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Abstract. In this paper, we consider verifying properties of mixed-
signal circuits, i.e., circuits for which there is an interaction between
analog (continuous) and digital (discrete) quantities. We follow the sta-
tistical Model Checking approach of [You05, You06] that consists of eval-
uating the property on a representative subset of behaviors, generated
by simulation, and answering the question of whether the circuit satis-
fies the property with a probability greater than or equal to some value.
The answer is correct up to a certain probability of error, which is pre-
specified. The method automatically determines the minimal number
of simulations needed to achieve the desired accuracy, thus providing a
convenient way to control the trade-off between precision and computa-
tional cost. We propose a logic adapted to the specification of properties
of mixed-signal circuits, in the temporal domain as well as in the fre-
quency domain. Our logic is unique in that it allows us to compare the
Fourier transform of two signals. We demonstrate the applicability of the
method on a model of a third order Δ−Σ modulator for which previous
formal verification attempts were too conservative and required excessive
computation time.

1 Introduction

Given a property φ, the Probabilistic Model Checking Problem consists of check-
ing whether a stochastic system satisfies φ with a probability greater than or
equal to a certain threshold θ. This problem is generally solved with a numeri-
cal approach that consists of computing the exact probability for the system to
satisfy φ and by comparing the result to θ. The way the probability is computed
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depends on the nature of the system as well as on the property that is consid-
ered. Successful results (see e.g. [BHHK03, CY95, CG04]) and tools (see e.g.
[KNP04, CB06]) exist for various classes of systems, including (continuous time)
Markov Chains and Markov Decision Processes. The drawback behind numerical
approaches is that they compute the probability by considering all the execu-
tions of the system, which may not scale up for systems of large size. Another
way to solve the probabilistic Model Checking problem is to use a statistical
approach based on hypothesis testing and simulation (e.g., [You05, You06] or
[SVA04, SVA05]). The key idea is to deduce whether or not the system satisfies
the property by observing some of its executions. Of course, in contrast to a
numerical approach, a test-based solution does not guarantee a correct result.
However, it is possible to bound the probability of making an error. Statistical
approaches are known to be far less memory and time intensive than numerical
ones, and are sometimes the last resort [YKNP06].

In this paper, we consider applying the statistical procedure proposed by
Younes in [You05, You06] to verify properties of mixed-signal circuits, i.e., cir-
cuits for which there is an interaction between analog (continuous) and digital
(discrete) quantities. Our first contribution is to propose a version of stochastic
discrete-time event systems that fits into the framework of [You05, You06] with
the additional advantage that it explicitly handles analog and digital signals. We
also introduce probabilistic signal linear temporal logic, a logic adapted to the
specification of properties for mixed-signal circuits in the temporal domain and
in the frequency domain.

Our second contribution is the analysis of aΔ−Σ modulator. AΔ−Σ modula-
tor is an efficient Analog-to-Digital Converter circuit, i.e., a device that converts
analog signals into digital signals. A common critical issue in this domain is the
analysis of the stability of the internal state variables of the circuit. The concern
is that the values that are stored by these variables can grow out of control until
reaching a maximum value, causing the circuit to saturate. Saturation is com-
monly assumed to compromise the quality of the analog-to-digital conversion. In
[DDM04] and [GKR04] reachability techniques developed in the area of hybrid
systems were used to analyze the stability of a third-order modulator. The idea
was to use these techniques to guarantee that for every input signal in a given
range, the states of the system remain stable. While this reachability-based ap-
proach is strictly precise, it has important drawbacks such as (1) signals with
long duration cannot be practically analyzed and (2) there are interesting prop-
erties that cannot be checked. Our results show that a statistical Model Checking
approach makes it possible to handle properties and signals that are beyond the
scope of the reachability-based approach. As an example, in our experiments,
we have been able to analyze discrete signals with more than 24000 sampling
points in seconds, while the approach in [DDM04] was limited to 31 points in
hours. We are also able to provide insight on an open question in [DDM04]
by observing that saturation does not always imply an improper signal conver-
sion. The latter can be done by comparing the Fourier transform of each of the
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input analog signals with the Fourier transform of its corresponding digital sig-
nal. Such a property can easily be expressed in our logic and model checked with
our statistical-based approach. We are unaware of any other formal verification
technique that can solve this problem.

