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A
tom

ic
propositions

and
logicalconnectives

A
n

atom
ic

proposition
is

a
statem

entor
assertion

thatm
ustbe

true
or

false.

E
xam

ples
of

atom
ic

propositions
are:

“5
is

a
prim

e”
and

“program

�

term
inates”.

P
ropositionalform

ulas
are

constructed
from

atom
ic

propositions
by

using
logicalconnectives.

C
onnectives

�

false

�

true

�

not

�

and

�

or

�

conditional(im
plies)

�

biconditional(equivalent)

A
typicalpropositionalform

ula
is �

�	�

��

 �


�

T
he

truth
value

of
a

propositionalform
ula

can
be

calculated
from

the
truth

values
of

the
atom

ic
propositions

itcontains.
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W
ell-form

ed
propositionalform

ulas

T
he

w
ell-form

ed
form

ulas
of

propositionallogic
are

obtained
by

using
the

construction
rules

below
:

�

A
n

atom
ic

proposition
�

is
a

w
ell-form

ed
form

ula.

�

If

�

is
a

w
ell-form

ed
form

ula,then
so

is �
� .

�

If

�

and

�

are
w

ell-form
ed

form
ulas,then

so
are

� �
�

,

� �
�

,

� �
�

,and

� �
�

.

�

If

�

is
a

w
ell-form

ed
form

ula,then
so

is	
�
 .

A
lternatively,can

use
B

ackus-N
aur

Form
(B

N
F

):

�

form
ula

�

::=
A

tom
ic

Proposition

�

�
�

form
ula

�

�

�

form
ula

�

�
�

form
ula

�

�

�

form
ula

�

�
�

form
ula

�

�

�

form
ula

� �
�

form
ula

�

�

�

form
ula

� �
�

form
ula

�

�

	
�

form
ula

�
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T
ruth

functions

T
he

truth
of

a
propositionalform

ula�	��
�� �
�� ���� �
�


is
a

function
of

the
truth

values
of

the
atom

ic
propositions�

�� �
�� ���� �
�

itcontains.

A
truth

assignm
entis

a
m

apping
thatassociates

a
truth

value
w

ith
each

of
the

atom
ic

propositions

�
�� �
�� ���� �
� .

L
et�

be
a

truth
assignm

entfor�
�� �
�� ���� �
� .

If
w

e
identify�

w
ith

false
and�

w
ith

true,w
e

can
easily

determ
ine

the
truth

value
of

�	 �
�� �
�� ���� �
�


under�

.

�

�� �	

�
 �

�
 �

��

����
� �	

�
� 


�
�	 �

� �	 � 

� �	


�
� 



� �
	 �
� �	 � 

� �	


T
he

other
logicalconnectives

can
be

handled
in

a
sim

ilar
m

anner.

T
ruth

functions
are

som
etim

es
called

B
oolean

functions.
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T
ruth

tables
for

basic
logicalconnectives

A
truth

table
show

s
w

hether
a

propositionalform
ula

is
true

or
false

for
each

possible
truth

assignm
ent.

If
w

e
know

how
the

five
basic

logicalconnectives
w

ork,itis
easy

(in
principle)

to
constructa

truth
table.

�

�
�

�
�

�
�

�

�

�

�
�

�

�
�

�

�
�

�

�
�

�
�

�

�

�

�

�
�

�

�

�

�

�
�

�

�

�

�

�
�

�

�

�

�
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M
istake

in
table

for
im

plication?

N
otice

that

�

�
�

is
only

���
��
�

if

�

is

��
�
�

and

�

is

���
��
� .

If

�

is

���
��
� ,then

the
im

plication

�

�
�

w
illbe

��
�
� .C

ould
this

possibly
be

correct?

Som
e

people
feelthatitis

counterintuitive
to

say
thatthe

im
plication

“If
horses

have
w

ings,then
elephants

can
dance”

is
true,w

hen
w

e
know

thathorses
don’thave

w
ings

and
thatelephants

can’tdance.

