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Abstract

W e presen t a class of generalized mean �eld

(GMF) algorithms for appro ximate inference

in exp onen tial family graphical mo dels whic h

is analogous to the generalized b elief prop-

agation (GBP) or cluster v ariational meth-

o ds. While those metho ds are based on o v er-

lapping clusters, our approac h is based on

nono v erlapping clusters. Unlik e the cluster

v ariational metho ds, the approac h is pro v ed

to con v erge to a globally consisten t set of

marginals and a lo w er b ound on the lik eli-

ho o d, while pro viding m uc h of the 
exibilit y

asso ciated with cluster v ariational metho ds.

W e presen t exp erimen ts that analyze the ef-

fect of di�eren t c hoices of clustering on infer-

ence qualit y , and compare GMF with b elief

propagation on sev eral canonical mo dels.

1 In tro duction

The v ariational approac h to probabilistic inference in-

v olv es con v erting the inference problem in to an opti-

mization problem, b y appro ximating the feasible set

or the function to b e optimized (or b oth), and solv-

ing the relaxed optimization problem. Th us, giv en a

probabilit y distribution p ( x j � ) whic h factors according

to a graph, the v ariational metho ds yield appro xima-

tions to marginal probabilities via the solution to an

optimization problem that generally exploits some of

the graphical structure. The earliest v ariational in-

ference metho ds w ere based on the use of a family of

tractable distributions q ( x j 
 ), where 
 are a set of free

\v ariational parameters." In this case a simple app eal

to Jensen's inequalit y pro duces a relaxed optimization

problem that determines ho w to set the v ariational pa-

rameters (Jordan et al., 1999). W e will refer to suc h

metho ds as \mean �eld metho ds," a terminology that

re
ects the classical setting in whic h q ( x j 
 ) is tak en to

b e a completely factorized distribution. In general, the

deriv ation via Jensen's inequalit y sho ws that this class

of algorithms yields a lo w er b ound on the lik eliho o d.

More recen tly , Y edidia et al. (2001) realized that

P earl's b elief propagation (BP) algorithm|when ap-

plied to general lo op y graphs|is also a v ariational

algorithm. The inference problem is transformed to

an optimization functional|the \Bethe free energy"|

that imp oses lo cal consistency on the appro ximate

marginals. The resulting marginals do not, ho w ev er,

need to b e globally consisten t, so that the Jensen in-

equalit y argumen t no longer applies (and th us the ap-

pro ximation do es not yield a lo w er b ound to the lik e-

liho o d and ma y not con v erge). An adv an tage of this

approac h is the simplicit y of the algorithm. Moreo v er,

Y edidia et al. sho w ed ho w to deriv e generalized b e-

lief propagation (GBP) algorithms, in whic h the v ari-

ational relaxation is based on o v erlapping clusters of

v ariables. The 
exibilit y pro vided b y the abilit y to

c ho ose clusters of v arying sizes is a signi�can t imp or-

tan t step forw ard.

Mean �eld metho ds can also pro vide 
exibilit y via

the c hoice of appro ximating distribution q ( x j 
 ), and

so-called \structured mean �eld metho ds" ha v e b een

based on c ho osing q ( x j 
 ) to b e a tree or some other

sparse subgraph of the original graph to whic h an ex-

act inference algorithm suc h as the junction tree algo-

rithm can b e feasibly applied (Saul and Jordan, 1996).

Recen tly , Wiegerinc k presen ted a general framew ork

for structured mean �eld metho ds in v olving arbitrary

clusterings (Wiegerinc k, 2000). In particular, his ap-

proac h allo ws the use of o v erlapping clusters, whic h

leads to a set of mean �eld equations reminiscen t of

a junction tree algorithm. Although there con tin ue to

b e dev elopmen ts in this area (e.g., El-Ha y . and F ried-

man, 2001, Bishop et al., 2002), it is fair to sa y that in

practice the use of mean-�eld-based v ariational meth-

o ds requires substan tial mathematical skill and that

a systematic approac h with the generalit y , 
exibilit y

and ease of implemen tation of GBP has y et to emerge.

In this pap er w e describ e a Generalized Mean Field



metho d that aims to �ll this gap. The approac h yields

a simple general metho dology that applies to a wide

range of mo dels. T o obtain the desired simplicit y our

approac h mak es use of nonoverlapping clusters, sp e-

cializing Wiegerinc k's general approac h, and yielding

a metho d that is somewhat reminiscen t of blo c k meth-

o ds in MCMC suc h as Sw endsen-W ang (Sw endsen and

W ang, 1987).

Note that the c hoice of clusters is generally done man-

ually b oth within the GBP tradition and the mean-

�eld tradition. Another reason for our in terest in

nono v erlapping clusters is that it suggests algorithms

for automatically c ho osing clusters based on sp ectral

graph partitioning ideas. Although not the fo cus of

the curren t pap er, w e discuss some of the p ossibilities

in Sec. 6.

Giv en an arbitrary decomp osition of the original mo del

in to disjoin t clusters, the algorithm that w e presen t

computes the p osterior marginal for eac h cluster giv en

its o wn evidence and the exp e cte d su�cient statistics ,

obtained from its neigh b oring clusters, of the v ariables

in the cluster's Mark o v blank et. The algorithm op er-

ates in an iterativ e, message-passing st yle un til a �xed

p oin t is reac hed. W e sho w that under v ery general con-

ditions on the nature of the in ter-cluster dep endencies,

the cluster marginals retain exactly the in tra-cluster

dep endencies of the original mo del, whic h means that

the inference problem within eac h cluster can b e solv ed

indep enden tly of the other clusters (giv en the Mark o v

blank et messages) b y an y inference metho d.

