
Lecture9:SymbolicModelChecking
�BasicCTLFixpointTheorems

�OrderedBinaryDecisionDiagrams(BDDs)

�RepresentingTranstionSystemswithBDDs

�SymbolicModelCheckingAlgorithm
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Breakthrough:SymbolicModelChecking

Methodusedbymost“industrialstrength”modelcheckers:

�usesbooleanencodingforstatemachineandsetsofstates.

�canhandlemuchlargerdesigns–hundredsofstatevariables.

�BDDstraditionallyusedtorepresentbooleanfunctions.
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SymbolicModelCheckingwithBDDs

KenMcMillanimplementedaversionoftheCTLmodelcheckingalgorithmusingBinary
DecisionDiagramsin1987.

CarlPixleyatMotorolaindependentlydevelopedasimilaralgorithm,asdidtheFrench
researchers,CoudertandMadre.

BDDsenabledhandlingmuchlargerconcurrentsystems.(usually,anorderofmagnitudeincrease
inhardwarelatches!)

�J.R.Burch,E.M.Clarke,K.L.McMillan,D.L.Dill,andJ.Hwang.Symbolicmodel
checking:�����statesandbeyond.InformationandComputation,98(2):pages142–170,1992.

�K.L.McMillan.SymbolicModelChecking.KluwerAcademicPublishers,1993.
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FixpointAlgorithms
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FixpointAlgorithms(cont.)

KeypropertiesofEF�:

1.EF�
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��EXEF�

2.��

��EX�impliesEF���
WewriteEF�

�Lfp����EX�.

HowtocomputeEF�:
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OrderedBinaryDecisionTreesandDiagrams

OrderedBinaryDecisionTreeforthetwo-bitcomparator,givenbytheformula
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isshowninthefigurebelow:
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FromBinaryDecisionTreestoDiagrams

AnOrderedBinaryDecisionDiagram(OBDD)isanordereddecisiontreewhere

�Allisomorphicsubtreesarecombined,and

�Allnodeswithisomorphicchildrenareeliminated.

Givenaparameterordering,OBDDisuniqueuptoisomorphism.

�R.E.Bryant.Graph-basedalgorithmsforbooleanfunctionmanipulation.IEEETransactions
onComputers,C-35(8):677–691,1986.
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OBDDforComparatorExample

Ifweusetheordering�����������forthecomparatorfunction,weobtaintheOBDDbelow:
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VariableOrderingProblem

Ifweusetheordering�����������forthecomparatorfunction,wegettheOBDDbelow:
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VariableOrderingProblem(Cont.)

Foran�-bitcomparator:

�ifweusetheordering���������������,thenumberofverticeswillbe����.

�ifweusetheordering������������ ������,thenumberofverticesis�������.

Moreover,therearebooleanfunctionsthathaveexponentialsizeOBDDsforanyvariableordering.

Anexampleisthemiddleoutput(�	�
output)ofacombinationalcircuittomultiplytwo�bit
integers.
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LogicaloperationsonOBDD’s
�Logicalnegation:��� �� ��������

Replaceeachleafbyitsnegation

�Logicalconjunction:�� ����� ����
	�� ����� ����

–UseShannon’sexpansionasfollows,
���

��
�������	 ����	�������	 ���	�

tobreakproblemintotwosubproblems.Solvesubproblemsrecursively.

–Alwayscombineisomorphicsubtreesandeliminateredundantnodes.

–Hashtablestorespreviouslycomputedsubproblems

–Numberofsubproblemsboundedby��� ����.
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Logicaloperations(cont.)
�Booleanquantification:�����������������

–Bydefinition,

����
�

���	���	

–�� �� ����������	:replaceall�nodesbyleftsub-tree.

–�� �� ���������	:replaceall�nodesbyrightsub-tree.

Usingtheaboveoperations,wecanbuildupOBDD’sforcomplexbooleanfunctionsfromsimpler
ones.
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SymbolicModelCheckingAlgorithm

Howtorepresentstate-transitiongraphswithOrderedBinaryDecisionDiagrams:

Assumethatsystembehaviorisdeterminedby�booleanstatevariables������ ������.

TheTransitionrelation�willbegivenasabooleanformulaintermsofthestatevariables:
����� ������������ ���������

where��� �����representsthecurrentstateand���� ��������representsthenextstate.

Nowconvert�toaOBDD!!
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SymbolicModelChecking(cont.)

Representingtransitionrelationssymbolically:

aa, b

Booleanformulafortransitionrelation:

� �	��	��	���

�� �	�	��	���

�� �	�	��	����

Now,representasanOBDD!
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SymbolicModelChecking(cont.)

Consider�
�EX�.

Now,introducestatevariablesandtransitionrelation:
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ComputeOBDDforrelationalproductonrightsideofformula.
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SymbolicModelChecking(cont.)

HowtoevaluatefixpointformulasusingOBDDs:

EF�

�Lfp����EX�

Introducestatevariables:
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Now,computethesequence
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��� ���
untilconvergence.

Convergencecanbedetectedsincethesetsofstates��

�
�

��arerepresentedasOBDDs.
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