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ABSTRACT
Motivated by the problem of centralized market clearing in a mar-
ket with probabilistic supply and demand, we introduce the Stochas-
tic Packing-Market Planning problem (SPMP), which is a stochas-
tic generalization of the Maximumk-Set Packing problem. We
provide anO(k) approximation algorithm for SPMP, as well as
a O(k) approximation mechanism that is truthful in expectation.
This matches up to constants the best approximation ratio known
for Maximum k-Set Packing. Along the way, we develop tech-
niques for obtaining sparse subhypergraphs of an input hypergraph
that preservesEP(·) up to anO(k) factor, whereEP(G) measures
the expected weight of a maximum weight set packing in a random
subhypergraph ofG. We also give a linear programming based ap-
proximation forEP(G). These techniques may be of independent
interest.

Categories and Subject Descriptors
K.4.4 [Electronic Commerce]: Payment schemes; F.2.0 [Analysis
of Algorithms and Problem Complexity]: General

General Terms
Algorithms, Theory, Economics

Keywords
Approximation Algorithms, Stochastic Optimization, Combinato-
rial Auctions, Mechanism Design, Probabilistic Demand

1. INTRODUCTION
For centuries, people have argued about the comparative merits

of various economic systems. The resulting economic philosophies
profoundly influenced the course of world history, and continue to
do so. To a large extent, the world has rejected the policy of strictly
centrally planned economies, and instead adopted a regime of free
trade and largely unfettered markets. It is perhaps ironic then that
research in planned markets is undergoing something of a renais-
sance, fueled by the tremendous growth in computing power and
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emerging research in algorithmic mechanism design and auction
theory. It is now widely recognized that when different agents in a
market have different complementarities and/or substitution effects
among items, there may be opportunities to exploit these to increase
economic efficiency over what decentralized market mechanisms
and single item auctions would give. In lieu of the above, the study
of combinatorial auctionsandcombinatorial exchangeswas initi-
ated. In a combinatorial auction, buyers bid on subsets of goods
offered up for sale by a single seller, whereas in combinatorial ex-
changes (also known asdouble auctions) multiple buyers and sell-
ers may bid on subsets of items. A buyer’s bid is interpreted as
usual, whereas a seller’s bid on a subset of items, called anask,
informs the mechanism of a desire to sell that subset of items at
the asking price or higher. It has been demonstrated that cleverly
designed centralized mechanisms can yield greater social surpluses
than other previous mechanisms, both in theory and in practice (see
[4, 5, 16, 19, 21] for broad treatments).

A key difficulty for the mechanism designer is how to decide
which bids should win in an auction and which exchanges should
be made in an exchange market. The well-studied Set Packing
problem represents this problem neatly, and provides a clean ab-
straction.

In this paper we investigate special exchange markets, which we
call Stochastic Packing Markets(SPM), that model uncertainty in
the available supply and demand of items. We then model the prob-
lem of market clearing in such markets as a generalization of Set
Packing, and investigate how to approximately solve it. Before we
formally define an SPM, we will illustrate a potential SPM using an
example from the airline industry. Suppose we wish to build a sys-
tem to fill what would otherwise be empty seats on various flights.
We solicit bids for flights to various locations on various dates. Ide-
ally, our customers will exhibit different substitution effects among
flights, and different complementarities between departing and re-
turning flights. Airlines ask the selling price for each seat on each
of their flights (which may vary by seat). This induces a set of po-
tential deals between customers and airlines, each of which has a
payoff if it is made, which may be the surplus of the deal or any
other value. We letw(S) denote the payoff of dealS. We then
select a set of deals between customers and airlines andnotify them
of the deals. However, we do not commit the parties of each deal
but make their commitment to any particular dealvoluntary. This
is done both to encourage user participation in the system, and to
exploit any inherently probabilistic demand among customers. For
an example of probabilistic demand, we can imagine a customer
who receives vacation time probabilistically, and will commit to a
deal only if the flights occur during vacation time. Thus we imag-
ine each dealS is committed to by all relevant parties with some
probability p(S), which we can accurately estimate. Among the



