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Figure 1: Overview of our approach: (a) Given a deformablescene,suchas cloth on a user-movable door, we precompute(impulsive)
dynamicsby driving thescenewith parameterizedinteractionsrepresentative of runtimeusage.(b) Model reductionon observeddynamic
deformationsyieldsa low-rankapproximationto thesystem's parameterizedimpulseresponsefunctions.(c) Deformedstategeometriesare
thensampledandusedto precomputeandcoparameterizearadiancetransfermodelfor deformableobjects.(d) The�nal simulationresponds
plausiblyto interactionssimilar to thoseprecomputed,includescomplex collisionandglobalilluminationeffects,andrunsin realtime.

Abstract

We presentan approachfor precomputingdata-driven modelsof
interactive physically baseddeformablescenes.The methodper-
mitsreal-timehardwaresynthesisof nonlineardeformationdynam-
ics, includingself-contactandglobalillumination effects,andsup-
ports real-timeuserinteraction. We usedata-driven tabulation of
thesystem's deterministicstatespacedynamics,andmodelreduc-
tion to build ef�cient low-rank parameterizationsof the deformed
shapes.To supportruntime interaction,we also tabulate impulse
responsefunctionsfor a paletteof externalexcitations. Although
ourapproachsimulatesparticularsystemsunderveryparticularin-
teractionconditions,it hasseveral advantages.First, parameteriz-
ing all possiblescenedeformationsenablesusto precomputenovel
reducedcoparameterizationsof global sceneillumination for low-
frequency lightingconditions.Second,becausethedeformationdy-
namicsareprecomputedandparameterizedasa whole, collisions
are resolved within the sceneduring precomputationso that run-
time self-collisionhandlingis implicit. Optionally, thedata-driven
modelscan be synthesizedon programmablegraphicshardware,
leaving only thelow-dimensionalstatespacedynamicsandappear-
ancedatamodelsto becomputedby themainCPU.

CR Categories: I.3.5[COMPUTERGRAPHICS]:Computational
Geometry and Object Modeling—Physically based modeling;
I.6.8 [SIMULATION AND MODELING]: Typesof Simulation—

Animation;

Keywords: Deformations,NaturalPhenomenaAnimation,Phys-
ically BasedAnimation,PhysicallyBasedModeling

1 Intr oduction

Deformationis an integral part of our everydayworld, anda key
aspectof animatingvirtual creatures,clothing, fracturedmateri-
als, surgical biomaterials,and realistic naturalenvironments. It
alsoconstitutesa specialchallengefor real-timeinteractive envi-
ronments.Designersof virtual environmentsmaywish to incorpo-
ratenumerousdeformablecomponentsfor increasedrealism,but
often thesesimulationsareonly of secondaryimportanceso very
limited computingresourcesareavailable.Unfortunately, many re-
alistic deformablesystemsarestill notoriouslyexpensive to simu-
late; robustly simulatinglarge-scalenonlineardeformablesystems
with many self-collisionsis fundamentallyexpensive[Bridsonetal.
2002], and doing so with real-time constraintscan be onerous.
Perhapsas a consequence,very few (if any) major video games
have appearedfor whichcomplex deformablephysicsis a substan-
tial component.Numerousself-collisionscomplicatebothruntime
simulationand precomputationof interestingdeformablescenes,
andarealsoa hurdlefor synthesizingphysicalmodelsin real-time
graphicshardware. Finally, realisticreal-timeanimationof global
illumination effects is alsovery expensive for deformablescenes,
largely becauseit can not be precomputedas easily as for rigid
models.

Thegoalof this paperis to strike a balancebetweencomplexity
andinteractivity by allowing certaintypesof interactivedeformable
scenes,with very particularuser interactions,to be simulatedat
minimal runtimecosts.Ourmethodtabulatesstatespacemodelsof
thesystem'sdeformationdynamicsin away thateffectively allows
interactive dynamicsplaybackat runtime. To limit storagecosts
andincreaseef�ciency, we projectthestatespacemodelsinto very
low-dimensionalspacesusingleast-squares(Karhunen-Lo�eve) ap-
proximationsmotivatedby modalanalysis.Onemightnotethatthe



highly complex geometryof dynamicalsystems'phaseportraits,
evenfor modestsystems,suggeststhatit maybeimpracticalto ex-
haustively samplethe phaseportrait [Guckenheimerand Holmes
1983;AbrahamandShaw 1992]. Fortunately, this is unnecessary
in our case.Our goal is not to exhaustively samplethe dynamics
to aspeci�edaccuracy, norbuild acontrolsystem,insteadwewish
only to plausiblyanimateorbits from the phaseportrait in a com-
pelling interactive fashion.To this end,we samplethephasespace
dynamicsusing parameterizedimpulseresponsefunctions(IRFs)
that have the bene�t of beingdirectly “playable” in a simulation
provided the systemis excited in similar contexts. We usesmall
cataloguesof interactionsde�ned in discreteimpulsepalettesto
constrainthe rangeof userinteraction,andthusreducethe effort
requiredto tabulatesystemresponses.Thisdiminishedrangeof in-
teractionandcontrol is a trade-off that canbe suitablefor virtual
environmentswhereinteractionmodalitiesarelimited.

A major bene�t of precomputinga reducedstatespaceparam-
eterizationof deformableshapesis thatwe canalsoprecomputea
low-rankapproximationto thescene's globalillumination for real-
time use.To addressrealisticappearancemodelingwe build on re-
centwork by Sloan,KautzandSnyder[2002] for radiancetransfer
approximationsof globalillumination for diffuseinterre�ectionsin
low-frequency lighting environments.Datareductionis performed
on the spaceof radiancetransfer�elds associatedwith the space
of deformablemodels. The �nal low-rank deformationandtrans-
fer modelscanthenbe synthesizedin real-timein programmable
graphicshardwareasin [JamesandPai 2002a;Sloanetal. 2002].

