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Viartin-Lof Type Theory

A type is specified by

Elements - M : A Equality TFM=N:A

Families of types respect equality:

X:A I C : type
M=N:A & universe :

P - C[I\/l /X] elements of type
are classifiers

P : C[N/X]
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lype Isomorphisms

list A = 2 n:nat. vec A n

Monoid : type — type
NoReld =2 M 2K 20k X
I &
(MNx,y,zX. ld(mx(my z) (m(mxy) z)
* (MNx.ld (m x u) x)
* (MNx.1d (m u x) x)

Want type families to respect iso, so
Monoid(list A) = Monoid(2 n:nat. vec A n)

[cf. Voevodsky’s univalence axiom]



lype Isomorphisms

Cannot equate isomorphic types:

* Different representations!

* Types can be isomorphic in different ways:
Isomorphism is structure, not property

Bool = Bool by identity and by not




2-Dimensional lype [heory

Elements [~ M: A

: + equality of M’s and o’s
Equivalence I — & : M =a N

All families of types respect equivalence,
but this has computational content:

x:A + C : type a generic

: = proof/program
X M=aN defined for
P : C[M/X] each family C

mapx.c & P : C[N/X] (e.g. Monoid)




2-Dimensional lype [heory

Elements [~ M: A

: + equality of M’s and o’s
Equivalence I — & : M =a N

All families of types respect equivalence,
but this has computational content:

x:A + C : type a generic
_ = proof/program
o:M=aN defined for
P : C[M/X] each family C
A mapx.c & P : C[N/X] (e.g. Monoid)

essentially C[ot/x]
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2-Dimensional lype [heory

Define equivalence for each A

[~ o:M=aN

Define map for each C

X:A - C : type
X:M=aN

P : CIM/X]

mapx.c & P : C[N/X]




Equivalence for types

f:A—>B

e eloL R=rle
prifog =id

iSO(f!g,(st) , A =type B




map for type

iSO(f,g,O(,B) ; A —=type B

Map(a:type.a) (iSO(f,g,x,B)) : A = B

Computation rule: deploy the isomorphism!

map (a.a) (iso(f,g,x,p)) = f
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map for Functions

mapxa.B - ¢ (X : My =aMy)) f =
A x:B[M2]. mapx:a.c & (f (mapxa.s (sym &) x))




map for Functions
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map for Functions

B[M:] —G[M]

MapPx:A.B - C (0( : M1 =a M2)) f = Goal: B[M2] — C[M:]
A X:B[Mz2]. mapxa.c & (f (mapxa.s (sym &) X))

Needs to be covariant: Needs to be contravariant:
C[M4] — C[M:] B[M2] — B[Mi]
x:Mi=Mo
Requires

sym & : M2 = My

44




Sym met ry fOr —=1type

f:A—>B

Sl = Fp symmetry requires
otigof=id backwards map!
PitfFord =id

iso(f,g,o,B) : A =type B

sym (iso(f,g,x,B)) = iso(g.,f,B,x)




[Hofmann&Streicher,Awodey,

Se m an't | CS Warren,Lumsdaine,Garner,

Voevodsky]

type theory
A : type
M, N: A
x:M=aN

category theory homotopy theory

A Is a groupoid
M,N objects
x:M—-=>NinA
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[Hofmann&Streicher,Awodey,

Se Mmant | g  Warren,Lumsdaine,Garner,

Voevodsky]
type theory M
A : type sym(x) : N =a M
M, N: A
x:M=aAN
category theory homotopy theory
A Is a groupoid
M,N objects
x:M—=>NInA

cx':N—=>MinA
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Summary

map Is a generic program definable for all types:

* above implementation for = extends to I

* can also be defined for 2, (co)inductives, ...