deals that are committed to, we select a feasible subset which are
made. From the customer’s perspective, there is a sequence of deals
over time, and the customer need only commit to some small per-
centage of them. Now, given these probabilitiesp(S), it will likely
make sense to overbook flights in the notification stage. This will
increase the chance that those seats are occupied, but may result in
customers committing to a deal and then not being able to make it
since their seat was given to someone else. We call such a deal,
which is committed to by the customer but not made, alost deal.
We associate a cost,c(S), with each lost dealS, which we can use
to offset the disappointment of a customer who participates in the
lost deal. Our system must then determine which deals to notify,
wait to receive commitments from the agents, and finally decide
which deals will be executed based on the received commitments.
The goal will be to maximize the payoff that we receive from exe-
cuted deals minus the costs we pay for lost deals.

We are now ready to formally define the Stochastic Packing-
Market Problem. In our model, there is a ground setV of ele-
ments corresponding to demand and supply for various goods and
services. There is also a setD of potential deals that may be made:
each potential deal is represented by a subsetS ⊆ V . Each poten-
tial dealS ∈ D has a probabilityp(S) of being realized, apayoff
w(S), and acompensationcostc(S). The compensation cost mod-
els the cost due to lost deals, and we will assume thatc(S) ≤ w(S)
for all S. The output consists of a collection of setsD′ ⊆ D. The
objective is to maximize the expected profit of the following ran-
dom process:

1. Construct a random subsetF of D′ by including eachS ∈
D′ in F independently with probabilityp(S).

2. Compute an (approximate) set packing on the sets ofF (i.e.,
find someF ′ ⊆ F such that the sets ofF ′ are disjoint).

3. Receive profit
P

S∈F′ w(S)−
P

S∈F\F′ c(S)

We determine which deals to notify (denoted byD′), as well as
which deals to execute (denoted byF ′), but not which of the noti-
fied deals arrive (denoted byF ).

Our Contributions.
We introduce the Stochastic Packing-Market Planning (SPMP)

problem to represent the problem of market clearing in a market
with probabilistic supply and demand. We present anO(k) ap-
proximation algorithm for SPMP, wherek is the maximum size of
any set in the collection of potential deals. This is within a con-
stant factor of the best known algorithms fork-Set Packing [15,
2], which SPMP generalizes. We also devise a randomized mech-
anism for the SPMP problem thatO(k) approximates the social
surplus and is truthful in expectation, assuming the compensation
costs are not paid to the agents, but rather to some third party. In the
course of our search for a good SPMP algorithm, we develop tech-
niques for obtaining sparse subhypergraphs of an input hypergraph
that preservesEP(·) up to anO(k) factor, whereEP(G) is the ex-
pected weight of a maximum weight matching (aka set packing) in
a random subhypergraph ofG. We also give a linear programming
based approximation forEP(G).

1.1 Related Work.
The Maximum Weight Set Packing problem is to find a maxi-

mum weight disjoint collection of sets in a set system. Formally,
it can be defined as follows. Given a collection of setsD over a
ground setV , and a weightw(S) for each setS ∈ D, find a col-
lectionD′ ⊆ D maximizing

P
S∈D′ w(S) such thatSi ∩ Sj = ∅

for all Si, Sj ∈ D′. If all setsS ∈ D have |S| ≤ k, we say
(V,D, w) is an instance of Maximumk-Set Packing. Set Packing
has been studied extensively. In the latest of a sequence of papers,
Boppana and Halld́orsson give anO(|D|/ log2 |D|)-approximation
algorithm [1] and Halld́orsson gives aO(

p
|V |)-approximation al-

gorithm [12], but H̊astad [13] has proved that unlessNP ⊆ ZPP
it is hard to approximate withinO(|D|1−ε) for any ε > 0, and
Halldórsson, Kratochv́ıl, and Telle [11] build upon this work to
show that unlessNP ⊆ ZPP it is hard to approximate within
O(|V |1/2−ε) for anyε > 0. For thek-Set Packing variant, Hurkens
and Schrijver [15] give ak/2-approximation for the unweighted
case, Chandra and Halldórsson [2] give a2(k+1)/3-approximation
for the weighted case, and Hazan, Safra, and Schwartz [14] have re-
cently proved that unlessP = NP it is hard to approximate within
O(k/ log k), even in the unweighted case.

