Machine Learning
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Advanced topics in Max-Margin sels
Learning (cont.) -
. Lo [ K5) = G0 Plk)
maxa](a)zzai_Ezaianiyj(XiTXj)
i=1 i,j=1 —
W Xpew + 00 (wTx 4 120
¢ Implicit nonlinear data transformation faaw) 7,'. [
e The Kernel trick ’
e Point rule or average rule? W’ — PW) x[:( 'W):., fempe.
e Maximum entropy discrimination 65’1‘“ . \L ll’im
e Can we predict vec(y)? 2y (v QU0

e Structured SVM, aka, Maximum Margin Markov Networks

e Putting everything all together !
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(2) Model averaging

e Inputs x, classy = +1, -1
o data D = { (x.,y1), .. (XY }
e Point Rule:
e learn fort(x) discriminant function
from F = {f} family of discriminants
e classify y = sign fort(x)
i\Vjﬂﬁf
e E.g., SVM

4

\/ fopt (X) — wa]](_?“" + b
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Model averaging o

e There exist many f with near optimal performance

e Instead of choosing fort,
average over all f in F

Q(f) = weight of f
r) = sig C (a)d
y(a) ur,n/!. QU ()

= sign(f(x))q G\Q{'&M | |
yall

e How to specify:
F)= { f } family of discriminant functions?

e Howto learn Q(f) distribution over F?

<er{

© Eric Xing @ CMU, 2006-2011 4




Wt 2

Recall Bayesian Inference

e Bayesian learning:

Po(w)

| Bayes Learner
— p(w|D)
_7 \ :

D = {(xi, i) ity v
| [E! W ;' = hif\}ﬂvl
Bayes Thrm : p(w|D))= [M priv .
: p(D) - ?’Hﬂylw
e Bayes Predictor (model averaging): K

:‘;.l(x:_ p(w)) = arg max / p(w}fﬂw'

yelX(x),

Recall in SVM: /i (x:w ) = arg max Flx.y:w)
' vEY(x)

e What p,?
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How to score distributions?

e Entropy

e Entropy H(X) of a random variable X

I

H(X)=-)Y_ P(z=i)log, P(z = i)

i=1

e H(X) is the expected number of bits needed to encode a randomly drawn
value of X (under most efficient code)

e Why?

Information theory:

Most efficient code assigns -log,P(X=i) bits to encode the message X=I,
So, expected number of bits to code one random X is:

N
- Z Pz =1i)log, P(z = 1)
i=1

© Eric Xing @ CMU, 2006-2011 6




Maximum Entropy Discrimination

e Given data set D = {(x;, )}, find

= Iy

% ;
Qg = arg max@ - CZ‘Q Tflfv\ v + C?,L-.
s.t. P& oye = & Vi P’ q(_- o) 3

§>0 Vi Sizv

e solution Q,,c correctly classifies D
e among all admissible Q, Q,,= has max entropy
e max entropy mmp "Minimum assumption” about f

[ X X ]

[ X X X

HH
Introducing Priors -

e Prior Q,(f)

Qo

e Minimum Relative Entropy D(Q. Qo) = KL(QI|Qo)

Discrimination

Qvre = argmin KL(QH%}) +U(§)
s.t. V(N oy, =& Vi
& =0 Vi

e Convex problem: Q,,zz unique solution
e MER == “minimum additional assumption" over Q, about f
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Solution: Qe as a projection

e Convex problem: Q,,c unique

a=0 uniform
e Theorem: \Qo

- pOWYPR)
yoor PO = 70 l'
Qure o exp{)_ dwif(ziiw)
i=1 admissible Q
= §5Vd< Fbe . NT— "
a; > 0 Lagrange multipliers W’ % ol o 16)

[ —

e finding Q,, : start with ¢; = O and follow gradient of unsatisfied
constraints

o000

b4+

. [ X X )
Solution to MED B

e Theorem (Solution to MED):
Posterior Distribution:

1
QW) = 775 Qo(W) exp { Z_u,-.f,:,-[f(x,-:w}]}

Dual Optimization Problem:
D1: max — log Z(a) — U*(a)

st ai(y) =0, Vi,
U*(:) is the conjugate of the U(:), i.e., U*(a) = supg (Ei.\- o;(v)& — ('{E])

e Algorithm: to computer ¢, ,t=1,..T

e start with ¢, = O (uniform distribution)

e iterative ascent on J(@) until convergence
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Examples: SVMs

e Theorem

For f(x) =w™x + b, Qy(w) = Normal( 0, 1 ), Q,(b) = non-informative prior,
the Lagrange multipliers « are obtained by maximizing J(«) subject
to 0<o, <C and 2, oy, = 0, where

J(a) = Z [(l( + log(1 — fu/C'}] — %Z (1,,.(1;;,!,\.;,';.1':“:';

t s,

e Separable D ==p SVM recovered exactly

e Inseparable D =mp SVVM recovered with different
misclassification penalty

o000

0000

coee
SVM extensions °e

e Example: Leptograpsus Crabs (5 inputs, T,4,=80, T.s=120)

Sy
by ME D
08 \ SVM /

\\Max Likelihood Gaussian
0.7
MRE Gaussian

1-false negatives
(=]

%% 01 02 03 04 05
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(3) Structured Prediction

e Unstructured prediction
® o v

yﬁ;m .'ﬁ‘ X11 X122 ... in
.'I__‘ II| . 4 x=| Xn x2 ... y=|
a3 . : :

) - M-

o YN
e Structured prediction w 5
e Part of speech tagging
X = “Doyouwantsugarinit?” = ¥ = <verb pron verb noun prep pron>
e Image segmentation ?[Tj [i‘ )—)9
X1z . o e - T
1 X2z ... ) y= ( Y Yz ) CK[—
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example :

X y
PRI — -
Sequential structure

@O HOEH
- HEEMdE
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Classical Predictive Models ~

- Input and output space: X £ R VE{-1L+1} gy
. Predictive function h(x) : y* = h(x) £ arg max F(x,y; “{)
Yy

- Examples: F(x,y;w) = .r;(wa(x, 1)) %&?

. Learning:

14
where f(:) represents a convex loss, and I?{w] is a regularizer preventing overfitting w

Logistic Regression — SupportVector Machines (SVM)
* Max-likelihood (or MAP) estimation * Max-margin learning
In p(y, 1 x,) in  Lutwecs
1% | | min,, —w'w+C> &

1 jly.
- —(w-x;+b)
l+e st

(x
U
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Classical Predictive Models :
- Input and output space: A = R VE{-1,+1}
. Predictive function i(x) : v* = h(x) 2 arg Ulé]:f‘( F(x.y:w)
Y
. Examples: Flx.mw) = g(w' f(x.y))
- Learning: W =arg 1111‘:‘1t ((x,1:w) + AR(wW)
wew

where f(-) represents a convex loss, and F(w)is a regularizer preventing overfitting

Logistic Regression — SupportVector Machines (SVM)
* Max-likelihood (or MAP) estimation * Max-margin learning
N N
: 1+
max L(D;w) = ZI:Iu,_.,ui_u |xc*s w) v '3,‘.'_? '_ZW w Z.‘;.
5 i=1

* Corresponds to a Log loss with L2 R st ViV 2y w Af(yY) > 1 -6 & >0,

] ] * Corresponds to a hinge loss with L2 R

frn(x nw) £ n Z expiw fx o)} —w' fx.y)
v'ey

Eaparlx, yw) 2 haxw fx. _J,rJ_I —w flx.y) + I"{_.,rr. ul
yey
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Classical Predictive

Models

- Inputs:
- aset of training samples D = {{x'. .U{J}}'\_l
where x' = [1’1:"2 e ..zrjE]T and 3y € C 2 {er e, ,ep)
- Outputs:
- . * LT . .
- a predictive function hix) y = h(x) = arg max F(X‘ IR W)

Logistic Regression
* Max-likelihood (or MAP) estimation

N
max £(D: w) & Z log p(y'|x"; w)+A
i=1
* Corresponds to a Log loss with L2 R

frp(x.w) 2 1n Z expiw f(x.4)} — w f(x, )
v'ey

— SuppbrtVector Machines (SVM)

* Max-margin learning

1 ol

min -w ' w+ ' E i
we 2 oy
=

st VLYY Ay w AR > 1 -6 &> 0.
¢ Corresponds to a hinge loss with L2 R

Dy w) & maxw f(x. i) - wf(x. y 4+ 0y
yey

Advantages:

1.Full probabilistic semantics

2.Straightforward Bayesian or direct regularization
3.Hidden structures or generative hierarchy

Advantages:

1.Dual sparsity: few support vectors
2.Kernel tricks

3.Strong empirical results

. . . (XY}
Structured Prediction Graphical sese
Models o2

Input and output spacet’ £ Ry, x

e Conditional Random Fields .
(CRFS) (Lafferty et al 2001)
Based on a Logistic Loss (LR)

Max-likelihood estimation (point-
estimate)

L(D;w) = logZexp wff(x,y'))

—w'f(x,y) %R(\%}[ Wt

Max-margin Markov Networks
(M3NSs) (Taskar et al 2003)

— Based on a Hinge Loss (SVM)

— Max-margin learning (point-estimate)

L(D;w) 2 logmax(w|f(x,y’)
N -
—w G y) +((y,y)
+-R(w)

A

M( w~{(><.3)

Ss—

W J(’w.o)
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Structured Models

h(x) = argmax F(x,y)
yeEV(x)
discriminant function
space of feasible outputs

e Assumptions:
F(x,y) =w f(x,y) = > wlf(xp,yp)
p

.
e Linear combination of features \(’a ‘F ‘ ")

. . . C
e Sum of partial scores: index p represents a part in the structure <( Yy o)

e Random fields or Markov network features:

[
\{‘L‘( "’]‘t‘) l {

* Markov properties are encoded in

the feature functions f(x.y)

Q (MY oa

X=X1....4n-1,Xn
© Eric Xing @ CMU, 2006-2011 19
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Learning w 3
e Training examples (X;,¥;)

P

e Computing
e Tractable models but

e Large margin approach:
o Exact and efficient when prediction is tractable

© Eric Xing @ CMU, 2006-2011 20




E.g. Max-Margin Markov
Networks

e Convex Optimization Problem:

N Al
PO (M°N):  min %”W”E + CZ{,— ! P :'\LL
T = {49
"‘- wAf(x,y) > Ali(y) —&. & >0,
=00 - {0 )
e Feasible subspace of weights: =T W]
A

- _ N6 €]
Fo={w:w Afi(x,y) > Ali(y) — &: Vi,Vy #yi}

e Predictive Function:

ho(x;w) = arg max F(x,y;w)
yey(x)
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OCR Example :
e We want:
argmax,,q.q W' f(Ffad ,word)="brace”
_ W et sm!‘; QMLJL
e Equivalently: A Ldlw ookt s
wTf( Sbrace”) >wTf( M “aaaaa”)
wTf( Sbrace”) >wT1( ,“aaaab”)
wT( “brace”) > wTf( z22277")
v
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Large Margin Estimation

e Given training example (x, y*), we want:
arg maxy wif(x,y) =y*

wf(x,y*) > wlf(x,y) Vy#y*

Iwa(x,y*) > w'f(x,y) ‘i'@e(Y*’y) vy

e Maximize margin -y
o Mistake weighted margin: fy@
Uy*,y) = I(yf #vy;) #of mistakesiny
\

*Taskar et al. 03
© Eric Xlng @ CMU, 2006-2011 22

Large Margin Estimation

e Recall from SVMs:

e Maximizing margin y is equivalent to minimizing the square of the L2-norm
of the weight vector w:

e New objective function:

N T W

min EHWH @

st wlE(x;,y:) > w (E(x, yh) Py yh), Vi y, €Y
T t
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Min-max Formulation o
e Brute force elnumeration of constraints:
min  =||lw]||?
2
w G, y*) > wiE(xy) + " y), Yy
e The constraints are exponential in the size of the structure
e Alternative: min-max formulation
e add only the most violated constraint
T
y' = arg max[w ' f(x;,y) + £(yi, y)]
YFEY*
add to QP : w' f(x;,y;) > w ' £(x;,¥") + £(yi,y")
e Handles more general loss functions
e Only polynomial # of constraints needed
e Several algorithms exist ...
© Eric Xing @ CMU, 2006-2011 25
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Min-max Formulation .

