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Abstract. We present the framework of delta-complete analysis for
bounded reachability problems of hybrid systems. We perform bounded
reachability checking through solving delta-decision problems over the
reals. The techniques take into account of robustness properties of the
systems under numerical perturbations. Our implementation of the tech-
niques scales well on several highly nonlinear hybrid system models that
arise in biomedical applications.

1 Introduction

Formal verification is difficult for hybrid systems with nonlinear dynamics and
complex discrete controls [1,7]. A major difficulty of applying advanced verifi-
cation techniques in this domain comes from the need of solving logic formulas
over the real numbers with nonlinear functions, which is notoriously hard.

Recently, we have defined the δ-decision problem that is much easier to solve
[3,2]. Given an arbitrary positive rational number δ, the δ-decision problem asks
if a logic formula is false or δ-true (or, dually, true or δ-false). The latter answer
can be given, if the formula would be true under δ-bounded numerical changes
on its syntactic form [3]. The δ-decision problem is decidable for bounded first-
order sentences over the real numbers with arbitrary Type 2 computable func-
tions. Type 2 computable functions [8] are essentially real functions that can
be approximated numerically. They cover almost all functions that can occur
in realistic hybrid systems, such as polynomials, trigonometric functions, and
solutions of Lipschitz-continuous ODEs. We can now develop a new framework
for solving bounded reachability problems for hybrid systems based on solving
δ-decisions. We show that this framework makes bounded reachability of hy-
brid systems much more tractable. Moreoever, our practical implementation can
handle highly nonlinear hybrid systems.

The framework of δ-complete analysis consists of techniques that perform
verification and allow bounded errors on the safe side. For bounded reachability
problems, δ-complete analysis aims to find one of the following answers:

– safe (bounded): The system does not violate the safety property within a
bounded period of time and a bounded number of discrete mode changes.

– δ-unsafe: The system would violate the safety property under some δ-bounded
numerical perturbations.
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Thus, when the answer is safe, no error is involved. On the other hand, a system
that is δ-unsafe would violate the safety property under bounded numerical per-
turbations. Realistic hybrid systems interact with the physical world and it is
impossible to avoid slight perturbations. Thus, δ-unsafe systems should indeed
be regarded as unsafe, under reasonable choices of δ. Note that such robustness
problems can not be discovered by solving the precise decision problem, and the
use of δ-decisions strengthens the verification results.

δ-Complete reachability analysis reduces verification problems to δ-decision
problems of formulas over the reals. It follows from δ-decidability of these formu-
las [3] that δ-complete reachability analysis of a wide range of nonlinear hybrid
systems is decidable. Such results stand in sharp contrast to the standard high
undecidability of bounded reachability for simple hybrid systems.

We emphasize that the new framework is immediately practical. We imple-
mented the techniques in our open-source tool dReach based on our nonlinear
SMT solver dReal [4]. In our previous work, we have shown the underlying solver
scales on nonlinear systems [5]. The tool has successfully verified safety proper-
ties of various nonlinear models that are beyond the scope of existing tools, such
as the cardiac cells model as studied in [6].
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