10-701 Machine Learning Fall 2011: Homework 2 Solutions

1 Linear regression, model selection

1.1 Ridge regression

Starting from our true model y = X0 + ¢, we express 6 in terms of € and 6:

= XO+e€
(XTX+A) ' XTy = (XTX+M) ' XT (X0+¢)
i = (XTX+A) ' XTX0+ (XX +AI) XTe

Because € ~ N (0,021), it follows from the hint that
—1 -1 -1 T
(XTX+A)'XTe ~ N <0, o (XTX+ A1) X (XTX+ A1) XT) )
= N (0,0* (XTX 4 1) XTX(XTX 4+ A1) ).

Hence

0~ N((XTX+AD) T XTXO, 0 (XTX M) XTX (XX AL) ),

in other words § has a Gaussian distribution with mean and covariance
B0 =p = (XTX+A1)XTX0 £ 6
Y o= 2 (XTX4M) XX (XTX+A)

implying that ridge regression is biased.

1.2 Extra features

Let Bhew be the parameter corresponding to the n x 1 vector of new features X,,.,,, and define

_ B
B N { ﬁnew }

to be the original vector 8 concatenated with Beqy. Also, let Jpew (B) = (XpewB — y)T (XpewB — y) be the
squared error for the augmented feature values X, cqp.

Let’s derive a few facts beforehand. The assumption X;Lreanew = I implies that the columns of X,,cq
are orthonormal, which in turn implies:

1. XTX =171

2. X" X,ewo = 0 where 0 is the zero vector
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ne’u)X = 1
We know that the minimizer for Jye,, (B) is

B = (X;wxnew) xT
= x!

newy

(because X, Xpew = 1),

neu)y

while the minimizer for the original problem J; (3) is

-1
B = (X'X) X'y
= X'y (because X'X =1).

Given the above facts, the minimum value of J,.., (B) is given by

b (B) = (XuewB-y)' (xmg ~y)

XpewXlewy ~ ) (Xneanewy y)

XX+ XpewX o) Y =) ((XXT + XoewXnew) Y — V)
XX 'y — y) + XnewX,uy) (XX Ty - y) + XnewXpewY)
XXy - y) XXy -y)+2(XX"y - y) (XnewXpewy) + (Xneanewy) (XnewXpewy) -

I
—~ o~
—~

Observing that J1(> (XXTy —y) (XXTy —y), we get
Jnew (B) = 31 (B) +2(XXTy =) " (XnewXu¥) + (Xnew X euy) | (Xnew X )
= 3 (B) +2(XXTy) " (KX oud) =27 (XnewXou¥) + (XnewXe0¥) | (Xnew X1 y)
- J1< )+2(yTXXTXneanewy)—2(y XnewXiw¥) + (5 XnewXow XnewX1uy)
= 3 (B) +2(y XX y) =2 (6 Xnew X o) + (v Xnew X y)
= 31 (B) =¥ XnewX Ly
= 31 (B) = (Xpewy) " (XLewy)

IA
o
=
—~
E)
~—

In other words, our new feature X, allows us to decrease (or at least maintain) the minimized objective
value.

1.3 Model Complexity

The above result says that we can further decrease (or at least maintain) the squared error objective by
adding new features. However, notice that this error objective is computed on the training samples, and
not the true data distribution. Reducing the training error does not guarantee a reduction in error on the
true distribution; in fact, practice suggests that reducing the training error beyond a certain point actually
increases error on the true data distribution (as represented by test samples). In conclusion, increasing
features does not guarantee a better model (with respect to the true data distribution).

1.4 Overfitting

To address overfitting, we need to pick the candidate model with the lowest error on the true data distribution.
We can do so by performing leave-one-out-cross-validation (LOOCV), in which we train each candidate model
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Figure 1: Shattering points with squares
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on n — 1 data points, then compute its error on the remaining “test” data point. We repeat this for all n
choices of the test data point, and average the test data point errors to get the LOOCYV error for the candidate
model. The LOOCYV error approximates the error on the true data distribution, hence the best candidate
model is the one with lowest LOOCV.