1.1 Related Work

Deformableobjectsimulationhashada long history in computer
graphics,andenormousprogresshasbeenmade[Weil 1986;Ter-
zopouloset al. 1987; Pentlandand Williams 1989; Baraff and
Witkin 1998; O'Brien and Hodgins1999; Bridson et al. 2002].
Morerecently, attentionhasbeengivento techniquesfor interactive
simulation,andseveralapproacheshave appearedthat tradeaccu-
racy for real-timeperformance.For example,adaptivemethodsthat
exploit multiscalestructureareveryeffective [Debunneetal. 2001;
Grinspunetal. 2002;Capellet al. 2002;JamesandPai 2003].

In this paperwe are particularly interestedin data-driven pre-
computionfor interactive simulationof deformablemodels.Prior
work includes Green's function methods for linear elastostat-
ics[Cotinetal.1999;JamesandPai1999;JamesandPai2003],and
modalanalysisfor linear elastodynamics[PentlandandWilliams
1989;Stam1997;JamesandPai 2002a].Thesemethodsoffer sub-
stantialspeedups,butunfortunatelydonoteasilygeneralizetomore
complex, nonlinearsystems(althoughsee[JamesandPai 2002b;
Kry etal. 2002]for quasistaticarticulatedmodels).

Dimensionalmodel reduction using the ubiquitous principal
componentanalysis(PCA) method[Nelles2000]is closelyrelated
to shapeapproximationmethodsusedin graphicsfor compressing
time-dependentgeometry[Lengyel1999;Alexa andMüller 2000]
and representingcollectionsof shapes[Blanz and Vetter 1999;
Sloanet al. 2001]. For deformation,it is well-known that dimen-
sionalmodelreductionmethodsbasedon least-squares(Karhunen-
Lo�eve) expansionsyield optimal modaldescriptionsfor small vi-
brations[Pentlandand Williams 1989; Shabana1990], and pro-
videef�cient low-rankapproximationsto nonlineardynamicalsys-
tems[Lumley 1967].Weusesimilar least-squaresmodelreduction
techniquesto reducethedimensionof our statespacemodels.Fi-
nally, onlinedata-reductionhasbeenusedtoconstructfastsubspace
projection(Newmark) time-steppingschemes[Krysl et al. 2001],
however our goal is to avoid runtimetime-steppingcostsentirely
by tabulatingdata-drivenstatespacemodelsusingIRF primitives.

Our work is partly motivatedby programmablehardware ren-
deringof physicaldeformablemodelsusinglow-ranklinearsuper-

positionsof displacement�elds. Applicationsincludemorphable
models,linearmodalvibrationmodels[JamesandPai 2002a],and
data-drivenPCA mixturemodelsfor characterskinning[Kry et al.
2002]. Key differencesarethat (a) we addresscomplex nonlinear
dynamicswith self-collisions,and (b) our appearancesare based
on low-rank approximationsto radiancetransfer�elds insteadof
surfacenormal�elds.

Data-driven tabulation of statespacedynamicsis an important
strategy for identifying andlearninghow to control complex non-
linearsystems[Nelles2000].Grzeszczuketal. [1998] trainedneu-
ral networks to animatedynamicalmodelswith dozensof degrees
of freedom,and learnedthe in�uence of several control parame-
ters. ReissellandPai [2001] trainedcollectionsof autoregressive
modelswith exogenousinputs(ARX models)to build interactive
stochasticsimulationsof acandle�ame silhouetteandafalling leaf.
In robotics,Atkesonet al. [1997] avoid the dif�culties andeffort
of training a global regressionmodel,suchasneuralnetworks or
ARX models. Insteadthey use“locally weightedlearning” to lo-
cally interpolatestatespacedynamicsandcontrol data,andonly
whenneededat runtime,i.e., lazy learning. Our data-driven state
spacemodeldiffers from thesethreeapproachesin several ways.
Most notably, our methodsacri�cesthequality of continuouscon-
trol in favor of a simplediscrete(impulsive) interaction. This al-
lows us to avoid learningand(local) interpolationby usingsam-
pleddata-driven IRF primitivesthatcanbedirectly “playedback”
atruntime;thispermitscomplex dynamics,suchasnonsmoothcon-
tactandself-collisions,to beeasilyreproducedandavoidstheneed
to generalizemotionsfrom possiblyincompletedata. The simple
IRF playbackapproachalsoavoids runtimecostsassociatedwith
statemodelevaluation,e.g., interpolation. Anothermajor differ-
enceis thatour methodusesmodelreductionto supportvery large
dynamicalsystemswith thousandsor millions of degreesof free-
dom. Data-reductionquality canlimit the effectivenessof the ap-
proachfor largesystems,but moresophisticateddatacompression
techniquescan be used. Finally, our statespacemodel includes
globalilluminationphenomena.

Our blendingof precomputedorbital dynamicssegmentsis re-
latedto Video Textures[Schödl et al. 2000],whereinsegmentsof
videoarerearrangedandpiecedtogetherto form temporallycoher-
ent imagesequences.This is alsorelatedto synthesisof character
motionsfrom motioncapturedatabasesusingmotion graphs[Ko-
var et al. 2002;Leeet al. 2002]. Importantdifferencesarethatour
continuousdeformabledynamicsandappearancemodelscanhave
a potentiallymuchlargerstatespacedimensionality, andthephys-
ical natureof datareductionis fundamentallydifferent than,e.g.,
charactermotion. Also, the phenomenagoverning dynamicseg-
menttransitionsarequitedifferent,andwe arenot concernedwith
theissueof control,somuchasphysicalimpulseresolution.

