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1. INTRODUCTION

Interactie multi-modalsimulationof deformableobjects,in which ausermaymanipulate
e xible objectsandreceve immediatesensoryfeedbackvia human-computeinterfaces,
is a major challengefor computergraphicsandvirtual environments.Deformationis es-
sentialin computeranimationfor plausibly modelingthe behaior of the humanbody,
animals,andsoft objectssuchasfurniture upholsterybut interactve applicationssuchas
computergames have very limited computingbudgetsfor 3D physical continuumsimu-
lation. Currentvirtual prototypingandassemblyplanningapplicationgequireinteractve
simulationsof deformableand also e xible kinematic modelswith complex geometry
Deformablemodelshave a long history (seex2) and,one might say arewell understood
within thegraphicsscienti®candengineeringgommunities Thechallengeaddressetiere
is thedesignof deformablenodelsthatarebothsuf®ciently realisticto captureherelevant
physics,andsuf®ciently fastfor interactve simulation.

In recentyearsinear elastostaticdGreens functionmodel LEGFMs)have beenshovn
to strike an attractve trade-of betweenrealismand speed. The modelsare physically-
basedandareaccurateapproximation®f small-strainelasticdeformationgor objectsin
equilibrium. In practice,they are an appealingmodelfor simulatingdeformablemate-
rials which arerelatively stiff (with respectto appliedforces)andtendto reachequilib-
rium quickly during continuouscontact. The linearity of the modelallows for the useof
extremelyfastsolutionalgorithmsbasedon linear superpositiorwhich supportreal-time
renderingandstableforce feedback The useof thesetechniquesn interactve simulation
wasadwancedy [Bro-NielsenandCotin 1996;Cotinetal. 1999;JamesandPai 1999]who
demonstratedeal time interactionwith deformablemodelsin applicationssuchasforce
feedbacksumgical simulationandcomputeranimation. Reality-basedctive measurement
technigueslsoexist for acquisitionof LEGFMs[Pai etal. 2001].

Thekey to thefastsimulationtechniquéds a data-drvenformulationbasedon precom-
putedGreens functions(GFs). GFsprovide a naturaldata-structuréor subsumingletails
of model creationsuchas numericaldiscretizationor measuremerand estimation. In-
tuitively, GFsform a basisfor representingll possibledeformationsof an objectin a
particulargeometriccon®guratiorof boundaryconstraintypes,e.g.,essentia(Dirichlet),
natural(Neumann)or mixed (Robin). The bene®tof linearity is thatthe responséo ary
setof boundaryvaluescanbe quickly reconstructedby a linear combinationof precom-
putedGFs. In this way, thesesolutiontechniquesanbe usedto obtainthe solutionfor
ary setof appliedconstraintdy usingthe GFsin combinationwith a collectionof matrix
updatingmethods(relatedto the Sherman-Morrison-Wbdhury formula) which we refer
to collectively asCapacitancéatrix Algorithms(CMAS).

Sincegeneralinearsystemsrinciplesareexploited,the GF-basedCMA matrix solvers
arenotjustlimited to LEGFMs, andcanin factbe usedto simulatenumerousthercon-
tinuousphysical systemsn equilibrium, suchasthosedescribedoy linear elliptic partial
differentialequation§PDES),e.g.,modelingelectrostati®elds,equilibriumdiffusion,and
transportphenomenaAn interestingpoint is that LEGFMs are small strain approxima-
tions of ®nite strainelasticity however otherphysical systemsareaccuratelymodeledby
linear elliptic PDEs, e.g., electrostatics.So while this paperis presentedn the context
of deformableobjectsimulation,parallelrelationshipsxist betweerphysicalquantitiesn
otherapplications.

The CMAs achieve their fastvisualizationspeedat the expenseof storing O(n?) el-
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ementsof the large denseGF matriceswhich can be accessedn constanttime. This

clearly doesnot scalewell to large models;for examplethe GF matrix storedas oats

for avertex-basedmodelwith 100verticesrequiresonly 360KB, however onewith 10000
vertices,suchasthe dragonmodelin Figurex8 (p. 20), would require3.6GB! For these
problemsbus andcacheconsiderationsiresigni®cantaswell. In addition,the CMA pre-
sentedn [JamesandPai 1999]requiresanO(s®) factoringof thedenseapacitancenatrix,

which scalesvery poorly asthe numberof run-timeconstraintsncrease.

Fig. 1. Preview of Resultdor a Complex ElasticModel: An elasticrabbitmodelwith 2562vertices 5120faces
and5 levelsof subdvision connectiity (L = 4), capableof beingrenderecat 30 FPSwith 1 kHz forcefeedback
on a PCin our Jasa-basechaptic simulation. The associatedlensesquareGreens function (GF) submatrix
containedt1 million “oats(166 MB) but wascompressedown to 655thousandoats(2.6 MB) in thisanimation
(" = :2). Thedepicteddeformationresultedfrom force interactionsde ned at a constraintresolutionthat was
two levels coarser(L=2) thanthe visible mesh;for thesecoarselevel constraintsthe GF matrix block may
be further compressedby a factor of approximatelyl6 = 42. Even further compressioris possiblewith le
formatsfor storageandtransmissiorof models. (Reparameterizethbbit modelgeneratedrom meshcourtesy
of [Cyberware].)

In this paperwe presenta family of algorithmsfor simulatingdeformablemodelsand
relatedsystemghatmale GF techniquegpracticalfor very largemodels.The multiresolu-
tion techniguesio muchmorethansimply compresssFsto minimize storage.As arule,
theseapproachearecompatiblewith andimprove the performanceandrealtime feasibil-
ity of numericaloperationgequiredfor the direct solutionof boundaryvalue problems.
The algorithmsexploit the factthatthereexist several distinct, yet related,spatialscales
correspondingo

Dgeometriadetail,
Delasticdisplacemen®elds,
Pelastictraction®elds,and
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Pnumericaldiscretization.

We developmultiresolutionsummatiortechniqueso quickly synthesizeleformationsand
hierarchicalCMAs to dealwith constraintchanges.Wavelet GF representationarealso
usefulfor simulatingmultiresolutiongeometryfor graphicalandhapticrendering. For a
preview of ourresultsseeFigurel.

2. RELATED WORK

Substantialvork hasappearean physical deformableobjectsimulationandanimationin
computergraphicsandrelatedscienti®c®elds[Terzopoulostal. 1987;Baraf andWitkin
1992;GibsonandMirtich 1997;Cotinetal. 1999;ZhuangandCanry 2000;Delunneetal.
2001], althoughnot all is suitedfor interactve applications. Importantapplicationsfor
interactive elasticsimulationinclude computeranimationandinteractive games,sugical
simulation, computeraided design,interactize path planning,and virtual assemblyand
maintenancéor increasinglycomplicatednanufcturingprocesses.

Therehasbeenanaturalinteractve simulationtrendtowardexplicit temporaintegration
of (lumpedmass)nonlinearFEM systems especiallyfor biomaterialsundegoing large
strainswith examplesusingparallelcomputatior{Székely etal. 2000],adaptvity in space
[Zhuangand Canry 2000] and perhapgime [Debunneet al. 2001; Wu et al. 2001] and
alsoadaptve useof linearandnonlinearelementgPicinbonoet al. 2001]. However, sev-
erallimitationscanbeovercomefor LEGFMs: (1) only severalhundrednteriornodescan
be integratedat a given time (without specialhardware), and (2) while theseare excel-
lent modelsfor soft materials humericalstiffnesscanmale it costlyto time-stepexplicit
modelswhich are,e.g.,physically stiff, incompressibl@r have detaileddiscretizations.

Implicit integration methods[Ascher and Petzold1998] (appropriatefor numerically
stiff equations)ave beenrevived in graphics[Terzopoulosand Fleischer1988; Hauth
andEtzmuR2001]andsuccessfullyappliedto off-line cloth animation[Baraff andWitkin
1998]. Theseintegratorsaregenerallynot usedfor large-scalénteractive 3D modelsdue
to the costof solving a large linear systemeachtime step(however see[Desbrunet al.
1999; Kang et al. 2000] for cloth modelsof moderatecompleity). Multirate integration
approacheareusefulfor supportinghapticinteractionswith time-steppednodels[Astley
andHayward 1998; Cavugoglu andTendick2000;Balaniuk2000;Detlunneetal. 2001].

Modal analysisfor linear elastodynamicfPentlandandWilliams 1989]is effective for
simulating free vibration (as opposedto continuouscontactinteractions),and hasbeen
usedfor interactive [Stam1997],forcefeedbackBasdo@n2001],andcontactsoundsim-
ulation[vandenDoel andPai 1998] by precomputingor measuringnodaldata(seealso
DyRT[JamesandPai 2002a]).Relateddimensionafeductionmethodsexist for nonlinear
dynamicgKrysl etal. 2001].

Boundaryintegral formulationsfor linearelastostatichave well-understoodoundations
in potentialtheory[K ellogg1929;JaswonandSymm1977]andarebasedn, e.g.,singular
free-spacésreens function solutionsof Navier's equationfor which analyticexpressions
areknown. Ontheotherhand,precomputedinearelastostatienodelsfor realtime simu-
lation usenumericallyderiveddiscreteGreens functionsolutionscorrespondingo partic-
ular geometrieandconstraintcon®gurationsandarealsonot restrictedto homogeneous
andisotropicmaterials. Theseapproachearerelatively new [Bro-NielsenandCotin 1996;
HirotaandKanelo 1998;Cotinetal. 1999;JamesndPai 1999;Berkley etal. 1999;James
andPai 2001;2002b],yet usedin, e.g.,commercialsugical simulators[K tihnapfelet al.
1999]. Prior to realtime applications relatedideasin matrix updatingfor elliptic prob-
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lemswerenot uncommonProskuravski and Widlund 1980; Kassimand Topping 1987;
Hager1989]. Our previous work on real time Greens function simulation,including the
ARTDEFO simulatorfor interactve computeranimation[Jamesand Pai 1999] and real
time haptics[Jamesand Pai 2001], wasinitially inspiredby pioneeringwork in bound-
ary elementcontactmechanic§Ezava and Okamoto1989; Man et al. 1993]. We derived
capacitancematrix updatingequationsin termsof GFs (directly from the BEM matrix
equationsn [JamesandPai 1999]) usingthe Sherman-Morrison-WWbdhury formulae,and
provided examplesfrom interactve computeranimationand hapticsfor distributed con-
tactconstraints Of notablementionis thework on realtime laparoscopidepaticsuilgery
simulationby the group at INRIA [Bro-Nielsenand Cotin 1996; Cotin et al. 1999], in
which point-like boundarydisplacementonstraintaareresohed by determiningthe cor-
rectsuperpositiorof precomputedF-like quantitiess identi®ableasa specialcaseof the
CMA. This paperaddressethefactthatall of theseapproacessufer frompoorly scaling
precomputatiorand memoryrequirementsvhich ultimatelylimit the compleity of models
that canbe constructedand/or simulated.

