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1 Motivation

In this lecture, we discuss the problem of probabilistic inference – computing conditional and marginal
probabilities in graphical models. Methods we have discussed include

1. brute force algorithm: summarize over the joint distribution; have exponential computational com-
plexity when the number of vertices grows.

2. the elimination algorithm: remove nodes in a graph step by step; computational complexity is deter-
mined by the largest size of the elimination cliques, which can be exponential in the worst case.

3. belief propagation algorithm: work exactly only for tree-structured graphs; have linear computational
complexity.

Although designed only for tree-structured graphs, there is no barrier to applying the belief propagation
to a graph with cycles, which yields the ‘loopy’ form of the belief propagation algorithm. In the presence
of cycles, there are no general convergence or correctness guarantees associated with the belief propagation
algorithm, but it is nonetheless widely used to compute approximate marginals.

2 Loopy Belief Propagation

We consider an undirected graphical model G = (V,E) with potential functions involving at most pairs of
variables, where the joint distribution is

P (x) =
1

Z
Π(i,j)∈Eψij(xi, xj)Πi∈V ψi(xi).

The loopy belief propagation update rules are

Mi→j(xj) ∝
∑
xi

ψij(xi, xj)ψi(xi)Πk∈Ni\jMk→i(xi)

qi(xi) ∝ ψi(xi)Πj∈Ni
Mj→i(xi).

Different from the belief propagation algorithm where every nodes wait for all its other neighbors to send
its messages, we will update messages iteratively either synchronously or asynchronously, and on graphs
with loops messages may circulate indefinitely. Although it is not guaranteed to converge, empirically a
good approximation is still achievable. We may stop the algorithm after fixed times of iterations, or stop
when no significant changes in messages. If the solution is not oscillatory but converges, it usually is a good
approximation.
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3 Bethe Approximation

Now we delve into the theory behind the loopy belief propagation. A general idea to approximate an
intractable distribution P , is to find a distributionQ, where the KL-divergence betweenQ and P is reasonably
small.

KL(Q,P ) =
∑
x

Q(x) log
Q(x)

P (x)

= −EQ[log(Π(i,j)∈Eψij(xi, xj)Πi∈V ψi(xi))]−H(Q) + logZ

= F (P,Q) + logZ.

Here we define the sum of the first two terms as the free energy. It satisfies: F (P,Q) ≥ F (P, P ) = − logZ.
We transform the task of finding P into an optimization problem:

P = arg min
Q

F (P,Q).

Furthermore, we can relax the optimization problem to obtain an approximate solution.

3.1 Bethe Entropy Approximation

Let us look at the free energy: the first term can be computed if we have the marginals, while the second
term is harder. Computing the entropy term requires summation over all possible values, therefore is hard
in general. We need to approximate the entropy with something easy to compute.

The Bethe entropy approximation calculates as if Q is a tree. Notice that for a tree-structured distribution
Q, the joint probability can be written as

Q(x) = Π(i,j)∈E
qij(xi, xj)

qi(xi)qj(xj)
Πi∈V qi(xi).

The Bethe entropy is

HBethe(Q) = −
∑

(i,j)∈E

∑
xi,xj

qij(xi, xj) log
qij(xi, xj)

qi(xi)qj(xj)
−

∑
i∈V

∑
xi

qi(xi) log qi(xi).

And the Bethe free energy is

FBethe(P,Q) = −EQ[log(Π(i,j)∈Eψij(xi, xj)Πi∈V ψi(xi))]−HBethe(Q)

=
∑

(i,j)∈E

∑
xi,xj

qij(xi, xj) log
qij(xi, xj)

ψij(xi, xj)qi(xi)qj(xj)
+

∑
i∈V

∑
xi

qi(xi) log
qi(xi)

ψi(xi)
.

The Bethe entropy is easy to compute, since it only involves sum over pairwise and single variables. However,
FBethe(P,Q) may or may not be well connected to the true free energy. It could, in general, be greater, equal
or less than F (P,Q).

3.2 Outer Approximation to M(G)

In the Bethe free energy, we represent the distribution Q by its marginals qij(xi, xj), qi(xi). We need to
make sure that these marginals are legal, which is characterized by the marginal polytope. The marginal
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polytope M(G) corresponds to the set of all singleton and pairwise marginals that are jointly realizable by
some distribution, namely

M(G) = {q : ∃Q with marginals qi(xi), qij(xi, xj)}.

The polytope M(G) can be written as the intersection of a finite number of half-spaces. However, listing
all of these half-space constraints are extremely difficult, so that we resort to listing only subsets of the
constraints, thereby obtaining a polyhedral outer bound on M(G).

More specifically, we define the set of locally consistent marginals satisfying the normalization constraints
and the marginalization constraints:

L(G) = {q ≥ 0 : ∀i ∈ V,
∑
xi

qi(xi) = 1;∀(i, j) ∈ E,
∑
xi

qij(xi, xj) = qj(xi),
∑
xj

qij(xi, xj) = qi(xi)}.

For a tree-structured graph T , the marginal polytope M(T ) is equal to L(T ). Otherwise, the set L(G) is a
strict outer bound on M(G).

3.3 Bethe Variational Problem

We now have made two approximations:

1. replace the marginal polytope M(G) by the polyhedral outer bound L(G);

2. approximate the entropy with the Bethe entropy.

Combining the two approximations, we obtain the Bethe variational problem (BVP):

min
q∈L(G)

FBethe(P,Q).