1
min  =||w]||?
2

wf(x,y%) > max w'f(x,y) + £(y*,y)
YFEY*

e Key step: convert the maximization in the constraint from
discrete to continuous
e This enables us to plug it into a QP

max W f(x,y) + £(y*,y) <&=> max (Flw4+0Tz
y#FYy* z€Z

discrete optim. continuous optim.

e How to do this conversion?
e Linear chain example in the next slides >
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y = z map for linear chain structures

OCR example: y = Q@A/BQ '

Z's are the indicator variables for the corresponding classes (alphabet)

z1(m)  z2(m) z4a(m)  z5(m)

IR

Z12(m n) Zzs(m n) 234(m,n) z45(m,n)

[=]

A . ol . Jolfo]s]. [o]|o]o]. ]o
2 oflo|.|offz]of|.[o]|ofof|.[o]]ofz]. |0
- | ool o e ] o
EV olojojo]|ofofofo]|o]o]o]o]{o]o]0]0
[ale] [e]{ale] [s]llalel lel{a[e] |6 .

(X X}
0000
[ X XX
: : 020
y = z map for linear chain structures |-

Rewriting the maximization function in terms of indicator variables:

max Z z](m) [w@ m) + £; (m) }
F'w+0)'z

+ Z Jk(m n) {W edge(kav ;1) + L (m,n)

jkmn

z(n) zj(m) > 0; zj(m,n) > 0;

BEIE S my =1
0lolo
SToTs > zjp(m,n) = z;(m)
ol1o T

F ¢/

zj (m) AZ =b

o|lo| of ©

0
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Min-max formulation g
I
e Original problem: \/X
1
min 1 |v(7||2 \<>/
2 [N
wl flx v¥) > max w! £f(x v) L 2(v* v)
WX,y /S G WOERK YT Y Y
e Transformed problem:
min %HWHQ
w'f(x,y*) > max q'z where qT =w F+¢"
— z>0;
\/ Az=Db; 2’)[’)
e Has integral solutions z for chains, trees S 2=l
e Can be fractional for untriangulated networks S - -
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Results: Handwriting Recognltlon} :

O raw BEquadratic Ocubi
pixels kernel kerngl

257 l)ette r

Length: ~8 chars 30 1
Letter: 16x8 pixels
10-fold Train/Test

5000/50000 letters

(average per-character)

20 1
600/6000 words
15 A
Models:
Multiclass-S error reduction over multiclass
M3 nets = 51 SVMVIS
@
0 T T
MC-SVMs M"3 nets
Q

22299 219
. cle] E
Crammer & Singer 01 BNl Xing @ CMU, 20062001 30

|
-—O

15



MLE versus max-margin
learning

e Likelihood-based estimation . Max-margin |earning

Probabilistic (joint/conditional
likelihood model)

Easy to perform Bayesian

—  Non-probabilistic (concentrate on input-
output mapping)

learning, and incorporate prior —  Not obvious how to perform Bayesian
knowledge, latent structures, learning or consider prior, and missing data
missing data

—  Support vector property, sound theoretical
guarantee with limited samples

— Kernel tricks

Bayesian or direct regularization

Hidden structures or generative
hierarchy

* Maximum Entropy Discrimination (MED) (Jaakkola, et al., 1999)

— Model averaging g = sign | p(w)F(z:w)dw (y € {+1.—1})
— The optimization problem (binary classitication)

min KL{p(0)|lpa(©))

ple)

5.t /}J[H][H. Flao:w) — £]dO > 0.V,

where © is the parameter w when & are kept fived or the pair (w. &)
when we want to optimize over &

© Eric Xing @ CMU, 2006-2011 31
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Maximum Entropy Discrimination | sse:
Markov Networks o
e Structured MaxEnt Discrimination (SMED):
P1: 1[111;1{E |I\'L{-p(w}||pu{w}) -+ U(f)l
plw),
s.t. p(w) € Fp, & = 0.Vi.
generalized maximum entropy or regularized KL-divergence
e Feasible subspace of weight distribution:
= (o) { [ WA (y:w) - Ati(y)] aw > —¢:| vi.vy #y').
exrpected margin constraints.
e Average from distribution of M3Ns
h (x: p(w)) = argyler?{i] ./.p{w]]-"(x,y:w]rfw
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Solution to MaxEnDNet ¢
e Theorem:
Posterior Distribution:
1
p(w) = mpl; ) exp { Z ail(y)[AF(y;w) — AG(y)]}
Dual Optimization Problem.
D1: max — log Z(a) — U*(a)
st a;(y) =0, Vi, Yy,
U*(+) is the conjugate of the U(-), i.e., U(a) = sup (Z,_,- oily)& =1 [{}l)
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Gaussian MaxEn DNet (reduction to eoe
3 [ X J
M3N) °