T
here

are
four

possible
truth

tables
for

im
plication

�

�
�

:

�

�

T
1

T
2

T
3

T
4

�
�
�
�
�
�

�
�
�
�
�
�

�
�
�
�
�
�

�
�
�
�
�
�
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M
istake

in
table

for
im

plication?

FirstA
rgum

ent:

�

If
w

e
used

T
1,then

�

�
�

w
ould

have
the

sam
e

table
as

�

�
�

.

�

If
w

e
used

T
2,then

�

�
�

w
ould

have
the

sam
e

table
as

�

�
�

.

�

If
w

e
used

T
3,then

�

�
�

w
ould

have
the

sam
e

table
as

�

–even
w

orse!

C
learly,each

of
these

three
alternatives

is
unreasonable.Table

T
4

is
the

only
rem

aining
possibility.
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M
istake

in
table

for
im

plication?

Second
A

rgum
ent:

�

W
e

w
ould

certainly
w

ant
�

�
	 �

�
�


to
be

a
tautology.L

et’s
testeach

of
the

four
possible

choices
for

�

�
�

.

�

�
	 �

�
�


�

�

T
1

T
2

T
3

T
4

�
�
�
�
�
�

�
�
�
�
�
�

�
�
�
�
�
�

�
�
�
�
�
�

O
nly

T
4

m
akes

the
im

plication
a

tautology.
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A
m

ore
com

plex
truth

table

L
et�

be
the

form
ula

			 �
� 


 � �

 �	 �
�




 �
	 �
� �

 �

To
constructthe

truth
table

for�
w

e
m

ustconsider
allpossible

truth
assignm

ents
for�

,


,and�

.

In
this

case
there

are

���
�
�

such
truth

assignm
ents.H

ence,the
table

for�

w
illhave

8
row

s.

�


�

	 �
� 


 ��
�
�


�
��

�

�
�
�

�

�

�

�

�
�
�

�

�

�

�

�
�
�

�

�

�

�

�
�
�

�

�

�

�

�
�
�

�

�

�

�

�
�
�

�

�

�

�

�
�
�

�

�

�

�

�
�
�

�

�

�

�
In

general,if
the

truth
of

a
form

ula
depends

on

�

propositions,its
truth

table
w

illhave

� �

row
s.
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Specialform
ulas

A
propositionalform

ula�
is

�

a
tautology

if�� �	 �
�

for
all�

.

�

a
contradiction

if�� �	 �
�

for
all�

.

�

satisfiable
if�� �	 �

�

for
som

e�
.

Itis
easy

to
see

that �
� ��

is
a

tautology
and

that �
� ��

is
a

contradiction,

T
he

truth
table

on
the

previous
page

show
s

thatthe
form

ula�

is
a

tautology.

N
ote

that

��

is
a

contradiction
iff ��

is
a

tautology.

��

is
satisfiable

iff ��

is
nota

tautology.

M
ajor

open
problem

:
Is

there
a

m
ore

efficientw
ay

to
determ

ine
if

a
form

ula
is

a
tautology

(is
satisfiable)

than
by

constructing
its

truth
table?
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Im
plications

In
the

form
ula�

�



��

is
the

antecedent,hypothesis
or

prem
ise

�


is
the

consequentor
conclusion

C
an

be
associated

w
ith

3
variants:

�

C
onverse:


� �

�

Inverse: ��
�
�


�

C
ontrapositive: �


�
��

�

A
n

im
plication

and
its

contrapositive
are

equivalent.

�

M
odus

P
onens:

G
iven �

and �
�



,conclude 


.

�

M
odus

T
ollens:

G
iven �

�



and �


,conclude ��

.
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E
quivalences

Tw
o

form
ulae�

and
�

are
equivalentiff

for
any

truth
assignm

ent�

w
e

have�� �	 �
�

� �	 .

C
laim

:�

and

�

are
equivalentiff��

�

is
a

tautology.

