
Lecture14:BasicFixpointTheorems(cont.)
�PredicateTransformers

�MonotonicityandContinuity

�ExistenceofFixpoints

�ComputingFixpoints

�FixpointCharacterizationofCTLOperators

1



PredicateTransformers

Let���������	�
beanarbitraryfiniteKripkestructure.

��
����
isthelatticeofpredicatesover�.Eachpredicateisidentifiedwiththesetofstatesthat
makeittrue.Theorderingissetinclusion.

Thus,theleastelementinthelatticeistheemptyset,denotedby����
,andthegreatestelementin
thelatticeisthesetofallstates,denotedby���
.

Afunctional����
���
����� 
����
iscalledapredicatetransformer.

�E.M.ClarkeandE.A.Emerson.Synthesisofsynchronizationskeletonsforbranchingtime
temporallogic.InLogicofPrograms:Workshop,YorktownHeights,NY,May1981,volume
131ofLectureNotesinComputerScience.Springer-Verlag,1981.
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MonotonicityandContinuity

Let� ��� 
����
 ����
���
beapredicatetransformer,then

1.�ismonotonicprovidedthat���implies���������;

2.�is�-continuousprovidedthat���������implies���	�	���	���	�;

3.�is
-continuousprovidedthat���������implies��
	�	��
	���	�.

3



BasicFixpointTheorems

If�ismonotonic,thenithasaleastfixpoint,lfp�

����
�,andagreatestfixpoint,gfp�

����
�.

lfp�

����
��
������
���whenever�ismonotonic.

lfp�

����
���	�
	

�����

whenever�isalso�-continuous;

gfp�

����
���������
���whenever�ismonotonic.

gfp�

����
��
	�
	

����

whenever�isalso
-continuous.
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SomeUsefulLemmas

Let�beafiniteKripkestructureandlet�beamonotonicpredicatetransformeron�.

1.Thefunctional�isboth�-continuousand
-continuous.

2.Forevery�,�
	

�����

��
	��

��� ��

and�
	

��� �

��
	��

��� �

.
3.Thereisaninteger��suchthatforevery����,��������

��

	�
�����

.

Thereisaninteger��suchthatforevery����,�������

�� ����� �

.
4.Thereisaninteger��suchthatlfp�

����
�is�
	�

�����

.
Thereisaninteger��suchthatgfp�

����
�is� ����� �

.
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LeastFixpointAlgorithm

Asaconsequenceoftheprecedinglemmas,if�ismonotonic,itsleastfixpointcanbecomputedby
thefollowingprogram.

functionLfp(Tau:PredicateTransformer)
begin

�������
;

����������
;
while��� ���


do
begin

������;

������������

 end;

return(�)
end
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CorrectnessofAlgorithm

Theinvariantforthewhileloopisgivenbytheassertion

��
������
����
��lfp�

����
�


Itiseasytoseethatatthebeginningofthe�-thiteration,���
	���

��� ��

and����
	

�����

.
Lemma2impliesthat

����
�������

��
�

�����

�����

So,thenumberofiterationsbeforetheloopterminatesisboundedbythecardinalityof�.

Whentheloopterminates,wehave������and��lfp�

����
�.

Itfollowsdirectlythat��lfp�

����
�andthatthevaluereturnedistheleastfixpoint.
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GreatestFixpointAlgorithm

Thegreatestfixpointof�maybecomputedinasimilarmanner.Essentiallythesameargumentcan
beusedtoshowthattheprocedureterminatesandthatthevalueitreturnsisgfp�

����
�.

functionGfp(Tau:PredicateTransformer)
begin

����� �
;

����������
;
while��� ���


do
begin

������;

������������

 end;

return(�)
end
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FixpointCharacterizationsforCTL

EachCTLoperatorcanbecharacterizedasaleastorgreatestfixpointofapredicatetransformer:

�A���U����lfp�

��������AX�
�

�E���U����lfp�

������� �EX�
�

�AF���lfp�

��� �AX�
�

�EF���lfp�

��� �EX�
�

�AG���gfp�

����AX�
�

�EG���gfp�

����EX�
�

WewillonlyprovethecharacterizationforEU.
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FixpointCharacterizationofEU

Lemma

E���U���istheleastfixpointofthefunctional���
��������EX�
.

Proof:

ItisstraightforwardtoprovethatE���U���isafixpointof���
.

AdditionalstepsarerequiredtoshowthatE���U���istheleastsuchfixpoint.

1.Provethat���
��������EX�
ismonotonic.

2.Observethat�is�-continuousandthatlfp�

����
���	�
	

�����

.
3.ShowthatE���U�����	�

	
�����

.Seenextpage.

4.Concludefromsteps2and3thatE���U���istheleastfixpointof���
��� ���� �EX�
.�
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CharacterizationofEU(Cont.)

Next,weshowthatE���U�����	�
	

�����

.Webreakthisstepintotwoparts:

�First,showthat�	�
	

��� ��

�E���U���.

Hint:Provebyinductionthatforall�,�
	

�����

�E���U���.UsethefactthatE���U���isa
fixpointof���
.

�Next,showthatE���U�����	�
	

�����

.
Hint:If����E���U���,thenthereisapath��������� ������suchthat������andforall

���, ������.Showthat�����������

.
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SimpleExampleforE��U��

ThenextfourfiguresshowhowE��U��maybecomputedforasimpleKripkestructure.

Inthiscasethefunctional�isgivenby

���
������EX�
�

Thefiguresdemonstratethatthesequenceofapproximations�
	

�����

convergestoE��U��.

E� �U������
��� ��

since���
�����

��	�
�����

.
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SimpleExampleforE� �U��(Cont.)

�� ����E� �U��?

s

p

0

13



SimpleExampleforE� �U��(Cont.)

�� ����E� �U��?

s

p

0

�
�

�����
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SimpleExampleforE� �U��(Cont.)

�� ����E� �U��?

s

p

0

�
�

�����
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SimpleExampleforE� �U��(Cont.)

�� ����E� �U��?

s

p

0

� �
�����
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