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ABSTRACT

The semi-Lagrangian methodology is described for a hierarchy of applications (passive advection, forced
advection, and coupled sets of equations) of increasing complexity, in one, two, and three dimensions. Attention
is focused on its accuracy, stability, and efficiency properties. Recent developments in applying semi-Lagrangian
methods to 2D and 3D atmospheric flows in both Cartesian and spherical geometries are then reviewed. Finally,
the current status of development is summarized, followed by a short discussion of future perspectives.

1. Introduction

Accurate and timely forecasts of weather elements
are of great importance to both the economy and to
public safety. Weather forecasters rely on guidance
provided by numerical weather prediction (NWP), a
computer-intensive chain of operations beginning with
the collection of data from around the world and cul-
minating in the production of weather charts and com-
puter-worded messages. At the heart of the system are
the numerical models used to assimilate the data and
to forecast future states of the atmosphere. The accu-
racy of the forecasts depends among other things on
model resolution. Increased resolution, given the real-
time constraints, can only be achieved by judiciously
combining the most efficient numerical methods on
the most powerful computers with the most appropriate
programing techniques.

A long-standing problem in the integration of NWP
models is that the maximum permissible time step has
been governed by considerations of stability rather than
accuracy. For the integration to be stable, the time step
has to be so small that the time truncation error is
much smaller than the spatial truncation error, and it
is therefore necessary to perform many more time steps
than would otherwise be the case. The choice of time
integration scheme is, therefore, of crucial importance
when designing an efficient weather forecast model,
and this is also true when designing environmental
emergency response models. Early NWP models used
an explicit leapfrog scheme, whose time step is limited
by the propagation speed of gravitational oscillations.
By treating the linear terms responsible for these os-
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cillations in an implicit manner, it is possible to
lengthen the time step by about a factor of 6, at little
additional cost and without degrading the accuracy of
the solution {e.g., Robert (1969); Robert et al. (1972)].
Such a scheme is termed semi-implicit. Nevertheless,
the maximum stable time step still remains much
smaller than seems necessary from considerations of
accuracy alone (Robert 1981).

Discretization schemes based on a semi-Lagrangian
treatment of advection have elicited considerable in-
terest in the past decade for the efficient integration of
weather forecast models, since they offer the promise
of allowing larger time steps (with no loss of accuracy)
than Eulerian-based advection schemes (whose time-
step length is overly limited by considerations of sta-
bility ). To achieve this end it is essential to associate
a semi-Lagrangian treatment of advection with a suf-
ficiently stable treatment of the terms responsible for
the propagation of gravitational oscillations. By asso-
ciating a semi-Lagrangian treatment of advection with
a semi-implicit treatment of gravitational oscillations,
Robert (1981, 1982) demonstrated a further increase
of a factor of 6 in the maximum stable time step, at
some additional cost. This idea was demonstrated in
the context of a three-time-level shallow-water finite-
difference model in Cartesian geometry, and resulted
in the time truncation errors that were finally of the
same order as the spatial ones.

Since Robert’s seminal papers, the semi-Lagrangian
methodology for advection-dominated fluid flow
problems has been extended in several important ways.
The purpose of this paper is to summarize the funda-
mentals of semi-Lagrangian advection (section 2), to
describe its application to coupled sets of equations
(section 3), to review recent extensions of the method
{section 4) not covered in the discussions of the pre-
vious sections, and to draw some conclusions (sec-
tion 5).