One w a y to understand the algorithm is to consider

a situation in whic h all the Mark o v blank et v ariables

of eac h cluster are observ ed. In that case, the join t

p osterior decomp oses:

p ( x

C

1

; : : : ; x

C

n

j x

E

) =

Y

i

p ( x

C

i

j M B ( x

C

i

)) ;

where M B ( x

C

i

) denotes the Mark o v blank et of clus-

ter C

i

. GMF appro ximates this situation, using the

exp ected Mark o v blank et (obtained from neigh b oring

clusters) instead of an observ ed Mark o v blank et and

iterating this pro cess to obtain the b est p ossible \self-

consisten t" appro ximation.

In its use of exp ectations in messages b et w een clusters,

GMF resem bles the exp ectation propagation (EP) al-

gorithm (Mink a, 2001), but in the basic algorithm EP's

messages con v ey the in
uence of only a single v ari-

able. In pro viding a generic v ariational algorithm that

can b e applied to a broad range of mo dels with con-

v ergence guaran tees, GMF resem bles VIBES (Bishop

et al., 2002), but VIBES is based on a decomp osition

in to individual v ariables whereas GMF allo ws arbi-

trary disjoin t sets. Th us GMF is a generic algorithm

suitable for appro ximate inference in large, complex

probabilit y mo dels.

2 Notation and bac kground

W e consider a graph (directed or undirected) G =

( V ; L ), where V denotes the set of no des (v ertices) and

L the set of edges (links) of the graph. Let X

n

denote

the random v ariable asso ciated with no de n , for n 2 V ,

let X

C

denote the subset of v ariables asso ciated with a

subset of no des C , for C � V , and let X = X

V

denote

the collection of all v ariables asso ciated let with the

graph. W e refer to a graph H = ( V ; L

0

), where L

0

� L ,

as a sub gr aph of G . W e use C = f C

1

; C

2

; : : : ; C

I

g to de-

note a disjoin t partition (or, a clustering ) of all no des

in graph G , where C

i

refers to the set of indices of

no des in cluster i ; lik ewise, D = f D

1

; D

2

; : : : ; D

K

g de-

notes a set of cliques of G . F or a giv en clustering,

w e de�ne the b or der clique set B

i

as the set of cliques

that in tersect with but are not con tained in cluster i ;

and the neighb or cluster set N

i

as the set of clusters

that con tain no des connected to no des in cluster i . F or

undirected graphs, the Markov blanket of a cluster i

( M B

i

) is the set of all no des outside C

i

that connect to

some no de in C

i

, and, for directed graphs, the Mark o v

blank et is the set of all no des that are paren ts, c hil-

dren, or co-paren ts of some no de in C

i

(Fig. 1). Clus-

ters that in tersect with M B

i

are called the Markov

blanket clusters ( M B C

i

) of C

i

.
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Figure 1: The Mark o v blank et M B

1

(blue-shaded no des)

of cluster 1 in a directed graph. Shaded blobs constitute

M B C

1

.

2.1 Exp onen tial represen tations

F or undirected graphical mo dels, the family of join t

probabilit y distributions asso ciated with a giv en graph

can b e parameterized in terms of a set of p otential

functions asso ciated with a set of cliques in the graph.

F or a set of cliques D asso ciated with an undirected

graph, let � = f �

�

j � 2 D g denote the set of p oten tial

functions de�ned on the cliques, and � = f �

�

j � 2 D g

the set of parameters asso ciated with these p oten tial

functions (for simplicit y , w e lab el � and � with the

corresp onding clique index , e.g., � , rather than with

the clique D

�

itself ). The family of join t distributions

determined b y � can b e expressed as follo ws:

p ( x j � ) = exp f

X

�

�

�

�

�

( x

D

�

) � A ( � ) g (1)



where A ( � ) is the lo g p artition function . W e also de�ne

the ener gy , E ( x ) = �

P

�

�

�

�

�

( x

D

�

), for state x .

F or directed graphical mo dels, in whic h the join t prob-

abilit y is de�ned as p ( x ) =

Q

i

p ( x

i

j x

�

i

), w e transform

the underlying directed graph in to a mor al gr aph , and

set the p oten tial functions equal to the negativ e log-

arithm of the lo cal conditional probabilities p ( x

i

j x

�

i

).

In the sequel, w e will fo cus on mo dels based on c on-

ditional exp onential families . That is, the conditional

distributions p ( x

i

j x

�

i

) can b e expressed as:

p ( x

i

j x

�

i

) = u ( x

i

) exp f �

T

i

�

i

( x

i

; x

�

i

) � A ( �

i

) g ; (2)

where �

i

( x

i

; x

�

i

) is a v ector of p oten tials asso ciated

with v ariable set f x

i

; x

�

i

g .

2.2 Cluster-factorizable p oten tials

Giv en a clustering C , some cliques in D ma y in tersect

with m ultiple clusters (Fig. 2). Cluster-factorizable p o-

tentials are p oten tial functions whic h tak e the form

�

�

( x

D

�

) = F

�

( �

�

i

( x

D

�

\ C

i

) ; : : : ; �

�

j

( x

D

�

\ C

j

)), where

F ( � ) is a (m ultiplicativ ely , or additiv ely) factorizable

function o v er its argumen ts; i.e., in the case of t w o

clusters, F ( a; b ) = a � b or a + b . F actorizable p o-

ten tials are common in man y mo del classes. F or

example, the classical Ising mo del is based on sin-

gleton and pairwise p oten tials of the follo wing fac-

torizable form: � ( x

i

) = �

i

x

i

, � ( x

i

; x

j

) = �

ij

x

i

x

j

;

higher-order Ising mo dels and general discrete mo d-

els also admit factorizable p oten tials; conjugate exp o-

nen tial pairs, suc h as the Diric hlet-m ultinomial, linear-

Gaussian, etc., are also factorizable; �nally , for logistic

functions and other generalized linear mo dels (GLIMs)

that are not directly factorizable, it is often p ossible

to obtain a factorizable v ariational transformation in

the exp onen tial family that lo w er b ounds the origi-

nal function (Jaakk ola and Jordan, 2000); otherwise

(e.g., tabular p oten tials o v er a clustering of v ariables),

w e ma y o v ercome this problem b y a v oiding pic king a

clustering in whic h these p oten tials are on the clus-

ter b oundaries. W e will see that cluster-factorizable

p oten tials allo w the decoupling of the computation of

exp ected p oten tials.