2 Learning Theory

2.1 PAC learning

True. PAC learning only assures that with probability 1 —J, the error of the returned hypothesis is less than
€.

2.2 VC Dimension

1. X =R, H is the union of 2 intervals: VC Dimension 4.

A union of two intervals allow us to correctly label a point set of the form © @ & @ & . All labelings
for 4 points can be easily shown to be consistent with this label format. For 5 points, however, there
exists the labeling @ © & © @& which cannot be accomplished by the union of two intervals.

2. X =R? H is the set of axis-parallel squares (with equal height and width) :VC dimension 3
As shown in Figure 1, a square can shatter the 3 points that are the vertices of an equilateral triangle.

Consider the bounding square (the smallest square so that all points lie within or on the square) for
any 4 points. By moving the square along the x or y axis, the label at an individual point can be
changed.

We will assume that the 4 points form a convex shape - if not, at least one point lies in the convex hull
of the 4 points and a labeling where the interior point is labeled -1 and the external ones are labeled
+1 cannot be achieved.

The tightest bounding square must touch at least 3 points out of 4 (if not, we can make it smaller until
this happens). Since each diagonal of the quadrilateral has 2 vertices, at least one of the two diagonals
must have both points on the sides of the square. It can be shown then, for instance, that if both
the points on that diagonals are labeled the same, then of the 4 possible labelings for the remaining 2
points, at least one of cannot be attained.

(Note: This is not a completely rigorous proof. As the figure shows by a dotted line, the bounding
square is not unique and an exhaustive and rigorous proof would need to account for that.)

3. X = R3, H is the set of axis-parallel rectangles: VC dimension 6.

Consider the 6 points (1,0,0),(0,1,0),(0,0,1),(1,0,0),(0,1,0),(0,0,1). If we draw a bounding box for these
points, then by excluding/including each point by moving a face of the box, we can get any labeling
for the points. So the VC dimension is at least 6.

For 7 points, consider the bounding box. If the bounding rectangle has at least one point in its interior,
then we cannot accomplish the labeling where the interior point is labeled & and the rest are labeled
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Figure 2: Functional depiction of sign(sin(ax + b)).

@. If none of the points are in the interior, then at least two must be on the same face of the rectangle
by the piegonhole principle and then cannot have opposite labels.

. X =R, H is the set of functions defined as following;:
h(z) = sign(sin(az + b)) (1)

where a and b are parameters in h, sign(z) = +1 if x > 0 and sign(z) = —1 otherwise. : VC dimension
0.

From Figure 2 we can see that h(z) is a square wave function with amplitude 1 and period given by
27 costan™!(a).

[Non-rigorous argument - Therefore, by changing the value of a and b, the square wave frequency can
be manipulated to produce any labeling for a given set of points. Thus, its VC dimension is infinite.]

Construction given in slides: It is enough to show that for any [, the set of points {x1,--- ,x;} can
be shattered. Consider the set of points given by

x;=10"" (2)

Choose any labeling {y1,- -,y }. Then let

! i
a_w<1+z<1;”>10> 3)

! i
h(z;) = sign <sin <10_j X T (1 + Z (1_32)10>>> (4)

!
sign <sin <10_j7r + Z(l - yi)lOi_j;T)) (5)

and b= 0.
Then

i=1



For any y; = 1, the corresponding term in the summation will be zero. Also, any i > j, we will be
adding an integral number of 7 terms to a sine function, which causes no change in value. So those
terms can be dropped from the summation.

h(z;) = sign (sin | 10777 + Z (1-— yi)10i_jg (6)
1:i<j,yi=—1
= sign | sin [ 10797 4+ (1 — y)z + Z 2% 10031 (7)
11<j,yi=—1
= sign | sin | (1 — yj)g +1079r + 1 Z «10¢7 (8)
1:1<j,y;=—1

Where we use the fact that sin(m + z) = —sin(x). It is easy to show that the summation in the last
term (and the second term) is always less than 1. Therefore, if y; = 1, the argument of the sine
function is between 0 and 7. Therefore the sine function takes positive values and h(z;) =1 = y;. If
y; = —1, the first term becomes 7 and the argument to the sine function is between 7 and 2m. The
sine function takes a negative value and h(z;) = —1 = y;.