e Theorem ( E /\\
Assume
Flx,y:w) =w' f(x,y). cand pp(w) = N (w0, 1)
_e Posterior distribution: plw) = .-'\.-'{w|;:w, I), where jiy = Zfl',(y)f_\f,(y)
Dual optimization: 1 ) w
max Zn.i.\;'ll_\f,l'_\’] - §|| Z“.iyi—\f,[}']”"
iy iy
»—‘ s.t. Zr\,i}’):f'z a;ly) =0, Vi, Yy,
Predictive rule: '

L hi(x) = arg max /p(w F(x.y:w)dw = arg max ,u Lf(x.y)
YEV(x yeV(x

e Thus, MaxEnDNet subsumes M3Ns and admits all the merits of max-
margin learning

e Furthermore, MaxEnDNet has at least three advantages ...
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Three Advantages

I
e An averaging Model: PAC-Bayesian prediction error guarantee

(=2 K L(p|lpo) In(N|Y]) + In N + Ind=1y
N ).

Pro(M(h.x.y) <0) < Prp(M(h.x.y) <)+ U( 1\
e Er

Standard Normal prior => reduction to standard M3N (we've seen it)

Laplace prior => Posterior
shrinkage effects (sparse M3N)

2

Wk, (wy)p = 3
e Integratio.. o. —....\wke and Dis

Incorporate latent variables and structures (POMEN)

T les
us '

Semisupervised learning (with partially labeled data)

© Eric Xing @ CMU, 2006-2011 35
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Experimental results on OCR
[ X XL
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atasets o
(CRFs, Ly — CRFs, Ly — CRFs, M®Ns, L; — M®Ns, and LapMEDN)
e We randomly construct OCR100, OCR150, OCR200, and OCR250
for 10 fold CV.
Error Rate on OCR100 Error Rate on OCR150
04 04
I CRFs ~ I CRFs
I L 2-CRFs I L 2-CRFs
£ 035 I L 1-CRFs 2035 I L 1-CRFs
& ] /' 2 M3
5 %@ 5 [CL1-M3N
= 03 LapMED! = 03 [ ILapMEDN
w w
025 025
Error Rate on OCR200 Error Rate on OCR250
04 04
I CRFs I CRFs
I | 2-CRFs I ( 2-CRFs
L 035 I L 1-CRFs 2035 [ L 1-CRFs
@ ] M3 & o VN
5 I L1-M3N 5 CJL1-M3N
s 03 1 LapMEDN =03 [ JLapMEDN
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Discriminative Learning Paradigms o
I
. :l.“ ® M3N
Y s QRO
y—S|gn(w X—I—b) y—arg max F(x el
min 2| w||2+('2_:1:;, min |w”2+( if’
YW x4 5) > 1 E,_ i ﬂ “_-[f(xﬂ r(xl_\)]:r(_‘-*__v) & Wty
MED-MN
. :> = SMED + Bayesian M3N
Y= sign(k_(f(x, “})>Q(w))
e 0 See [Zhu and Xing, 2008]
VUG > & Vi
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Summary :

e Maximum margin nonlinear separator
e Kernel trick
e Projectinto linearly separatable space (possibly high or infinite dimensional)
e No need to know the explicit projection function

e Max-entropy discrimination
e Average rule for prediction,

e Average taken over a posterior distribution of w who defines the separation
hyperplane

e P(w) is obtained by max-entropy or min-KL principle, subject to expected
marginal constraints on the training examples
e Max-margin Markov network
e Multi-variate, rather than uni-variate output Y
e Variable in the outputs are not independent of each other (structured input/output)
e Margin constraint over every possible configuration of Y (exponentially many!)
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