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Discussion: Generative and ggg:
discriminative classifiers B

e Goal: Wishtolearnf: X = Y, e.g., P(Y|X)

e Generative:
e Modeling the joint distribution
of all data

e Discriminative:
e Modeling only points

at the boundary
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Generative vs. Discriminative
Classifiers

e Goal: Wishtolearnf: X = Y, e.g., P(Y|X)

e Generative classifiers (e.g., Naive Bayes):
e Assume some functional form for P(X|Y), P(Y)
This is a ‘generative’ model of the data!
e Estimate parameters of P(X|Y), P(Y) directly from training data
e Use Bayes rule to calculate P(Y|X= x)

e Directly assume some functional form for P(Y|X)
This is a ‘discriminative’ model of the data!

e Discriminative classifiers (e.g., logistic regression) i
e Estimate parameters of P(Y|X) directly from training data
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Suppose you know the following i
e Class-specific Dist.: P(X]Y)
g p(X |Y =1)
= P (X5 44y, 21)
P(X|Y =2)
= P2 (X; fh,Z5) Bayes classifier:
: ) PX[Y)P(Y)
e Class prior (i.e., "weight"): P(Y) P(Y|X) = P(X)

e This is a generative model of the data!
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Optimal classification

e Theorem: Bayes classifier is optimal!

e Thatis

erron true(nBaycs)) <er 07true(n)a WZ(X)

P Rx)

P RiX)

e How to learn a Bayes classifier?
e Recall density estimation. We need to estimate P(X|y=k), and P(y=k) for all k
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Gaussian Discriminative Analysis | ::

e learning f: X - Y, where
e Xis avector of real-valued features, X,= < X ...X, >
e Y is an indicator vector

e What does that imply about the form of P(Y|X)?

e The joint probability of a datum and its label is:

P(X,. Ya =1l 1,0) = p(yy =1)x p(x, |y, =1 1,0)
=7ty ﬁ‘mp{f},z(xn ',Uk)z}
e Given a datum x,,, we predict its label using the conditional probability of the label
given the datum:
) 5 X p% (%, - }

p(ynk:]-'XnquO') Z | 1/2 p{,l(x }
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Conditional Independence

e Xis conditionally independent of Y given Z, if the probability
distribution governing X is independent of the value of Y, given
the value of Z

AV AV

NSy o I\ND/Yv 7 1L\ _ Df I I S A
WV, ), R)F(AX =1ty =), 4 =K)=F{(A =14 =K)

Which we often write

P(X|Y,2)=P(X|2)

e €.0.,

DM1 b 1D T 1y ¢ N . DMt 7 T ¢« 1.4 ¢ \
i nunaer| natn, Lignining ) — C L nunaer| Ligningmg )

e Equivalent to:
P(X,Y | Z)=P(X | ZHYP(Y | Z)
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Naive Bayes Classifier H

e When X is multivariate-Gaussian vector:
e The joint probability of a datum and it label is:

{0

P, Yy =11, %) = p(yy =) x p(X, | ys =14, %)

1 _ _
=7 WGXP{'%(X” - 1) ZH(X, '/lk)}

e The naive Bayes simplification T
P(Xy, Yo =11 1,0) = plys =Dx[ ] pCx,; 1 v =L a1 5.0 ;)
]

_ﬁn#ex {L(x -1 )2} ©e - ©

=7l (@ro? )" Przor, Koi = A

o More generally:  p(X,,Y, |7,7) = p(y, | 7)< ] p(X, ;| V0:77)
j=1

Where p(. | .) is an arbitrary conditional (discrete or continuous) 1-D density
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The predictive distribution E
\
e Understanding the predictive distribution
k —
_ NES N7 7N, | 1, 2
p(y:=1|xn,,u,2,ﬂ')=p(y Alﬂ ): k ( |/uk k) *
p(x, | 4,%) Zk‘ﬂ.k'N(xn’l M Zy)
e Under naive Bayes assumption:
7y exp{*zj{%(xr:*/Ig)z—log”k.lfcj}
p(Ys =11%,, 2.5, 7) 1 *
zkﬂk‘exp{—zj[?(x”'7;,;)27|ogak\l—CJ}
e For two class (i.e., K=2), and when the two classes haves the same
variance, ** turns out to be a logistic function
pP(yn =11%,) - L o= !
1+J?CX Z’ ” [ i1 ] i 1 i12 12) (1,;)}\
1 ] Leexpl- 3, (! G- ) + 2 (Ll F -Lad ) Tog 2522
4o
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The decision boundary °

e The predictive distribution

plys =11x,) =

1 —
M - ox,
1+exp{—zelxn’—60} Lre

e The Bayes decision rule:

1
In p(Yé :1‘Xn) —In 1+e "%,
p(yy =11x,)

e For multiple class (i.e., K>2), * correspond to a softmax function

.
—0 X,

e

e
2

]
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Generative vs. Discriminative
Classifiers

e Goal: Wishtolearnf: X = Y, e.g., P(Y|X)

e Generative classifiers (e.g., Naive Bayes):
e Assume some functional form for P(X|Y), P(Y)
This is a ‘generative’ model of the data!

-0

e Estimate parameters of P(X|Y), P(Y) directly from training data
e Use Bayes rule to calculate P(Y|X= x)

e Discriminative classifiers:
e Directly assume some functional form for P(Y|X)
This is a ‘discriminative’ model of the data!

(-0

e Estimate parameters of P(Y|X) directly from training data
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Linear Regression oo

e The data:

{(Xp Y1) (%2 Y2), (X3, Y3 ), (X YN)}

Lot

e Both nodes are observed:

e Xis an input vector

e Y is aresponse vector
(we first consider y as a generic Vv
continuous response vector, then ’
we consider the special case of
classification where y is a discrete
indicator)

e Aregression scheme can be
used to model p(y|x) directly,
rather than p(x,y)

© Eric Xing @ umy, cuvo-cuuy
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Linear Regression o
!
e Assume that Y (target) is a linear function of X (features):
e eg. .
Uy =0y+ 0121 + 025
e let's assume a vacuous "feature" X0=1 (this is the intercept term, why?), and
define the feature vector to be:
x = [1, 21, 23]
e then we have the following general representation of the linear function:
j=x"0
e Our goal is to pick the optimal ¢ . How!
o We seek @ that minimize the following cost function:
1& .o
J(0) :EZ(Yi(Xi)*Yi)Z
i=1
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The Least-Mean-Square (LMS) sels
o0
method o

e Consider a gradient descent algorithm:

Ht‘lzﬁt—aiJ(H)
0.

J J
]
¢ Now we have the following descent rule:

0, =0, +a) (v, - %, 6")X

i=1

e For a single training point, we have:

0, =0, +a(y,-%0")x/

e This is known as the LMS update rule, or the Widrow-Hoff learning rule
e This is actually a "stochastic", "coordinate" descent algorithm
e This can be used as a on-line algorithm
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Probabilistic Interpretation of
LMS

\
e Let us assume that the target variable and the inputs are

related by the equation:
Y, =0'% +¢

where ¢ is an error term of unmodeled effects or random noise

~

e Now assume that ¢ follows a Gaussian N(0,0), then we have: |

oo 05

e By independence assumption:

n n n __QT \2
- H P(y; 1%:6) = [\/Zimj exp[—zll(égzx')}
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Probabilistic Interpretation of
LMS, cont. H

e Hence the log-likelihood is:

1

11
I(H)ZHIOQX/ZG*?EZEI(%79Txi)2

e Do you recognize the last term?
Yes itis: J(g)_;Z(xiTeyi)z
i=1

e Thus under independence assumption, LMS is equivalent to
MLE of 6!
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Classification and logistic sels
regression '
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y .6
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The logistic function o

1

9G) =1 1
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Logls_tl.c regression (sigmoid sels
classifier) &

e The condition distribution: a Bernoulli 2 ronis
PYD) =400 A=) L/
where u is a logistic function 1 1/
()= Tl

