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Goals

How do we draw surfaces?
— Approximate with polygons
— Draw polygons

How do we specify a surface?

— Explicit, implicit, parametric

How do we approximate a surface?
— Interpolation (use only points)

— Hermite (use points and tangents)
— Bezier (use points, and more points for tangents)

Next lecture: splines, realization in OpenGL
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Explicit Representation

Curve in 2D: y = f(x)
Curve in 3D: y = f(x), z = g(x)
Surface in 3D: z = f(X,y)

Problems:

— How about a vertical ine x =c as y = f(x)?
— Circle y = + (r2 — x2)2 two or zero values for x

Too dependent on coordinate system
Rarely used in computer graphics
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Implicit Representation

e Curvein 2D: f(x,y) =0
— Linetax+by+c=0
— Circle: x2+y2—-r2=0
e Surface in 3d: f(x,y,z) =0
— Plane: ax+by+cz+d=0
— Sphere: x2 +y?+z2—-r2=0
* f(X,y,z) can describe 3D object:
— Inside: f(x,y,z) <0
— Surface: f(x,y,z) =0
— Qutside: f(x,y,z) >0
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What Implicit Eunctions are Geod For

A
1
I

I|

4

F(X+kV)=0

Ray - Surface Intersection Test Inside/Outside Test
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Isosurfaces off Simulated Toernado
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Constructive Solid Geometny (CSG)

Generate complex shapes with basic building
blocks

machine an object - saw parts off, drill holes
glue pieces together

This Is sensible for objects that are actually made
that way (human-made, particularly machined
objects)
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A CSG Train

Brian Wyvill & students, Univ. of Calgary
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CSG: Negative Objects

*Use point-by-point boolean functions

— remove a volume by using a negative object
— e.g. drill a hole by subtracting a cylinder

Subtract

Inside(BLOCK-CYL) = Inside(BLOCK) And Not(Inside(CYL))
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Figure 20: Unions and differences of piecewise-smooth surfaces. The resulting surfaces have creases and corners.

@Y

Figure 21: Sequence of difference operations: Subtracting two boxes and a cylinder from a sphere. The result has convex and concave
corners. The subdivision scheme that we use [4] represents these features explicitely.
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Algebraic Surfaces

« Special case of implicit representation

f(x,y,z) Is polynomial in X, y, z
Quadrics: degree of polynomial < 2
Render more efficiently than arbitrary surfaces
mplicit form often used in computer graphics
How do we represent curves implicitly?
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Parametric Form for Curves

e Curves: single parameter u (e.g. time)
X =x(u),y =y(u), z=z(u)
Circle: x =cos(u),y =sin(u),z=0
Tangent described by derivative

a(u) e
rlu -

d
ORISR AR
. z(u) . dz(u)
du

Magnitude Is “velocity”
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Parametric Form for Surfaces

e Use parameters u and v

e X =Xx(uv),y=y(u,v), z=2z(~u,v)

 Describes surface as both u and v vary

o Partial derivatives describe tangent plane at

each point p(u,v) = [x(u,v) y(u,v) z(u,v)]"

_ aa:(%u,v) _ _ aazgu,v) _
(0} (o
81:)(%,7)) _ 8y(u,’v) ap(u7v) — ay(u,v)

Ou ou Ov ov
dz(u,v) dz(u,v)
ou . \ oV
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Assessment of Parametric Forms

e Parameters often have natural meaning

 Easy to define and calculate

— Tangent and normal
— Curves segments (for example, 0 < u < 1)

— Surface patches (for example, 0 < u,v <1)
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Parametric Polynemial Curves

e Restrict x(u), y(u), z(u) to be polynomial in u

 Fix degreen 0
p(u) = Y cpu
k=0

 Each c, Is a column vector

Cok
CrL — C’yk
L Gk
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Parametric Pelynomial Surfaces

e Restrict x(u,v), y(u,v), z(u,v) to be polynomial of
fixed degree n

2w v) |

N R .
p(u,0) = | y(u,v) | = 3 3 cpuivh

 z(u,v) | =0k=0

 Each ¢, Is a 3-element column vector
e Restrict to simple case where 0 < u,v <1
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Appreximating Surfaces

e Use parametric polynomial surfaces

e Important concepts:
— Join points for segments and patches
— Control points to interpolate
— Tangents and smoothness
— Blending functions to describe interpolation

e First curves, then surfaces

Join point
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Outline

Parametric Representations
Cubic Polynomial Forms
Hermite Curves

Bezier Curves and Surfaces
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Cubic Pelynomial Form