Global illumination and physically baseddeformationare his-
torically treatedseparatelyin graphics. This is due in part to the
factthatlimited renderingprecomputationscanbeperformed,e.g.,
dueto changingvisibility. Consequently, real-timemodelanima-
tion hasbene�ttedsigni�cantly from the advent of programmable
graphicshardware[Lindholm etal. 2001]for generallighting mod-
els [Peercy et al. 2000;Proudfootet al. 2001;Olanoet al. 2002],
stenciledshadows [Everitt andKilgard2002], ray tracing[Purcell
et al. 2002], interactive display of precomputedglobal illumina-
tion models[Heidrich 2001],andradiancetransfer(for rigid mod-
els)[Sloanetal. 2002].

Our contrib ution: In this paperwe introducea precomputed
data-drivenstatespacemodelingapproachfor generatingreal-time
dynamic deformablemodelsusing black box of�ine simulators.
Thisavoidsthecostof traditionalruntimecomputationof dynamic
deformablemodelswhennotabsolutelynecessary. Theapproachis
simpleyet robust,canhandlenonlineardeformations,self-contact,



and large geometricmodels. The reducedphasespacedynamics
modelalsosupportstheprecomputationanddatareductionof com-
plex radiancetransferglobal illumination modelsfor real-timede-
formablescenes.Finally, the data-driven modelsallow dynamic
deformablescenesto be compiled into shadersfor (future) pro-
grammablegraphicshardware.

Scope of Deformation Modeling: Our approachis broadly
applicableto modelingdeformablescenes,andcanhandlevarious
complexities due to materialand geometricnonlinearities,nons-
moothcontact,andmodelsof very largesize.Giventhecombined
necessityof (a) stationarystatisticsfor model reductionand (b)
samplinginteractionsfor typical scenarios,the approachis most
appropriatefor scenesinvolving physicalprocessesthatdo not un-
dergo major irreversiblechanges,e.g., fracture. Put simply, the
more repeatablea system's behavior is, the more likely a useful
representationcanbe precomputed.Our examplesinvolve struc-
tured,nonlinear, viscoelasticdynamicdeformation;all modelsare
attachedto a rigid support,andreachequilibria in �nite time (due
to dampingandcollisions).

2 Data-Driven Deformation Modeling

At the heartof our data-driven simulatoris a strategy for replay-
ing appropriateprecomputedimpulseresponsesin responseto user
interactions.Thesedynamicaltime seriessegments,or orbits (af-
ter Poincaŕe [1957]), live in a high-dimensionalphasespace, and
the set of all possibleorbits composesthe system's phasepor-
trait [Guckenheimerand Holmes1983]. In this sectionwe �rst
describethebasiccompresseddata-drivenstatespacemodel.

2.1 Deterministic State Space Model

We modelthe discreteevolution of a system's combineddynamic
deformationstate,x, andglobally illuminatedappearancestate,y,
by anautonomousdeterministicstatespacemodel[Nelles2000]:

DYNAMICS : x ( t +1) = f (x ( t ) ; � ( t ) ) (1)

APPEARANCE: y( t ) = g(x ( t ) ) (2)

whereat integertimestept,

� x ( t ) is thedeformablesystemstatevector, whichdescribesthe
positionandvelocityof pointsin thedeformablescene;

� � ( t ) aresystemparametersdescribingvariousfactors,suchas
generalizedforcesor modeleduserinteractions,thataffectthe
stateevolution from x ( t ) to x ( t +1) ;

� y( t ) aredependentvariablesde�ned in termsof thedeformed
statethat describeour reducedappearancemodelbut do not
affect thedeformationdynamics;and

� f andg are,in general,complicatednonsmoothfunctionsthat
describeourdynamicsandappearancemodels,respectively.

Differentsystemmodelscanhavedifferentde�nitions for x, � and
y, andwewill provideseveralexampleslater.

2.2 Data-driven State Spaces

Our data-driven deformationmodelingapproachinvolvestabulat-
ing the f function indirectly by observingtime-steppedsequences
of statetransitions,(x ( t +1) ; x ( t ) ; � ( t ) ). By modelingdeterministic
autonomousstatespaces,f doesnotexplicitly dependontime,and

precomputedtabulationscanbereusedlater to simulatedynamics.
Data-driven simulation involves carefully reusingtheserecorded
statetransitionsto simulatetheeffect of f (x; � ) for motionsnear
thesampledstatespace.

Phase por trait notation: We modelthestatespaceasa col-
lectionof precomputedorbits,whereeachorbit is de�nedby atem-
poralsequenceof statenodes,x ( t ) , connectedby timestepedges,
e = (x ( t +1) ; x ( t ) ; � ( t ) ). Without lossof generality, wecanassume
for simplicity that all time stepshave a �x ed stepsize� t (which
may be arbitrarily small). The collection of all precomputedor-
bits composesour discretephaseportrait, P , andis a subsetof the
full phaseportraitthatdescribesall possiblesystemdynamics.Our
practicalgoal is to constructa P that providesa rich enoughap-
proximationto thefull systemfor aparticularrangeof interaction.

2.3 Dimensional Model Reduction

Discretizationsof complex deformablemodelscaneasily involve
thousandsor millions of degreesof freedom(DOF).A clothmodel
with v moving verticeshas3v displacementand3v velocity DOF,
so thediscretephaseportrait is composedof orbitsevolving in 6v
dimensions;for just1000vertices,data-drivenstatespacemodeling
alreadyrequirestabulatingdynamicsin 6000dimensions.Synthe-
sizinglargemodeldynamicsdirectly, e.g.,usingstateinterpolation,
would thereforebebothcomputationallyimpracticalandwasteful
of memoryresources.

