused
the datain Table1 to find the optimalbound,whichis 6.2,
andsolvedall problemswith this bound,we would earn5.7
per problem. Thus,the incremental-learningain is about
two-thirds of the gainthat could be obtainedbasedon the
adwanceknowledge.Finally, ALPINE’s total gainis 339.7,or
11.3perproblem. The estimatebasedon Table1 givesthe
bound11.0,whichwouldresultin earningl2.3perproblem.
Unlike AppLY, bothDELAY andALPINE eventuallyfoundthe
optimalbound.

Notethatthechoiceof atime boundhascornvergedto the
optimal in two out of threeexperiments. Additional tests
have shavn thattheinsufficientexplorationpreventsfinding
the optimal boundin abouthalf of all cases(Fink 1997).
We tried to encouragenore exploration by increasingthe
boundon —&x from0.1t00.2. Theselectedoundthen

rznax+ 2
convemgesto the optimal more often; however, the overall
performancavorsengdueto largertime losseson unsohed
problems.
We next describgheuseof incrementalearningto select
aproblem-solvingnethod.If we have no pastdatafor some
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Figure2: Resultof theincrementalearningof atimebound:
runningtimes(solid lines), time bounds(dottedlines), and
maximal-gainbounds(dashedlines). The successesire
markedby circles(o) andthefailuresby pluseq+).
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Figure 3: Resultsof the incrementakelectionof a method
and time bound, on ninety transportatiorproblems. The
graphshaows the runningtimes (solid line), successe$o),
andfailures(+). Thethreerows of symbolsbelow thesolid
line shav the selectionmadeamongapPPLY (0), DELAY (X),
andALPINE ().

method,we selectthis unknovn method,thus encouraging
exploration.

If we have pastdatafor all methods,we first selecta
time boundfor eachmethod. Then, for eachmethodand
its selectecbound,we find the probabilitythatit is the best
amongthe methods.We usethe statistical -testto estimate
the probabilitythatsomemethodis betterthananotherone.
We computethe probability that a methodis bestas the
productof the probabilitiesthat it outperformsindividual
methods. This computationis an approximationsincethe
probabilitiesthatwe multiply arenotindependent.

Finally, we makea weightedrandomselectioramongthe
methods;the chanceof selectinga methodis equalto the
probabilitythatit is bestamongthe methods.This stratgy
leadsto the frequentapplicationof methodsthat perform
well, but alsoencouragesomeexploratoryuseof poorper
formers.

We shaw theresultsof usingthis selectionstratey in the
transportatiordomain,for the reward of 30.0,in Figure 3.
In this experiment,we first use the thirty problemsfrom
Table 1 andthen sixty additionaltransportatiorproblems.
The horizontalaxis shavs the problems number whereas
the vertical axis is the runningtime. The rows of symbols
below the curve shaw theselectionof aplanner:acircle for
APPLY, acrossfor DELAY, andanasteriskfor ALPINE.

Thetotalgainis 998.3,0r 11.1perproblem. Theselection
convergesto the useof AppLy with the time bound12.7,
whichis optimalfor this setof ninety problems.If we used
this selectionon all the problems,we would earn13.3 per
problem.

5 Useof Problem Sizes

We have consideredhe task of finding a problem-solving
methodandtimeboundthatwill workwell for mostproblems
in adomain. If we canestimatethe sizesof problemswe
improve the performancedy adjustingthe time boundto a



APPLY DELAY ALPINE
100 100

o
o

1
> o]
[®] 0 8
Z
w
[a)]
5 ]
o

@ 10 10
Z‘ (0]
= [e]
s o ©
0
z
21 1 1
9 1 10 1 10 1 10

t=42, P<001 t=16, 0.1<P<02 t=35, P<001

00 100 100 —
8

EXPONENTIAL DEPENDENCY _,

10 o 0 10 10 0
o
0.6 @o/ o 0
O 8 (0] @OO
1 1 1
5 10 15 5 10 15 5 10 15
t=38. P<0.01 t=05. P>0.2 t=33. P<001

Figure4: Thedependencof thesuccestimeontheproblem
size. Thetop graphsshow the regressionfor a polynomial
dependeng andthe bottomgraphsare for an exponential
dependenc

problemsize.

We definea problemsizeasaneasilycomputablgositive
valuethatcorrelatesvith the problemcompleity: thelarger
the value,the longerit usuallytakesto solve the problem.
Findinganaccurateneasuref compleity is oftenadifficult
task, but mary domainsprovide at leasta rough complex-
ity estimate.In the transportatiordomain,we estimatethe
compleity by the numberof packagedo be delivered. In
the rightmostcolumn of Table 1, we shav the numberof
package# eachproblem.