Ci

Ck

Cl

Db

Figure 2: A clique D

�

in tersecting with three clusters

f C

i

; C

j

; C

k

g in an undirected graph.

3 Mean Field Appro ximation

Recall that the mean �eld appro ximation refers to a

class of v ariational appro ximation metho ds that ap-

pro ximate the true distribution p ( x j � ) on a graph G

with a simpler distribution, q ( x j 
 ), for whic h it is fea-

sible to do exact inference. W e call the families of

suc h distributions tr actable families . A tractable fam-

ily usually corresp onds to a subgraph H of G .

3.1 Naiv e mean �eld appro ximation

The naiv e mean �eld appro ximation mak es use of a

subgraph that is completely disconnected. Th us, the

appro ximating distribution is fully factorized:

q ( x ) =

Y

i 2 V

q

i

( x

i

) : (3)

F or example, to use this family of distributions to ap-

pro ximate the join t probabilit y of the Boltzmann ma-

c hine: p ( x ) =

1

Z

exp f

P

i<j

�

ij

x

i

x

j

+

P

i

�

i 0

x

i

g , one de-

�nes q

i

( x

i

) = �

x

i

i

(1 � �

i

)

1 � x

i

, where the �

i

are the v ari-

ational parameters). Minimizing the Kullbac k-Leibler

(KL) div ergence b et w een q and p one obtains the clas-

sical \mean �eld equations":

�

i

= �

�

X

j 2N

i

�

ij

�

j

+ �

i 0

�

; (4)

where � ( z ) = 1 = (1 + e

� z

) is the logistic function, and

N

i

is the set of no des neigh b oring i .

3.2 Generalized mean �eld theory

Giv en a (disjoin t) clustering C , w e de�ne a cluster-

factorized distribution as q ( x ) =

Q

C

i

2C

q

i

( x

C

i

), where

q

i

( x

C

i

) = exp f� E

0

i

( x

C

i

) g ; 8 C

i

2 C , are free distribu-

tions to b e optimized. As discussed in the app endix,

this optimization problem can b e cast as that of max-

imizing a lo w er b ound of the lik eliho o d with resp ect

to all v alid cluster marginals resp ecting a giv en clus-

tering C . The solution to this problem leads to the

generalized mean �eld theorem that w e presen t in this

section.

T o mak e the exp osition of the theorem and the result-

ing algorithm simple, w e in tro duce some de�nitions.

De�nition 1. (Mean �eld factor): F or a factoriz-

able p oten tial �

�

( x

D

�

), let I

�

denote the set of in-

dices of those clusters that ha v e nonempt y in tersection

with D

�

. Th us, �

�

( x

D

�

) has as factors the p oten tials

�

�

i

( x

C

i

\ D

�

) ; 8 i 2 I

�

. Then, the me an �eld factor f

i�

is de�ned as:

f

i�

, f

i�

( x

C

i

\ D

�

) , h �

�

i

( x

C

i

\ D

�

) i

q

i

; for i 2 I

�

(5)

where h�i

q

i

denotes the exp ectation with resp ect to q

i

.



De�nition 2. (Generalized mean �elds): F or an y

cluster C

j

in a giv en v ariable partition, the set of mean

�eld factors asso ciated with the no des in its Markov

blanket is referred as the gener alize d me an �elds of

cluster C

j

:

F

j

, f f

i�

: D

�

2 B

j

; i 2 I

�

; i 6= j g : (6)

No w w e are ready to state the follo wing GMF theorem,

the pro of of whic h is pro vided in the App endix.

Theorem 3. F or a gener al undir e cte d pr ob ability

mo del p ( x

H

; x

E

) wher e x

H

denotes hidden no des and

x

E

denotes evidenc e no des, and a clustering C :

f x

H;C

i

; x

E ;C

i

g

I

i =1

of b oth hidden and evidenc e no des,

if al l the p otential functions that cr oss cluster b or ders

ar e cluster-factorizable, then the gener alize d me an �eld

appr oximation to the joint p osterior p ( x

H

j x

E

) with r e-

sp e ct to clustering C is a pr o duct of cluster mar ginals

q

GM F

( x

H

) =

Q

C

i

2C

q

GM F

i

( x

H;C

i

) satisfying the fol low-

ing generalized mean �eld equations :

q

GM F

i

( x

H;C

i

) = p ( x

H;C

i

j x

E ;C

i

; F

i

) ; 8 i: (7)

Remark 1. Note that eac h v ariational cluster

marginal is isomorphic to the isolated mo del fragmen t

corresp onding to original cluster p osterior giv en the

in tra-cluster evidence and the gener alize d me an �elds

from outside the cluster. Th us, eac h v ariational clus-

ter marginal inherits all lo cal dep endency structures

inside the cluster from the original mo del.

The mean �eld equations in Theorem 3 are analogous

to naiv e mean �eld appro ximation. The gener alize d

me an �elds app earing in Eq. (7) pla y a role that is

similar to the con v en tional mean �eld, no w applying

to the en tire cluster rather than a single no de, and

conducting probabilistic in
uence from the remaining

part of the mo del to the cluster. It is easy to v erify

that when the clusters reduce to singletons, Eq. (7) is

equiv alen t to the classical mean �eld equation Eq. (4).

F rom a conditional indep endence p oin t of view, the

generalized mean �elds can b e also understo o d as an

exp e cte d Markov blanket of the corresp onding cluster,

rendering its in terior no des conditionally indep enden t

of the remainder of the mo del and hence lo calizing

the inference within eac h cluster giv en its generalized

mean �elds.