The literature on combinatorial auctions and combinatorial ex-
changes is very extensive, and spans the fields of economics, op-
erations research, computer science and even physics [10]. For
a comprehensive introduction, we refer the reader to the excel-
lent surveys of de Vries and Vohra [5], Pekec and Rothkopf [21],
Kalagnanam and Parkes [16], and Narahari and Dayama [19], as
well as the recently published bookCombinatorial Auctions[4]
edited by Crampton, Shoham, and Steinberg. Within the combina-
torial auctions and exchanges literature, approximation algorithms
play an important role in the quest for computationally efficient
mechanisms. Lehmann, O’Callaghan and Shoham [18] investi-
gated the effect on truthfulness by replacing exact algorithms with
approximation algorithms, demonstrated that using approximation
algorithms may render the mechanism non-truthful, and then pro-
ceeded to design a truthful, efficiently computable mechanism for
single-minded bidders (i.e., bidders that have a positive bid for only
one set of items) that achieves an approximation guarantee on so-
cial welfare ofO(

√
m) where there arem items. This is nearly

the best possible guarantee [11], since there is a lower bound of
Ω(m

1
2−ε) for anyε > 0, assumingNP * ZPP. Nisan and Ro-

nen [20] considered approximation algorithms for Vickrey-Clarke-
Groves (VCG) mechanisms, introduced the concept of “feasible
truthfulness,” and gave a way to convert any approximation algo-
rithm for a VCG mechanism into one which is “feasibly truthful.”
(A mechanism is feasibly truthful if agents that are computationally
bounded in a particular, reasonable way cannot compute a better
strategy than the truthful one.) Lavi and Swamy [17] gave a general
procedure for converting certain linear programming based approx-
imation algorithms into randomized mechanisms that are truthful
in expectation (that is, an agent who seeks to maximize expected
utility has no reason to deviate from the truthful strategy). More re-
cently, these results have been improved by Dobzinski, Nisan, and
Schapira [7] and Feige [8].

Previous papers on Stochastic Packing problems such as [6] con-
sider a different model than ours, in which the goal is to find a
maximum0/1 vectorx satisfyingAx ≤ b where the algorithm is
given distributions for each column ofA and sequentially selects
columnsi to include in the solution (i.e., by settingxi = 1). The
actual column values are sampled immediately after the algorithm
chooses to include it. Our model is closer in spirit to the two-stage
stochastic optimization problems with recourse. In this model, the
algorithm is given some distributional information about the future,
and some actions it can take in theinitial stage to prepare. After
these initial actions are taken, the future is sampled and the algo-
rithm is allowed to take further actions during thisrecourse stage
in order to address constraints it has not satisfied. The objective is
then to minimize the total expected cost over all possible futures.
An example is the Stochastic Set Cover problem, in which a set



system, a distribution over subsets of the ground set, and initial
stage and recourse stage prices for each set are given. In the initial
stage the algorithm can buy sets at initial stage prices. Then a sub-
setU of the ground set is sampled from the distribution. Finally, in
the recourse stage, the algorithm buys sets at recourse stage prices
until all the sets purchased in both stages coverU . We refer the
reader to the survey of Swamy and Shmoys [23] for results in this
model. Of note is that in all the problems considered in this model,
actions taken in the initial stage do not constrain the algorithm’s
choice of action in the recourse stage. That is, problems in this
model tend to have covering constraints. Our problem represents a
2-stage stochastic optimization problem withpackingconstraints:
In the initial stage, the algorithm selects a subset of the packing
problem (e.g., potential deals to notify), then a packing problem ar-
rives probabilistically based on that subset, and finally, during the
2nd-stage, the algorithm solves the packing problem as best it can.