2 Statistical Probabilistic Model Checking

The following section introduces the technique of Statistical Probabilistic Model
Checking.

2.1 The Probabilistic Model Checking Problem

We use Pr(E) to denote the probability of event E. We consider a stochastic
system S whose executions are observable and a property φ. We assume that one
can decide whether an execution of S, denoted by σ, satisfies φ. The Probabilistic
Model Checking Problem consists of deciding whether the executions of S satisfy
φ with a probability greater than or equal to a given threshold θ. The latter is
denoted by S |= Pr≥θ(φ). This problem is well-defined if and only if one can
assign a probability to the set of executions of S that satisfy φ. One way to solve
the Probabilistic Model Checking Problem is to use a numerical approach (see
the introduction). The drawback with such an approach is that it computes the
probability for all the executions of the system and may not scale up for systems
of large size. Another way to solve the probabilistic Model Checking problem is
to use a statistical model checking algorithm. In the rest of this section, we recap
the statistical Model Checking technique proposed by Younes in [You05, You06].

2.2 Statistical Approach

The approach in [You05, You06] is based on hypothesis testing. The idea is to
check the property φ on a sample set of simulations and to decide whether the
system satisfies Pr≥θ(φ) based on the number of executions for which φ holds
compared to the total number of executions in the sample set. With such an
approach, we do not need to consider all the executions of the system. To deter-
mine whether S satisfies φ with a probability p ≥ θ, we can test the hypothesis
H : p ≥ θ against K : p < θ. A test-based solution does not guarantee a correct
result but it is possible to bound the probability of making an error. The strength
(α, β) of a test is determined by two parameters, α and β, such that the proba-
bility of accepting K (respectively, H) when H (respectively, K) holds, called a
Type-I error (respectively, a Type-II error ) is less or equal to α (respectively, β).

A test has ideal performance if the probability of the Type-I error (respectively,
Type-II error) is exactly α (respectively, β). However, these requirements make
it impossible to ensure a low probability for both types of errors simultaneously
(see [You05] for details). A solution to this problem is to relax the test by working
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with an indifference region (p1, p0) with p0≥p1 (p0−p1 is the size of the region).
In this context, we test the hypothesis H0 : p≥ p0 against H1 : p≤ p1 instead of
H againstK. If the value of p is between p1 and p0 (the indifference region), then
we say that the probability is sufficiently close to θ so that we are indifferent
with respect to which of the two hypotheses K or H is accepted. The threshold
p0 and p1 are generally defined in term of the single threshold θ, e.g., p1 = θ− δ
and p0 = θ + δ.

2.3 An Algorithmic Scheme

Younes proposed a procedure to test H0 : p≥ p0 against H1 : p≤ p1 that is based
on the sequential probability ratio test proposed by Wald [Wal45]. The approach
is briefly described below.

Let Bi be a discrete random variable with a Bernoulli distribution. Such a
variable can only take 2 values 0 and 1 with Pr[Bi = 1] = p and Pr[Bi = 0] =
1 − p. In our context, each variable Bi is associated with one simulation of the
system. The outcome for Bi, denoted bi, is 1 if the simulation satisfies φ and 0
otherwise. In the sequential probability ratio test, one has to choose two values
A and B, with A > B. These two values should be chosen to ensure that the
strength of the test is respected. Let m be the number of observations that have
been made so far. The test is based on the following quotient:

p1m

p0m
=

m∏

i=1

Pr(Bi = bi | p = p1)
Pr(Bi = bi | p = p0)