e We can used the brute-force gradient method as in LR

e But we can also apply generic laws by observing the p(y|x) is
an exponential family function, more specifically, a
generalized linear model (see future lectures ...)
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Training Logistic Regression: i
3
MCLE :
e Estimate parameters 6=<¢,, 6,, ... §,> to maximize the
conditional likelihood of training data
e Trainingdata D= {(z1,11),..., (@~ yn)}
N
e Data likelihood = [ [ P(zi, u:;6)
=1 N
e Data conditional likelihood = | [ P(x:ly:; 6)
=1
0= argmgxlnHP(yi\xi;O)
© Eric Xing @ CMU, 2006-2009 20
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Expressing Conditional Log sete
el 82
Likelihood g
\
[(9) = lnHP(yi\xi; ) = Zln P(y;|x;0)
i i
- . B 1
e Recall the logistic function: p = oo
and conditional likelihood: P(y|z) = u(z)?(1 — p(z))* ¥
18) =ZlnP(y,;\x,;9) = Zyilnu(x,)+(1—y,1)111(1—u(:r,;))
u(x;)
_ Zyi In 1= a(z) +In(1 — pz;))
= > ybTzi - 6T +In(1+ e )
- Z(y, — 107z + In(1 + ¢07#)
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Maximizing Conditional Log sels
Likelihood o
e The objective:
o) = IHHP(Z/z'\%;@)
= S - 10w + (1 + e
e Good news: /() is concave function of &
e Bad news: no closed-form solution to maximize /(6)
© Eric Xing @ CMU, 2006-2009 22
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The Newton’s method o
!
e Finding a zero of a function
9t+1 . — gt _ f(gt)
' f1(6)
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The Newton’s method (con’d) -
e To maximize the conditional likelihood I(6):
ey = Z(yl — )07z +1In(1 + efeT“)
since | is convex, we need to find * where I’(6)=0 !
e So we can perform the following iteration:
I'(0")
gt =o'
+ ln(é}t)
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The Newton-Raphson method s
\
e In LR the @is vector-valued, thus we need the following
generalization:
9t .= 0t + H 'Vl (")
e V is the gradient operator over the function
e His known as the Hessian of the function
©EricXing@CMU 2006-2009 25
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The Newton-Raphson method o
e In LR the #is vector-valued, thus we need the following
generalization:
Ot .= 0t + H= 'Vl (6"
e V is the gradient operator over the function
Vol(0) =Y (yi — wi)zi = X" (y —u)
e His known as the Hessian of the function
H=VyVol(0) = ui(l—u)wix] = X"RX
where ;R,-.!- = u;(1 — u;)
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Iterative reweighed least squares
(IRLS)

e Recall in the least square est. in linear regression, we have:
0= (XTX)"'XTy

which can also derived from Newton-Raphson

e Now for logistic regression:
oitt = Qt—i—H_lVgtl(gt)
= 0 - (X"RX)"'X"(u-y)
= (XTRX) YXTRX#' — XT(u-y)
= (XTRX)"'X"Rz
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Logistic regression: practical seoe
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ISSues o

e NR (IRLS) takes O(N+d?) per iteration, where = number of
training cases and &= dimension of input x, but converge in
fewer iterations

e Quasi-Newton methods, that approximate the Hessian, work
faster.

e Conjugate gradient takes O(Nd) per iteration, and usually
works best in practice.

e Stochastic gradient descent can also be used if Nis large c.f.
perceptron rule:
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Generative vs. Discriminative
Classifiers

e Goal: Wishtolearnf: X = Y, e.g., P(Y|X)

e Generative classifiers (e.g., Naive Bayes):

e Assume some functional form for P(X|Y), P(Y)

-0

This is a ‘generative’ model of the data!
e Estimate parameters of P(X|Y), P(Y) directly from training data
e Use Bayes rule to calculate P(Y|X= x)

e Discriminative classifiers:
e Directly assume some functional form for P(Y|X)
This is a ‘discriminative’ model of the data!

(-0

e Estimate parameters of P(Y|X) directly from training data

© Eric Xing @ CMU, 2006-2009 2
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Naive Bayes vs Logistic eess
. ::O
Regression g
e Consider Y boolean, X continuous, X=<X1 ... Xm>
e Number of parameters to estimate:
”kexﬂ{le{%(x;7/[&«1)27'09(7&17CJJl
NB: p(yl%)= J — *
Zkﬁk‘expl—zl[zo_%(xl—,uk‘l)Z—Iogak‘l—C}
LR: ) 1
HX) =———7
1+e?*
e Estimation method:
e NB parameter estimates are uncoupled
e LR parameter estimates are coupled
© Eric Xing @ CMU, 2006-2009 30
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Naive Bayes vs Logistic
Regression

\
e Asymptotic comparison (# training examples — infinity)

e when model assumptions correct

e NB, LR produce identical classifiers

e when model assumptions incorrect
e LRis less biased — does not assume conditional independence
e therefore expected to outperform NB

© Eric Xing @ CMU, 2006-2009 31

Naive Bayes vs Logistic
Regression o

e Non-asymptotic analysis (see [Ng & Jordan, 2002] )

e convergence rate of parameter estimates — how many training
examples needed to assure good estimates?