To compactlyrepresentthephaseportraitP , we �rst usemodel
reductionto reducestatespacedimensionalityandexploit temporal
redundancy. Heremodelreductioninvolvesprojectingthesystem's
displacement(andother)�eld(s) into a low-rankbasisderivedfrom
theirobserveddynamics.Wenotethatthedatareductionprocessis
ablackboxstep,but thatweusetheleast-squaresprojection(PCA)
sinceit providesan optimal descriptionof small vibrations[Sha-
bana1990], and can be effective for nonlineardynamics[Krysl
etal. 2001].

2.3.1 Model Reduction Details

Given the set of all N statenodesin P observed while time-
stepping,weextractthevertex positionsof eachstate'scorrespond-
ing geometricmesh(for verticeswe wish to later synthesize).By
subtractingoff the meanpositionof eachvertex (or key represen-
tative shape),we obtaina displacement�eld for eachstatespace
node.DenotetheseN displacement�elds asf uk gk =1 ::N (arbitrary
ordering)where,for a modelwith v vertices,eachuk = (uk

i ) i =1 ::v

has3-vectorcomponents,andsois anM -vectorwith M = 3v. Let
Au denotethehugeM -by-N densedisplacementdatamatrix1

Au =
h
u1u2 � � � uN

i
=

2

6
4

u1
1 u2

1 uN
1

...
... � � �

...
u1

v u2
v uN

v

3

7
5 : (3)

Similar to linearelastodynamicswhereasmallnumberof vibra-
tion modescanbesuf�cient to approximateobserveddynamics,A u

canalsobealow-rankmatrixto avisualtolerance.Westablydeter-
mine its low-rankstructureby usinga rank-r u (r u � N ) Singular
ValueDecomposition(SVD) [GolubandLoan1996]

Au � Uu Su V T
u (4)

whereUu is an M -by-r u orthonormalmatrix with displacement
basisvectorcolumns,Vu is an N -by-r u orthonormalmatrix, and

1Let “u” (“a”) subscriptsdenotedisplacement(appearance)data.



Su = diag(� ) is an r u -by-r u diagonalmatrix with decayingsin-
gular values� = (� k )k =1 :::r u , on the diagonal.The rank, r u , of
theapproximationthatguaranteesarelativel2 accuracy " u 2 (0; 1)
is given by the largestr u suchthat � r u � " u � 1 holds. SinceAu

canbeof gigabyteproportionswecomputeanapproximateoutput-
sensitiveSVDwith costO(M N r u ) [JamesandFatahalian2003].

2.3.2 Reduced State Vector Coor dinates

Thereduceddisplacementmodelinducesa global reparameteriza-
tion of the phaseportrait, and yields the reduceddiscrete phase
portrait, denotedby ~P. Thestatevectoris de�ned as

x =
�

qu
_qu

�
(5)

andits componentsarede�ned asfollows.

Reduced displacement coor dinate , qu : We de�ne ther u -
by-N displacementcoordinatematrixQu by

Qu = Su V T
u =

h
q1

u q2
u � � � qN

u

i
(6)

suchthat

Au � Uu Qu , uk � Uu qk
u (7)

whereqk
u is the reduceddisplacementcoordinateof the k th dis-

placement�eld in theorthonormaldisplacementbasis,Uu .

Reduced velocity coor dinate , _qu : Thereducedvelocityco-
ordinate, _qk

u , of thek th statenodecouldbede�ned similar to dis-
placements,i.e., by reducingthe matrix of all occurringvelocity
�elds, however it is suf�cient to de�ne the reducedvelocity using
�rst-order �nite differences.For example,we usea backwardEu-
ler approximationfor eachorbit (with forwardEulerfor theorbit's
�nal state,andprior to IRF discontinuities),

_uk = (uk +1 � uk )=� t = (Uu qk +1
u � Uu qk

u )=� t = Uu _qk
u : (8)

Phase Por trait Distance Metric: Motivatedby (7) and(8), a
Euclideanmetric for computingdistancesbetweentwo phasepor-
trait states,x1 andx2 , is givenby

dist (x1 ; x2) =
q

kq1
u � q2

u k2
2 + � k_q1

u � _q2
u k2

2 ; (9)

where� is a parameterdeterminingthe relative (perceptual)im-
portanceof changesin positionandvelocity. Componentsof qu
and _qu associatedwith large singularvaluescan have dominant
contributions. We choose� to balancethe rangeof magnitudes
of kqk2 andk_qk2 so that neitherterm overwhelmsthe other, and
use� = maxj =1 ::N kqj k2

2=maxj =1 ::N k_qj k2
2 asadefault value.

3 Dynamics Precomputation Process

We precomputeour modelsusingof�ine simulationtoolsby craft-
ing sequencesof asmallnumberof discreteimpulsesrepresentative
of runtimeusage.Without theability to resolve runtimeuserinter-
actions,the runtimesimulationwould amountto little more than
playingbackmotionclips.

3.1 Data-driven Modeling Complications

Several issuesmotivatedour IRF simulationapproach.Given the
black box origin of the simulation, the function f is generally
complex, and its interpolationis problematicfor several reasons
(see relatedFigure 2). Fundamentalcomplicationsinclude in-
suf�cient data,high-dimensionalstatespaces,and divergenceof
nearbyorbits. Stateinterpolationalsoblurs importantmotionsub-
tleties. Self-collisionsresult in complex con�guration spacesthat
make generalizingtabulated motions dif�cult; an orbit tracking
the boundaryof an infeasiblestatedomain,e.g., self-intersecting
shapes,is surroundedby statesthatarephysically invalid. For ex-
ample,thecloth examplewill eventually, andvery noticeablyself-
intersectif tabulatedstatesaresimply interpolated.

?
x

INFEASIBLE Figure 2: Complicationsof data-
driven dynamics: Interpolating
high-dimensional tabulated mo-
tions for a new state(startingat x)
can be dif�cult in practice. One
possible“realistic” orbit is drawn
in red.