Thus h(x;) = y; for all j. So the set {1071,--- 107!} can be shattered for any value for I. Therefore
the VC dimension is infinite.

H is a finite hypothesis class such that |H| < co. Show that the VC dimension of H is upper bounded
by log, |H|. (Hint: how many different labelings are there for a set of size log, |H| + 17)

Consider a set of size log, [#| + 1. Since each point can belong to one of two classes, the set can be
labeled in 2982 1%1+1) = 2|%(| ways.

For a given set of points, a particular hypothesis provides a single labeling. Therefore |#H| can at most
only provide || labelings for the chosen set. So it cannot shatter a set of size log, |H| + 1.

Therefore its VC dimension is bounded above by log, |H| + 1

The Approximation-Estimation-Optimization Tradeoff

. Filling in the table:

Table 1: Typical variations when F, n and p increase.

Flnlp

Eapp || + | X | X
Eest T \J/ X
Eopt X X T
T jritid

Effect on e4pp: As F becomes larger, E[R(f+)], the risk of the best choice of f from F decreases. So
€app decreases. As n grows larger, there is no effect because the true risk expressions do not depend
on n.

Effect on e.5: As F becomes larger, E[R(f5)], the risk of the best choice of f from F decreases. So
€est increases due to its definition. As n grows larger, the error decreases.

Effect on e,,:: As p grows larger, the tolerance grows larger and a less accurate solution is acceptable.
So the error increases.
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Effect on T: As F becomes larger, the search space increases so the time required increases. As n
increases, the computation of the empirical risk becomes slower, so T increases. As p increases,a less
accurate solution is acceptable, so the time for search decreases.

. It is not necessary to accurately solve the minimization f, = arg minfe 7 Ru(f) because if the ey

term is smaller than the other terms for more than once choice of f,, then many different choices of
fn will still give us nearly the same overall error.

The Approximation-Estimation-Optimization Tradeoff

. Filling in the table:

Table 2: Typical variations when F, n and p increase.

Flnlp

Eapp || + | X | X
Eest T \J/ X
Eopt X X T
rjtritid

Effect on e4pp: As F becomes larger, E[R(f7)], the risk of the best choice of f from F decreases. So
capp decreases. As n grows larger, there is no effect because the true risk expressions do not depend
on n.

Effect on €cs: As F becomes larger, E[R(f5)], the risk of the best choice of f from F decreases. So
€est increases due to its definition. As n grows larger, the error decreases.

Effect on eop¢: As p grows larger, the tolerance grows larger and a less accurate solution is acceptable.
So the error increases.

Effect on T: As F becomes larger, the search space increases so the time required increases. As n
increases, the computation of the empirical risk becomes slower, so T increases. As p increases,a less
accurate solution is acceptable, so the time for search decreases.

. It is not necessary to accurately solve the minimization f, = argmin;.r R, (f) because if the e,y

term is smaller than the other terms for more than once choice of f,, then many different choices of
fn will still give us nearly the same overall error.

Expectation-Maximization algorithm [Suyash, 25 points|

In this question, we will derive some details about the expectation-maximization (EM) algorithm and work
out an example application.

3.1

True-False Questions [6 points]

Explain whether the following statements are true or false with a single line of explanation.

1.

2.

3.

(2 points) The EM algorithm maximizes the complete log-likelihood.

Answer: False. The EM algorithm is coordinate-ascent on the free energy functional, which is a lower
bound on the incomplete likelihood.

(2 points) Even if the complete log-likelihood is multi-modal, EM cannot get stuck in a local minima.

Answer: False. EM can stuck in local minima.

(2 points) The free-energy functional that EM optimizes is a lower bound on the complete log-
likelihood.