NB order log m (where m = # of attributes in X)
LR order m

e NB converges more quickly to its (perhaps less helpful)
asymptotic estimates
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Rate of convergence: logistic sels
regression o
|
e Let hp; , be logistic regression trained on n examples in m

dimensions. Then with high probability:

m T
: < 18,00 I
e(hpisn) < e(hpis, )+0( . ogm)
e Implication: if we want €(hpis,m) < €(hpis,c0) + €0

for some small constant &,, it suffices to pick order m
examples

- Convergences to its asymptotic classifier, in order m examples
e result follows from Vapnik’s structural risk bound, plus fact that the "VC

Dimension" of an m-dimensional linear separators is m

© Eric Xing @ CMU, 2006-2009 33
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Rate of convergence: naive sels
Bayes parameters .o
e Letany ¢, 60, and any n > 0 be fixed.
Assume that for some fixed p, > 0,
we have that py <ply=T) <1—pg
o Let n=0((1/e)log(m/s))
e Then with probability at least 1-6, after n examples:
1. For discrete input, |]5(xi|y - b) B p(mz\y - bﬂ sa foralliand b
[p(y =b) —p(y =b)| < &1
_ , |fisjy=b — tijy=s| < €1 _
2. For continuous inputs, foralliandb
167y = Ohy=sl < 1
© Eric Xing @ CMU, 2006-2009 34
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Some experiments from UCI data
sets

Figure 1: Resulis of 15 experimens on datssets fom the UCT Machine Loarin
ropagitory. Plots are of lon cerar vE. m aged over 1000 mndor
train st splits), Dashed line s Jogiside regrossion; solid fine s nabve Bayes,

Sl ANy W Sy 2uuumauug

B

Case study

e Dataset
e 20 News Groups (20 classes)
e 61,118 words, 18,774 documents

comp.graphics

. rec autos sererypt
comp.os ms-windows misc : :
. rec.motorcycles sci.electronics
comp.sys.ibm pc hardware X
rec.sport.baseball scimed
comp sys.mac hardware 5
N rec.sporthockey sci.space

comp windows x
tallc politics.misc | tallkreligion.misc
misc forsale talk politics. guns alt.atheism
talk politics. mideast soc.religion. christian

e Experiment:
e Solve only a two-class subset: 1 vs 2.
e 1768 instances, 61188 features.
e Use dimensionality reduction on the data (SVD).
e Use 90% as training set, 10% as test set.
e Test prediction error used as accuracy measure.
© Eric Xing @ CMU, 2006-2009
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Generalization error (1)

e Versus training size

0.07 : . : —= : :
| ~=-Training NB
0.06 | ===Training Log Reg
| —*—Test NB
5 0.05F |—*—Test Log Reg
% |
o 04_40\/—‘\’”‘—0—97_
R R
_';: 0.03; TSe.
.
2 0,021 e
0.01F _- g g,
o e e e e e o o e
o 1 | L | s 1 L |
0 0.2 0.4 0.8 0.8 1.0 0 0.2 0.4 0.6

Fraction of train set used for training
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¢ 30 features.
* A fixed test set

e Training set varied
from 10% to 100%
of the training set

37

Generalization error (2)

e \Versus model size

0.07 T T T T T ; : :
-e-Training NB
-e-Training Log Reg
0.0
8 —+—Test NB

—+—Test Log Reg

Prediction error

5 10 15 20 25 30 35 40 45 50
Number of features used
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Number of

dimensions of the
data varied from 5
to 50 in steps of 5

The features were
chosenin
decreasing order of
their singular
values

90% versus 10%
split on training and
test
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Summary

e Naive Bayes classifier

What's the assumption
Why we use it
How do we learn it

e Logistic regression

Functional form follows from Naive Bayes assumptions
For Gaussian Naive Bayes assuming variance
For discrete-valued Naive Bayes too

But training procedure picks parameters without the conditional independence
assumption

e Gradient ascent/descent

— General approach when closed-form solutions unavailable

e Generative vs. Discriminative classifiers

— Bias vs. variance tradeoff
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