We make extensve useof multiresolutiormodelingrelatedio subdvisionsurfacegLoop
1987; Zorin and Schidbder2000] andtheir displacedvariants[Lee et al. 2000]. Our mul-
tiresolutionelastostatisurfacesplinesalsohave connectionsvith variationalandphysically-
basedsubdvision schemegDyn et al. 1990; Weimerand Warren1998; 1999]. We are
mostlyconcernedvith the ef®cientmanipulatiorof GFsde®nedon (subdvision) surfaces.
Naturaltools hereare subdvision wavelets[Lounsberyet al. 1997], andwe make exten-
sive useof biorthogonalwaveletsbasedon the lifting schemdgSweldensl1998; Schidder
andSweldensl995a;1995b]for ef®cient GF representionfastsummationandhierarchi-
cal constraintbasegyeneratiorfYserentantl986]. Ef®cient representiorof functionson
surfacegKolaros andLynch1997]is alsorelatedto the largerareaof multiresolutionand
progressie geometriaepresentatiore.g.,see[Khodakovsky etal. 2000].

Ourwork onwaveletGFsis relatedto multiresolutiondiscretizatiortechnique$Beylkin
etal. 1991b;Alpert etal. 1993]for sparseepresentiomnf integral operatorandfastmatrix
multiplication. Unlike casedrom classicalpotentialtheorywherethe integral operators
kernelis analyticallyknown, e.g.,free-spacé&F solutions[Jaswn andSymm1977],and
can be exploited [Greengrd and Rokhlin 1987; Hackhuschand Nowak 1989; Yoshida
etal. 2001],or for waveletradiosityin which theform factorsmay be extractedrelatively
easily[Gortler et al. 1993], herethe integral operators discretematrix elementsare de-
®ned implicitly as discreteGFs obtainedby numericalsolution of a classof boundary
value problems(BVPs). Neverthelessit is known that such(GF) integral operatorshave
sparseepresentiont waveletbasegBeylkin 1992]. Representatiorestrictionsarealso
imposedby CMA ef®cieng/ concerns.

Finally, the obvious approactto simulatinglarge elastostatianodelsinteractizely is to
just usestandarchumericalmethodgZienkiewicz 1977; Brebbiaet al. 1984], andespe-
cially “fast” iterative solvers suchas multigrid [Hackbusch1985] for domaindiscretiza-
tions, and preconditionedfast multipole [Greengrd and Rokhlin 1987; Yoshidaet al.
2001] or fastwavelettransform[Beylkin 1992] methodsfor boundaryintegral discretiza-
tions. Suchmethodsare highly suitablefor GF precomputationbut we do not consider
themsuitablefor online interactive simulation;our experiencefor large modelshasbeen
thatthesemethodscanbe several ordersof magnitudeslower thanthe methodspresented
herein,e.g.,seex7.6.20f [James2001] for speed-up®f over 100000times. Worsestill,
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online methoddfail to provide fast(random)accesgo GF matrix elementsge.g.,for hap-
tics, output-sensitie selectve simulation,andthe lossof the GF dataabstractiordestrys
our ability toimmediatelysimulatescanneghysicaldatasets[Pai etal. 2001].

3. BACKGROUND: INTERACTIVE SIMULATION OF GREEN'S FUNCTION MOD-
ELS USING MATRIX UPDATING TECHNIQUES

3.1 Linear Elastostatic Green's Function Models

Linear elastostatiobjectsare generalizedhreedimensionalinear springs,and as such
they areusefulmodelingprimitivesfor physically-basedimulations.In this section back-
groundmaterialfor a genericdiscreteGreens function (GF) descriptionfor precomputed
linearelastostatienodelsis provided. It is notanintroductionto thetopic, andthereader
might consulta suitablebackgroundeferencebeforecontinuing[Barber1992;Hartmann
1985; Zienkiewicz 1977;Brebbiaet al. 1984]. The GFsform a basisdescribingall pos-
sible deformationsof a linear elastostatianodel subjectto a certainclassof constraints.
This is usefulbecausét providesa commonlanguageo describeall discretemodelsand
subsumesxtraneougletailsregardingdiscretizatioror measuremerdrigins.

Another bene®tof using GFsis that they provide an ef®cient meansfor exclusively
simulatingonly boundarydata(displacementandtractions).Thisis usefulwhenrendering
of interior datais not requiredor in caseswhereit may not even be available, suchas
for reality-basedmodelsobtainedvia boundarymeasurementPai et al. 2001]. While
it is possibleto simulatevariousinternal volumetric quantities(x3.1.3), simulatingonly
boundarydatainvolveslesscomputation.This is suf®cient sincein interactve computer
graphicswe areprimarily concernedvith interactionghatimposesurfaceconstraintsand
provide feedbackvia visible surfacedeformationandcontactforces.

3.1.1 Geometryand Material Properties. Giventhatthefastsolutionmethodis based
on linear systemsprinciples,essentiallyary linear elastostatianodelwith physical geo-
metric and materialpropertiesis admissible. We shall considermodelsin threedimen-
sions,althoughmary amumentsalsoapply to lower dimensions.Suitablemodelswould
of courseincludeboundedvolumetricobjectswith variousinternalmaterialpropertiesas
well asspecialsubclassesuchasthin platesandshells.Sinceonly aboundaryor interface
descriptionis utilizedfor specifyinguserinteractionsptherexotic geometriesnayalsobe
easily consideredsuchas semi-in®nitedomains,exterior elasticdomains,or simply ary
setof parameterizedurfacepatcheswith alinearresponseSimilarly, numerousepresen-
tationsof the surfaceandassociatedlisplacemenshapefunctionsarealsopossiblee.g.,
polyhedraNURBS andsubdiision surfacegZorin andSchivder2000].

,‘@\\ ~‘/"/~4/</4/ G Fig. 2. lllustration of discrete nodal displacementsi de ned at
IR s (/ nodes,e.g., vertices,on the undeformedboundary (solid blue
~ \ L line), thatresultin adeformatiorof thesurface(to dashededline).
L ‘a Althoughharderto illustrate,asimilarde nition existsfor thetrac-
; “‘: tion vector p.
1 e
\
R

Let the undeformedboundarybe denotedby . Thechangen shapeof this surfaceis
describedy thesurfacedisplacementeld u(x), x 2 , andthesurfaceforcedistribution
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is calledthetraction eld p(x), x 2 . Eachis parameterizethy n nodalvariables(see
Figure?2), sothatthe discretedisplacemenandtractionvectorsare

U= [u;::un] 1)
p el (2)

respectiely, whereeachnodalvalueis a 3-vector The continuoudraction®eld maythen
bede®nedasa 3-vectorfunction

I
=)
2

X
POO=" 0B ®

i=1

where | (x) is a scalarbasisfunction associatedwvith the j " node. The force on ary
surfaceareais equalto the integral of p(x) on thatarea. We canthende®nethe nodal
forceassociateavith any nodaltractionas

z

fi=anp where a = i(x)d x 4)

de®nesthe areaassociatedvith the j™ node. A similar spaceexists for the continuous
displacemen®eld componentsandis in generaldifferentfrom thetraction®eld.

Ourimplementatiorusedinearboundaryelementmodels for which the nodesarever-
ticesof a closedtrianglemeshmodelusingLoop subdvision [Loop 1987]. Suchsurfaces
are corvenientfor obtaining multiresolutionmodelsfor renderingas well as smoothly
parameterizedurfacessuitablefor BEM discretizationand deformationdepiction. We
describeboth the traction ®eld and the polyhedraldisplacemen®eld using continuous
piecaviselinearbasisfunctions: ; (x) represents “hat function” locatedat the t ver
tex normalizedsothat ;(x;) = j : Givenourimplementationwe shall often refer to
nodeandvertex interchangeably The displacemenandtraction®elds both have conve-
nientvertex-baseddescriptions

y=ul) B =pg) j=1mn ®)
wherex; isthej™ vertex location.

3.1.2 DiscreteBoundaryValue Problem(BVP). At eachstepof the simulation,a dis-
creteBVP mustbe solved which relatesspeci®edand unspeci®edhodal values,e.g., to
determinedeformationandforce feedbackforces. Without loss of generality it shallbe
assumedhat either position or traction constraintsare speci®edat eachboundarynode,
althoughthis canbe extendedto allow mixed conditions,e.g.,normaldisplacemenand
tangentialtractions. Let nodeswith prescribeddisplacemenbr traction constraintsbe
speci®edy themutuallyexclusiveindex sets  and |, respectrely, sothat \ = ;
and ([ p=f12::ng. Weshallrefertothe( ; p) pairasthesystemconstraint
or BVPtype We denotethe unspeci®edindcomplementargpeci®edodalvariablesby

L — p':jzu o — Uj:jz u .

v = u}:jzp and v; = B2, (6)
respectrely. Typical boundaryconditionsfor e.g.,a force feedbacKoop consistof spec-
ifying some(compactlysupporteddisplacementonstraintsn the areaof contact,with
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free boundaryconditions(zerotraction)andother(often zerodisplacementyupportcon-

straintsoutsidethe contactzone. In orderto guaranteen equilibrium constraintcon®gu-

ration (henceelaststatic) we mustformally requireat leastone displacementonstraint,
u 6 ;, to avoid anambiguousigid bodytranslation.

3.1.3 Fast BVP Solutionwith Greens Functions(GFs). GFsfor a single BVP type
provide an economicalmeansfor solving that particular BVP, but whencombinedwith
the CMA (x3.2) the GFscanalsobe usedto solve other BVPtypes The generalsolution
of aparticularBVP type( y; p) maybeexpressedn termsof its discreteGFsas

X0 X X
= Vi = ju t ibis (7)
j=1 j2 4 i2 p

wherethe discreteGFs of the particularBVP systemarethe block columnvectors
assembledh the GF matrix

v

| =l12 ®

Equation(7) maybetakenasthe de®nitionof thediscreteGFs,sinceit is clearthatthej™
GF simply describeshelinearresponsef thesystento thej ' nodes speci®edoundary
value,v;. This equationmay be interpretedas the discretemanifestationof a continu-
ousGF integral equation e.g.,a continuousrepresentatiomay be written, in anobvious
notation,as

z z
v(x) = u(Xsy)u(y)d y + p(X;y)p(y)d y 9)
u p
Oncethe GFshave beencomputedor oneBVP type,thatBVP maythenbe solved easily
using(7). An attractize featurefor interactve applicationds thatthe entiren-vertex solu-
tion canbe obtainedin 18ns ops? if only s boundaryvalues(BV) arenonzero(or have
changedsincethe last time step); morewer, fewer thann individual componentf the
solutionmay alsobe computedndependenthat proportionatelysmallercosts.
Parameterizedbody force contritutionsmayin generalalsobe includedin (7) with an
additionalsummation

v= v+ B ; (20)

wherethesensitvity matrix B maybeprecomputedand aresomescalamparametersk-or
example,gravitational body force contributionscanbe parameterizeéh termsof gravita-
tional acceleratior8-vector g.