Let’s put it to use!
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Functorial Abstract Syntax

[EREEO8 R 90O

A family of types Form[V:Ctx] for formulas in ¥

Extends to a functor: S e o
Form[Y] = Form[Y’]

that implements the structural properties:
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Functorial Abstract Syntax

[EREEO8 R 90O

A family of types Form[V:Ctx] for formulas in ¥

Extends to a functor: S e o
Form[¥] = Form[Y’]

that implements the structural properties:

* O IS bijections: exchange
* O Is var-for-var: weakening, exchange, contraction
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Functorial Abstract Syntax

[EREEO8 R 90O

A family of types Form[V:Ctx] for formulas in ¥

Extends to a functor: .8

S

Blle=2-Eormii]

Form

that implements the structural properties:

* O IS bijections: exchange

* O Is var-for-var: weakening, exchange, contraction

* O IS term-for-var: substitution, too
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l[dea

Given a datatype for syntax/judgement:

data Form : Ctx — type where
all : Form[V¥,i] = Form[V¥]

data nd : (¥ : Ctx) =@ Form[Y¥] — type
allR: v{Y A} > nd¥,)A—=>ndV¥ (all A)

automatically implement structural properties using map
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X,Y,Z VS. V,Z,X

EXchange

Take Ctx to be a 2D type:

Terms SETEE
Equivalences VY =cix ¥V’

bijection between vars

(0, G \"Ij =(Ctx \"Ij,
mapy.rormpy] & : Form[¥Y] = Form[Y’]
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X,Y,Z VS. V,Z,X

EXchange

Take CtX tO be d 2D type for de Bru“n form,
not merely a relation
Terms ML
Equivalences VY =cix ¥V’ /

bijection between vars

(0, G \'Ij =(Ctx \"Ij,
mapy.rormpy] & : Form[¥Y] = Form[Y’]
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X,Y,Z VS. V,Z,X

EXchange

Take CtX tO be d 2D type for de Bru“n form,
not merely a relation
Terms ML
Equivalences VY =cix ¥V’ /

bijection between vars
(0, G \'Ij =(Ctx \"Ij,
mapy.rormpy] & : Form[¥Y] = Form[Y’]

derived from map for
definition of Form
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X,y VS. X,Z,y

VWeakening

Take Ctx to be a 2D type:

Terms s 2 @50
Equivalences VY =cix ¥’

variable-for-variable substitutions
CZNE XXX
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X,y VS. X,Z,y

VWeakening

Take Ctx to be a 2D type:

Terms b A G
Equivalences VY =cix ¥’

variable-for-variable substitutions
X Z ol X XN

Problem: not symmetric!
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Outline

1. 2-Dimensional Type Theory

2. 2-Dimensional Directed Type Theory
a. Application to functorial syntax
b. Semantics in Cat

3. Higher Dimensions
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2-Dimensional lype [ heory

type theory M
A : type sym() : N =a M
M, N: A

x:M=aN

category theory homotopy theory

A Is a groupoid
M,N objects
x:M—-=>NinA
x!':N—=->MinA




2-Dimensional
Directed lype [ heory

types In
directed type theory

categories homotopy types
in category theory In directed homotopy theory




Directed lype

What is a type?

Elements [
Transformation [

Theory

— M: A

— X :M=aN

not necessarily symmetric!




X,y VS. X,Z,y

VWeakening

Take Ctx to be a directed type:

Terms L = @5
Transformations Y =cix ¥V’

variable for variable substitutions
b ST ey

X:Vscx ¥V
mapy.rormpy] & : Form[¥Y] = Form[Y’]
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What about map for —*

MapPx:AB - C (O( ' M1 =a MZ)) f =
A X:B[Mz]. mapxa.c & (f (mapxas (sym «) X))




Variances

[ ctx
[ OP ctx

Contravariant Covariant
[°P — A :type [ - B : type
[ - A— B:type




Variances

Covariant Contravariant

oot bR et oA

R AT o R only + assumptions
[ XAt~ X A can be used in a term

[ ctx

ey interchanges + and -
Blsern
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Viap

Covariant:

[z:A* - Btype T'hFa:M; Sa My T'HM:B(M;/x]
' Fmap,.4+ pa M:B[Ms/z]

Contravariant:

[z:A" - Btype TPFa: My Sa My T'HM:B|[M;/x]

[' - map,.4- pa M:B[My/z

28



Functions

[°P - A:type [ I B :type
[ - A— B:type

[-M:A— B
IXAFM:B [op - N : A
[FAXXM:A—B - MN:B



XA - B:type A" C:type

map (_>) X:A* - B — C : type

B[M1] —C[M:]

mapxa+B - ¢ (X : M1 =a Mo) f =
I: B[M
A X:B[Ma2]. mapxa+.c & (f (Mapxa-s & X)) Goal: B[Mz] = C[M:]

Covariant: / Contravariant:

C[M:] — C[M2] B[M:] — B[Mi]
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map (_>) X:A* - B — C : type