=
pdm
1 (1 − p1)m−dm

pdm
0 (1 − p0)m−dm

, (1)

where dm =
∑m

i=1 bi. The idea behind the test is to accept H0 if p1m

p0m
≥ A, and

H1 if p1m

p0m
≤ B. An algorithm for sequential ratio testing consists of computing

p1m

p0m
for successive values of m until either H0 or H1 is satisfied. This has the

advantage of minimizing the number of simulations. In each step i, the algorithm
has to check the property on a single execution of the system, which is handled
with a new Bernoulli variable Bi whose realization is bi. In his thesis [You05],
Younes proposed a logarithmic based algorithm (Algorithm 2.3 page 27) SPRT
that given p0, p1, α and β implements the sequential ratio testing procedure.
Computing ideal values Aid and Bid for A and B in order to make sure that we
are working with a test of strength (α, β) is a laborious procedure (see Section
3.4 of [Wal45]). In his seminal paper [Wal45], Wald showed that if one defines
Aid≥A = (1−β)

α and Bid ≤ B = β
(1−α) , then we obtain a new test whose strength

is (α′, β′), but such that α′ + β′ ≤ α + β, meaning that either α′≤α or β′ ≤ β.
In practice, we often find that both inequalities hold.

The SPRT algorithm can be extended to handle Boolean combinations of proba-
bilistic properties as well as much more complicated probabilistic Model checking
problems than the one considered in this paper [You05].
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3 Signals, Systems and Logics

3.1 Signals Definition

We use N, R, and C to denote the sets of natural, real, and complex numbers,
respectively. Let the time set T be a finite set of non-negative reals {t0, t1, . . . ,
tN−1}, where N ∈ N. To simplify the presentation, we assume that ti+1−ti = δt,
where δt ∈ R>0 . A digital set is a set consisting of 2b elements, which can be
encoded in terms of b bits. A frequency set is a subset of R. An analog signal
is a mapping ξ : T → R. A digital signal is a mapping ξ : T → D, where D is
a digital set. A frequency-domain signal is a mapping ξ̂ : F → C, where F is
a frequency set. The value at time t ∈ T of a signal ξ is denoted by ξ[t]. Let
t, t′ ∈ T , the restriction of a signal ξ to [t, t′], denoted by ξ|[t,t′] , is a signal such
that:

ξ|[t,t′] [τ ] =
{
ξ[τ ] if τ ∈ [t, t′]
0 else.

The restriction of a frequency-domain signal to an interval of frequencies is de-
fined similarly.

The Fourier transform (see [Smi97]) is a functional F that maps a time-domain
signal ξ : T → R to a frequency-domain signal ξ̂ = F (ξ). The inverse Fourier
transform is used to “reconstruct” ξ from ξ̂, i.e., ξ = F−1(ξ̂). Formally, for all ν
in F and for all t in T we have

F (ξ)[ν] =
∫

T
ξ[t]e−i2πνtdt and F−1(ξ̂)[t] = ξ[t] =

∫

F
ξ̂[ν]ei2πνtdν.

An efficient algorithm known as the Fast Fourier Transform algorithm (see, e.g.,
[FJ97]) is used to compute a discrete approximation of the Fourier transform.

3.2 Model

Our main motivation is to verify properties of mixed-signal circuits. For this pur-
pose, we define stochastic signal discrete-time event systems, which extend the
classical stochastic discrete-time event systems with information about signals.
During an execution, these systems have to remain in the same state between
the occurrence of two events. The signals associated with each execution are thus
piecewise-constant.