Temporakoherencenayalsobeexploitedby consideringheeffectof individualchanges
in component®f v on the solutionv. For example,given a sparsesetof changego the
constraints, v, if follows from (7) thatthe new solutioncanbeincremente@f®ciently,

view = yold gy (11)
View = old oy (12)

1Flops corvention [Golub and Loan 1996]: countboth+ and . For example,the scalarsaxgy operation
y := a X+ y involves2 “ops, so that the 3-by-3 matrix-vector multiply accumulatey; = j vj + v;,
involves9 saxpy operationspr 18 ops.
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v=20 v= %R v= ¥y v= 2

Fig. 3. lllustration of thej " Greens functionblodk column, i = :j.representinghe models responselue
to thethreeXYZ componentsf thej ™ speci ed boundaryvalue,v; . Herethe vertex belongsto the (3free®)
tractionboundaryj 2 p, andso ; is literally the threeresponseslueto unit tractionsappliedin the (RGB
colorcoded)XYZ directions.White edgesemanatingrom the (displaced) " vertex helpindicatetheresulting
deformation.Note thatthe vertex doesnot necessarilynove in the directionof the XYZ tractions.Usinglinear
superpositionthe CMA candeterminehe combinationof theseandothertractionsrequiredto move verticesto
speci ed positions.

By only summingcontributionsto constraintsvhich have changedsigni®cantly temporal
coherenceanbe exploitedto reduceBVP solve timesandobtainfasterframerates.

Furtherleveraginglinear superpositiongachprecomputedF systemresponsanay be
enhancedvith additionalinformationfor simulatingother quantitiessuchas volumetric
stress,strain and displacementlataat selectedocations. The multiresolutionmethods
presentedatercanef®ciently accomodatsuchextensions.

3.1.4 Greens FunctionPrecomputation.lt is importantto realizethatthe GF models
canhave a variety of origins. Most obvious is numericalprecomputatiorusing standard
toolssuchasthe®nite elemen{Zienkiewicz 1977]or boundaryelemenimethodgBrebbia
etal. 1984]. In this case the GF relationshipbetweemodalvariablesin (6-7) providesa
clearBVP de®nitionfor their computationg.g.,one GF scalarcolumnat atime. Reality-
basedscanningechniquesprovide a very differentapproach:empiricalmeasurementsf
real physical objectsmay be usedto estimateportionsof the GF matrix for the scanned
geometricmodel [Pai et al. 2001; Lang 2001]. Regardlessof GF origins, the GF data
abstractiomicely permitsa variety of modelsto be usedwith this papers GF simulation
algorithms.

3.2 Fast Global Deformation using Capacitance Matrix Algorithms (CMAS)

This sectionpresentshe Capacitancéatrix Algorithm (CMA) for usingthe precomputed
GFsof arelevantrefeenceBVP (RBVP) typeto ef®ciently solve otherBVP types,andis
foundationabackgroundnaterialfor this paper

3.2.1 RefeenceBoundaryValue Problem(RBVP)Choice. A key stepin the precom-
putationprocesss the choiceof a particularBVP typefor which to precomputésFs. We
refer to this asthe refeenceBVP (RBVP) anddenoteit by ( J; 3), sinceits GFsare
usedin the CMA's updatingprocesgo solve all other BVP typesencounterediuring a
simulation. For interactionswith an exposedfree boundary a commonchoiceis to have
the uncontactednodelattachedo arigid support(seeFigure4). The GF matrix for the
RBVP s hereaftereferredio as .
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Free Boundary; Lg

Fixed Boundary; LS

Fig. 4. RefeenceBoundaryValue Problem(RBVP)De®nition: The RBVP associateavith amodelattachedo a
“atrigid supporis shavn with boundaryregionshaving displacemen@ x ed®, ) ortraction(2free®, 3) nodal

constraintdndicated. A typical simulationwould thenimposecontactson the free boundaryvia displacement
constraintwith the capacitancenatrix algorithm.

Fig.5. RabbitmodelRefeenceBoundaryalue Problem(RBVP):A RBVP for therabbitmodelis illustratedwith
white dotsattachedo positionconstrainedrerticesin - 9. These(zero)displacementonstraintsverechoserto
hold therabbitmodeluprightwhile userspushedon his belly in aforcefeedbacksimulation.

3.2.2 CapacitanceMatrix Algorithm (CMA) Formulae. PrecomputedsFs speed-up
the solutionto the RBVP, but they canalsodramaticallyreducethe amountof work re-
quiredto solve arelatedBVP whenusedin conjunctionwith CMAs. If this werenot so,
precomputingsFsfor asingleBVP would have little practicaluse.

As motivation for changingBVP types, considerthe very importantcasefor force-
feedbackrenderingwherea manipulandummposescontactdisplacementonstraintyso
thatcontactforce outputmayberendered)n acontactzonewhich hastractionconstraints
in theRBVP. Thisnew BVP type (with contactdisplacementgsteadof tractions)hasdif-
ferentGFsthanthe RBVP, butthe CMA caneffectively solve thenewv BVP by determining
theparticularcombinationof contacttractions(andhencethelinearcombinationof RBVP
GFs)which satisfytheimposeddisplacementonstraints.

Supposehe constraint-typechangese.g., displacemer$ traction, with respecto the
RBVP ats nodesspeci®edoy thelist of nodalindices

S=18,%;::, S0 (13)
Thesolutionto this new BVP will thenbe
V= r‘ler+ Bnew (14)
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for some“new” denseGF and body force matrices. Fortunately using the Sherman-
Morrison-Woodhury formula, the rank-3s modi®ed GF and body force matricesmay be
written in the following usefulfactoredform [JamesandPai 1999;2001]

new = 1+ (E+( E)C E" (I EFE) EF (15)
B™ = |+ (E+( E)C E" B (16)

whereE is ann-by-s block matrix
E= [Izsll:Sg I:Ss]: (17)

containingcolumnsof the n-by-n identity block matrix, I, speci®edoy thelist of updated
nodalindicesS. Postmultiplication by E extractscolumnsspeci®edby S. Theresulting
capacitancamatrix formulaefor v are

V=g (e D) o Feed 18)
n 1 n s S ss 1

whereC is thes-by-s capacitancamnatrix, a negatedsubmatrixof
C= E E (19)
andv(© is theresponsef the RBVP systemto v,
vO = | EET  EE v+ B : (20)

3.2.3 ACapacitanceMatrix Algorithmfor Global Solution. With  precomputedior-
mulae(18)-(20)immediatelysuggesanalgorithmgiventhatonly simplemanipulationf

andinversionof the smallercapacitancesubmatrixis required. An algorithmfor com-
putingall componentsf v is asfollows:

BFor eachnen BVP type(with adifferentC matrix) encountered;onstruceandtemporar
ily storeC ! (or LU factors)for subsequentse.

DPConstruct ©
DExtractE TV(® andapplythe capacitancenatrixinversetoit, C *(ETv(®).

DAdd the s columnvectors(E + ( E)) weightedby C (ETV@) to v© for the ®nal
solutionv.

Eachnew capacitancenatrix inversion/actorizationinvolves O(s®) work, afterwhich
eachsolve takes no more than O(ns) operationsgiven O(s) nonzeroboundaryvalues.
This is particularlyattractve whens  n is small, suchasoften occursin practicewith
localizedsurfacecontacts.

3.2.4 SelectiveDeformationComputation.A majorbene®tof the CMA with precom-
putedGFsis thatit is possibleto evaluatejust selecteccomponent®f the solutionvector
at runtime, with the total computingcostproportionalto the numberof componentsie-
sired[JamesandPai 2001]. Thisrandomaccesss a key enablingfeaturefor hapticswhere
contactforce responseare desiredat fasterratesthanthe geometricdeformations.The

2ThroughoutFE is usedto write sparsenatrix operationsisingdensedata,e.g., , andlike theidentity matrix, it
shouldbe notedthatthereis no costinvolvedin multiplicationby E or its transpose.
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ability to exclusively simulatethe model's responset desiredlocationsis a very unique
propertyof precomputed EGFMs. Selectve evaluationis alsousefulfor optimizing(self)

collision detectionqueries,aswell asavoiding simulationof occludedor undesiredpor

tionsof themodel. We notethatselectve evalutionalreadyprovidesa mechanisnfor mul-

tiresolutionrenderingof displacemen®eldsgeneratedisingthe CMA algorithm,however
this approacHacksthefastsummatiorbene®tghatwill be providedby waveletGFs.

4. WAVELET GREEN'S FUNCTIONS

The Greens function (GF) basedcapacitancenatrix algorithm (CMA) hasmary appeal-
ing qualitiesfor simulation,however it doessuffer inef®ciencieswhenusedfor comple
geometricmodelsor large systemsof updatedconstraints.Fortunately theselimitations
mostly arisefrom usingdenseamatrix representationfor thediscreteGF integral operatoy
and can be overcomeby using multiresolutionbasesto control the amountof datathat
mustbe manipulated.

Displacementand traction ®elds associatedvith deformationsarising from localized
loadsexhibit signi®cantmultiscalepropertiessuchas being very smoothin large areas
away from the loadingpoint (and otherconstraintsandachiezing a local maximaabout
the point. For this reasonfree spaceGFs(or fundamentasolutions)of unboundedtlastic
mediaandour boundaryGFsof 3D objectsareef®ciently representethy multiresolution
bases.And just asthis propertyof free spacefundamentakolutionsallows for effective
waveletdiscretizatiormethodgor awiderangeof integralequationgBeylkin etal. 19914],
it will alsoallow usto constructsparsavaveletrepresentationsf discreteelastostaticGF
integral operatorsobtainedfrom numericalsolutionsof constrainedgeometricmodelsas
well asmeasurementsf realworld objects.

Onecouldtreatthe GF matrix asa genericoperatorto be ef®ciently representedor
full matrix-vectormultiplication,asin standardvaveletapproachefor fastiterative meth-
odswhich involve transformsof both matrix rows and columns[Beylkin 1992], but this
would beinef®cientin our applicationfor seseralreasonsOnekey reasons thatcolumn-
basedGF operationgsuchasweightedsummation®f selectedsF columns)dominatethe
CMA'sfastsolutionprocessThisis becaussolutionscommonlyexistin low-dimensional
subspacesf the GF operator Wavelettransformingall GF columnstogetherdestrys the
ability of the CMA solwer to ef®ciently composethesesubspacesolutions. Second,GF
elementextractionmustbe a relatively cheapoperationin orderfor capacitancenatrices
to be obtainedcheaplyat runtime. Densematrix formatsallow elementgo be extracted
at O(1) cost,but wavelettransformed:olumnsand/orrows introduceadditionaloverhead.
Becausaf suchCMA GF usageconcernsguring precomputationwerepresenindividual
GF columnsof thelarge GF matrix, , in thewaveletbasis,but wedo nottransformalong
GF rows’. Instead row-basedmultiresolutionconstraintsare addressedh x6. Require-
mentsaffectingthe particularchoiceof waveletschemearediscussedh x4.2.