We use regressionto find the dependenc betweenthe
sizesof the sampleproblemsandthe timesto solve them.
We useseparateegressiongor successimesandfor failure
times. We assumehat the dependengc of time on sizeis
either polynomial or exponential. If it is polynomial, the
logarithmof time dependdinearly on thelogarithmof size;
for anexponentialdependeng thetime logarithmdepends
linearly on size. We thususelinearleast-squareegression
to find bothpolynomialandexponentialdependencies.

In Figure4, we give theresultsof regressinghe success
timesfor thetransportatiorproblemsrom Tablel. Thetop
threegraphsshaw thepolynomialdependengcof thesuccess
time onthe problemsize,whereaghebottomgraphsarefor
the exponentialdependenc The horizontalaxesshaow the
problemsizes(that is, the numberof packages)and the
verticalaxesaretherunningtime. Thecirclesshow thesizes
andtimes of the probleminstancesthe solid lines are the
regressiorresults.

We evaluatetheregressiorusingthe -test. The valueis

100

10

RUNNING TIME

1
1 10

PROBLEM SIZE

Figure5: Scalingtwo succestimes(o) andafailuretime (+)
of DELAY to a 3-packageroblem.

theratio of the estimatedslopeof the regressiorine to the
standardieviation of the slopeestimate.The -testcorverts
the valueinto the probability that usingthe regressionis
no betterthanignoringthesizesandsimplytakingthemean
time; this probability is calledthe value Whenthe re-
gressiongivesa goodfit to sampledata, islargeand is
small. In Figure4,wegivethe valuesandthecorresponding
intervalsof the value.

We usetheregressioronly if the probability is smaller
thana certainbound. In our experimentswe setthis bound
to 0.2;thatis, we useproblemsizesonly for < 0.2. We
usethe0.2valueratherthanmore“customary”0.050r 0.02
becausen early detectionof a dependengc betweensizes
andtimesis moreimportantfor the overall efficiencg/ than
establishinga high certaintyof the dependenc We select
betweerthepolynomialandexponentiaregressiorbasedn
thevalueof : we prefertheregressiorwith thelarger . In
our example, the polynomial regressionwins for all three
methods.

Note that least-squareegressionand the related -test
makequite strongassumptiongboutthe natureof the dis-
tribution. First, for problemsof fixed size,the distribution
of thetime logarithmsmustbe normal;thatis, time mustbe
distributedlog-normally Secondfor all problemsizes,the
standardleviation of thedistributionmustbethesame.The
regressionhowever, usuallyprovidesa goodapproximation
of the dependengc betweersize andtime even whenthese
assumptionarenot satisfied.

The useof a problemsizein estimatingthe gainis based
on “scaling” thetimesof sampleproblemso thegivensize.
We illustrate the use of regressionin Figure 5, wherewe
scaleDELAY’s times of a 1-packagesuccessan 8-package
successand an 8-packagefailure for estimatingthe gain
on a 3-packageroblem(the 3-packagesizeis markedby
the vertical dottedline). We usethe slopeof the success
regressionin scaling succesgdimes, and the slope of the
failure regressiorin scalingfailures.

Theslopeof scalinganinterruptshoutl dependnwhether
thealgorithmwould succeedr fail if wedid notinterruptit;
however, we do not know which outcomewould occur We
usea simpleheuristicof choosingbetweenthe succesand
failure slopebasedn which of themhassmaller

Forasampleof  problemstheoveralltimeof computing
the polynomialand exponentialregressionslope, selecting
betweenthe two regressionsand scalingthe sampletimes
is 9 10 “ seconds.For the incrementalearningof a
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standardleviation of the gainestimatdor the 100.0reward.

time bound,we implemented procedurghatincrementally
updategheslopeand valueafteraddinga new problemto

the sample. This procedureeduceghe amortizedtime of

thestatisticalcomputatiorto ( 2+ 7) 10 % secondgper
problem.

After scalingthe sampldaimesto a givensize,we usethe
techniqueof Section3 to computethe gain estimateandits
standardlieviation. Theonly differences thatwereducehe
secondermin thedenominatofor thedeviation (Formula4)
by 2,asthesuccesandfailureregressionseducghenumber
of dggreesof freedomof the sample.Thus,we computethe

L. . 2 n4m+k
deviation asfollows: T R T

In Figure 6, we shav the dependenc of the expected
gainonthetime boundwhenusingApPpLy on 1-package3-
packageand10-packageroblems. If we usethe problem
sizesin theincremental-selectioexperimentsof Section3,
we gain 12.2 per problemin learninga boundfor AppLY
(vs.the 12.0gain obtainedwithout the useof sizes),4.7in
learningfor DELAY (vs. 3.9 without the useof sizes),11.9
in learningfor ALPINE (vs. 11.3),and 11.8in the method-
selectionexperiment(vs. 11.1). The averagerunningtime
of regressiorandscalingis 0.03secondgerproblem.Thus,
thetimeof thestatisticacomputatbnfor using problemsizes
is muchsmallerthantheresultinggainincrease.