Definition 1. Let B be a finite set of Boolean propositions. A stochastic signal
discrete-time event system (SSDES) is a tuple S = (T , S, s0,→, πa, πd, L) where

– T is a finite set of non-negative reals {t0, t1, . . . , tN−1}, with ti+1 − ti = δt;
– S is the set of states, defined as S = As×Ds, where As ⊂ R

na and Ds ⊂ Dnd ,
na and nd being the number of analog and digital signals associated with S,
respectively. These signals will be denoted by ξ1a, . . . , ξ

na
a and ξ1d, . . . , ξ

nd

d ;
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– s0 ∈ S is the initial state;
– The relation →: S×S is the transition relation of the system. We assume a

probability distribution on →, i.e.,

∀s ∈ S,
∑

s′∈S

Pr(s → s′) = 1;

Our model is assumed to have the Markovian property;
– πa : S × {1, . . . , na}→As is a projection operator such that for all s =

(s1a, . . . , s
na
a , s1d, . . . , s

nd

d ) and 1 ≤ j ≤ na, πa(s, j) = sj
a;

– πd is defined in a similar manner to πa.
– L is a mapping from S to 2B, which assigns to each state the elements in B

that are true in that state. If p ∈ L(s), then we say that s satisfies p.

Let ω = s1 . . . sk be a finite sequence of states of S. We use ω(i) and ωi to
denote the i-th state of ω and the sequence si . . . sk, respectively. The length
ω, denoted |ω|, is the number of states in ω. An execution of an SSDES S =
(T , S, s0,→, πa, πd, L) is a sequence of N states σ = s0s1 . . . sN−1 such that for
each i ∈ 0 . . .N − 1, si ∈ S and si → si+1. Each state sk (with k < N) of
σ assigns to each analog signal ξi

a (respectively, digital signal ξi
d) its constant

value between tk and tk+1, i.e., ξi
a[t] = πa(sk, i) (respectively, ξi

d[t] = πd(sk, i))
for t ∈ [tk, tk+1]. The i-th suffix of σ is the sequence si, . . . , sN−1. An SSDES is
thus an infinite-state Markov Chain equipped with information and operations
on analog and digital signals.

3.3 Probabilistic Signal Linear Temporal Logic

We introduce the probabilistic signal linear temporal logic (SLTL) to reason on
the set of executions of an SSDES. In the rest of the section, we assume a set of
atomic propositions B and an SSDES S = (T , S, S0,→, πa, πd, L) with L being
a mapping from the set of states S to 2B. Before introducing SLTL, we first
recall the syntax and the semantics for linear temporal logic (LTL). The syntax
of LTL is given by the following grammar:

φ ::= T |F |b ∈ B |φ1 ∨ φ2 |φ1 ∧ φ2 |¬φ | © φ |φ1Uφ2 |φ1Ũφ2.

We now present the semantics of LTL, which here is defined with respect to
finite sequences of states of S. The fact that a finite sequence of states ω of S
satisfies the LTL property φ is denoted by ω |= φ. We have the following:

– ω |= T and ω �|= F;
– ω |= b with b ∈ B if and only if b ∈ L(ω(0));
– ω |= φ1 ∨ φ2 if and only if ω |= φ1 or ω |= φ2;
– ω |= φ1 ∧ φ2 if and only if ω |= φ1 and ω |= φ2;
– ω |= ¬φ if and only if ω �|= φ.
– ω |= ©φ if and only if |ω| > 1 and ω1 |= φ;
– ω |= φ1Uφ2 if and only if there exists 0≤i≤|ω| − 1 such that ωi |= φ2, and

for each 0≤j < i, ωj |= φ1;
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– ω |= φ1Ũφ2 if and only if for each 0≤i≤|ω|−1 such that ωi �|= φ2 there exists
0≤j < i such that ωj |= φ1;

Two additional temporal operators are used, that are ♦ψ = TUψ and �ψ =
FŨψ.

Note that we consider LTL properties on finite executions. Thus, we can only
specify bounded LTL properties. As in [You05], we thus stay in the class of safety
properties. It is easy to decide whether a finite execution satisfies a LTL formula.
We now introduce the notion of an execution predicate.

