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The primary purpose of the supplementary material is to provide a proof of Lemma 4. We also show
that Lemma 4 extends to n > 2.

1 Proof of Lemma 4

Lemma 1. Let P, (w;|w;—1) indicate the PLRE smoothed conditional probability and ﬁ(w) indicate
the MLE probability of w. Then,

P(w) =Y Pye(wilwi—1)P(w;_1) (1)

Wi—1

Proof. Assume the following more general form where multiple low rank matrices can be used i.e.:
Pplre(wilwi_l) Pah (wz|wz 1) + ")/()(wZ 1) (Zgll’m) (wi\wi_l) 4+ ...

+ Yp—1(wi—1) (ng]’ﬁ")(wi\wi—ﬂ + v (wi—1) (Z(p”“O"i”“U(M!’wz‘—l)) > > 2

where we note that Z(Pr+1=05n+1=1) (4, |w; 1) is equivalent to P (w;). It is assumed that 1 > py >

. 'p77+1 =0.
First unroll the recursion and rewrite Pyjre (w;|w;—1) as:

n+1
Ppire (wiwi—1) = Z')’O:jfl(wifl)zgjﬁj)(wi|wi71)
j=0
where vo.j—1(w;—1) = {;% Yh(wi—1) and yo.—1(w;—1) = 1. Note that Ppy,(w;|w;—1) can be written
in the same way.
Ppwr wz|wz 1 ZVU] Wi— 1 (wi|wi71) (3)

Note that Ppy,(w;|w;—1) already satisfies the marginal constraint i.e.

P(w) =Y Pywr(wiwi1)P(w;_1) )

Wi—1

because the discounts were chosen such that Py (w;|wi—1) = P(w;|wi_1)
Thus it suffices to show that for all j =0, ...,n + 1:

> Plwi-1)v0j-1 (wi1) Yy (wilwi—1) = > Plwi-1)v0-1(wio1) Z g™ (wilwi—1) ()

Wi—1 Wi—1



The statement above is trivially true when j = 0. For all other cases, note that due to the way we have
set the discounts, vo.;—1 takes a special form:

i—1
; o dx Zz Cft 1 dx Zz Czpj—l dx Zz Cz i—1
H’Yh(wl l) - po Pl pj 1
i Gii—1 i Cii—1 i Cii—1
(d.)! Czp]z 1
= =il (6)
Zi Cii—1

Using this form in Eq. 5 and simplifying yields:

Sy (Do) Yo (wiwi 1) = 2, (S0eiy) 285 (wilwion)

which is equivalent to requiring that

Z Yl(p’;j)(wi,wifl) = Z Z([l;;ﬁj)(wuwzel) (7
Wi—1 wi;—1
which holds because rank minimization under g K L preserves row and column sums. O

2 Generalization to n > 2

Theorem 1. Let Py (w;|w. "} +1) indicate the PLRE smoothed conditional probability and P(w) indi-
cate the MLE probability of w. Then,

Z e (wilwi=h Y P(wi=) ) (8)

wz n+1

Proof. Recall that,
Pplre(wi|w§:}1+1) Pa]t (wl|wz n+l)
+’y0(w§:711+1)<Z(Dp11’”1)( wilwi=h )+ e

Fr-r(uihe) (280 ol )

(i) (Pan(wlui=l) ) )--) ©)
Define,

Ppwr(wi|w§:}z+1) Palt (w1|wz n+1)

T nH)(Y(pm (wilwi=14) + ..

+ ’Yn—l(wzz::111+1) <Yl(7f;mmn) (wz’wfirlzﬂ)

+vn<w§_;+1><Ppwr<w@wz m))) ) (10)

where with a little abuse of notation

~ i—1 , i—1
C(whw;—n’-‘rl)pj B Dj(w“wzz'—n’-‘rl) (11)

1 .
Zw c(whwz n+1)p]

ij (wz]wZ n+1)



and

1—1 : ! __
c(wi, w;_yy ), ifn" =n

5(“}1'7“]3 'r17,+1)
N_(wi ) ifn <n

Furthermore, define

Pterms

pwr (wz’w Pah (wZ‘w

i— TL+1) i— n—l—l)

+ yo(w;— n+1)<Y(p1’”1)( Z[wz n+1)+ _____
+%7*1(w§:3z’+1) <Y(pnm7 (wzmz n+1)> ) (12)