4.1 Domain Structure of the Green's Function Matrix

Each GF columnvector describesnodal traction and displacementlistributions on dif-
ferentdomainsof the boundary both of which have differentsmoothnessharacteristics.
Interfaceshetweendomainsarethereforeassociatedvith discontinuitiesandthe adjacent

3Neglecting wavelet transformsof rows is not as bad asit may seem,partly becausesigni cant speed-ugds
alreadyobtainedfrom transformingcolumns.
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tractionanddisplacementunction valuescanhave very differentmagnitudesandbeha-
iors. For thesereasonsmultiresolutionanalysisof GFsis performedseparatelyon each
domainto achieve bestresults. From a practicalstandpointthis alsoaidsin simulating
individual domainsof the modelindependentlyx3.2.4).

Domainsare constructedy ®rst partitioningnodesinto 3 and g lists for which the
GFsdescribetractionsand displacementstespectiely. Theselists are again split into
disjointsubdomaing theparticularwavelettransformemplo/edcannotexploit coherence
betweerthesenodes.Let theboundarynodesbe partitionedinto d domains

\d
D = fDy;:::;Dgg with Di=; (21)
i=1
whereD; is alist of nodesin the naturalcoarseto ®ne resolutionorderof thatdomains
wavelettransform.

Thed domainsntroducea naturalrow andcolumnorderingfor the GF matrix  which

resultsin a clearblock structure

xd T
= Eo, oo Ep, (22)
L 2 3
2 3

D]_Dl D1D2 D].Dd EB

: E}
= [Ep,Ep,:::Ep,JR 7770 PP ' § z (23)

DdD]_ DdDd EDd

wherethe(i; j ) GFblock
DiD; = ETi Eo, (24)
mapsdatafrom domainD; to D; asillustratedin Figure6.

D.D

_LO

0
D,= L0
[

Fig. 6. lllustration of correspondencbetweerboundarydomainin uencesanddomainblodk structue of the GF
matrix : Thein uencesetweertwo boundarydomainsareillustratedhereby arrovs; eacharron represents
theroleof aGFblock, p,p P in the ow of informationfrom speci edBVs ondomainD j to unspeci edBVs
ondomainD;. For example,considerthe self-efectof the exposedcontactablesurface(red arron attop) which
is of primary practicalinterestfor deformatiorvisualization.Eachcolumnof p,p, representsdisplacement
eld on D1 which decribeghe effect of atractionapplied(or displacementisingthe CMA) over someportion
of D 1; thisdisplacementeld is ef ciently representedsingwaveletsin x4.

ACM Transaction®n Graphics\Vol. V, No. N, July 2002.



14 Doug L. James and Dinesh K. Pai

4.2 Multiresolution Analysis and Fast Wavelet Transforms

By design,various custommultiresolutionanalysesand fast wavelet transformscan be
usedin the framework developedhereprovided they yield interactve inversetransform
speedgfor fastsummation)goodGF compressiorfevenfor smallmodelsgiventhatpre-
computatiorcostsquickly increase)supportfor level of detailcomputationseaseof trans-
form de®nition on userspeci®edsurfacedomainsh, and supportfor datafrom a wide
rangeof discretizations.

As aresultof theseconstraintsve exploit work on biorthogonalifted fastwavelettrans-
forms basedon secondgeneratiorwaveletsderived from the lifting schemeof Sweldens
et al. [Sweldens1998; Daubechiesand Sweldensl996; Schibderand Sweldensl995a],
andwe referthereadetrto thosereferencegor details;arelatedsummaryin the context of
LEGFMsis alsoavailablein [James2001]. We alsoconsideinearandButterly wavelets
with asinglelifting step,i.e.,thedualwavelethasonevanishingmoment.

4.2.1 MultiresolutionMeshlssues.We usemultiresolutiontrianglemesheswvith sub-
division connectvity to cornvenientlyde®newaveletsandMR constraintgx6) aswell as
provide detailedgraphicaland haptic rendering(x9). Many of our mesheshave been
modeledusing Loop subdiision [Loop 1987] which trivializes the generationof mul-
tiresolutionmeshes.Generalmeshesnay be reparameterizedsingapproachefrom the
literature [Eck et al. 1995; Krishnamurtly and Levoy 1996; Lee et al. 1998; Guslov
et al. 2000; Lee et al. 2000] and also commerciallyavailable packagegRaindrop Geo-
magic,Inc. ; Paraform]. For our purposeswe implementedalgorithmsbasedon normal
meshegGuslov et al. 2000;Lee et al. 2000], andhave usedthe relateddisplacedsubdi-
vision surfaceapproacHhLee et al. 2000] for renderingdetaileddeformingmodels. Ex-
amplesof modelswe have reparameterizedrethe rabbitmodel(Figuresl (p. 3) and12
(p. 27)) (original meshcourtesyof Cyberware[Cyberware]), thedragonmodel(Figure8,
p. 20; original meshcourtesyof the StanfordComputerGraphicsLaboratory). For the
dragonmodelsomeundesireabl@arameterizatiomrtifactsare presenthowever this can
be avoidedwith morecare.

For goodwavelet compressionmesults,it is desireabld¢o have mary subdvision levels
for agivenmodel. This alsoaidsin reducingthe size of the densebaselevel GF data,if
it is left unthresholdedIn casesvherethe coarsestesolutionof the meshis still large,
reparamerizatioshouldbe consideredut it is still possibleto considemoreexotic lifted
waveletsonarbitrarypointsets.To maximizethenumberof levelsfor modesimodelsge.g.,
for therabbitmodel,we resortedo manual®tting of coarsebaselevel parameterizations,
althoughmoresophisticateépproacheareavailable[Eck etal. 1995;Krishnamurtly and
Levoy 1996;Leeetal. 1998; Guslov et al. 2000]. While this is clearly a multiresolution
meshgenerationissue,how to designmesheswhich optimize wavelet GF compression
(or other properties)is a nonolvious openproblem. Finally, adaptve meshingmustbe
usedwith caresincecoarseregionslimit the ability to resolhe surfacedeformationsand
constraints.

4.2.2 Multilevel Vertex Notation. For the semirgyular meshesye denotemeshlevels
by 0;1;2;:::;L where0 is the coarsebaselevel, andthe ®nestlevel is L. All vertices
on a level | are denotedby the index setK(l), so that all meshverticesare contained
in K(L) = f1,2;:::;ng. Theseindex setsare nestedto describethe multiresolution
structure sothatlevel | + 1 verticesK(l + 1) arethe union of “even” verticesK (1) and
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“odd” verticesM (l) sothat
K(I+1)=KWNO[ M (); (25)

andthis is illustratedin Figure7. Consequentlythe vertex domainsetsD alsoinherita
multiresolutionstructure.

Fig. 7. lllustration of Multilevel \ertex Sets: Theimageshavs a simpletwo-level surfacemeshpatchon level
j + 1 (herej = 0). Thefour evenvertices(solid dots)belongto the basemeshandconstituteK (j ), whereaghe
oddverticesof M (j) all correspondo edge-splity2midpoints®)of parentedges.The union of the two setsis
thesetof all verticesonlevelj + 1, namelyK(j + 1) = K(j)[ M (j).

4.3 Wavelet Transforms on Surface Domains

Considerthe forward and inversefast wavelet transform(FWT) pair, (W; W 1), itself
composeaf FWT pairs

xd
W

Ep, WiE}, = Ep (diag;(Wi)) E} (26)
1

W 1

Eo,W, 'E) = Ep diag(W, ') E} (27)
i=1
with the i pair (W;; W, ') is de®nedon domainD;. For brevity we refer the reader
to [Sweldensl998;SchibderandSweldensl 995a]for backgroundntheimplementation
of lifted LinearandButter y wavelettransformsithe detailsof our approacho adapting
thelifted transformso vertex domain<D is describedn [Jame=2001](seex3.1.5Adapting
Transformslo SurfaceDomains page4b).

4.4 \Wavelet Green's Functions

Puttingthingstogetheythe wavelettransformof the GF matrixis then

xd
W =[W)Wz2) (Wh)= Ep
ij =1

Wi b, Ep, (28)

or with ashorthandtilde” notationfor transformedjuantities,

h i
= 712 o= Eo, “op;, Ep, (29)
ij =1
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Theindividual block componenbf thej " waveletGF 7 = 7 correspondingo vertex i
onlevel | of domaind will bedenotedwith roundedbraclet subscriptsas
i = T (30)

(lizd)
This notationis complicatedout no morethannecessarysinceit correspondslirectly to
the multiresolutiondatastructureusedfor implementation.

4.5 Tensor Wavelet Thresholding

Each3-by-3block of the GF matrix describes tensorin uence betweentwo nodes.The
wavelettransformof a GF (whoserow elementare3 3 matrixblocks)is mathematically
equialentto 9 scalartransforms,onefor eachtensorcomponent.However, in orderto
reduceauntimesparseanatrix overheadandimprove cachehits), we evaluateall transforms
attheblock level. For this reasonour thresholdingoperationeitheracceptor rejectsan
entire block. Whetheror not performingthe transformsat the scalarcomponentevel
improvesmatters despiteincreasinghe sparsendexing storageandruntimeoverheadup
to afactorof nine,is a subjectof futurework.

Our oraclefor wavelet GF thresholdingcompareghe Frobeniusnorm of eachblock
wavelet coefdcient to a domainand level speci®cthresholdingtolerance,and setsthe
coef®dcientto zeroif it is smaller Thresholdingof thej™ waveletGF, 5, onadomaind is
performedfor thei" coef®cientiffi 2 Dy,i 2 M (1) and

k=i ke < "|KED, jKi F (31)
where
KES, jki F maxk j ke (32)

is a weightedmeasureof GF amplitudeon domaind, and", is a level dependentelative
thresholdparametedecreasedn coarsetevels(smallerl) as

"= 2 b I = 1L (33)

with " theuserspeci®edhresholdparameterWe usuallydo notthresholdbasdevel (1 = 0)
coefdcientsevenwhenthisintroducesacceptablerrorsbecaus¢helack of responseeg.g.,
pixel motion,in theseregionscanbe perceptuallybothersome.

For our modelswe have obsened stablereconstructiorof thresholdedlata,e.g.,

KE,, | W '7 kig < C'KEL, jkiF (34)

typically for someconstantC nearl. Examplesareshowvn in x10. Althoughthereare
no guaranteethatwaveletbasesonstructedn ary particularmodelwill form anuncon-
ditional basis,andso the thresholdingoperationwill leadto stablereconstructionsnpone
of our numericalexperimentswith discreteGFshave suggestednything to the contrary
Similar experiencesverereportedby the pioneersof thelifting schemean [Schroderand

4TheFrobeniusmormof areal-\alued3-by-3matrix a is
S h

kakg = aﬁ :
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Sweldensl995a]for waveletson the sphere.Someformal conditionson the stability of
multiscaletransformationgreprovenin [Dahmenl1996]. Resultsllustratingtherelation-
shipbetweererrorandthresholdingolerancewill bepresentedater(in x10).