Definition 2 (Execution Predicate). Let Σ(S) be the set of all the executions
of an SSDES S. An execution predicate p for S is a predicate on Σ(S).

Example 1. Consider an execution predicate p that decides whether the mean
value of the first analog signal associated with an execution σ of an SSDES is
greater than 0. Such predicate can be defined as

p(σ) = T iff
1
N

N−1∑

k=0

πa(σ(k), 1) ≥ 0.

This example shows that the definition of execution predicate makes it easy to
define properties on entire executions that cannot easily be defined with temporal
operators. In Section 5, we will consider a more complex execution predicate
that compares the Fourier transforms of two signals.We add a new clause to the
grammar of LTL for execution predicates. Let P be a set of execution predicates,
our new grammar for LTL is

φ ::= T |F |p ∈ P | b ∈ B |φ1 ∨ φ2 |φ1 ∧ φ2 |¬φ | © φ |φ1Uφ2 |φ1Ũφ2,

with the restriction that execution predicates cannot be under the scope of tem-
poral operators. We can now define probabilistic signal linear temporal logic.

Definition 3 (SLTL Formula). An SLTL formula is a formula of the form
ψ = Pr≥θ(φ), where φ is a LTL formula with execution predicates.

We say that S satisfies ψ, denoted by S |= ψ if and only if the probability
for an execution of S to satisfy φ is greater or equal than θ. The problem is
well-defined since, as is shown in the following theorem, one can always assign a
unique probability measure to the set of executions that satisfy an LTL formula
with execution predicates.

Theorem 1. Let S be an SSDES and φ be a LTL property with execution pred-
icates. One can always associate a unique probability measure to the set of exe-
cutions of S that satisfy φ.

The proof can be found in [EC08].
Assuming that we are only working with execution predicates that we can

compute, we observe that SSDES and SLTL are in the scope of the class of
systems and logics that can be handled with the SPRT algorithm.
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4 A Class of Mixed-Signal Circuits: Δ − Σ Modulators

This section is a brief introduction to the principles of Δ − Σ modulation and
the related design issues. The reader can consult [MPVRV01] for more details
on this topic in Signal Processing.

4.1 Analog to Digital Conversion via Δ − Σ Modulation

A Δ − Σ modulator is an Analog-to-Digital Converter circuit, i.e., a circuit
that takes an analog value u ∈ R as input and encodes it into a digital value
v ∈ D. Since digital signal processing is more widely used than analog signal
processing, such converters are found in many electrical devices, which motivates
their study. The challenge with Analog-to-Digital conversion is to represent the
uncountable set of analog values using a finite set of digital values D. The direct
approach, which is called quantization, consists in mapping u to the digital value
v that minimizes the quantization error defined as δ = u − v, i.e., it chooses
v = argminv∈D |δ|. Obviously, one way to decrease the remaining quantization
error is to increase the number of bits used to encode D and thus the number
of possible digital values. Another approach, which is implemented by Δ − Σ
modulation, is to measure and compensate for the accumulation of quantization
errors during time. As an example, consider the following simple instance of a
discrete time Δ−Σ modulator. Let u(k), v(k), δ(k) = u(k)− v(k) be the analog
input, the digital output, and the quantization error at step k, respectively. The
modulator uses an integrator to store the accumulation of errors in a variable
x(k) =

∑k
0 δ(k), so that x(k+ 1) = x(k) + δ(k), and determines the next digital

output v(k+1) based on the sign of x(k+1), i.e., D = {−1, 1} and v(k+1) = 1
if x(k+ 1) ≥ 0 and v(k + 1) = −1 otherwise. A Δ−Σ modulator thus basically
consists of a feedback loop controlling the quantization error. To improve the
performance, more complex feedback loops can be designed involving more than
one integrator. The order of a modulator is given by the number of integrators
used.