Mean �eld appro ximation for directed mo dels is also

co v ered b y Theorem 3. This is true b ecause an y di-

rected net w ork can b e con v erted in to an undirected

net w ork via moralization, and designation of the p o-

ten tials as lo cal conditional probabilities. The follo w-

ing corollary mak e this generalization explicit:

Corollary 4. F or a dir e cte d pr ob ability mo del

p ( x

H

; x

E

) =

Q

i

p ( x

i

j x

�

i

) and a given disjoint variable

p artition, if al l the lo c al c onditional mo dels p ( x

i

j x

�

i

)

acr oss the cluster b or ders admit cluster-factorizable

p oten tials , then the gener alize d me an �eld appr oxima-

tion to the original distribution has the fol lowing form:

q

GM F

( x

H

) =

Q

C

i

2C

q

GM F

i

( x

H;C

i

) , and

q

GM F

i

( x

H;C

i

) = p ( x

H;C

i

j x

E ;C

i

; F

i

) ; 8 i; (8)

wher e F

i

r efers to the gener alize d me an �elds of the ex-

terior p ar ents, childr en and c o-p ar ents of the variables

in cluster i .

These theorems mak e it straigh tforw ard to obtain gen-

eralized mean �eld equations. All that is needed is to

decide on a subgraph and a v ariable clustering, to iden-

tify the Mark o v blank et of eac h cluster, and to plug

in the mean �elds of the Mark o v blank et v ariables ac-

cording to Eqs. (7) or (8). W e illustrate the application

of the generalized mean �eld theorem to sev eral t yp-

ical cases|undirected mo dels, directed mo dels, and

mo dels that com bine con tin uous and discrete random

v ariables.

Example 1. (2-d ne ar est-neighb or Ising mo del): F or

a 2-d nearest neigh b or Ising mo del, w e can pic k a

subgraph whose connected comp onen ts are square

blo c ks of no des in the original graph (Fig. 3). The

cluster marginal of a square blo c k G

k

is simply

q ( x

G

k

) = exp f

P

( ij ) 2 L ( G

k

)

�

ij

x

i

x

j

+

P

i 2 V ( G

k

)

�

i 0

x

i

+

P

( ij ) 2 L ( G ) ;j 2 M B ( G

k

)

�

ij

h x

j

i x

i

g , an Ising mo del of smaller

size, with singleton p oten tials for the p eripheral no des

adjusted b y the mean �elds of the adjacen t no des out-

side the blo c k (whic h are the MB of x

G

k

). �

Example 2. (factorial hidden Markov mo dels):

F or the fHMM, whose underlying graph consists of

m ultiple c hains of discrete hidden Mark o v v ariables

coupled b y a sequence of output no des, tak en to b e

linear-Gaussian for concreteness, a p ossible subgraph

that de�nes a tractable family is sho wn in Figure 5,

in whic h w e retain only the edges within eac h c hain

of the original graph. Giv en a clustering C , in whic h

eac h cluster k con tains a subset of HMM c hains

c

k

(the dashed b o xes in Fig. 5), the MB of eac h

cluster consists of all no des outside the cluster.

Hence the cluster marginal of c

k

is: q ( f x

( m

i

)

g

i 2 c

k

) /

Q

i 2 c

k

p ( x

( m

i

)

) p ( y jf x

( m

i

)

g

i 2 c

k

; f f ( x

( m

j

)

) g

j 2 c

l

;l 6= k

),

where x

( m

i

)

denotes v ariables of c hain m

i

, p ( x

( m

i

)

)

is the usual HMM of a single c hain, and p ( y j� ) is

linear-Gaussian. When eac h c

k

con tains only a single

c hain, w e reco v er the structured v ariational inference

equations in Ghahramani and Jordan (1997). �

Example 3. (V ariational Bayesian le arning): F ol-

lo wing the standard setup in Ghahramani and Beal

(2000), w e ha v e a c omplete data likeliho o d P ( x ; y j � ),

where x is hidden, and a prior p ( � j � ; � ), where � ; �

are hyp erp ar ameters . P artitioning all domain v ariables



in to t w o clusters, f x ; y g and f � g , if the p oten tial func-

tion at the cluster b order, � ( x ; � ) is factorizable (whic h

is equiv alen t to the condition of c onjugate exp onential-

ity in Ghahramani and Beal), w e obtain the follo wing

cluster marginals using Corollary 4:

q ( � ) = p ( � j � ; � ; f ( x ) ; y ) / p ( f ( x ) ; y j � ) p ( � j � ; � )

q ( x ) = p ( x j y ; f ( � )) :

These coupled up dates are iden tical to the v ariational

Ba y esian learning up dates of Ghahramani and Beal.

�

4 A generalized mean �eld algorithm

Eqs. (7) and (8) are a coupled set of nonlinear equa-

tions, whic h are solv ed n umerically via async hronous

iteration un til a �xed p oin t is reac hed. This iteration

constitutes a simple, message-passing st yle, General-

ized Mean Field algorithm.

GMF ( mo del: p ( x

H

; x

E

), partition: f x

H;C

i

; x

E ;C

i

g

I

i =1

)

Initialization

{ Randomly initialize the hidden no des at the b order

of cluster i , 8 i .

{ Initialize f

0

i�

b y ev aluating the p oten tials using the

curren t v alues of the asso ciated no des.

{ Initialize F

0

i

with the curren t f

0

i�

.

While not con v erged

F or i = 1 : I

{ Up date q

t +1

i

( x

H;C

i

) = p ( x

H;C

i

j x

E ;C

i

; F

t

i

).

{ Compute the mean �eld factors f

t +1

i�

of all p oten-

tial factors at the b order of C

i

via lo cal inference

using q

t +1

i

as in Eq. (5).