Answer: False.The free-energy functional is a lower bound on the incomplete likelihood.



3.2 EM and KL divergence [7 points]
3.2.1 Optimizing the free-energy functional [4 points]

Consider the free-energy functional discussed in class that the EM algorithm optimizes. The free-energy

functional is given by:
p(z, z[6)
F(q,0) = E q(z]z)lo

a(z|x)
for any probability distribution ¢(z). (Note: In this setting, the only random variables are the z variables).
In class, we claimed that

(10)

logp(«(0) — F(q,0) = KL(q|| p(z|2,0)) (11)
where K L(a | b) = >, a(x)log 7 a(2) is called the Kullback-Leibler divergence between two probability distri-

b(x)
butions a and b. Show that this result is true.

Proof:
Since
_ 1oy P2 710)
F(q,0) = qg;)Q( @) log = s
_ o1 1o P 0)p(16)
= 3 atloos q(zlx)
= Z q(z |x)10g + Z (z]z) log p(x|0)
q(z|w) q(z|z)
=Y ) logfm +log p(al6)
q(z|z)
Hence,
logp(el6) ~ Fla.6) = Togp(ald) ~ (Y a(ehe)tog 2 4 tog (o)
q(z|z)
L Ao lo (z|x,0)
= 3 ateie)les " s

q(z|z)

= KL(q| p(z|z,0))

3.2.2 Optimal value of q(z) in EM [3 points]

Using the result in Equation 11, find the value for ¢(z) that maximizes F(q, ). (Hint: KL(a | b) > 0, with
equality if and only if a = b.)

Answer: To maximize F(q,0), we need to minimize KL(all b). Since KL(a| b) > 0, with equality if
and only if @ = b. The value for ¢(z) that maximizes F(q, 0) is p(z|z, 0).

3.3 Example of coin-tossing [12 points]

Consider the scenario where a sequence of heads and tails are being generated by tossing two coins inde-
pendently. For each toss, the first coin is chosen with probability 7 and the second coin is chosen with
probability 1 — 7. The head probabilities of the two coins are given by p; and py. The probabilities 7, py
and ps are unknown to us and we want to find their values.

Let us represent the result of the N coin tosses by x1,x2, - ,zy. x; = 1 indicates that that ith toss
came out heads and 0 otherwise. Let z1, 29, - - - , 2y indicate the coin which was tossed each time. For ease of
mathematical analysis, suppose that z; = 1 means the first coin was used for the " toss and z; = 0 means
the second coin was used for the 7" toss.



3.3.1 All variables observed

Suppose that we are allowed to observe which coin was used for each toss, i.e, the values of the variables

z1,- -+ ,2zn are known. The expression for the complete log-likelihood of the N coin tosses is
N
lc(Xa Z;ﬂ-vplap2) = long(xi72i;7T7plap2)
i=1
al 1
= > log[mpy (1 —p)' "] [(L—m)ps (L —p2)' "]
i=1
N
= Z[zi(logw + x;logpr + (1 — ;) log(l — p1))
i=1

+ (1= 2)(log(1 — m) + z;log p2 + (1 — @) log(1 — p2))]

and the maximum likelihood equations for the parameters in this setting are:

N
dim1 Zi

T =
N
SN
_ i=1 #iTi
o= TN

D1 %
Zfi1(1 — 2i)T;

P2 = N

>z (1 —2i) .

3.3.2 Only x variables observed

Suppose we are not allowed to observe which coin was used for each toss, i.e, the value of the variables
z1, -+ ,zn are unknown. We will now use the EM algorithm for finding the values of the unknown parameters.

1. (8 points) Write the expression for the incomplete log-likelihood.