4.6 Storage and Transmission of Green's Functions

Waveletsprovide basedor sparselyrepresentingsFs,but furthercompressioris possible
for storageandtransmissiordataformats.We notethatef®cientwaveletquantizatiorand
codingschemegDeVore et al. 1992; Shapiro1993; Saidand Pearlmanl996] have been
extendedo dramaticallyreduce®le sizesof surfacefunctionscompressedsingthelifting
schemdKolarov andLynch 1997],andsimilar approachesanbe appliedto GF data.

5. CMA WITH FAST SUMMATION OF WAVELET GFS

The CMA is slightly moreinvolved whenthe GFsarerepresenteéh waveletbases.The
chiefbene®tis the performancempraovementobtainedby usingthe FWT for fastsumma-
tion of GF andbodyforceresponses.

5.1 Motivation

In additionto reducingmemoryusageijt is well known thatby sparselyrepresentingur
GF columnsin awaveletbasiswe canusethe FWT for fastmatrix multiplication[Beylkin
etal. 1991a]. For example,considerthe centraltaskof computinga weightedsummation
of s GFs X

iVis (35)
i2S

involvingsn 3 3 matrix-vectormultiply-accumulat®perationsQuick evaluationof such
expressiongs crucialfor fastBVP solution(c.f. (7)) andgraphicalrenderingof deforma-
tions,andit is requiredatleastonceby the CMA solver. Unfortunately ass increaseshis
operationquickly becomesnoreandmorecostlyandass! n eventuallyinvolvesO(n?)
operationsBy usinga FWT it is possibleto performsuchsumsmoreef®ciently in aspace
in whichthe GF columnsareapproximatedvith sparseepresentations.

The weightedGF summationcanbe rewritten by premultiplying (35) with the identity

operatotV 1W:
X X

iVi = w ! TVJ'Z (36)
i2S i2S
By precomputingsparsehresholdedpproximation®f thewavelettransformedsFs, ~, a
fastsummatiorwill resultin (36) providedthatthe advantageof sparselyrepresenting ,
morethancompensatefor the extra costof applyingW ? to thevectordata. This occurs
in practice dueto the FWT's speedandexcellentdecorrelatiorpropertiefor GF data.

5.2 Formulae
Thenecessarjormulaeresultfrom substituting
=w w (37)

into the CMA formulae (18-20), and using the GF expression(29). The resultmay be
written as

v=v@+ E+w l(E Cc?! ENVO (38)
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C= EThW G5 , (39)
|
v =w ! ~ | EE v+B EETv (40)
h i
Ev® = E'wW ! ~ 1| EF v+B ETv (41)

wherewe have takentheliberty of sparselyrepresentingheparameterizetbodyforcecon-
tributionsin the waveletbasis.With theseformulae,it is possibleto evaluatethe solution
v usingonly oneinverseFWT evaluationandsomepartialreconstruction&™ W 1.

5.3 Selective Wavelet Reconstruction Operation

Theoperato ETW 1) representshereconstructiorof a wavelettransformedunctionat
theupdatechodesS. Thisis requiredin atmosttwo places:(1) capacitancenatrixelement

extractionfrom ~; (2) evaluationof (ETV(O) ) in casesvhenthe®rsttermof ¥ (in square
braclets)is nonzero.lt follows from the treestructureof the wavelettransformthatthese
extraction operationscan be evaluatedef®ciently with worst-caseperelementcost pro-
portionalto the logarithm of the domainsize. While suchapproachesvere suf®cient for
our purposesin practiceseveral optimizationsrelatedto spatialandtemporaldatastruc-
ture coherenceansigni®cantlyreducethis cost. For example,portionsof C areusually
cachedandso extraction costsare amortizedover time, with typical very few entriesre-
quiredpernewn BVP. Also, spatialclusteringof updatechodedeadsto the expectedcostof
extractingseveral clusterecelement$eingnot muchmorethanthe costof extractingone.
Furthermorespatialclusteringin the presencef temporalcoherenceallows usto exploit
coherencén asparsesF waveletreconstructioriree,sothatnodeswhich aretopologically
adjacentin the meshcanexpectto have elementseconstructedt very small costs. For
thesereasonsit is possibleto extractcapacitancenatrix entriesat a fraction of the costof
LU factorization.Performanceesultsfor block extractionoperationsaregivenin x10.5.
The logarithmic costpenaltyintroducedby wavelet representations further reducedn
the presencef hierarchicalconstraintsanda hierarchicalvariantof the fastsummation
CMA is discussedh x8.

5.4 Algorithm

An ef®cient algorithmfor computingthe entire solutionvectorv is possibleby carefully
evaluatingsubexpressionsn thefollowing corvolutedmanner:

(1) Givenconstraintsy, andthelist of nodesto beupdatedsS.
(2) ObtainC * (or factorization)for this BVP type eitherfrom the cache(Cost Free),
usingupdating(see[James2001]),or from scratch(Cost: 2s3/3 ops).
) If nonzeroevaluatethesparsesurﬁwmation )
i
.= ~ | EE v+B (42)

(Cost: 18sr ops from ®rst term wherewherer is the averagenumberof nonzero
3-by-3blocksperwaveletGFbeingsummedin practices  n), ands isthenumber
of nonupdatedonzeroconstraintsSecondodyforcetermis similar butignoreddue

to ambiguity Costcanbereducedy exploiting temporalcoherenceg.g.,see(12).).

(4) Computetheblock s-vector
EVO= Ew'lg Ev (43)
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(Cost: Selectve reconstructiorcost(if nontrivial g;) 3sRs whereRs is the effective
costof reconstructing scalargivenS (discussedh x5.3; expectedcostis Rs = O(1),
worstcasecostis Rs = O(log n)), plus3s ops for addition).

(5) Evaluatetheblock s-vector
g, = C Y(EVO) (44)

(Cost: 18s? ops).
(6) Performthesparsesummation

g += (TBg; (45)

(Cost: 18sn ops).
(7) PerforminverseFWT (canbe performedn placeon block 3-vectordata)

v=W 'g (46)

(Cost: 3Crwrn 0Ops; whereC,; is approximatelys for lifted Linearwavelets.).
(8) Correctupdatedvaluesto obtainthe®nal solution,

v+=E(g, E"V) (47)
(Cost: 6s ops).

5.5 Cost Analysis
Thetotal costof evaluatingthe solutionis

Cost= 3Cnn+ 18(s+ s)r+ 185% + 3s(Rs+ 3) ops (48)

wherethe notableimprovementintroducedby fastsummationis the replacemenbf the
18sn densesummationcostwith that of the sparsesummationand inverse FWT. This
excludesthe costof capacitancenatrix inverseconstructionor factorizationor updating),
if updatingis performedsincethisis experiencednly onceper BVP type andamortized
over frames.
Two interestingspecialcasesarewhennonzeroconstraintareeitherall updateds= 0)

or whenno constraintsareupdateds = 0). In the casewhereall nonzeroconstraintsare
updateds= 0), andthereforestep3 haszerog;, thetotal costof the calculationis

Cost= 3Cpyn + 18k + 185 + 3s(Rg+ 3) ops: (49)

Casedn which updatednodeshave zero constraintsare slightly cheaper Whenno con-
straintsareupdated's= 0) only GF fastsummatioris involved,andthe costis

Cost= 3Cryrn + 18 oOps: (50)

In practicewe have reducedthesecostsby only reconstructinghe solutionon subdo-
mains (reducesFWT costand summationcost) whereit is required,e.g., for graphical
rendering.lt clearlyfollows thatit is possibleto reconstructhe solutionat coarsereso-
lutionsfor multiple LOD renderingj.e., by only evaluatingg, andthelFWT in step7 for
coarseresolutionsandthisissueis discussedutherin x9.

We foundthis algorithmto be very effective for interactive applicationsandespecially
for force feedbacksimulationwith point-like contactgsmalls ands = 0). Timingsand
typical op countsareprovidedin the Resultssection(x10). For large modelswith mary
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updatedconstraintsthe ss ands? contrikutions,in additionto the capacitancenatrix in-
version,canbecomecostly. Thisissueis addresseih thefollowing sectionby introducing
multiresolutionconstraintsvhich canfavourablyreducethe effective sizeof s.

6. HIERARCHICAL CONSTRAINTS

The MR GF representationsiake it feasibleto storeandsimulategeometricallycomple
elasticmodelsby eliminatingthedominantbottlenecksassociatevith denseGF matrices.
However, ®nerdiscretizationganintroducecomplicationdor realtime simulationswhich
imposenumerousconstraintson thesesame®ne scales: (1) even sparsefastsummation
will eventually becometoo costly as more GF columnscontritute to the sum, and (2)
updatingnumerousconstraintswith the CMA incurs costly capacitancenatrix inversion
COSts.

We provide a practicalsolutionto this problemwhich canalsooptionally reducepre-
computatiorcosts.Our approachs to reducethe numberof constraintdy imposingcon-
straintsata coarseresolutionthanthegeometrionodel(seeFigure8). Thiseliminateghe
aforementionedottleneckavithout sacri®cingmodelcompleity. Combinedwith wavelet
GFswhich enabletrue multiresolutionBVP simulationandsolutionoutput, multiresolu-
tion constraintgrovide the BVP's complementarynultiresolutioninput control. Suchan
approachs well-suitedto the CMA which effectively works by updatingconstraintde-
®nedover ®nite areasjn thecontinuoudimit, asn! 1 andscalingfunctionmeasurego
to zero,the areaaffectedby the uniresolution®nite-rank-updatingCMA alsogoesto zero
andthe CMA would have no effect.

Fig. 8. MultiresolutionConstaint Parameterizations: Two dragonmeshegL=3) with coarserconstraintpa-
rameterizationsndicatedfor differentresolutionsof the Greens function hierarcly; (left) constraintson level
0, and(right) on level 1. In this way, interactve traction constraintscan be appliedon the coarsescalewhile
deformationsarerenderedising ne scaledisplacementelds. (Reparameterizedragonmodelgeneratedrom
meshcourtesyof StanfordComputerGraphicsLaboratory)

The multiresolutionconstraintsare describedoy nestedspacesvith nodeinterpolating
basisfunctionsde®nedon eachdomain.Usinginterpolatingscalingfunctionsallows hier-
archicalconstraintgo coexist with nodalconstraintdescriptionswhichis usefulfor de®n-
ing the hierarchicalersionof the CMA (in x8). For our piecaviselinearfunction spaces

ACM Transaction®n Graphics\Vol. V, No. N, July 2002.



PREPRINT. To appear in ACM Transactions on Graphics. 21

thesescalingfunctionscorrespondo hierarchical basisfunctions [Yserentantl986]and
theinterpolation®lters arealreadyavailable from the unlifted portion of the linear FWT
usedfor the MR GFs.