B[M1] —C[M:]

mapxa+B - ¢ (X : M1 =a Mo) f =
I: B[M
A X:B[Ma2]. mapxa+.c & (f (Mapxa-s & X)) Goal: B[Mz] = C[M:]

Covariant: / Contravariant:

C[M:] — C[M2] B[M:] — B[Mi]

[, Xx:B[Mgz] + f (mapxa-s8 & X) : C[M1
if [°P, x:B[M2o]* - (mapxa-B & X) : B[M¢
if (M°P)°P — & : M1 sa M2
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map (_>) X:A* - B — C : type

B[M1] —C[M:]

mapxa+B - ¢ (X : M1 =a Mo) f =
Goal: B[M CIM
A x:B[Ma]". Mapxas.c o (f (Mapxa.s a x) o e = Gl

Covariant: / Contravariant:

C[M:] — C[M2] B[M:] — B[Mi]

[, Xx:B[Mgz] + f (mapxa-s8 & X) : C[M1
if [°P, x:B[M2]* - (mapxa-B & X) : B[M1.
= if (MOP)°P - ox : M1 sa M2

involution —
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Semantics in Cat

Context [ ctx category
Substitution [—0: A functor
Transformation T 0 :0 A0’ natural transform.
Type [ - Atype functor [ — Cat
Term [-M:A “dependent functor”

Term Trans. [ & :Ms=saN “dependent n.t.”
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[dentity and Composition

Transformation: T = 0 : 0 sA O’

[~ 01:01=aA0> . a5 o
horizontal composition:
[ 02 : 02 sa03 transformation
respects

[-refl:0 A0 [+ 8,081:01 =503

tfransformation




[dentity and Composition

Transformation: T = 0 : 0 sA O’

[ 01:01 =705 . alzg =
horizontal composition:
[ — 02 : B2 <A 03 transformation
T B T e SR N respects
F-refl:0=a0 T82081:012463 transformation

Equations hold strictly:
03 0 (020 01) = (03 0 02) 0 01
mapc (02001) M = mapc 083 (mapc 02 M)




Application

Generalizes functorial syntax to

% judgements/dependent types, via map for 2 and I

* admissibility premises

(see paper/thesis for details)
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Outline

1. 2-Dimensional Type Theory

2. 2-Dimensional Directed Type Theory
a. Application to functorial syntax
b. Semantics in Cat

3. Higher Dimensions
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Higher Dimensions

More generally, equations may hold weakly:

03 0(02001) = (03002)001: 0104 : THA

Example: type1 where type : type1
equivalence should be “iso up to iso”

35




Higher Dimensions

More generally, equations may hold weakly:

03 0(02001) = (03002)001: 0104 : THA

Example: type1 where type : type1
equivalence should be “iso up to iso”

Elements [-M:A
Equivalence T :M=N
Equivalence? T @ : o = &

35



Higher Dimensions

In symmetric type theory, can exploit the identity type

Elements M: A
Equivalence o« : M =N  : Ida(M,N)

Interpret Ilda as hom-functor A x A — [type]

Standard rules for Id are sound for higher-dimensions,
but miss computation rules for map

36



Homotopy lype [ heory

[homotopytypetheory.org]

types in
intensional type theory

higher-dimensional higher
groupoids homotopy types
In category theory iIn homotopy theory

[Hofmann&Streicher,Awodey,
Warren,Lumsdaine,Garner,Voevodsky]
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Higher Dimensions

In symmetric type theory, can exploit the identity type

Elements M: A
Equivalence o : M =N  : Ida(M,N)

Equivalence? @ : & = &’ @ : ldigv Ny (e, )

But in directed type theory, a Hom type is harder:

Mixed variance of Hom : C°P x C — [type€]
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Outline

1. 2-Dimensional Type Theory

2. 2-Dimensional Directed Type Theory
a. Application to functorial syntax
b. Semantics in Cat

3. Higher Dimensions
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Future VWork

* Hom type, paralleling identity type Id

* Inductive, co-inductive types

% Quotients by internal descriptions of categories
* Integration with symmetric type theory

% Semantics in more general 2-categories

* Higher dimensions and their semantics

% Computational interpretation:
N-canonicity, decidable definitional equality

40



Directed lype [heory

types In
directed type theory
higher-dimensional higher
categories homotopy types
in category theory In directed homotopy theory

Blog: homotopytypetheory.org
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