To solve this constrained minimization problem, we introduce the Lagrangian:

L =
∑

(i,j)∈E

∑
xi,xj

qij(xi, xj) log
qij(xi, xj)

ψij(xi, xj)qi(xi)qj(xj)
+

∑
i∈V

∑
xi

qi(xi) log
qi(xi)

ψi(xi)
+

∑
i∈V

γi(
∑
xi

qi(xi)− 1)

+
∑

(i,j)∈E

∑
xj

λij(xj)(
∑
xi

qij(xi, xj)− qj(xj)) +
∑
xi

λji(xi)(
∑
xj

qij(xi, xj)− qi(xi))

 .

Take derivatives with respect to qi(xi) and qij(xi, xj) and set them to zeros:

∂L

∂qi(xi)
= −di + 1 + log

qi(xi)

ψi(xi)
+ γi −

∑
j∈Ni

λji(xi) = 0

∂L

∂qij(xi, xj)
= 1 + log

qij(xi, xj)

ψij(xi, xj)qi(xi)qj(xj)
+ λji(xi) + λij(xj) = 0.

Use the normalization constraints to eliminate γi. The solution can be written as:

qi(xi) ∝ ψi(xi)Πj∈Ni
exp(λji(xi))

qij(xi, xj) ∝ ψi(xi)ψj(xj)ψij(xi, xj)Πk∈Ni\j exp(λki(xi))Πk∈Nj\i exp(λkj(xj)).
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Define the messages Mj→i(xi) = exp(λji(xi)). We have an equivalent form:

qi(xi) ∝ ψi(xi)Πj∈NiMj→i(xi)

qij(xi, xj) ∝ ψi(xi)ψj(xj)ψij(xi, xj)Πk∈Ni\jMk→i(xi)Πk∈Nj\iMk→j(xj).

To satisfy the marginalization constraints, the Lagrangian multipliers or messages need to satisfy

Mi→j(xj) ∝
∑
xi

ψij(xi, xj)ψi(xi)Πk∈Ni\jMk→i(xi),

which is equivalent to the loopy belief propagation updates. It means that, the fixed point of loopy belief
propagation, if achieved, is the stationary point of the Bethe variational problem.

It should be noted, however, this connection between loopy belief propagation and the BVP in itself provides
no guarantee on the convergence of the loopy belief propagation updates.

4 Generalized Belief Propagation

We can introduce more constraints besides the local consistency of all singleton and pairwise marginals, to
obtain a better Bethe approximation. Here we describe a generalized belief propagation, whose fixed point
can be viewed as the stationary point of a hypertree-based variational problem.

Denote H as a set of hyperedges on the graph G. Define P(h) as the parents of hyperedge h; C(h) as the
children of h. Define the tree-structured partition H = H1

⋃
H2, . . . ,

⋃
Hm, where H1 = {h ∈ H : C(h) = ∅},

H2 =
⋃
h∈H1

P(h), . . . , Hm =
⋃
h∈Hm−1

P(h). For example, in the ordinary loopy belief propagation case,
H1 contains all singletons and H2 contains all edges, where children of an edge contains its two endpoints,
and parents of a singleton contains the edges from it.

In this generalized case, the Bethe entropy is

HBethe(Q) = −
∑
h∈H

∑
xh

qh(xh) log
qh(xh)

Πg∈C(h)qg(xg)
.

And the Bethe free energy is

FBethe(P,Q) =
∑
h∈H

∑
xh

qh(xh) log
qh(xh)/ψh(xh)

Πg∈C(h)qg(xg)/ψg(xg)
,

where ψh(xh) = Πi⊆hψi(xi)Π(i,j)⊆hψij(xi, xj) is the potential functions associated with hyperedge h. The
set of locally consistent marginals is

L(G) = {q ≥ 0 : ∀h ∈ H1,
∑
xh

qh(xh) = 1;∀g ∈ H \Hm, h ∈ P(g),
∑
xh\g

qh(xh) = qg(xg)}.

The Bethe variational problem is
min
q∈L(G)

FBethe(P,Q).

Introduce the Lagrangian:

L =
∑
h∈H

∑
xh

qh(xh) log
qh(xh)/ψh(xh)

Πg∈C(h)qg(xg)/ψg(xg)
+

∑
h∈H1

γh(
∑
xh

qh(xh)− 1)

+
∑

g∈H\Hm

∑
h∈P(g)

∑
xg

λhg(xg)(
∑
xh\g

qh(xh)− qg(xg)).
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Take derivatives with respect to qh(xh) and set them to zeros:

qh(xh) ∝ ψh(xh)Πf∈P(h) exp(λfh(xh)),∀h ∈ H1

qh(xh) ∝ ψh(xh)Πf∈P(h) exp(λfh(xh))Πg∈C(h)
qg(xg)

ψg(xg)
exp(−λhg(xg)),∀h ∈ H \Hm

qh(xh) ∝ ψh(xh)Πg∈C(h)
qg(xg)

ψg(xg)
exp(−λhg(xg)),∀h ∈ Hm.

Define D(h) = {g ∈ H|g ⊂ h} as the descendants of hyperedge h; D+(h) = D(h) ∪ h. Define the parent-to-
child messages Mf→g(xg) = exp(λfg(xg)). We can write in a uniform form as:

qh(xh) ∝ ψh(xh)Πg∈D+(h)Πf∈P(g)\D+(h)Mf→g(xg),∀h ∈ H.

To satisfy the marginalization constraints, the Lagrangian multipliers or messages need to satisfy

Mh→g(xg) ∝
∑
xh\g

ψh(xh)
ψg(xg)

Πe∈D+(h)\D+(g)Πf∈P(e)\D+(h)Mf→e(xe)

Πe∈D(g)Πf∈P(e)∩(D+(h)\D+(g))Mf→e(xe)
,∀h = P(g).