 Degree 3 appears to be a useful compromise
 Curves:

3
p(u) — Cp o Ci1u -+ (32u2 " (33u3 — Z Ckuk
k=0

Each c, is a column vector [c,, Cy, C,l"

From control information (points, tangents)
derive 12 values Cyy, Cy,, G, for 0 < K'< 3

These determine cubic polynomial form
Later: how to render
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Interpolation by Cubic Pelynemials

e Simplest case, although rarely used

e Curves:
— Given 4 control points pg, P71, P2s P2

— All should lie on curve: 12 conditions, 12 unknowns
e Space 0 <u <1evenly

Po = P(0), py = p(1/3), P, = P(2/3), p3 = p(1)
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Equations te Determine ¢,

 Pluginvaluesforu=20,1/3, 2/3,1
po = p(0) = ¢g

p1 = p(3) = co + 3¢1 + (3)%co + (3)3c3

p2 = p(5) = co+ 3c1 + (5)%ca + (5)3c3
pz =p(l) =co+cy+co = cs

1 O 0 . _ Note:

(1)2 (13 P and ¢,
3 3 are vectors!

) o

1 1

= W W O
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Interpolating Geometry: Matrix

* Invert A to obtain interpolating geometry matrix

1 0 0 0
., | B8 9 45 1 L
A = o o8 1g IF c=+ D

|45 185 _135 45
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Joining Interpolating Segments

Do not solve degree n for n points
Divide into overlap sequences of 4 points

Do, P1, P2, P3 then pg, Py, Ps, Pe, €tC.

At join points
— Will be continuous (C° continuity)
— Derivatives will usually not match (no C! continuity)
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Blending Functions

 Make explicit, how control points contribute

e Simplest example: straight line with control
poINts p, and p,

O(u) = (1 —u) pg + U Pp;3

05(U) =1 —u, bg(u)=u
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Blending Polynemials for Interpoelation

« Each blending polynomial is a cubic

 Solve (see [Angel, p. 427]):
p(u) = bo(u)po + b1(u)p1 + b2(u)p2 + b3(u)p3
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Cubic Interpolation Patch

* Bicubic surface patch with 4 x 4 control points

3 3
plu,v) = y: . uzvkcik
1=0 k=0

Note: each c, IS
3 column vector
(48 unknowns)

[Angel, Ch. 10.4.2]
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Outline

Parametric Representations
Cubic Polynomial Forms
Hermite Curves

Bezier Curves and Surfaces
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Hermite Curves

* Another cubic polynomial curve
o Specify two endpoints and their tangents
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Deriving the Hermite Form

e As before

p(0) = pg = ¢g
p(l) =pz=cop+c1+ca+tcs
« Calculate derivative

dx
du

A — & 3u2(:3

e Yields _ ]
Po —P(0) —¢;
p5 =p (1) =cj + 2co+ 3c3
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Summary of Hermite Equations

e Write In matrix form

« Remember p, and p’, and c, are vectors!

Po 1 0 O
P3
Po
e

e Letq=[py Pz Py P'5]" and invert to find
Hermite geometry matrix M,, satisfying

c = Mpgq
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Blending Functions

« EXplicit Hermite geometry matrix

i1 0 4 U
c o0 1 U
S 5 -
2 2 1 1

My =

* Blending functions for u = [1 u u? us]’

2u3—3u2—|—1_
—2u3 4 342
u3—2u2—|—u

u3—u2

blu) = Mou —
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Join Points for Hermite Curves

Match points and tangents (derivatives)

Much smoother than point interpolation

How to obtain the tangents?