Answer:
N
(X;m,p1,p2) = log [ [ p(wi;mp1,p2)
i=1
N
= 1OgHZp(‘riaZi;7rap1ap2)
=1 zZi

— ZIOgZ ,n_pl 1 _pl 1 11}57 [(1 . ﬂ_)pg,(l _ p2)1—wi:| 1—2z;

2. (5 points) The E-step for our EM algorithm requires us to compute ¢*(z) = p(z\x;ﬁ(t),pgt),pg))
where the superscript t indicates the value of the parameters at step t. What is the expression for the

conditional probability p(z; = 1|z;;« t),pg ),p(t))

(t) (t)

for the random variable z; associated with the it"

toss? Note that your expression should only involve 7(*) .01 Py  and x;. For notational convenience,

you can drop the superscript ¢ from your expression.



4.1

2.

Answer:
() = plzlz;n®,p,pi)

p(z, 270 pl p)

p(a; 7 ®,pi”, pi)

p(z,a;7®, pl pith

S, p(z @ 7@, pl pit

. (4 points) We can show that the updates for the parameters 7, p; and py in the M-step are given by

N
@) S Elaler®,pl”, pl) 15
' - N (15)
N -
Y = Sy Blzile 7©,pl”, p )z (16)
1 =
Zij\;1 Elz|x; 7T(t)7p§t)7p(t)]
p - N () 0 (t)
t+1 SN (1= Elzla; 7@, pP p)a;
pé ) le 1(t) .

Ei:1(1 - E[Zi|x;7r(t)7p1 ’p( )])

How are these updates different from the maximum-likelihood expressions derived for the parameters
in the setting where all the variables are observed?

Answer: In the maximum-likelihood expressions, the coin used is known, so the values of z are

set. In EM, the updates all used the expected values of z. You can view this as a soft clustering, where
in each round, partially of the first coin was used and the other part used the second coin.

K-means (programming) [Qirong Ho, 25 points + 5 bonus points|

K-means finds a local minimum of v

. Define {z1,...,2,} as the index of closest centers produced in step 2. Let’s first see what happens

when we change one of those indices. Without loss of generality, assume we change z, to z, where
2, # 2p. According to step 2, we also know that

||$p_cz;||2 > ||xp_czp||2

Denote ¢ as the objective function corresponding to {z1,...,2p, ..., 2, } and ¢’ as the objective function
corresponding to {z1,...,2p,...,2n}. Then we have
¢—¢
n k
= 3D 0z = Dllw — ol - Z 25 2 = j)lles — ¢l * — 252 = Dlzp — ¢l
i=1 j=1 i=1,i#p j=1
= Z(S =7) pr_C]HQ Z(Sz —])pr_cJ”
Jj=1
= pr - Csz —[|lzp — C/szz <0

Therefore, the value of ¢ will either increase or stay the same. We could do a similar calculation for
simultaneously changing more than one z;.

With z; fixed, we could optimize {c,...,cx} separately. Let’s first compute the derivative of ¢ w.r.t.



=1 j—1
0 - 9
= 8_6,1 ;5(21 )||x1—cq||

Therefore, by setting 7 3¢ =0, we get

2im1 0(zi = Q)i

Cq = n
‘ Zi:1 5(22' = ‘1)

Let’s further compute the second derivative of ¢ w.r.t. ¢, to make sure we are actually minimizing ¢

¢ _ 0 225 Cq — T;) —22%5@— )>0
a2 dey gt YT ==

4.2 TImplementing k-means

1. See code.

2. See figure 3(a). Function ¢ is decreasing monotonically, and different runs converge to different values

for ¢. Thus, K-means is only getting local minimum of ¢.

o
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Figure 3: Plots for face.csv (a) ¢ vs. iteration number (b) visualization of 5 centers.

3. See figure 3(b). Yes, “center-faces” look like faces.

4.3 Bonus Question: choosing good initial centers with the k-means++ algo-
rithm

1. See code.

10
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Figure 4: Plots for face.csv (a) ¢ vs. iteration number (b) visualization of 5 centers.

2. See figure 4(a).

3. See figure 4(b). Yes, “center-faces” look like faces.

The main difference is that all runs of k-means++ converge to approximately the same value, which
is not true for k-means. K-means++ also converges faster on average.
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