Som
e

U
sefulE

quivalences
thatcan

be
used

to
sim

plify
com

plex
form

ulas:
�
� �
�
�

�
� �
� �

�
� �
� �

�
� 

�


� �

�
�	 

��

 �
	 �
� 


 ��

�
�	 

��

 �
	 �
� 


 �	 �
��



�
� 

�
�	 ��
� �




�
�


�
��
� 
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W
hen

is
an

argum
ent

valid?

A
n

argum
entis

an
assertion

thata
setof

statem
ents,called

the
prem

ises,yields
another

statem
ent,

called
the

conclusion.

A
n

argum
entis

valid
if

and
only

if
the

conjunction
of

the
prem

ises
im

plies
the

conclusion.

In
other

w
ords,if

w
e

grantthatthe
prem

ises
are

alltrue,then
the

conclusion
m

ustbe
true

also.

A
n

invalid
argum

entis
called

a
fallacy.U

nfortunately,fallacies
are

probably
m

ore
com

m
on

than
valid

argum
ents.

In
m

any
cases,the

validity
of

an
argum

entcan
be

checked
by

constructing
a

truth
table.

A
llw

e
have

to
do

is
show

thatthe
conjunction

of
the

prem
ises

im
plies

the
conclusion.
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V
alid

and
Invalid

A
rgum

ents

W
hich

of
the

follow
ing

argum
ents

are
valid?

1.If
I

am
w

ealthy,then
I

am
happy.I

am
happy.T

herefore,I
am

w
ealthy.

2.If
John

drinks
beer,he

is
atleast18

years
old.John

does
notdrink

beer.T
herefore,John

is
not

yet18
years

old.

3.If
girls

are
blonde,they

are
popular

w
ith

boys.U
gly

girls
are

unpopular
w

ith
boys.Intellectual

girls
are

ugly.T
herefore,blonde

girls
are

notintellectual.

4.If
I

study,then
I

w
illnotfailbasketw

eaving
101.If

I
do

notplay
cards

to
often,then

I
w

ill
study.I

failed
basketw

eaving
101.T

herefore,I
played

cards
too

often.
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A
M

ore
C

om
plicated

E
xam

ple!

T
he

follow
ing

exam
ple

is
due

to
L

ew
is

C
arroll.Prove

thatitis
a

valid
argum

ent.

1.A
llthe

dated
letters

in
this

room
are

w
ritten

on
blue

paper.

2.N
one

of
them

are
in

black
ink,exceptthose

thatare
w

ritten
in

the
third

person.

3.I
have

notfiled
any

of
those

thatI
can

read.

4.N
one

of
those

thatare
w

ritten
on

one
sheetare

undated.

5.A
llof

those
thatare

notcrossed
outare

in
black

ink.

6.A
llof

those
thatare

w
ritten

by
B

row
n

begin
w

ith
“D

ear
Sir.”

7.A
llof

those
thatare

w
ritten

on
blue

paper
are

filed.

8.N
one

of
those

thatare
w

ritten
on

m
ore

than
one

sheetare
crossed

out.

9.N
one

of
those

thatbegin
w

ith
“D

ear
sir”

are
w

ritten
in

the
third

person.

T
herefore,I

cannotread
any

of
B

row
n’s

letters.
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L
ew

is
C

arrolexam
ple

(cont.)

L
et�

�

be
“the

letter
is

dated,”

�

�

be
“the

letter
is

w
ritten

on
blue

paper,”

��

be
“the

letter
is

w
ritten

in
black

ink,”

��

be
“the

letter
is

w
ritten

in
the

third
person,”

�

�

be
“the

letter
is

filed,”

�

�

be
“I

can
read

the
letter,”

�

�

be
“the

letter
is

w
ritten

on
one

sheet,”

�

�

be
“the

letter
is

crossed
out,”

��

be
“the

letter
is

w
ritten

by
B

row
n,”

�

�

be
“the

letter
begins

w
ith

‘D
ear

Sir’
“
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L
ew

is
C

arrolexam
ple

(cont.)

N
ow

,w
e

can
w

rite
the

argum
entin

propositionallogic.