{ Send the f

t +1

i�

messages to all Mark o v blank et clus-

ters of i b y up dating the appropriate elemen ts in

their GMFs: F

t

j

! F

t +1

j

; 8 j 2 M B C

i

.

End

Return q ( x

H

) =

Q

i

q

i

( x

H;C

i

), the GMF appro ximation

Remark 2. Note that the r.h.s. of Eqs. (7) and (8)

do not dep end on q

i

, th us the up date is a form of

co ordinate ascen t in the factored mo del space (i.e., w e

�x all q

j

( x

H;C

j

) ; j 6= i and maximize with resp ect to

q

i

( x

H;C

i

) at eac h step). Indeed, w e ha v e the follo wing

con v ergence theorem.

Theorem 5. The GMF algorithm is guar ante e d to

c onver ge to a lo c al minimum, which is a lower b ound

for the likeliho o d of the mo del.

Theorem 5 is an imp ortan t consequence of the use

of a disjoint v ariable partition underlying the v aria-

tional appro ximate distribution. It distinguishes GMF

from other v ariational metho ds suc h as GBP (Y edidia

et al., 2001), or the general case in Wiegerinc k's frame-

w ork (Wiegerinc k, 2000), in whic h o v erlapping v ariable

partitions are used, and whic h optimize an appro xi-

mate free energy function with resp ect to marginals

whic h m ust satisfy lo cal constrain ts.

The complexit y of eac h iteration of GMF is exp onen-

tial in the tree-width of the lo c al net w orks of eac h clus-

ter of v ariables, since inference is reduced to lo cal op-

erations within eac h cluster.

Since GMF is guaran teed to con v erge to a lo cal opti-

m um, in practice it can b e p erformed in a sto c hastic

m ultiple-initialization setting similar to the usual prac-

tice in EM, to increase the c hance of �nding a b etter

lo cal optim um.

5 Exp erimen tal results

Although GMF supp orts sev eral t yp es of applica-

tions, suc h as �nding b ounds on the lik eliho o d or

log-partition function, computation of appro ximate

marginal probabilities, and parameter estimation, in

this pap er w e fo cus solely on the qualit y of appro xi-

mate marginals. W e ha v e p erformed exp erimen ts on

three canonical mo dels: a nearest neigh b or Ising mo del

(IM), a sigmoid net w ork (SN), and a factorial HMM

(fHMM); and w e ha v e compared p erformance of GMF

using di�eren t tractable families (sp eci�cally , using

v ariable clusterings of di�eren t gran ularit y) with re-

gard to the accuracy on single-no de marginals. T o

assess the error, w e use an L

1

-based measure

1

P

N

i =1

M

i

N

X

i =1

M

i

X

k =1

j p ( x

i

= k ) � q ( x

i

= k ) j ;

where N is the total n um b er of v ariables, and M

i

is

the n um b er of (discrete) states of the v ariable x

i

. The

exact marginals are obtained via the junction tree al-

gorithm. W e also compare the p erformance with the

b elief propagation (BP) algorithm, esp ecially in cases

where BP is exp ensiv e, and examine whether GMF

pro vides a reasonably e�cien t alternativ e.

W e use randomly generated problems for IM and SN

and real data for fHMM. F or the �rst t w o cases, in

an y giv en trial w e sp ecify the distribution p ( x j � ) b y a

random c hoice of the mo del parameter � from a uni-

form distribution. F or mo dels with observ able output

(i.e., evidence), observ ations w ere sampled from the

random mo del. Details of the sampling are sp eci�ed

in the tables presen ting the results. F or eac h problem,

50 trials w ere p erformed. The fHMM exp erimen t w as

p erformed on mo dels learned from a training data set.

Figure 3: Ising mo del and GMF appro ximations.

Ising mo dels: W e used an 8 � 8 grid with binary



no des. Tw o di�eren t tractable mo dels w ere used for

the GMF appro ximation, one based on a clustering of

2 � 2 blo c ks, the other 4 � 4 blo c ks (Fig. 3). The re-

sults on strongly attractiv e and repulsiv e Ising mo dels

(whic h are kno wn to b e di�cult for naiv e MF) are re-

p orted in T able 1. The righ tmost column also sho ws

the mean CPU time (in seconds).

T able 1: L

1

errors on nearest neigh b or Ising mo dels.

Upp er panel: attractiv e IM ( �

i 0

2 ( � 0 : 25 ; 0 : 25) ; �

ij

2 (0 ; 2));

Lo w er panel: repulsiv e IM ( �

i 0

2 ( � 0 : 25 ; 0 : 25) ; �

ij

2 ( � 2 ; 0)).

Algorithm Mean � std Median Range time

2 � 2 GMF 0.366 � 0.054 0.382 [0.276,0.463] 2.0

4 � 4 GMF 0.193 � 0.103 0.226 [0.004,0.400] 29.4

BP 0.618 � 0.304 0.663 [0.054,0.995] 17.9

GBP 0.003 � 0.002 0.002 [0.000,0.005] 166.3

2 � 2 GMF 0.367 � 0.052 0.383 [0.279,0.449] 1.2

4 � 4 GMF 0.185 � 0.102 0.161 [0.009,0.418] 22.1

BP 0.351 � 0.286 0.258 [0.009,0.954] 14.3

GBP 0.003 � 0.003 0.003 [0.000,0.014] 117.5

As exp ected, GMF using a clustering with few er no des

decoupled yields more accurate estimates than a clus-

tering in whic h more no des are decoupled, alb eit with

increased computational complexit y . Ov erall, the p er-

formance of GMF is b etter than that of BP , esp ecially

for the attractiv e Ising mo del. F or this particular prob-

lem, w e also compared to the GBP algorithm, whic h

also de�nes b eliefs on larger subsets of no des, with

a more elab orate message-passing sc heme. W e found

that for Ising mo dels, GBP p erforms signi�can tly b et-

ter than the other metho ds, but at a cost of signi�-

can tly longer time to con v ergence.