The benefit of the Δ − Σ modulation approach is clearly apparent in the
frequency domain. Indeed, the Fourier transform of the digital signal is the
Fourier transform of the analog signal composed with some error due to the
quantization. The feedback loop in the Δ−Σ modulator is designed to “push”
this error towards high frequencies, where it can be isolated and removed, e.g.
by using a low-pass filter (see Fig. 2). The original signal can then be retrieved
by using the inverse Fourier transform.

4.2 Verification Issues

Modulators with more than two integrators are known to exhibit better perfor-
mance but also introduce a stability issue [ASS96]. An integrator memorizes its
input and adds it to the sum of all the previously read inputs during the exe-
cution. Consequently, an important issue is whether the integrators are stable,
i.e., whether or not the values stored in the integrators can grow indefinitely.
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Because integrators have limited capacity, the values of these states would then
reach a saturation level. Saturation can compromise the quality of the analog-
to-digital conversion. The stability analysis of the feedback loop is made difficult
by the nonlinearity (in this case, a discontinuity) induced by quantization. This
invalidates the direct application of classical linear stability theory which makes
the stability analysis of Δ− Σ modulators a challenging problem (see [SH93]).
In the next section, we investigate several issues related to stability by using a
statistical Model Checking approach.

5 Experimental Results

We implemented a prototype in the MATLAB environment. Our procedure takes
as input a Simulink model and a property φ that is a LTL formula with exe-
cution predicates. To apply our statistical approach, we combine the Simulink
model with a stochastic input generator. At each time instant ti, this gener-
ator randomly chooses an input value for the analog signal and the Simulink
engine uses this value to compute the next state of the system. The result is
an SSDES whose executions can easily be observed without building the entire
state-space of the system. We now discuss the experimental results we obtained
when applying our prototype to a third-order Δ−Σ modulator.

5.1 SSDES for a Third Order Modulator

We work with the instance of a third orderΔ−Σ modulator that was considered
in [DDM04]. A Simulink model is given in Fig. 1. It is combined with a stochastic
input generator to give an SSDES S=(T , S, s0,→, πa, πd, L), where

x1(k) x2(k) x3(k) y(k)

v(k)−K−

c3

−K−

c2

−K−

c1

−K−b4−K−b3−K−b2−K−b1

x3x2x1

Quantizer

v

Output
v(k)

Input
u(k)

1

z−1

1

z−1

1

z−1

−K− −a3−K− −a2−K− −a1

Fig. 1. Simulink model of a third order Δ−Σ modulator.The three blocks 1
z−1

followed
by saturation blocks represent the saturated integrators. The values of the coefficients
ai, bi and ci were obtained using the delsig toolbox. They are a1 = b1 = 0.0440,
a2 = b2 = 0.2881, a3 = b3 = 0.7997, b4 = 1, and c1 = c2 = c3 = 1; x1, x2 and x3 are
the analog variables storing the integrators states.
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– Time. We set T = {t0, t1, .., tN−1} with t0 = 0, tN−1 = 3 and δt = ti+1−ti =
1

8000 , N = 24000.

– Set of States. The Simulink model contains three integrators such that
each contains one real-valued (or analog) variable. A state s ∈ S can thus
be described as a tuple (u, x1, x2, x3, v), where

• x1, x2 and x3 are analog variables storing the integrators’ states;
• u is an analog variable storing values for the input signal ξu;
• v is a digital variable storing values for the output signal ξv.

The number of analog signals is thus na = 4 and the number of digital sig-
nals nd = 1. We assume that the states of the integrators cannot go beyond
certain values that are fixed by the model. When this value is reached, we
say that the integrators saturate. In practice, xi ∈ [−1, 1] for i ∈ {1, 2, 3} and
−1, 1 are the saturation values. Assuming also that u ∈ [−umax, umax], we
get As = [−1, 1]3× [−umax, umax] and Ds = {−1, 1}. Given an execution σ =
s0s1 . . . sN−1, we use u(k) = πa(sk, 1), x1(k) = πa(sk, 2), x2(k) = πa(sk, 3),
x3(k) = πa(sk, 1) and v(k) = πd(sk, 1). For all k ∈ {0, . . . , N − 1}, we have
ξu[tk] = u(k) and ξv[tk] = v(k);