1.

� �
�

2. ��
�
��

3.

��
�
�

4.

��
�

5. �
�

�
�

6.�
�

�

7.

� �
�

8. �
��
�

�

9.

� �
��

T
herefore�

�
�
�
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N
egation

N
orm

alF
orm

Som
e

m
ore

usefulequivalences:

� ���
�
�

� �	 �
�

�
 �
	 ��
� �

�


� �	 �
�

�
 �
	 ��
� �

�


� �	 �
�

�
 �
	 �
� �

�
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N
egation

N
orm

alF
orm

T
he

negation
of

�

�
		 �
� �
�
 � ��


is
sim

ply

�� �
�
		 �
� �
�
 � ��
	 �

T
his

m
ay

notbe
very

useful.O
ften

desirable
to

sim
plify

form
ula

as
m

uch
as

possible
using

four
tautologies

above.

�� �
�
		 �
� �
�
 � ��
	

�

�
��		 �
� �
�
 � ��
	

�

�
	 ��	 �
� �
�
	 � �� ��	


�

�
	 ��	 �
� �
�
	 �
�


�

�
		 ��
� �� �
�	
 �
�


�

�
		 ��
�
�
 �
�


T
he

resulting
form

ula
is

said
to

be
in

negation
norm

alform
.
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D
isjunctive

N
orm

alF
orm

�

E
very

propositionalform
ula

is
equivalentto

a
form

ula
in

disjunctive
norm

alform
(D

N
F

):

	 �
�� � �
�� � ���� �
��� 
 �	 �
�� � ���� �
��� 
 � ���	 �

� � � ���� �
��� 


w
here

each �
��

is
a

literal(an
atom

ic
proposition

or
the

negation
of

one).

In
short:

�
� �

� �
�� .

�

E
very

propositionalform
ula

is
equivalentto

a
form

ula
in

conjunctive
norm

alform
(C

N
F

):

	 �
�� � �
�� � ���� �
��� 
 �	 �
�� � ���� �
��� 
 � ���	 �

� � � ���� �
��� 


w
here

each �
��

is
a

literal.

In
short:�

� �
� �

� .

H
ow

hard
is

itto
check

if
C

N
F

form
ula

is
a

tautology?
H

ow
aboutD

N
F?

H
ow

aboutchecking
for

satisfiability
instead?

20



C
onnectives

From
C

N
F

(or
D

N
F)

itfollow
s

thatno
connectives

other
than

� �� �� �
�

are
really

needed.

Since�
� 


is
equivalentto �	 ��

� �


 ,w
e

only
need

� �� �
� .

L
ikew

ise,

� �� �
�

is
sufficient.

L
ikew

ise,

� �
� �

�

is
sufficient.

B
ut

� �� �
�

is
notsufficient.

N
A

N
D

C
onsider

the
binary

connective�
�

�

� �
�	 �
�

�
 .
C

laim
:

�
�

�

alone
is

sufficient.
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D
eciding

satisfiability

T
he

fastestknow
n

algorithm
s

for
deciding

propositionalsatisfiability
are

based
on

the
D

avis-Putnam
A

lgorithm
.

A
unitclause

is
a

clause
thatconsists

of
a

single
literal.

function
Satisfiable

(clause
listS)

returns
boolean;

/*
unitpropagation

*/
repeat

for
each

unitclause

�

�

�

do
delete

from

�

every
clause

containing
�

delete

�
�

from
every

clause
of

�

in
w

hich
itoccurs

end
for

if

�

is
em

pty
then

return
T

R
U

E
else

if
nullclause

is
in

�

then
return

FA
L

SE
end

if
untilno

further
changes

resultend
repeat

/*
splitting

*/
choose

a
literal

�

occurring
in

�

if
Satisfiable

(

�

�

�
�

� )
then

return
T

R
U

E
else

if
Satisfiable

(

�

�

�
�

�
�

then
return

T
R

U
E

else
return

FA
L

SE
end

if
end

function
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