3.2 Impulse Response Functions

To balancetheseconcernsand robustly supportruntime interac-
tions,we sampleparameterizedimpulseresponsefunctions(IRFs)
of thesystemthroughoutthephaseportrait,andeffectively replay
thematruntime. Thekey to ourapproachis thateverysampledIRF
is indexed by the initial state,x, andtwo user-modeledparameter
vectors,� I and � F , that describethe initial Impulseand persis-
tentForcing,respectively. In particular, giventhesystemin statex,
weapplya(possiblylarge)generalizedforce,parameterizedby � I ,
during thesubsequenttime step(SeeFigure3). We thenintegrate
theremainingdynamicsfor (T � 1) stepswith a generalizedforce
thatis parameterizedby a value� F thatremainsconstantthrough-
out the remainingIRF orbit2. The tabulatedIRF orbit is then a
sequenceof T timesteps,

�
e1(� I ); e2(� F ); : : : ; eT (� F )

�
, andwe

denotetheIRF, � , by thecorrespondingsequenceof states,

IRF : � (x; � I ; � F ; T ) =
�

x0 = x; x1 ; : : : ; xT
�

; (10)

with � t = x t ; t = 0; : : : ; T:

q

q

aI

aFaF

x

1

2 3

T

aF

aF

aF

Figure 3: The parameterized
impulse responsefunction (IRF),
� (x; � I ; � F ; T ).

An importantspecialcaseof IRF occursif the impulsive and
persistentforcing parametersareidentical,� I = � F . In this case,
one� parameterdescribeseachinteractiontype.SeeFigure4 for a
threeparameterillustration,andFigure5 for theclothexample.

3.3 Impulse Palettes

To modelthepossibleinteractionsduringprecomputationandrun-
timesimulation,weconstructanindexedimpulsepaletteconsisting

2Note: It follows from equation(1) thatconstant� doesnot imply con-
stantforcing,sincex ( t +1) dependsonboth� ( t ) andx ( t ) .



q

q

a
Figure4: A 3-valued� I = � F

system showing orbits in
(qu ; _qu )-plane excited by
changes between the three
� values. The cloth-on-door
exampleis analogous.

of D possibleIRF (� I ; � F ) pairs:

I D =
�

(� I
1 ; � F

1 ); (� I
2 ; � F

2 ); : : : ; (� I
D ; � F

D )
�

: (11)

Impulsepalettesallow D speci�c interactiontypesto bemodeled,
anddiscretelyindexedfor ef�cient runtimeaccess(describedlater
in x5.2). For smallD , thepalettehelpsboundtheprecomputation
requiredto samplethe phaseportrait to a suf�cient accuracy. By
limiting the rangeof possibleuserinteractions,we can in�uence
thestatisticalvariability of theresultingdisplacement�elds.

3.4 Interaction Modeling

Impulsepalettedesignrequiressomephysical knowledgeof the
in�uence that discreteuserinteractionshave on the system. For
example,we now describethe threeexamplesusedin this paper
(seeaccompanying Figure5).

Dinosaur on moving car dashboar d: Thedinosaurmodel
receives body impulse excitations resulting from discontinuous
translationalmotionsof its dashboardsupport.Our impulsepalette
modelsD = 5 pure impulsescorrespondingto 5 instantaneous
car motionsthat shake the dinosaurfollowed by free motion: � I

i
describesthe i th body force 3-vector, and thereareno persistent
forces(� F

i = 0), i.e., I D = f (� I
1 ; 0); : : : ; (� I

5 ; 0)g. (Sinceonly
translationis involved,gravitational force is constantin time, and
doesnotaffect IRF parameterization.)

Plant in moving pot: Thepot is modeledasmoving in aside-
to-sidemotionwith threepossiblespeeds,v 2 f� v0 ; 0; + v0g, and
plantdynamicsareanalyzedin thepot's frameof reference.Since
velocity dependentair dampingforcesarenot modeled,theplant's
equilibrium at speed� v0 matchesthat of the pot at rest (speed
0). Therefore,similar to thedinosaur, we modeltheuniform body
forcing as impulsesassociatedwith the left/right velocity discon-
tinuities, followed by free motion (no persistentforcing) so that
I D = f (� v0 ; 0); (+ v0 ; 0)g.

Cloth on moving door: The door is modeledasmoving at
threepossibleangularvelocities,! 2 f� ! 0 ; 0; + ! 0g, with a 90
degreeangularrange.Air dampingandangularaccelerationinduce
a nonzeropersistentforcewhen! = � ! 0 , which is parameterized
as � F = � ! 0 , and � F = 0 when ! = 0. By symmetry, the
clothdynamicscanbeviewedin theframeof referenceof thedoor,
with velocity and velocity changesin�uencing cloth motion. In
thisexamplenoadditional� I impulseparametersarerequired,and
we modelthemotionasthespecialcase,� I = � F . Our impulse
palettesimply representsthe threepossiblevelocity forcing states
I D = f (� ! 0 ; � ! 0); (0; 0); (! 0 ; ! 0)g.

3.5 Impulsivel y Sampling the Phase Por trait

By forcing the model with the impulsepalette,IRFs can be im-
pulsively sampledin the phaseportrait. We use a simple ran-
dom IRF samplingstrategy pregeneratedat the start of precom-
putation. A randomsequenceof impulsepaletteinteractionsare

constructed,with eachIRF integratedfor a randomduration,T 2
(Tmin ; Tmax ); boundedby timescalesof interest.