Figure 4: Sigmoid net w ork and GMF appro ximations.

Sigmoid b elief net w orks: The t w o sigmoid net-

w orks w e studied are comprised of three hidden la y ers

(18 no des), with or without a fourth observ ed la y er (10

no des), resp ectiv ely . W e used a ro w clustering and a

blo c k clustering of no des as depicted in Figure 4 for

GMF. T able 2 summarizes the results.

T able 2: L

1

errors on sigmoid net w orks ( �

ij

2 (0 ; 1)).

Upp er: hidden la y ers only; Lo w er: with observ ation la y er.

.

Algorithm Mean � std Median Range time

blo c k GMF 0.013 � 0.004 0.013 [0.006,0.032] 6.8

ro w GMF 0.172 � 0.036 0.175 [0.100,0.244] 0.5

BP 0.273 � 0.025 0.271 [0.227,0.346] 9.2

blo c k GMF 0.018 � 0.009 0.014 [0.009,0.038] 8.4

ro w GMF 0.061 � 0.021 0.059 [0.023,0.145] 0.7

BP 0.187 � 0.044 0.189 [0.096,0.312] 139.2

F or the net w ork without observ ations, the blo c k GMF,

whic h retains a signi�can t n um b er of edges from the

original graph, is more accurate b y an order of mag-

nitude than the ro w GMF, whic h decouples the origi-

nal net w ork completely . In terestingly , when a b ottom

la y er of observ ed no des is included in the net w ork, a

signi�can t impro v emen t of appro ximation accuracy is

seen for the ro w GMF, but it still do es not surpass

the blo c k GMF. The p erformance of BP is p o or on

b oth problems, and the time complexit y scales up sig-

ni�can tly for the net w ork with the observ ation la y er,

b ecause of the large fan-in asso ciated with the no des

in the b ottom la y er.

... ...

Figure 5: An fHMM and a GMF appro ximation (illus-

trativ e graph; the actual mo del con tains 6 c hains and 40

steps).

F actorial HMM: W e studied a 6-c hain fHMM, with

(6-dimensional) linear-Gaussian emissions, ternary

hidden state and 40 time steps. The mo del w as trained

using the EM algorithm (with exact inference) on 40

Bac h Chorales from the UCI Rep ository . Inference w as

p erformed with the trained mo del on another 18 test

Chorales. GMF appro ximations w ere based on clus-

terings in whic h eac h cluster con tains either singletons

(i.e., naiv e mean �eld), one hidden Mark o v c hain, t w o

c hains, or three c hains, resp ectiv ely . The statistics of

the L

1

errors are presen ted in T able 3.

T able 3: L

1

errors on factorial HMM

Algorithm Mean � std Median Range time

naiv e MF 0.254 � 0.095 0.269 [0.083,0.397] 9.8

1-c hain GMF 0.237 � 0.107 0.233 [0.029,0.392] 14.3

2-c hain GMF 0.092 � 0.081 0.064 [0.019,0.314] 5.6

3-c hain GMF 0.118 � 0.092 0.089 [0.035,0.357] 15.6

BP 0 0 - 106.2

Since the moral graph of a fHMM is a clique tree, BP

is exact in this case, but the computational complex-

it y gro ws exp onen tially with the n um b er of c hains and

the cardinalit y of the v ariables, hence BP cannot scale

to large mo dels. Using GMF, w e obtain reasonable ac-

curacy , whic h in general increases with the gran ularit y

of the v ariable clustering. The 2-c hain GMF app ears

to b e a particularly go o d gran ularit y of clustering in

this case, leading to b oth b etter estimation and faster

con v ergence.

In summary , GMF sho ws reasonable p erformance in all

three of the canonical mo dels w e tested, and pro vides

a 
exible w a y to trade o� accuracy for computation

time. It is guaran teed to con v erge, and the compu-

tational complexit y is determined b y the treewidth of

the subgraph. BP , on the other hand, ma y fail to con-

v erge. F urthermore, the complexit y of computing the

message is exp onen tial in the size of the maximal clique

in the moralized graph, whic h mak es it v ery exp ensiv e

in directed mo dels with dense lo cal dep endencies.



6 Choice of clusters

One reason for our fo cus on disjoin t partitions has b een

the simplicit y and ease-of-implemen tation of the re-

sulting algorithm. But it is also the case that the use

of disjoin t partitions op ens up an in teresting new set of

researc h problems in v olving the c hoice of clusters. In-

tuition suggests that one p ossible de�nition of a go o d

partitions is one in whic h man y edges are cut, with

relativ ely small parameter v alues across the cut. In

this setting w e w ould exp ect to ha v e concen tration of

the exp ectations of the p oten tials|the \mean �elds"

w ould b e w ell determined.

In Xing and Jordan (2003) w e explore this idea b y

com bining the GMF algorithm with com binatorial op-

timization metho ds for graph partition. W e ha v e

found that, dep ending on the connectivit y and cou-

pling strength of the graphical mo del, v arious auto-

matic graph partition sc hemes can yield e�ectiv e clus-

terings. F or example, for densely connected graph

with w eak coupling, a max-cut indeed leads to im-

pro v ed appro ximation of marginal probabilities when

compared to naiv e mean �eld and other simple �xed

partition sc hemes. On the other hand, for a graph

with relativ ely sparse connectivit y , and strong cou-

pling, a min-cut of the graph leads to b etter estima-

tion of marginals, p ossibly due to an impro v ed abil-

it y to capture the dep endency structure within eac h

cluster, in a manner analogous to the cut-set con-

ditioning metho ds used for exact inference. These

promising results op en up the p ossibilit y for a fully au-

tonomous v ariational inference algorithm for complex

mo dels based on automatic no de partition of a graphi-

cal mo del and GMF appro ximation as illustrated in

the follo wing 
o w c hart in Figure 6. A protot yp e

implemen tation of suc h an algorithm is a v ailable at:

h ttp://www.cs.b erk eley .edu/ � ep xing/GMF.zip.