– Transition relation. When u(k) is given, the Simulink engine computes
x1(k + 1), x2(k + 1), x3(k + 1) and v(k + 1). Thus the probability distribu-
tion Pr(sk → sk+1) for all (sk, sk+1) ∈ S × S is induced by the probability
distribution of the input value u(k + 1). For our experiments, we consider
uniform random inputs: for all k, u(k) is chosen in a set [−umax, umax] with
a uniform random distribution;

– Initial state. Initially, the values of the integrator states are 0 and by con-
vention the digital output v(0) is set to 1 and the input value u(0) to 0 Thus
the initial state is s0 = (0, 0, 0, 0, 1);

– Boolean variables. We define a Boolean variable Satur which is true iff one
of the analog values, i.e., either the input or an integrator state, saturates.
Formally, L(s) = T iff there exist i in {1, . . . , 4} such that πa(s, i) = 1 or
−1, L(s) = F otherwise.

The choice of the probability distribution to generate input signals influences
the statistical result we obtain. A simple choice is the uniform distribution, which
gives the same probability for every possible input signal to occur. By doing so,
we make as few assumptions as possible on the nature of the input signal. We
can thus compare our results with those obtained on the corresponding non-
stochastic model.

5.2 Experiments

Saturation We first considered the formula Pr≥θ(♦Satur), i.e., whether sat-
uration occurs with a probability greater or equal to θ for different values of
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Table 1. Table of results for Pr≥θ(♦Satur). H0 was rejected for the first line and
accepted for the others.

umax Probability Number
θ checked of exec.

0.1 0 416
0.15 0.09 4967
0.2 0.64 17815
0.25 0.98 416
0.3 1 688

umax. We applied the SPRT algorithm for several values1 of θ. We set the
two error bounds α and β to 0.001 and used an indifference region (p1, p0) =
(θ − 0.01, θ + 0.01). We tested H0 : p≥θ + 0.01 against H1 : p≤θ − 0.01. Our
results are reported in Table 2. The first and second column report the value of
umax and the value of θ chosen, respectively. Column 3 reports the number of
simulations performed. H0 was rejected for the first line and accepted for the
others. Our results show that saturation will occur with probability 1 when the
maximum amplitude umax of the input signal is greater than 0.3.

In [DDM04] and [GKR04] reachability techniques developed in the area of
hybrid systems were used to guarantee that for every input signal in a given
range, the integrator state will never saturate. While this approach is clearly
sound for proving stability, its computational cost is prohibitive. As an example,
in [DDM04], stability was only proved for a small number of steps, i.e., N = 31.
Our results can be compared with those reported2 in [DDM04]. In particular,
we confirmed the fact that for signals with a maximum amplitude of 0.1, the
circuit never saturates whereas if umax is more than 0.3, the circuit always does.
In our case, though, the length N of the executions considered was much larger.

Frequency Domain Predicate. In addition to improving the computation
time, our approach makes it possible to verify more complex properties than
those that can be handled with a reachability-based technique. In particular,
by defining execution predicates involving the Fourier transform, we can check
reliably whether an analog signal was properly converted to a digital one. We
can also investigate the relation between saturation and wrong behaviors of the
modulator without assuming a priori, as is the case in [DDM04], that the latter
implies the former. We checked the formula Pr≥θ(pF ), where pF is a frequency-
domain execution predicate that compares the Fourier transform of the input
analog signal u with the one of its corresponding digital signal v. Formally, pF

1 The values for umax = 0.1 and umax = 0.3 were chosen to validate the experiments
in [DDM04], while the others were chosen with some trial and error process to get
closer to true probability.