Therearea coupleof constraintson this process.First, theran-
domsequenceof impulsepaletteentriesis chosento be“represen-
tativeof runtimeusage”sothatnonphysicalor unusedsequencesdo
notoccur. For example,theplant-in-potexampleonly modelsthree
pot motionspeeds,f� v0 ; 0; + v0g, andthereforeit is not usefulto
apply morethantwo same-signed� v0 velocity discontinuitiesin
a row. Similarly, thecloth's dooronly changesangularvelocity by
j! 0 j amounts,sothattransitionsfrom � ! 0 to + ! 0 arenotsampled.

Second,akey pointis thatwesampleenoughIRFsof suf�ciently
longtemporaldurationto permitnaturalruntimeusage.Thisis con-
trolledusingTmin andTmax . In particular, dynamicscaneither(a)
beplayedto completion(if necessary),sothatthemodelcannatu-
rally cometo rest,or (b) expectto beinterruptedbasedonphysical
modelingassumptions.As anexampleof thelatter, thecloth'sdoor
hasa 90 degreerangeof motion, so that IRFs associatedwith a
nonzeroangularvelocity, ! , needbeat mostonly 90=j! j seconds
in duration.

In orderto producerepresentativeclipsof motion,we �lter sam-
pledIRFsto discardtheshortestones.Theseshortorbitsarenot a
loss,sincethey areusedto spanthephaseportrait. We alsoprune
orbitsthatendtoofarawayfrom thestartof neighbouringIRFs,and
are“deadends.” We canoptionally extendsampledorbits during
precomputation,e.g.,if insuf�cient dataexists. Orbits terminating
closeenough(in the phasespacedistancemetric) to be smoothly
blendedto other orbits, e.g., using Hermite interpolation,can be
extended.In moredif�cult caseswherethe dynamicsarevery ir-
regular, suchasfor thecloth, onecanresortto local interpolation,
e.g.,k-nearestneighbor, to extendorbits, but thereareno quality
guarantees.In general,we advocatesamplinglonger IRFs when
possible.

While our samplingstrategiesarepreplannedfor usewith stan-
dard of�ine solvers (seeFigure 7), an online samplingstrategy
couldbeused.This would allow IRF durations,T , andnew sam-
pling locationstobedeterminedatruntime,andcouldincreasesam-
pling quality.

4 Reduced Global Illumination Model

A signi�cant bene�t of precomputingparameterizationsof thede-
formablesceneis thatcomplex data-drivenappearancemodelscan
thenalsobeprecomputedfor real-timeuse.Thisparameterizedap-
pearancemodelcorrespondsto thesecondpartof our phasespace
model(Equation2). Oncethereduceddynamicalsystemhasbeen
constructed,we precomputeanappearancemodelbasedon a low-
rankapproximationto thediffuseradiancetransferglobalillumina-
tion modelfor low-frequency lighting [Sloanet al. 2002]. Unlike
hardstenciledshadows, the diffuse low-frequency lighting model
produces“blurry” lighting andis moreamenableto statisticalmod-
elingof deformationeffects.

4.1 Radiance Transf er for Low-frequenc y Lighting

Following [Sloanet al. 2002], for a givendeformedgeometry, for
eachvertex point, p, we computethe diffuse interre�ectedtrans-
fer vector (M p ) i , whose inner product with the incident light-
ing vector, (L p ) i , is the scalar exit radianceat p, or L 0

p =
P n 2

i =1 (M p ) i (L p ) i . Hereboth thetransferandlighting vectorsare
representedin sphericalharmonicbases.For a given reduceddis-
placementmodelshape3, qu , we computethediffusetransfer�eld
M = M(qu ) = (Mpk )k =1 ::s de�ned at s scenesurfacepoints,

3The appearancemodel dependson the deformedshapeof the scene
(qu ) but not its velocity (_qu ).



Figure5: SampledIRF time-stepscolored by impulsepaletteindex (2D projectionof (qu )1:: 3 coordinatesshown): (Left) dinosaurwith 5
impulsetypes;(Middle) plantwith left (blue)andright (red)impulses;(Right) cloth with variousdoorspeeds:� ! 0 (red),at rest(blue),and
+ ! 0 (green).

pk ; k = 1::s. Here Mpk is a 3n2 vector for an order-n SH ex-
pansionand3 color components,so thatM is a large3sn2 vector.
We usen = 4 in all our examples,so thatM haslength48s, i.e.,
48 �oats per-vertex. Note that not all scenepoints are necessar-
ily deformable,e.g.,door, andsomemay belongto double-sided
surfaces,e.g.,cloth.

4.2 Dimensional Model Reduction

While we could laboriouslyprecomputeandstoreradiancetrans-
fer �elds for all phaseportrait statenodes,signi�cant redundancy
exists betweenthem. Therefore,we also use least-squaresdi-
mensionalmodelreductionto generatelow-rank transfer�eld ap-
proximations.We notethat, unlike displacement�elds for which
modalanalysissuggeststhat least-squaresprojectionscanbeopti-
mal, thereis nosuchmotivationfor radiancetransfer.

Given Na deformed scenes with deformation coordinates
(q1

u ; : : : ; qN a
u ), we computecorrespondingscenetransfer�elds,

M j = M(qj
u ), and their mean, �M. We substractthe meanfrom

eachtransfer�eld, ~M j = M j � �M, andformally assemblethemas
columnsof ahuge3sn2-by-Na zero-mean4 transferdatamatrix,

Aa =
h

~M1 ~M2 � � � ~MN a
i

=

2

6
4

~M1
p1

~M2
p1 � � � ~MN a

p1
...

...
...

...
~M1

ps
~M2

ps � � � ~MN a
ps

3

7
5 :

We computethe SVD of A a to determinethe reducedlow-rank
transfermodel,andso discover the reducedtransfer�eld coordi-
natesqj

a = qa (qj
u ); j = 1 : : : Na ; for theNa deformedscenes.We

denotethe�nal rank-r a factorizationasAa � Ua Qa whereUa are
theorthonormaltransfer�eld basisvectors,andQa = [q1

a � � � qN a
a ]

arethereducedappearancecoordinates.