Skip Hermite surface patch

More widely used: Bezier curves and surfaces

9/30/2003 15-462 Graphics |




Parametric Continuity,

e Matching endpoints (C° parametric continuity)

p(l) =

_px(l)_

py(1)
_.pz(l) .

 Matching ¢

p(l)=

9/30/2003

D1
pl)

_Qx(o)_
qy(0)

(1)

. q-(0) .

(0
q,(0)

g (0
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erivatives (C! parametric continuity)

=q(0)



Geometric Continuity.

e For matching tangents, less is required
1) 2. (0)
pl)= p(1l) =k g(0) = kq(0)
p(1) ¢ (0)
e Gl geometric continuity

e Extends to higher derivatives
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Outline

Parametric Representations
Cubic Polynomial Forms
Hermite Curves

Bezier Curves and Surfaces
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Bezier Curves

 Widely used in computer graphics
e Approximate tangents by using control points

p(0) = 3(p1 Ppo)

p(l)=3(ps p2)
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Equations fer Bezier Curves

e Set up equations for cubic parametric curve
 Recall:

p(u) = co + ciu + cou® + cau’
p'(u) = ¢y + 2¢cou + 3c3u?

* Solve for c,

9/30/2003

pPo = p(0) = cg

pz =p(l) =co+c; +co+tc3
p'(0) =3p; —3pg =c1

p'(1) = 3p3 — 3p2 = c¢; + 2¢5 + 3c3
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Bezier Geometny: Matrix

» Calculate Bezier geometry matrix Mg

Po _ 1 O O

P1 -3 3 O
SO Mnp =

P> b 3

L P3|

Mp

e Have C° continuity, not C! continuity
e Have C! continuity with additional condition
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Blending Polynemials

« Determine contribution of eac

blu) = Miu —

Smooth blending
polynomials

9/30/2003

a
3ull — u)-
3u-(l —u)
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Convex Hull Property.

e Bezier curve contained entirely in convex hull of
control points

 Determined choice of tangent coefficient (?)
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Bezier Surface Patches

o Specify Bezier patch with 4 x 4 control points

 Bezier curves along the boundary
p(0,0) = poo
op _
5.,(0,0) = 3(p10 — Poo)
9
=£(0,0) = 3(po1 — Po0)
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Twist

* |Inner points determine twist at corner
82p

(0,0) = 9(pPoo — Po1 + P10 — P11)
ou Ov

* Flat means pyg, P1os Po1s P11 IN ONE plane

e (32p/dudv)(0,0) = O
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TThe Utah Teapot
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TThe Utah Teapot
COMMUNICATIONS

9/30/2003

~acm

I THIS ISSUE
Visualizing Scientific Data

The Six Platonic Solids

(by Jim Arvo and Dave Kirk, from their
‘87 SIGGRAPH paper Fast Ray Tracing
by Ray Classification.)

http://www.s|baker.org/teapot/
for more history.
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TThe Utah Teapot
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s, 10,

21, =22,
34, 35,

fhe teapot 101, 101,

110, 111, 112,
Handle:

{ 41, 49, &0, 51,

IS just

{ 68, 76, 77, 78,
{ 8O0, 88, 89, 90,

cubic Bezier K
patches!

.oooo,
.7490,
.4375,
.5000,
.0o0o,
. 9800,
.0o0o,
. 0000,
. 0000,
.0o0o,
.5000,
. 000D,
. 8400,
. 6000,
.3000,
.5000,
. 0000,
. 7000,
. 7000,
.0o0o,
. 6500,
.9000,
.7000,
. 6000,
.1000,
. 4000,
.7000,
.8000,
.5250,
. 4500,
.8000,
.0ooo,
. 4500,
. 4000,
.0o0o,
.2240,
.3000,
.3000,
.0ooo,
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Summary.

Parametric Representations
Cubic Polynomial Forms
Hermite Curves

Bezier Curves and Surfaces
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Preview.

B-Splines: more continuity (C?)
Non-uniform B-splines (“heavier” points)

Non-uniform rational B-splines (NURBS)
— Rational functions instead of polynomials
— Based on homogeneous coordinates

Rendering and recursive subdivision
Curves and surfaces in OpenGL
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