Let thescalarhierarchicabasisfunction

kid = paca(X); X2 (51)

correspondo vertex index k belongingto level | anddomainD 4. Herethesquaresubscript
bracletis usedto indicatean hierarchicabasisfunction;recall (equation30) thatrounded
subscriptbracletsareusedto referto row component®f wavelettransformedsectorsor
matrix columns.In this notation thetraditional“hat functions”on the ®nestscaleare

k(X) = pka(x); k2 Da (52)

In bracletnotation there®nementelationsatis®edy thesanterpolatingscalingfunctions

is
X

[lkd] = Npsisar o+ can (53)
j2K (1+1)

whereh is the (unlifted) interpolatingre®nemen®lter. As aresult,thesurfacehierarchical
basisfunctionsareunit normalized

misa (X a)) = i (54)
where j is the Kronecler deltafunction. The re®nementelationfor hierarchicalbasis

functionsimpliesthathierarchicaktonstrainboundaryalueson ®nerconstrainscalesare
givenby interpolatingsubdvision, andsosatisfythere®nementelation

Vi = H|TV[I+1 ol (55)
wherewe have useda brief operatomotation(equivalentto (53) exceptit relates3-vector
elementsnsteadof scalars)pr simply

Vi = H|TV[|+1] . (56)

As we shallnow see while thehierarchicakonstraintsredescribedata coarsaesolution,
thecorrespondingleformatiorresponsénvolvesall scales.

7. HIERARCHICAL GREEN'S FUNCTIONS

The GF responsesorrespondingo eachhierarchicalconstraintbasisfunctionarenamed
hierarchical GFs Froma GF matrix perspectie, the coarseningf the constraintscales
is associatedvith a reductionin GF columns(seeFigure9). A graphicalillustration of
hierarchicalGFsis givenin Figure13(p. 29).

7.1 Notation
ThehierarchicalGFsareidenti®edusingthe squarebraclet notationintroducedfor HBFs:
let

lkid] = slikad] (57)

51n aslight akuseof terminology hereafteme collectively use?hierarchicabasisfunctions®o denotetheinter-
polatingvertex-basedhierarchicalscalingfunctionsevenif the functionspaces not piecaviselinear, e.g.,such
asButter y
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Multires Row Index
Multires Row Index

ti N N N ‘.
0 20 40 60 80 100 120 0 20 0 510
Multires GF Index Multires GF Index Multires GF Index

Fig. 9. lllustration of Hierarchical WaveletGF Matrix Structue: Sparsitypatternsand constraintparameter
izationsof the coarselevel 2 (L=2) rabbit model's threelevel GF hierarcly for the main g afree-boundary®
self-efectblock o o (illustratedin Figure6). This modelhas160 vertices,with the lifted linear FWT de-

ned onadomainof 133verticespartitionedinto threelevelswith sizes(9,25,99).The matricesare: (left) nest

scaleGF squarematrix block (# nonzerdblocks,nnz=4444)(middle) once-coarsenetbnstraintscaleGF block

(nnz=1599) (right) twice-coarsenedonstraintscaleGF block (nnz=671).In eachcase sparsityresultingfrom

thresholdingthe wavelet transformedGF columnsclearly illustratesthe wavelet transforms excellentdecorre-
lation ability. The multiresolutionstructureof the wavelet coefcients is apparenin eachmatrix asa resultof

multiresolutionreorderingof rows andcolumns;noticethe denseunthresholdedaseevel coefcients in thetop

mostrows. Perhapssurprisingfor sucha small model, modestcompressiomatios are alreadybeing obtained:
here" = 0:10 andthelarge block hasretainednnz=4444elementor 25% of the original size.

denotethe hierarchicalGF associateavith thek™ vertex containedon level | anddomain
Dy. Therefore

[Ok:dls [Lkd]r sty [Lk :d] (58)

areall hierarchicalGFsassociatedvith thek!™ vertex herecontainedon the baseevel of
the subdvision connectvity mesh. The hierarchicalwaveletGFs (illustratedin Figure9)
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areeasilyidenti®edby bothatilde andsquarebraclets,e.g.,
Tiksd] = slikdl (59)
7.2 Re nement Relation

HierarchicalGFsandhierarchicalbasisfunctionssharethe samere®nement®lters since
eachhierarchicalGF is expressedn termsof a linear combinationof GFson ®ner levels

by

(kd] = X Nliska) et 5o (60)
j 2K (1+1)
or in operatomotation
b= iyl (61)
This follows from the hierarchicalGF ansatz
IV[|] = " Vii+1] (62)

for alevel | hierarchicalconstraintvy;, after substitutingthe hierarchicaboundarycondi-
tion subdvision equation(56),

V[|] = H|TV[|+1] . (63)
Figure9 providesintuitive picturesof theinducedGF hierarcly,
(ERETEREREIN FET N (T F (64)

7.3 Matrix BVP De nition

While the re®nementelation(61) canbe usedto computecoarsescalehierarchicalGFs
from ®nerresolutionsit is alsopossiblao computehemdirectly usingthede®nitionof the
accompaning hierarchicaboundaryalueconstraintsFor example thethreecolumnsof
thehierarchicalGF |;..q) canbecomputedisingablack-boxsolver, e.g.,FEM, by solving
threeBVPs correspondindo i vertex scalarconstraint i1:k:a](Xi) separatelyspeci®ed
for x, y andz componentgwith othercomponentsetto zero;analogougo Figure3). This
providesanattractve approacho hierarchicallyprecomputingrery large models andwas
usedfor thelarge dragonmodel.

8. HIERARCHICAL CMA

It is possibleto usethe hierarchicalGFsto producevariantsof the CMA from x3.2. The
key bene®tsobtainedrom usinghierarchicalGFsarerelatedto the smallernumberof con-
straints(seeFigurell): (1) anacceleratedastsummation(sincefewer weightedcolumns
needbesummed)(2) smallercapacitancenatricesand(3) improvedfeasibility of caching
potentialcapacitancenatrix elementsat coarsescales.Dueto the 4-fold changen vertex
countperresolutionlevel, the expectedimpactof reducingthe constraintresolutionby J
levelsis

(1) 4’ reductionin constrainicountandnumberof GFsrequiredin CMA summations,
(2) 16’ reductionin numberof capacitancenatrix elements,

(3) 64’ reductionin costof factoringor directly inverting capacitancenatrix,

(4) 4 64’ reductionin CMA cost.
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Fig. 10. Examplewhele Hierarchical GFs are Useful: A nger padin contactwith a “at surfaceis a good
exampleof wherehierarchicalGFsarebene cial, asis ary casewherenumerouslensesurfaceconstraint®ccur
Although the traction eld may containlittle information, e.g., smoothor nearly constantjarge runtime costs
canresultfrom the numberof GFs being summedand/orby the numberof constraintsbeing updatedwith a
CMA. Whetherthedeformationis computedwith the nger pads free boundaryconstraintsnodeledby theuser
specifyingtractionsdirectly, or indirectly usingdisplacementanda CMA, in both caseshierarchicalGFsresult
in smallerboundableuntimecosts.

An illustration of a situationwherethe hierarchicalCMA canbe bene®cialis given in
Figurel0.

It is relatively straight-forvardto constructa nonadaptie hierarchicalCMA thatsimply
limits updateddisplacementonstraintso ®xed levels of resolution. This is the easiest
mechanisnfor providing gracefuldegradationwhenlarge setsof nodesrequireupdating:
if too mary constraintsare beingtoo denselyappliedthey may simply be resohed on a
coarserscale. This is analogougo usinga coarserevel model, with the exceptionthat
the solution,e.g.,displacementsareavailableat a ®ner scale.We have found this simple
approachworks well in practicefor maintaininginteractvity during otherwiseintensie
updatingcasesOnedravbackof thenonadaptie approachs thatit canleadto “popping”
when changingbetweenconstraintresolutions,and the investigation of adaptve CMA
variantsfor which this problemis reducedarefuturework.

8.1 Hierarchical Capacitances

Similar to the nonhierarchicatase hierarchicalcapacitancenatricesare submatriceof
the hierarchicalGFs. We can generalizethe capacitancenodelist de®nitionto include
updatechodalconstraintcorrespondindo hierarchicabasisfunctionsat differentresolu-
tions. We ®rst generalizehe notationof the original (®ne scale)capacitanc@odelist and
capacitancenatrix elementsas

S = (Ki;k2; 1117 ks) (65)
= ([L; kq; da]; [L; ko; dolszios L ks ds]) (66)
Ci =  wikdr (67)

Hierarchicalconstraintghenfollow by replacingL with the appropriatdevel. The CMA
correspondindo coarsened@onstraintscalesfollows immediately aswell asthe factthat
hierarchicacapacitancenatrix inversesanbe updatedo addanddeletehierarchicakon-
straints. Furthermorejt is alsopossibleto mix constraintscalesand constructtrue mul-
tiresolutionupdatesusingthe generalizedie®nition

S = ([a;kasdi]i[l2; ko da]s 20 [lss Ks; ds]) (68)
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G = ki llj okj i1 (69)

Suchadaptvity canreducethe numberof constraintsequiredwhichin turn reducesoth
the numberof GFssummedandthe size of the capacitancenatrix. However, dueto the
additionalcomplity of specifyingadaptve multiresolutionconstraintsat runtime, e.g.,
for aninteractive contactmechanicgproblem,we have not yet exploited this CMA solver
functionalityin practice.Finally, dueto thereducechumberof constraintstherearefewer
andsmallercapacitancenatrices andthis improvesthe effectivenesf cachingstratgies
(seeFigurell).

sy
fa"iﬁi"\g ) 3
= |l e o
) St o o /
e N
L L1 L2

L L1 L2

Fig. 11. Hierarchical CapacitanceMatrices: (Left) Asin Figure9, thematrixview of hierarchicalGF indicates
anapproximatelyfour-fold reductionin columnsat eachcoarseiconstraintesolution.As aresult,the numberof
possiblecapacitancenatrix elementsarereducedaccordingly asrepresentedly the blue matrix blocks. (Right)
An illustrationof the correspondingpatialhierarcly for the supportof acoarsdevel (extraordinaryplinearhat®
scalingfunction. Circlesindicatethe vertex nodes(and basisfunctions)requiredto representhe coarselevel
scalingfunctionat eachlevel.

8.2 Graceful Degradation

For realtime applications hierarchicalcapacitanceplay animportantrole for resolving
constraintson coarserconstraintscalesor adaptvely in general). Considera simulation
with constraintgesohedonlevel H. If it encounters capacitancenatrix inverseupdate
taskwhich requirestoo muchtime it canabortandresortto resolvingthe problemat a
coarserconstraintresolutione.g.,H 1 orlower Inthiswayit is possibleio ®nd acoarse
enoughlevel atwhich thingscanproceedjuickly.

As with all variantsof the CMA, thesedirect matrix solutionalgorithmsprovide pre-
dictable operationcounts,which may be usedto choosean effective real time solution
stratgy.