Theresultsshav thatthe useof problemsizesincreases
thegain,thoughnotby much. We have conductecdditional
experimentswith artificially generatediata(Fink 1997)and
demonstratedhat, if running times better correlatewith
problemsizesthegainincreasébecomesnoresignificant

6 Empirical Examples

We have demonstratethe effectivenesof the statisticalse-
lection in a simple transportationdomain. We now give
resultsin two otherdomains.

We first consideran extensionto the transportatiordo-
main,in which we useairplanego carry packagedetween
cities andvansfor the local delivery within cities (Veloso
1994). In Table 3, we give the performanceof APPLY, DE-

# time (sec)andoutcome # of
APPLY DELAY | ALPINE | packs
1 47 s 47 s 47 s 1
2| 96.0s 9.6 f 76 f 2
3 52s 51s 52s 1
4| 208s| 106f| 14.1s 2
5| 1543s| 314s 75f 2
6 25s 25s 25s 1
7 40 s 29s 3.0s 1
8| 18.0s| 198s 42 s 2
9| 195s| 26.8s 48 s 2
10| 123.8s| 500.0b | 859s 3
11| 2389s| 96.8s| 76.6s 3
12 | 500.0b | 500.0 b 76 f 4
13| 3459s| 500.0b | 58.4s 4
14 | 4589s| 98.4s| 114.4s 8
15| 500.0b | 500.0b | 115.6s 8
16| 35.1s| 21.1s 6.6 f 2
17| 605s| 75.0f| 13.7s 2
18 35s 34s 35s 1
19 40 s 38s 40 s 1
20| 232.1s| 97.0s 95f 2
21| 60.1s| 739s| 146s 2
22 | 500.0b | 500.0b | 12.7f 2
23| 53.1s| 748s| 156s 2
24 |1 500.0b | 500.0b | 38.0s 4
25| 500.0b | 213.5s| 99.2s 4
26| 327.6s| 179.0s | 121.4s 6
27| 97.0s| 549s| 128s 6
28 | 500.0b | 500.0b | 16.4f 8
29| 500.0b | 500.0b | 430.8s | 16
30| 500.0b | 398.7s | 214.8s 8

Table3: Performancén theextendedransportatiomlomain.

LAY, andALPINE onthirty problems.

We presentthe resultsof the incrementallearningof a
time boundfor APPLY, DELAY, andALPINE, for therewardof
400.0,in thetop threegraphsof Figure 7 (the legendis the
sameasin Figure?). We obtainedtheseresultswithout the
useof problemsizes. The ArpLY learninggivesthe gain of
110.1per problemandeventually selectsthe bound127.5.
Theoptimalboundfor thissetof problemds 97.0. If weused
theoptimalboundfor all problemswewould earn135.4per
problem.If we estimatehe problemsizesby the numberof
packageso bedelivered,andusethesesizesin learningthe
time boundfor APPLY, we gain121.6perproblem.

DELAY gains131.1 per problemand chooseghe 105.3
boundat the endof the learning. The actualoptimalbound
for DELAY is 98.4,the useof which on all problemswould
give 153.5per problem. The useof the problemsizein the
incrementalearninggives137.4perproblem.

Finally, ALPINE gains243.5per problemandchooseghe
bound127.6. Theoptimalboundfor ALPINE is 430.8 theuse
of whichwould give the perproblemgainof 255.8. Theuse
of problemsizesgivesthe 248.3perproblemgain. (ALPINE
outperformsaPpPLy andDELAY becauset usesabstraction,
which separatethe problemof between-cityair transporta-
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Figure 7: Incrementallearning of time bounds(top three
graphs)and selectionof a method(bottom graph)in the
extendedransportatiodomain.

tion from the problemof within-city deliveries.)

Thebottomgraphin Figure7 shavsthe resultsof thein-
crementakelectiorof a method withoutthe useof problem
sizeqweusethesamdegendasin Figure3). Wefirstusethe
thirty problemsrom Table3 andthensixty otherproblems.
Themethodcorvergesto the choiceof ALPINE with thetime
bound300.6andgivesthe gainof 207.0per problem. The
optimal choicefor this setof problemsis the useof ALPINE
with the time bound517.1, which would yield 255.6 per
problem.An incremental-selectioexperimentwith theuse
of problemsizesgivesthe 229.4perproblemgain.