2 Recall that the results in [DDM04] are obtained from the Simulink model, while we
work with the corresponding stochastic model.
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(a) Fourier Transform of the analog signal (input)

(b) Fourier Transform of the digital signal (output)

ν

ν

quantization error

Fig. 2. A sample behavior of the Δ − Σ modulator. The Fourier transform of the
output signal (b) matches the Fourier transform of the input signal (a) on the interval
[0, 1500Hz]. The quantization error is pushed toward frequencies higher than 1500Hz.

is defined as follows. Let dF be a metric on frequency-domain signals such that
for two signals ξ̂1 and ξ̂2,

dF (ξ̂1, ξ̂2) =
1
N

∑

0≤k≤N−1

|ξ̂1[νk] − ξ̂2[νk]|. (2)

Let σ be an execution of S. The value of the execution predicate pF on σ is given
by pF (σ) = T iff dF (ξ̂u

|[0,ν]
, ξ̂v

|[0,ν]
) ≤ ε, where ξ̂u and ξ̂v are the Fourier transforms

of the input analog signal u and its corresponding digital signal v, respectively. It
is easy to derive a MATLAB routine that can decide whether or not an execution
provided by Simulink satisfies pF . We worked with ν = 100Hz and ε = 0.1,
since we observed that for those values the predicate efficiently discriminates
between executions for which the digital output has a correct Fourier transform
(see Figure 2) against executions when this is not the case). We used the same
indifference region and the same error types as in the previous experiments.

In our experiments (reported in Table 2), we observed that pF is true with
probability ≥1 for umax = 0.8 and that this probability decreases when the value
of umax increases3. This means that saturation does not always imply a wrong
behavior. Indeed, as an example, for values of umax greater than 0.3, the property
Pr≥1(♦Satur) holds (see previous experiment) and for values of umax smaller
than 0.8, the property Pr≥1(pF ) also holds. We can thus infer that between 0.3

3 We also observed that for values of umax greater or equal to 0.9, the probability for a
good conversion to occur was strictly inferior to 1. The values of θ reported in lines
2 − 5 of Table 2 have been found with some trial and error process.
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Table 2. Table of results for Pr≥θ(pF ). H0 was accepted for each experiment

umax Probability Number
θ checked of exec.

0.8 1. 688
0.9 0.98 612
1.0 0.98 1248
1.1 0.875 6388
1.2 0.575 15507

and 0.8, the property ♦Satur ∧ pF holds with probability 1. In [DDM04], it
is assumed that the absence of saturation is necessary for pF to be true. Our
experiments show that this may be an overly conservative assumption.

More experimental results, in particular characterizing the computation time
with respect to the strength parameters α and β, and the size of the indifference
region can be found in [EC08].

6 Future Work

This paper presents the first attempt to apply the statistical Model Checking
techniques introduced in [You05, YS06] to verifying non-trivial properties of
mixed-signal circuits. In comparison to [DDM04], our technique allows us to
obtain better performance results as well as to handle a larger class of properties.
Our results are correct up to a prespecified probability of an error, while those
of [DDM04] are exact.

Our work requires the ability to monitor properties of discrete-time signals,
which can easily be done with existing techniques [LS06, dR]. In a series of re-
cent papers [NM07, MNP08], Nickovic et al. proposed techniques for monitoring
properties of dense-time analog signals. An interesting direction would be to
adapt the procedure of Younes to work in this latter, more demanding context.

In our experiments, the choice of the value for θ has been driven by the
previous observations reported in [DDM04]. In future work, we plan to use the
estimation-based method of [HLMP04] to approximate the value of θ for which
the property holds.

We also intend to consider extensions of SLTL incorporating past temporal
operators and a better correlation between execution predicates and temporal
operators. We plan to define more complex specifications for frequency domain
properties based on the needs of designers of mixed signal circuits. Our ultimate
goal is to provide them with a general framework for specifying and verifying
properties of mixed-signal circuits.
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