4.3 Interpolating Sparsely Sampled Appearances

Computingradiancetransferfor all statenodescanbevery costly
andalsoperceptuallyunnecessary. We thereforeinterpolatethere-
ducedradiancetransfer�elds acrossthephaseportrait.Normalized
RadialBasisFunctions(NRBFs)area naturalchoicefor interpo-
lating high-dimensionalscattereddata[Nelles 2000]. We useK-
meansclustering[Nelles2000] to clusterphaseportraitstatesinto
Na � N clusters(seeFigure6). A representative stateqk

u clos-
est to the k th cluster's meanis usedto computeradiancetransfer
(usingtheoriginal statenode's unreducedmeshto avoid compres-
sion artifactsin the lighting model). Model reductionis thenper-
formedon theradiancetransfer�elds for theN a states.In theend,

4Formally, thereis no needto subtractthedatameanprior to SVD (un-
like for PCA wherethecovariancematrix mustbeconstructed),but we do
sobecausethe�rst coordinatecapturesnegligible variability otherwise.

we know the reducedradiancevaluesqk
a at Na statenodes,i.e.,

qk
a = qa (qk

u ); k = 1 : : : Na . Thesesparsesamplesarethenin-
terpolatedusinga regularizedNRBF approach.This completesthe
de�nition of thedeterministicstatespacemodeloriginally referred
to in Equation2.

Figure6: Clusteringof deformeddinosaurscenesfor transfercom-
putation: (Left) Clusteredshapecoordinatesf qu g; (Right) inter-
polatedappearancecoordinatesf qa g. Only the �rst three (2D-
projected)componentsof q aredisplayed.

5 Runtime Synthesis

At any runtimeinstant,weeither“play anIRF” or areatrest,e.g.,at
theendof anIRF. Onceanimpulseis speci�edby anindex from the
impulsepalette,weswitchto anearbyIRF of thattypeandcontinue
until either interruptedby anotherimpulsesignalor we reachthe
end of the IRF and cometo rest. At eachtime-stepwe trivially
lookup/computequ andqa andusethemto evaluatematrix-vector
productsfor thedisplacementu = Uu qu andradiancetransfer~M =
Ua qa �elds neededfor graphicalrendering.This approachhasthe
bene�tsof beingbothsimpleandrobust.

5.1 Blending Impulse Responses

Given the problemsassociatedwith orbit interpolation(x3.1), we
wish to transition directly betweenIRFs during simulation. To
avoid transition(popping)artifacts,wesmoothlyblendbetweenthe
stateandthenew IRF. We approximatetheIRF at x0 with theIRF
� t (x; � I ; � F ) from anearbystatex by addinganexponentiallyde-
cayingstateoffset(x0� x) to thestate,

� t (x0; � I ; � F ; T ) � � t (x; � I ; � F ; T ) + (x0 � x)e� �t ; (12)

wheret = 0; 1; : : : ; T; and� > 0 determinesthe durationof the
blend.This approximationconvergesasx0 ! x, e.g.,asP is sam-
pledmoredensely, but its chiefbene�t is thatit canproduceplausi-
blemotionevenin undersampledcases(asin Figure2). For render-
ing, appearancecoordinatesassociatedwith � t (x; � I ; � F ; T ) are



alsoblended,

qt
a (x0; � I ; � F ; T ) � qt

a (x; � I ; � F ; T ) + (qa (x0) � qa (x))e� �t :

Finally, thecostof blendingis proportionalto thedimensionof the
reducedcoordinatevectors,2r u + r a , andis cheapin practice.

5.2 Caching Appr oximate IRF References

A bene�t of usinga�nite impulsepaletteI D is thateachstatein the
phaseportraitcancachetheD referencesto thenearestcorrespond-
ing IRFs.Thenat runtime,for thesystemin (or near)agivenphase
portraitstate,x, theresponseto any of theD impulsepaletteexci-
tationscanbeeasilyresolvedusingtablelookupandIRF blending.
By cachingtheselocal referencesat statenodesit is in principle
possibleto verify duringprecomputationthatblendingapproxima-
tionsarereasonable,and,e.g.,don't leadto self-intersections.

5.3 Low-rank Model Evaluation

The two matrix-vectorproducts,u = Uu qu and ~M = Ua qa , can
beevaluatedin softwareor in hardware. Our hardwareimplemen-
tationis similar to [JamesandPai 2002a;Sloanet al. 2002]in that
we computethe per-vertex linear superpositionof displacements
andtransferdatain vertex programs.Given thecurrentper-vertex
attribute memorylimitations of vertex programs(64 �oats), some
superpositionsmustbecomputedin softwarefor largerranks.Sim-
ilar to [Sloanetal. 2002],wecanreducetransferdatarequirements
(by a factorof n2 = 16) by computingandcachingthe 3r a per-
vertex light vectorinner-productsin software,i.e., �xing the light
vector. Eachvertex's color linearsuperpositiontheninvolvesonly
r a 3-vectors.

6 Results

We appliedour methodto threedeformablescenestypical of com-
putergraphicsthatdemonstratesomestrengthsandweaknessesof
our approach.Dynamicsandtransferprecomputationandrender-
ing timesaregiven in Table2, andmodelstatisticsarein Table1.
Thedynamicsof eachof thethreemodelswereprecomputedover
theperiodof a dayor moreusingstandardsoftware(seeFigure7).
Radiancetransfercomputationstook on theorderof a dayor more
dueto polygoncounts,andsamplingdensities,N a .