GP GMF
q(x  )posterior:

approximate jointgraphical model: node clustering
p(x  , x  )H p(x  , x  )H EE H

Figure 6: Flo w c hart of a autonomous v ariational inference

algorithm.

7 Discussion

W e ha v e presen ted a generalized mean �eld approac h

to probabilistic inference in graphical mo dels, in whic h

a complex probabilit y distribution is appro ximated via

a distribution that factorizes o v er a disjoin t partition

of the graph. Lo cally optimal v ariational appro xima-

tions are obtained via an algorithm that p erforms co-

ordinate ascen t in a lo w er b ound of the log-lik eliho o d,

with guaran teed con v ergence. F or a broad family of

mo dels in practical use, w e sho w ed that the GMF ap-

pro ximations of the cluster marginals are isomorphic

to the original mo del in the sense that they inherit

all of its in tra-cluster dep endencies. Moreo v er, these

marginals are indep enden t of the rest of the mo del

giv en the exp ected p oten tial factors (mean �elds) of

the Mark o v blank et of the cluster. The explicit and

generic form ulation of the \mean �elds" in terms of

the Mark o v blank et of v ariable clusters also leads to

a simple, generic, message-passing algorithm for com-

plex mo dels.

Disjoin t clusterings ha v e also b een used in sampling al-

gorithms to impro v e mixing rates for large problems.

F or example, the Sw endsen-W ang algorithm (Sw end-

sen and W ang, 1987) samples Ising (or P otts) mo del at

critical temp eratures b y grouping neigh b oring no des

with the same spin v alue, thereb y forming random

clusters (of coupled spins) that are e�ectiv ely inde-

p enden t of eac h other, allo wing an MCMC pro cess

to collectiv ely sample the spin of eac h cluster inde-

p enden tly and at random. This metho d often dra-

matically sp eeds up the mixing of the MCMC c hain.

Gilks et al. (1996) also noted that when v ariables

are highly correlated in the stationary distribution,

blo c king highly correlated comp onen ts in to higher-

dimensional comp onen ts ma y impro v e mixing. Ho w-

ev er, in the sampling framew ork, clustering are usually

obtained dynamically , based on the coupling strength,

rather than the top ology of the net w ork.

There are a n um b er of p ossible extensions of the re-

searc h rep orted here. First, it is of in terest to dev elop

automatic metho ds for c ho osing clusters in v ariational

appro ximations. As w e ha v e already discussed, sp ec-

tral graph partitioning can b e adapted for this purp ose

in the case of GMF metho ds. It is also p ossible to

mak e use of the framew ork of probabilistic relational

mo dels and motiv ate partitions of the random v ari-

ables using mo dularities deriving from the mo del se-

man tics (e.g., class mem b ership). Preliminary results

in applying this to a large-scale bioinformatics prob-

lem sho w ed that it leads to signi�can t impro v emen ts

in p erformance.

Another p ossible extension in v olv es the use of higher-

order expansions in the basic v ariational b ounds.

Leisink and Kapp en (2000) ha v e sho wn ho w to up-

grade �rst-order v ariational b ounds suc h as that sho wn

in Eq. (10) to yield higher-order b ounds. In particular,

the follo wing third-order lo w er b ound can b e obtained

for the lik eliho o d:

p ( x

E

) �

Z

d x exp

�

� E

0

( x

H

)

	

h

1 � � +

1

2

exp ( � )�

2

i

;

where � =

1

3

h �

3

i = h �

2

i , � = E ( x

H

; x

E

) � E

0

( x

H

), and

h�i denotes exp ectation o v er the appro ximate distribu-

tion q ( x

H

) = exp f� E

0

( x

H

) g . The optimizer of this

lo w er b ound cannot b e found analytically . Ho w ev er,

w e can compute the gradien t of the lo w er b ound with



resp ect to E

0

i

(assuming a cluster-factorized appro xi-

mate distribution), whic h requires computation of up

to third-order cum ulan ts of the no des in the b ordering

cliques in the subgraph. Leisink and Kapp en (2000)

rep orted an application of suc h a strategy to the 2-

D lattice mo del and sigmoid b elief net w ork, appro x-

imated b y a completely disconnected subgraph, and

rep orted signi�can tly impro v ed b ounds. In the GMF

setting, whic h uses an appro ximating subgraph with

more structure, the computation of the gradien t is

ev en simpler b ecause few er no des are in v olv ed in the

cum ulan t calculation.
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A Pro of of the GMF theorem

T o cast GMF appro ximation as an optimization prob-

lem, w e b egin with the follo w lemma.

Lemma 6. F or an arbitr ary mar ginal distribution

q ( x

H

) = exp f� E

0

( x

H

) g , we have the fol lowing lower

b ound:

p ( x

E

) �

Z

d x

H

exp

�

� E

0

( x

H

)

	

�

1 � A ( x

E

) �

�

E ( x

H

; x

E

) � E

0

( x

H

)

�

�

; (9)

wher e x

E

denotes observe d variables (evidenc e)

1

.

Pro of. Using conjugate dualit y , w e ha v e:

exp( x ) � exp( � )(1 + x � � ) ; 8 x; �: (10)

F or a join t distribution p ( x

H

; x

E

) =

exp f� E ( x

H

; x

E

) � A ( x

E

) g (where A ( x

E

) is the

original log-partition function plus the constan t

evidence p oten tials), w e replace x in Eq. (10) with

� ( E ( x

H

; x

E

) + A ( x

E

)) and lo w er b ound the join t

distribution p ( x

H

; x

E

) as follo ws:

p ( x

H

; x

E

) � q ( x

H

)

�

1 � A ( x

E

) � ( E ( x

H

; x

E

) � E

0

( x

H

))

�

;

where E

0

( x

H

) de�nes a variational mar ginal distribu-

tion . In tegrating o v er x

H

on b oth sides, w e obtain the

�rst-order lo w er b ound in Eq. (9).