We next applyour techniqueto the boundselectionvhen
callingtoafriendonthephone.Wedetermindnow mary sec-
onds(or rings)youshouldwait for ananswetbeforehanging
up. Therewardfor reachingyour party may be determined
by the time that you are willing to wait in orderto talk
now, asopposedo hangingup andcallinglater. In Table4,
we give the timesfor sixty calls, roundedto 0.05seconds
A successoccurredwhen our party answeredthe phone.
A reply by anansweringnachinewasconsidered failure.

The graphon the left of Figure 8 shavs the dependenc
of the expectedgain on the time bound,for the rewardsof

We madethesecalls to sixty different peopleat their home
numberswe measuredhetime from thebeginningof thefirstring,
skippingthe staticsilenceof theconnectiordelays.

# time # time # time
1 580f 21| 200.00b 41 12.60s
2 8.25s 22 | 200.00b 42 26.15f
3| 200.00b 23 10.50 s 43 7.20s
4 5.15s 24 14.45f 44 16.20 f
5 8.30s 25 11.30f 45 8.90s
6 | 200.00b 26 10.20f 46 4.25s
7 9.15s 27 4.15s 47 7.30s
8 6.10 f 28 14.70 s 48 10.95s
9 14.15f 29 2.50s 49 10.05s
10 | 200.00b 30 8.70 s 50 6.50 s
11 9.75s 31 6.45s 51 15.10f
12 3.90s 32 6.80 s 52 25.45s
13 11.45f 33 8.10 s 53 20.00f
14 3.70s 34 13.40s 54 24.20f
15 7.25s 35 5.40s 55 20.15f
16 4.10s 36 2.20s 56 10.90 s
17 8.25s 37 26.70f 57 23.25f
18 540s 38 6.20 s 58 4.40s
19 450s 39 24.45f 59 3.20f
20 32.85f 40 29.30f 60 | 200.00b

Table4: Waitingtimes(secondsin phone-calkexperiments.

30.0(dash-and-ddtne), 90.0(dashedine),and300.0(solid
line). The optimal boundfor the 30.0and90.0 rewardsis
14.7 (threerings), whereaghe optimal boundfor 300.0is
25.5(fiverings).

The graphon the right of Figure 8 shows the resultsof
selectingthe boundsincrementally for the reward of 90.0.
The learnedbound corvergesto the optimal bound, 14.7.
The averagegain obtainedduring the learningis 38.9 per
call. If we usedthe optimalboundfor all calls, we would
earn41.0percall.

The experimentsin the two PRODIGY domainsand the
phone-calldomainshaw thatthelearningprocedurausually
finds anappropriatedboundandyields a nearmaximalgain.
In thefull paper(Fink 1997),we presenta seriesof experi-
mentswith artificially generatedime values,usingnormal,
uniform, log-normal, and log-uniform distributions. The
learninggivesgoodresultsfor all four distributions.

7 Conclusionsand Open Problems

We have statedhetaskof selectingamongproblem-solving
methodsasa statisticalproblem derivedanapproximateso-
lution, anddemonstrateexperimentallyits effectivenessn
selectinganappropriatenethodandtime bound. In thefull
paper(Fink 1997),we describethe useof similarity among
problemsto improve the accurag of methodselection.We
have designeda modulethat usessimilarity to chooserele-
vantdatafrom thelibrary of pastproblem-solvingepisodes,
which enableghe selectionalgorithmto adjustthe method
andboundselectionto specificfeaturef a givenproblem.
EventhoughAl planningprovidedthe motivationfor our
work, the generalityof the statisticalmodelmakesit appli-
cableto awide rangeof real-life situationsoutsideAl. The
main limitation of applicability stemsfrom the restrictions
on the reward function. We plan to testthe effectiveness
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of the statistical-selectioalgorithmin otherAl systemsas
well ason method-selectiotasksoutsideAl.

To makethe modelmoreflexible, we needto provide a
mechanisnfor switchingthe methodandrevising the time
boundin theproces®f searcHor asolution. We alsoplanto
studythe possibility of runningcompetingproblem-solving
methodson parallelmachineswhich will requirea further
extensionto the statisticalmodel. Anotheropenproblem
is to considerpossibledependenciesf the reward on the
solutionquality andenhancehe modelto accountfor such
dependencies.Finally, we needto allow interleaving of
severalpromisingmethodsandselectingnev methodsf the
original selectionhasfailed. Sucha multi-methodstratgy
is oftenmoreeffective thanstickingto onemethod.
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