Scene
Precomputation Framerates(in SW)

Dynamics Transfer Defo Defo+ Trnsfr
Dinosaur 33h21m 74h 173 82 (175in HW)

Cloth 16h46m 71h27m 350 149
Plant � 1 week 11h40m 472 200

Table2: Model timingson an Intel Xeon 2.0GHz,2GB-266MHz
DDR SDRAM, with GeForce FX 5800 Ultra. Runtimematrix-
vectormultipliescomputedin software(SW) usinganIntel perfor-
mancelibrary, exceptfor thedinosaurexamplethat �ts into vertex
programhardware(HW).

Theclothexampledemonstratesinterestingsoft shadowsandil-
luminationeffects,aswell assubtlenonlineardeformationstypical
of cloth attachedto a door (seeFigure 8). This is a challenging
modelfor data-drivendeformationbecausethematerialis thin, and
in persistentself-contact,so that small deformationerrorscanre-
sult in noticeableself-intersection.By increasingthe rank of the
deformationmodel (to r u = 30), the real-timesimulationavoids

Figure 7: Precomputingreal-time models with of�ine simula-
tors: (Left) cloth precomputedin AliasjWavefront Maya; (Mid-
dle,Right)modelsprecomputedby anengineeringanalysispackage
(ABAQUS)usinganimplicit Newmarkintegrator.

visible intersection5. Unlike the otherexamples,the complex ap-
pearancemodelappearsto have beenundersampledby thecluster
shapesampling(Na = 200) sincethereis someunevenessin inter-
polatedlighting andcertaincloth-doorshadows lack propervaria-
tion.

Figure 8: Dynamic
cloth statesinducedby
door motions: (Left)
cloth and door at rest;
(Right) cloth pushed
againstmoving doorby
air drag.

Theplantexamplehasinterestingshadowsandchangingvisibil-
ity, andthe dynamicsinvolve signi�cant multi-leaf collisions(see
Figures10 and11). Theplantwasmodeledwith 788quadrilateral
shell �nite elementsin ABAQUS, with the many collisionsaccu-
rately resolved with barrier forcesandan implicit Newmark inte-
grator.

5Usinga largercloth “thickness”duringprecomputationwould alsore-
duceintersectionartifacts.

r a = 0 (mean) r a = 3 r a = 6

Figure9: Reducedradiancetransferilluminationsfor anarbitrary
cloth poseillustrate improving approximationsas the rank r a is
increased.

Figure10: View of plant frombehind



Scene
DeformableModel AppearanceModel IRF

F V DOF r u relErr F V lit DOF Na r a relErr N #IRF
Dinosaur 49376 24690 74070 12 0.5% 52742 26361 1265328 50 7 4.4% 20010 260

Cloth 6365 3310 9930 30 1.5% 25742 16570 795360 200 12 15% 8001 171
Plant 6304 3750 11250 18 2.0% 11184 9990 479520 100 12 6.2% 6245 150

Table1: ModelStatistics:Ther u andr a rankscorrespondto thoseusedfor frameratetimingsin Table2.

Figure11: Interactivedynamicbehaviors resultingfromappliedimpulses

Therubberdinosaurhadthesimplestdynamicsof thethreemod-
els, anddid not involve collisions. It wasprecomputedusingan
implicit Newmark integratorwith 6499FEM tetrahedralelements,
anddisplacementswereinterpolatedontoa �ner displacedsubdivi-
sionsurfacemesh[Leeetal. 2000].However, theradiancetransfer
datamodelwaseasily the largestof the three,andincludesinter-
estingself-shadowing (onthedinosaur'sspines)andcolorbleeding
(seeFigure11). Runtimesimulationimages,andsomereducedba-
sisvectors,or modes,of thedinosaur's displacementandradiance
transfermodelsareshown in Figure13.

All examplesdisplayinterestingdynamicsandglobal illumina-
tion behaviors. Signi�cant reductionsin the rank of the displace-
mentandappearancemodelswereobserved, with only a modest
numberof �ops per vertex requiredto synthesizeeachdeformed
andilluminatedshape.In particular, Figure12 shows that thesin-
gular valuesconverge quickly, so that useful approximationsare
possibleatlow ranks.In general,for agivenerrortolerance,appear-
ancemodelsaremorecomplex thandeformationmodels.However,
whencollisionsarepresent,low-rankdeformationapproximations
canresult in visible intersectionartifactsso that somewhat higher
accuracy is needed.

defomode2 defomode3 defomode5

transfermode3 transfermode5 transfermode6

Figure 13: Dinosaur modes: (Top) displacementmodeshapes;
(Bottom)radiancetransfermodes.

7 Summar y and Discussion

Our methodpermits interactive modelsof physically basedde-
formable scenesto be almost entirely precomputedusing data-

driven tabulation of statespacemodelsfor shapeandappearance.
Using ef�cient low-rank approximationsfor the deformationand
appearancemodels,extremelyfastrenderingratescanbeachieved
for interestingmodels.Suchapproachescanassisttraditionalsim-
ulationin applicationswith constrainedcomputingresources.

Futurework includesimproving dynamicsdataquality by us-
ing betternon-randomsamplingstrategiesfor IRFs. Building bet-
ter representationsfor temporalandspatialdatacould be investi-
gatedusingmultiresolutionand“best basis”statistics.Generaliz-
ing thepossibleinteractions,e.g.,for contact,andsupportingmore
complex scenesremain important problems. Extensionsto de-
formableradiancetransferfor nondiffusemodels,andimportance-
basedsparseshapesamplingarealsointerestingresearchareas.

Ackno wledgments: Wewouldliketo acknowledgethehelpful
criticismsof severalanonymousreviewers,assistancefromChristo-
pherTwigg andMatthew Trentacoste,hardwarefrom NVIDIA, and
Cyberwarefor thedinosaurmodel.
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