Giv en this lo w er b ound, the optimal appro ximating

(GMF) distribution is sp eci�ed as the solution of the

follo wing constrained optimization problem:

f E

0 GM F

i

( x

C

i

) g

C

i

2C

= arg max

E

0

i

2E ( x
C

i

)
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d x exp
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�

X

C

i

2C

E

0

i

( x

C

i
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�

1 �

�

E ( x ) �

X

C

i

2C

E

0

i

( x

C

i

)

�

�

; (11)

where E ( x

C

i

) denotes the set of all v alid energy func-

tions of v ariable set x

C

i

. (Because evidence v ariables

are �xed constan ts in inference, for simplicit y , w e omit

explicit men tion of the evidence x

E

, and the subscript

H

in the energy term E ( � ) ab o v e and in other relev an t

terms in the follo wing deriv ation. In should b e clear

that, in situations where suc h subscripts are omitted,

x and related sym b ols denote only the hidden v ari-

ables.) The solution to this problem leads to Theo-

rem 3, whic h w e restate here (with evidence sym b ol

and hidden v ariable subscripts omitted).

Theorem (GMF) : F or a gener al undir e cte d pr ob-

ability mo del p ( x ) and a clustering C : f x

C

i

g

I

i =1

,

if al l the p otential functions that cr oss cluster b or-

ders ar e cluster-factorizable, then the gener alize d me an

1

Note that (9) is v ery similar to the Jensen b ound on

log lik eliho o d: ln p ( x

E

) �

R

d x

H

q ( x

H

) ln

q ( x
H

)

p ( x
H

; x
E

)

, and has

the same maximizer, but it is more general in that it can

b e further upgraded to higher order b ounds as discussed

in the discussion session.



�eld appr oximation to p ( x ) with r esp e ct to cluster-

ing C is a pr o duct of cluster mar ginals q

GM F

( x ) =

Q

C

i

2C

q

GM F

i

( x

C

i

) satisfying the fol lowing generalized

mean �eld equations :

q

GM F

i

( x

C

i

) = p ( x

C

i

jF

i

) ; 8 i:

T o pro v e Theorem 3 w e need to use the calculus of v ari-

ations to solv e the optimization de�ned b y Eq. (11).

F or con v enience, w e distinguish t w o subsets of no des

in a cluster i , the in terior no des and the b order no des,

i.e., letting z

C

i

denote the (hidden) no des in cluster

C

i

, w e ha v e z

C

i

= f x

C

i

; y

C

i

g where x

C

i

6� x

B

i

and

y

C

i

� x

B

i

.

Pro of. F rom Eq. (11), to �nd the optimizer of:

Z

d x d y exp

�

�

X

C

i

2C

E

0

i

( x

C

i

; y

C

i

)

	 �

1 � �

�

;

where � � E �

P

C

i

2C

E

0

i

+ A ( � ) , sub ject to the con-

strain ts that eac h E

0

i

de�nes a v alid marginal dis-

tribution q

i

( x

C

i

; y

C

i

) of all hidden v ariables in clus-

ter i , w e solv e the Euler equations for a v ariational

extrem um, de�ned o v er Lagrangians f ( E

0

i

; z

C

i

) =

R

d z

[ �n i ]

�

exp f�

P

i

E

0

i

g (1 � �) �

P

i

�

i

exp f� E

0

i

g

�

(where z

[ �n i ]

refers to all hidden v ariables excluding

those from cluster i ):

@ f

@ E

0

i

�

d

d z

C

i

�

@ f

@

_

E

0

i

�

= 0 8 i: (12)

Since f do es not dep end on

_

E

0

i

(=

dE

0

i

d z
C

i

), w e ha v e:

Z

d z

[ �n i ]

Y

j 6= i

exp f� E

0

j

g ( E �

X

i

E

0

i

) � �

i

= 0

)

E

0

i

=

Z

d z

[ �n i ]

Y

j 6= i

exp f� E

0

j

g ( E �

X

j 6= i

E

0

j

) � �

i

= C �

X

D

�

� C

i

�

�

�

�

( x

D

�

)

�

X

D

�

2B

i

�

�




�

�

( y

C

i

\ D

�

; f y

C

j

\ D

�

g

C

j

2N

i�

)

�

q

N

i�

;

where q

j

= exp f� E

0

j

( x

C

j

; y

C

j

) g is the lo cal marginal of

cluster j ; q

N

i�

=

Q

j 2N

i�

q

j

is the marginal o v er cluster

set N

i�

, whic h are all the clusters neigh b oring cluster

i that in tersect with clique � .

When the p oten tial functions at the cluster b oundaries

factorize with resp ect to the clustering, w e ha v e:

E

0

i

= C �

X

D

�

�C

i

�

�

�

�

( x

D

�

)

�

X

D

�

2B

i

�

�

F

�

( �

�

i

( y

C

i

\ D

�

) ; fh �

�

j

( f y

C

j

\ D

�

g ) i

q

j

g

C

j

2N

i�

)

So, q

i

( x

i

; y

i

) = exp f� E

0

i

g

= p ( x

C

i

; y

C

i

jfh �

�

j

( y

C

j

\ D

�

) i

q

j

g

C

j

2N

i�

;D

�

2B

i

)

= p ( z

C

i

jF

i

) ; 8 i: (13)

The explicit presence of evidence x

E

= f x

E ;C

i

g

I

i =1

merely c hanges Eq. (13) to q

i

( z

C

i

) / p ( z

C

i

; x

E ;C

i

jF

i

).

After normalization, it leads to

q

i

( z

C

i

) = p ( z

C

i

j x

E ;C

i

; F

i

) :