9. DETAILED GRAPHICAL AND HAPTIC RENDERING

At somescale,thereis little practicalbene®tin seekinghigherresolutionelasticmodels,
andgeometriadetail canbeintroducedby local mapping.

9.1 LOD and Multiresolution Displacement Fields

ThefastsummatiorCMA with waveletGFs(x5) immediatelyprovidesanobviousmecha-
nismfor realtime adaptve level-of-detail(LOD) renderingXia etal. 1997]. This process
is slightly complicatedby the fact that the geometryis deforming,therebyreducingde-
pendencenn statically determinedgeometricquantities,e.g., visibility. While we have
not exploredrealtime LOD in our implementationjt wasanimportantalgorithmdesign
considerationlt alsoprovidesan extra mechanisnfor real time gracefuldegradationfor
dif®cult CMA constraintroblems.
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9.2 Hierachical GFs and Geometric Detail

A favourableexploitation of spatialscalesis obtainedby using hierarchicalGFs, since
interactionsresoled on relatively coarseconstraintsscalesnaturally allow visualization
of ®ne scalegeometryand displacemen®elds. Even when coarselevel constraintsare
used,®ner scaledisplacemen®eldsarestill available—possiblycomputedrom an highly
accurataliscretization.

Thereis however an interestingtransitionat somespatialscalefor which the GF dis-
placemen®eldscontainlittle moreinformationthanis obtainedby displacemeninapping
a geometricallycoarseresolutionmodel. By evaluatingGF displacemen®eldsonly to a
suitabledetail level, the deformedgeometrycanthenbe mappedo ®ner scalesvia bump
and/ordisplacementnappingpossiblyin graphicshardware. We have useddisplacedsub-
division surfaces(DSS)[Lee et al. 2000] to illustratethis, partly becauseahey work well
with deformingmeshes.

Onessigni®cantconcernwhendisplacemenmappingcoarsemodelsis thatit canlead
to inexact displacementonstraints.This problemis exaggeratedy DSSeven for small
changegdue to mapping,becausehe Loop subdvision step corverts our interpolating
constraintscaling functionsinto noninterpolatingones. Intuitively, this occursbecause
adjacentertex displacementsomputedoy CMA for thecoarsecontrolmeshareaveraged
duringthe subdvision processthusleadingto inexactconstrainvalues.Thisis in contrast
to the interpolatingconstraintsachiezed with hierarchicalGFs. Neverthelessfor ®nely
meshednodelsthe mismatchcausedy displacementmappingis reduced.

One settingfor which we have found DSSto be still very usefulis for haptic force
feedbackapplicationsinvolving point-like contacts.Here perceptuaproblemsrelatedto
surfacepenetratiordueto inaccuratesurfacedisplacementonstraint@arecommonlyover-
comeby a “god-objectapproach”[Zilles and Salistury 1994]in which a proxy for the
objectin contactwith the surfaceis alwaysdravn on the surface(the “god” object)re-
gardlessof whetheror not penetratioroccurs. We have successfullyusedthis in several
point-like contactinteractive forcefeedbacksimulationse.g.,seeFigure12.

9.3 Force Feedback Rendering of Detall

In additionto graphicalrendering,surface detail may also enhanceorce feedbackren-
deringby usingnormalmapsto modulatepoint contactfriction forces|Morgenbesseand
Srinivasanl996]asis donein commerciaforcefeedbaclksystemse.g.,[Reachin]. In this
way, the hierarchicalGFs parameterizeéhe coarsescaleforce responsef the compliant
surface while thenormalmapsrendersurfacedetail.

10. RESULTS

In additionto theimagesandexamplesalreadypresentedresultspresentedhereillustrate
the effectivenesof methodspresentedor wavelet GF compressionfastsummationand
hierarchicaltechniques.An accompaying video illustratesour modelsusedin a force-
feedbaclksimulation.

All multiresolutionanalysisis performedon the 3 domain,and GF compressions
concernedviththe o o GF self-efectblock, sinceit is of greatespracticalimportance

in simulations.As areminder this GF block describesurfacedisplacment®n g dueto
tractionsappliedto 8. Severalmodelshave beenanalyzedandaredescribedn Tablel.
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Fig. 12. Elastically DeformedDisplacedSubdivisionSurfaces:Displacedsubdvision surfacesprovide a natural

extensionto an hierarcly of elasticspatialscales. In this example,a level 2 elasticrabbit modelis rendered
on level 5 using displacemenmapping(computedin software). In additionto providing exact displacement
constrainton detailed(or just subdvided) surfaces hierarchicalGFsallow greaterelasticcontentto be depicted
thansimple displacementmappingof coarsegeometry In eithercase suchapproachesaneffectively transfer
theruntimesimulationburdenalmostentirelyto graphicalrendering.

A fair estimaté of the numberof tetrahedran correspondinginiform tetrahedralizations
arealsostated.

(Model || Tetra| Face|Verte,n|jDomairj [jM (1)] | MB |
Rabbit2 872 320 162 133((9,25,99) .64
Rabbit3 6903 1280 642 537((9,26,101,401) 10
Rabbit4 || 54475 5120 2562 2145 (9,26,100,404,1606) 166

[Dragon3][176702 19840]  9920]  7953](123,372,1495,5963p277]

Table I. Propertiesof rabbit and dragon modelsusedin multiresolution experiments.
Columnsare provided for the numberof trianglesand verticeson the boundary an es-
timateof the numberof tetrahedrdor a uniform tetrahedralizatiorandthe sizeof the 3

domainalongwith its partitionedlevel structureon which the wavelet GFsareanalyzed.
For comparisonthe last columnindicatesthe memorysize (in MB) of the otherwiseun-

compressedense g0 matrix of 32-bit oats.

6 Tetrahedracounts are basedon dividing the volume of the model, V, by the volume of a regular
tetrahedronVtet , with trianglefaceareaequalto the meshs meanfaceareaa:

1
192% \%
a% ) #T etrahedra d—— e

Viet = 3
9 0:4126a2
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10.1 Note on Java Timings

Timingsarereportedaterfor precomputatiorfTablell), elemenextraction(Tablelll) and
fastsummation(Figure17). All timings were computedon a Pentiumlll-450MHz ma-
chinewith 256MB, runningWindows 98 andthe SunJDK 1.2.2JVM. Basedon the aver-
ageperformancef therepresentatie 3-by-3blockedmatrix-vectormultiplication(18*537
op in 0.19ms)this Java computingenvironmentis approximatelyratedat a modest1
MFlops. Signi®cantlybetterperformancgtenfoldimprovements)are possibleusingcur
renthardwarewith optimizedlinearalgebrdibraries.

10.2 Wavelet GF Compression and Error Examples

This sectionshavs that substantialGF compressiorcan be obtainedat the cost of in-
troducingvery practicallevels of approximationerror The practicalconsequences that
specifyingthe level of simulationerror allows the speedupf our interactive simulations
to bedirectly contolled, andthisis extremelyusefulfor realtime applications.

10.2.1 Measuesof Error. Foragivenlevel of compressionyve give two measuresf
the error in the reconstructedsF matrix block ™ o o relative to the exactvalue o o.
The®rst errorestimates basedn therelative FroBe?wius(or Euclidean)hormof theeprrE)r,
herecalledthe“RMS” error:

RMs= 88 gk
K o oke ’

PP

(70)

andis a robust estimateof the averageGF matrix elementerror. The secondestimate
providesa measuref the maximumrelative blockwiseerrorover all GFs,herecalledthe
“MAX” error:

AN

KE's '} kir

71
KE™y jki (71)

M AX = max
i2 3

wherek kj g isde®nedn (32,p. 16).

10.2.2 RabbitModel. Compressionmesultsfor the ®ve (L = 4) level rabbit modelof
Figurel (p. 3) areshavn in Figure 14. An imageof the compressed@F matrix for the
smallerL = 2 rabbit modelwasalsoshawn earlierin Figure9 (p. 22)). In generalthe
resultsindicatea trendtoward greatercompressiomatiosfor largermodels(this is charac-
terizedfurtherin x10.3). In orderto illustratethe performancéene®tof lifting theLinear
andButter y wavelets,resultsobtainedusingthe unlifted basesarealsoshavn for refer
ence.To avoid clutterin our plots, the generallylesseffective unlifted waveletresultsare
plottedin alighter color for clarity. Graphicaldepictionof the errorsassociateavith GF
compressiorare shovn in Figure 13. Somerepresentatie precomputatiortimesfor the
rabbitBEM modelsareshovn in Tablell.

Therelationshipof relatve RMS andMAX errorsto therelative thresholdingolerance,
", for variouswavelets,is shavn in Figurel5 (L = 4). Interestinglythebehaior of errors
for Linear and Butter y waveletsare nearly identical for respectre lifted and unlifted

types.
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"=0:01 "=0:05 "=0:20

Fig. 13. Rabbitmodel(L = 4) approximatewaveletGF reconstructiondor lifted Linear waveletsat three
thresholds," = (0:01; 0:05; 0:20), correspondindo compressiorfactorsof (8:4; 25; 68). Threehierarchical
GFsareshavn with constraintevels 2 (top row),3 (middle row) and4 (bottomrow), andwerecomputedusing
there nementrelationfrom ne scale(level 4) thresholded5Fs. Relative errorsproportionalto thethresholdare
visible,especiallyin theneighbourhoodf therabbit'snosewhereanexaggerateshormaldisplacementonstraint

hasbeenappliedto eachmodel.
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Wavelet GF RMS Error Versus Compression Wavelet GF MAX Error Versus Compression
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Fig. 14. Rabbitmodel(L = 4): WaveletGF error versuscompession
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Fig. 15. Rabbitmodel(L = 4): WaveletGF error versusthresholdingtolerance: (Left) Linearwavelets;(Right)
Butter ywavelets.

[ Model || Tetra | Face | Vertex,n | jDomairj | Precomp| Sim(ms) |
Rabbit2 872 320 162 133 1.8min 0.07
Rabbit3 6903 | 1280 642 537 40min 0.33
Rabbit4 54475 | 5120 2562 2145 9 hours 1.3

Tablell. Green’s Functionprecomputatiorand simulationtimes for rabbitBEM models.Only GFscorrespond-
ing to moveablefreevertices(in g) wereprecomputedandrepresentatie timesarelisted (Precomp).Thelast
columnindicateghat(sub)millisecondyraphics-loogomputationgSim) arerequiredto determinghepoint-like
contactdeformationresponsef eachmodels free boundarye.g.,for force feedbacksimulations.(*Note: The
rabbit4 modelwasprecomputen an8-way Pll1-450MHz machine.)