Note that because of the way the discounts are computed in Algorithm 1,

P}ggl{ns(wl|wz n! J,-l) Palt(wl|wz n’ J,-l) (13)
for all n’ < n.
As a result, (for some choice of discount)
e (Wil 11) = Pen(wilw] " 41) (14)

Since, we know that Kneser Ney satisfies the marginal constraint (Chen and Goodman, 1999) this
implies that,

"U)

Z Ppwr wl’wz n—l—l)P( i— n+1) (15)

i—1

Wi_nt1

Thus, all we have to do is prove that

1 ~
Z PPWT wl|wz n+1) ( ; n+1 Z Pplre w1|wz n+1)P( i— n—i—l) (16)
wl n+1 wzﬂlﬁq

Now, we follow the same argument as with n = 2 (i.e. unrolling the recursion and applying the fact
that g K L preserves row/column sums).
For notational simplicity assume that n = 3. Then, we can write Py (w;|w! "} 41)as

n+1
Ppwr wz‘w Z’YOJ 1 (p]’ﬁj (wi|w +Z7077 w;_ 2)70] 1(wz l)Y[()pJ’ (wi’wi—l) a7
7=0

where v9._1 (w!~3) = 1 and

H’}/h dezzle 2112112 dezzle
Zz 5?2_171._2 Zz fi 1,i—2 Z’L Ezp]z 11@ 2
) _p;
(de)? 32 G0

- (1

Y0:5— 1

Here ¢; ;1 ,—2 is shorthand for &(w;, wf:%).



Similarly, 70;_1(wi_1) =1 and

~ ~ ~pj
H’Yh w; 1 d Zz flz 1 Zz lp% 1 d Ez ’LJ’L 1
i — — —
Zi Cf,%fl > Cf,liq > Cip,Ji—ll
(d) Y285,

Y0:5— 1101 1

= = w7 (19)
Zi Cii—1
(Again, it is assumed that 1 > pg > ....pp41 = 0.)
Analogously,
n+1
Pytre (wi|wi”3) nyoj 1 Z5" (wilwih) + " Yo (w3051 (wi—1) Z55H " (wilwi 1) (20)
7=0
Now for any trigram term we prove that
>ty (i)Y (el = 2 20y (i) 2 (i) Pwis) - @D

22 22

Plugging in the definition of 7.1 and simplifying gives

S @)Y il = SO # ) Z5 (wiwish) (22)

i-1 g i-1 g

Wi_g Wi_2

which is equivalent to

ZY”’”’ wi, w ZZ”“‘J ) (23)

which holds because of the definition of Z and the fact that rank minimization under g K L preserves
row/column sums.
Now consider any bigram term. We seek to show that:

> Yol 301 (wi1) Yy (wifw; 1) P(wi=})
wL 1

7—2
= > Aol Dr0 1 (win1) Z8 (wilwi 1) P(wi~h) (24)
i—1
w272

Substituting definition of ~o., (w!"3) gives

( ) +1Zz ~fTrllz 2

(p'ﬂk‘"') S i—1
Zi Cii—1,i—2 ’YO:j_l(wi_l)YDj] ’ (wi|wi_l)P(w;‘—2)

= - : A ’YO:j—l(wi—l)Zgj’Hj)('wi|wi—1)ﬁ(w;‘;:%) (25)

Simplifying and pushing in the sum over w;_» gives,

Z(Zgi’;ﬁh 2)70:—1 (Wi l)YI()F;jﬁj)(wZ’wl 1) Z Zcfzﬂlz 9)70:—1 (Wi I)Zgjﬁj)(wi’wi—l) (26)

Wi—1 ,4—2 Wi—1 t,4—2



Note that since p,11 =0, , &7, ZO 5 = >_; Gii—1 (by definition of ¢).
Using this fact and substltutlng definition of Y0:j—1(w;—1) gives

d) 35 850 4 Y8 (s
¢ ” Pjsk;s) 1 1,0— ik o
Z Zczz 1 Z CZZ ) —Y, ]J ! (’U)z’wz 1 Z Zczz 1 Z Cz@ . ZDj ! (wz‘wz—1>(27)

Wi—1 1 Wi—1

Simplifying gives,
> Yl(j’j,")(wi,wi_l) => Z%’j’”j)(wi,wi_ﬂ (28)
Wi—1 Wi —1

which holds because rank minimization under KL divergence preserves row and column sums.
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