10.3 Dependence of GF Compression on Model Complexity

To betterunderstandiow compressiomr fastsummatiorspeedupatesdependon the g

domainresolutionof a model,the ratio of fastsummationspeedugdactorsfor modelsof
adjacentesolutions(L + 1) andL, areshavn in Figure16 asa function of relatve RMS
error. Givenamodelwith m verticesin its g domain,thefastsummatiorspeedugactor
is de®nedastheratio of the numberof denseGF elementsn?, to the numberof nonzero
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waveletGF blocks,nnz, or
2

speedugm) = W (72)
Theratio of speedugor two adjacentevelswith m and4m verticesis therefore
speedug4m) _ (4m)?> nnz(m;") _ 16nnz(m;") (73)
speedugm)  nnz(4m;") m2  nnz(4m;") "’

To provideintuition, lineardependencef thenumberf nonzeroshnz (m; "), onm would
yield aratio of 4, whereador nnz(m; )= C-mlog m, 0, onewould obtain
speedugdm) _ 4log (m)

speedugm) ~ log (4m) (74)

While the limited informationin Figure 16 doesnot allow usto con®dentlyestimatethe
exactdependencef nnz on m, it doesprovide a very usefulobsenation regardingthe
dependencef theratio of fastsummatiorspeedupsn error: in practicethereis little im-
provementin relative speedugbetweerresolutionsoncethe RMS errorlevel hasincreased
to acertainlevel.

Dependence of GF Compression on Model Resolution

—<— Speedup(L=4) / Speedup(L=3)
o~ Speedup(L=3) / Speedup(L=2)

Interlevel Ratio of Speedup Factors
N

. . . . . .
0 0.02 004 006 008 01 012 014
Relative RMS Error

Fig.16. Rabbitmodel: Dependencef GF compessionon modelresolution

10.4 \Verication of Fast Summation Speedup

Fastsummatiorspeeduparedirectly relatedto the compressiomchieved usingwavelets.
Experimentakvidencefor thelineardependencef fastsummatiorspeedupn GF com-
pressiorisillustratedin Figurel7. Ourruntimesimulationssxperiencectloseto a propor

tional speed-upwith the inverselifted Linear wavelet transformbeingapproximatelyas
costlyasanextranormalcomputationWe do notuseButter y waveletsfor ourinteractve

simulationbecausehe nggligible compressiorbene®ts(if ary) do not outweighthe in-
creaseaostof theinversewavelettransforni. As thenumberof constraintsncreasesnd
GF responsesummationgddominatethe graphicssimulationcost, speedupgrom wavelet
fastsummatiordirectlytranslateinto speedup$or interactivesimulations.

"Buttery subduision requiresaveragingof 4 times as mary valuesas Linear, however it can be ef ciently
implementedo beonly twice ascostly
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Fast Summation Time per GF (Rabbit 3 Model; |domain|=537)
T T T T T T T

— Dense GF Sum
O Wavelet GF Sum

0.25

Average Time per GF (ms)
o

Wavelet GF Denstty
Fig. 17. Fastsummationcostper GF summed: Comparisonof wavelet GF fastsummationtimings (in mil-

liseconds)of arabbitmodel(L = 3, 537 vertex domain)with denseGF matrix multiplication (horizontalline,

time=0.19ms/GHFjor full matrix multiplication. Thelineardependencen nonzeroGF matrix elementon rms

the costanalysisof x5.5 (equation50, p. 19): fastsummationcostsare directly proportionalto the numberof

nonzerowavelet GF elements.Timings arefor the lifted Linear wavelets,for which the inverseFWT requires
0.38ms.

L L
0 0.1 0.2 03

10.5 Timings of Selective Wavelet Reconstruction Operations, (ETW 1)

Theperformancef inverseFWT operationdor the extractionof GF block elementgx5.3)
areshavn in Tablelll for anunoptimizedrecursve elementreconstructiorimplementa-
tion usingLinearwavelets. Theimplementatiors reconstructiorof eachelementnvolves
redundantalculationoverheadf approximatelya factorof two. Neverthelessthesepes-
simistictimesaresuf®ciently fastfor practicaluseandcanbe optimizedfurtherusingthe
approachementionedn x5.3.

# Levels 2| 3 4
Time/block, sec || 8 | 20 | 36

Tablelll. Pessimisti¢cimingsof selectiveeconstructioropemationsfor GF 3-by-3blockelemenextraction.Block
extractiontimes arelisted as a function of the numberof resolutionlevels (# Levels) that mustbe adaptvely
reconstructedo obtaintheelement.

10.6 Wavelet Compression of Hierarchical Green's Functions

Waveletcompressiomesultsareshovn in Figure 18 for hierarchicalGFscorrespondingo
the rabbitmodel. Compressiorbehaiors for eachlevel of the GF hierarcly areapprox-
imately the same,althoughthe coarserand thereforesmootherGF levels resultin only
slightly bettercompressiorior a given RMS error, with this beingmoreapparenfor the
smoothelifted Butter y basis.Figure19displaysRMSreconstructiorerrorversughresh-
oldingtoleranceor eachlevel of thehierarcly. Theapproximatelyequivalentcompression
ratesfor GFsacrossconstraintscalesmplies that a fourfold reductionin constraintper
coarseneaonstrainevel resultsin approximatelya fourfold speedupn fastsummation
for agivenlevel of error

Thefour-level dragon(L = 3) is our largestmodel,with 19840faces9920vertices,and
7953verticesn the g domainpartitionedacrosdgour levelsof sizeg(123; 372 1495 5963)
In orderto reducethe precomputatioriime, we only computedhierarchicalGFs at the
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Hierarchical Wavelet GF RMS Error Versus Compression Hierarchical Wavelet GF RMS Error Versus Compression
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Fig. 18. Rabbitmodel(L = 4): Hierarchical waveletGF error versuscompession:(Left) Lifted Linear; (Right)
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Hierarchical Wavelet GF Reconstruction Error Hierarchical Wavelet GF Reconstruction Error
02 T T T T T T T | 0 - T T T T T T |
o L= o L=4,H=3
L= L=4, H=2
018H 4 L= B 018H 4 =4, H=1 B
L L=4, H 4+ L=4,H=0
— THRESHOLD, e — THRESHOLD, e
016 q 016 q
0141 4 014F 4
§ 0121 - § 0121 -
i i
o 01f - o 01f S
= oo ©° = o0 °
x 00 ° o 0. °
0081 q 0081 &0 4
g
o
o *
0.06| 50 PR 0.06 5o PR
0© ¥ % ot 0® [ +
o P o P
ol f X XTI E 4 o©° % ¥
004 e 1111‘++* 4 004 © R 4
jreert? prrrtET
L *¥ B L % B
0.02 ¥¥¥$$ 0.02 ¥$$¢*
i i i i ; i i i i ; i i i i ; i i i i ;
002 004 006 008 01 012 014 016 018 02 002 004 006 008 01 012 014 016 018 02
Threshold Tolerance,e Threshold Tolerance,e
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coarsestl = 0) constraintscale(illustratedin Figure8, p. 20), resultingin 123 GFspre-

computednsteadof 7953. Thedeformationsassociateavith thesecoarsdevel constraints
arevery smooth(shavn in Figure22 (p. 35), andfor this reasorthe goodcompressioris

achieved (seeFigures20and21).

11. SUMMARY AND CONCLUSIONS

This paperhasoutlined a multiresolutionframenork for interactize simulationof large-
scaleGreens function (GF) basedphysical modelswhich is a signi®cantimprovement
over previously known approachesOur contrikution builds on Capacitancéatrix Algo-
rithm (CMA) approachefor simulatingprecomputedsF modelsassociatedvith discrete
approximationf linear elliptic partial differentialequationssuchasfor elastostatiob-
jects. The numerousnultiresolutionenhancementpresentedhere (hierarchicalwavelet
GFs,fastsummationCMA, multiresolutionconstraints)pffer dramaticimprovementsin
theoverall effectivenesof the CMA, andgreatlyextendthecompleity of modelsthatcan
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be interactvely simulatedandalsoprecomputedlin particular the fastsummationsimu-

lation enhancementahich exploit wavelet GF compressiomwere highly successful:we

have shavn thathundredfoldreductionsin interactve simulationcostsfor geometrically
compl« elasticmodels(dragonL = 3) canbe achieved at acceptabldevels of error (5%

RMS), andthatsimilar compressiomatesarein factpossiblefor a wide rangeof wavelet

schemesWith theseémprovementsn ef®cieng/ andextensiondor large-scalesimulation,
interactve GF-basednodelswill be of muchgreaterusein interactve computergraph-
ics, computerhaptics,andrelatedapplicationssuchasvirtual prototyping,video games,
characteanimation sugical simulation,andinteractve assemblyplanning.

11.1 Future Work

Thereare a numberof promisingdirectionsfor future researctwith perhapghe largest
areabeingthesimulationandvisualizationof otherphysicalsystemsotdirectly relatedto
elastostatics.g.,thermostaticshydrostaticselectrostaticsetc. For elasticity we arealso
investicating extensionsfor geometricand materialnonlinearitieswhich canstill exploit
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Fig. 22. Deformeddragon model(L = 3) shawn in a force feedbacksimulation, contactedby a small white
ball (force directionindicatedby arrav). The undeformedmodelis shavn in the top left image, while other
imagesillustratehierarchicalGF deformationglueto forcesresohedon constraintevel 0. This very largemodel
compresseeaxtremelywell (approx.factorof 100at5% RMS error)andis thereforesuitablefor interactve force
feedbacksimulation.

aspectof thefastprecomputedsF simulationapproach.

The bene®tof otherwaveletschemeshouldbe studiedfor compressiofimprovements
and practicalconcernssuchasthe accommodatiorof commondiscretizationsand de®-
nitions on irregular (base)meshes.Otherissuesrelatedto smoothnessf discretization
spaceslarger models,and high accurag toleranceshouldalsobe considered.Recently
it hasbeenshavn that smoothwaveletsbasedon Loop subdvision canachieve excellent
compressiomatiosfor complicatedgeometrie§Khodakovsky et al. 2000] at the cost of
an expensve (but hereaffordable)forward transform,andtheseschemesvould have de-
sireablepropertiesherefor compressionsummationand visual smoothnessas well as
storageandtransmissior{the centralmotivationin [Khodakovsky etal. 2000]). Thisis an
avenuefor future researchhowever we notethat our resultsdo not initially suggesthat
suchwaveletswill provide signi®cantimprovement.

The compressiomf GF matrix blocksotherthanthe free surfaceself-efect (illustrated
in Figure 6, p. 13) shouldbe investicgated; preliminary studiesindicatethat this is also
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effective. Algorithms for adaptve multiresolutionapproximationof contactconstraints
for real time simulationare needed. Collision detectionfor deformableobjectscan be
optimizedfor LEGFMs giventhe ef®cient accesgo statevaluesandsensitvities. Issues
relatedo thestablesimulationof modelswvhich containerrorsneedo bebetterunderstood;
this is centrallyrelatedto the simulationof wavelet compressednodelsandalsomodels
acquiredwith physical measurementLastly, the methodspresentedhereare suitablefor
hardrealtime simulationervironmentsandcould be furtherstudiedin sucha context.
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