Notations and Conventions.
Throughout this paper,V will denote the ground set of a set sys-

tem, andk will denote the maximum size of any set in the set sys-
tem under consideration. We will sometimes find it convenient to
represent set systems as hypergraphs(V, E), where each hyperedge
e ∈ E is a subset ofV . Given a vectorx with coordinates indexed
by a setA, and a setB ⊆ A, we will write x(B) as shorthand
for

P
b∈B x(b). For anyD′ ⊆ D let EP(D′) equal the expected

weight of the maximum weight packing in a random set system
(V,D′′), where eachS ∈ D′ is included inD′′ independently with
probability p(S). Given a set system(V,D) andS ∈ D, we let
Γ(S) := {S′|S′ ∈ D, S′ ∩ S 6= ∅} be the sets ofD intersecting
S. Forv ∈ V we letDv := {S|S ∈ D, v ∈ S} be the set of deals
that includev. We will recall these definitions as we use them.

2. EXPECTED PACKING WEIGHT
When designing an algorithm for the SPMP problem, one of the

first difficulties we encounter is how to derive a good upper bound
on the value of the optimal solution. Even setting the issue of com-
pensation costs aside, deriving tight bounds on the expected pay-
offs the optimal solution receives appears difficult. In the case that
p(S) = 1 for all S, the problem is conventionalk-Set Packing,
so we cannot expect do better thanΩ(k/ log k). Even fork = 3,
computing this quantity isNP-hard via the trivial reduction to3-
Dimensional Matching; in fact fork ≥ 3 it is known to beNP-
hard to approximate within some constant greater than one [14].
And all this is before the addition of randomness. Consider that if
k = 2 so that the set system is a graphG, andp(e) = p for all
edgese, it is still unclear how to efficiently computeEP(G), which
equals the expected cost of a maximum weight matching in a ran-
dom subgraph ofG. It may well be#P-hard to do so, though we
leave that as an open problem.

Difficulties aside, in this section we will be concerned with esti-
matingEP(G) for an arbitrary hypergraphG. Whereas the random
graph theory literature typically strives for asymptotically tight re-
sults on quantities such asEP(G) for certain special instances [9],
we will have to content ourselves with the derivation of a polyno-
mial timeO(k) approximation. At this point it is worth noting that
while random sampling and applying an approximation algorithm
for conventional set packing to the samples would also yield an
O(k) approximate estimate, it does not provide the analytic frame-
work which we need.

Now, given a set system(V,D), with probabilitiesp(S) and
payoffs w(S) for all S ∈ D, we write down the following lin-
ear program. RecallDv := {S ∈ D | v ∈ S} andx(Dv) :=P

S∈Dv
x(S).

maximize
P

S∈D w(S)x(S)

subject to 0 ≤ x(S) ≤ p(S) ∀ S ∈ D

x(Dv) ≤ 1 ∀ v ∈ V

(2.1)

THEOREM 2.1. Let x be an optimal solution to the above LP
and let Z∗ =

P
S∈D w(S)x(S) be the value it obtains. Then

Z∗/4k ≤ EP(D) ≤ Z∗

PROOF. To proveEP(D) ≤ Z∗ fix any algorithmA that com-
putes an optimal maximum weight set packing. LetA(D′) denote
the output ofA on inputD′. Now definey(S) := Pr[S ∈ A(D′)],
where the distribution is over the sampled set packing instance
D′ ⊆ D. It is easy to see thaty is feasible for the LP. Further-
more,

EP(D) =
X
D′⊆D

Pr
ˆ
D′˜ · X

S∈A(D′)

w(S)

=
X
S∈D

w(S) ·
X

D′⊆D:S∈A(D′)

Pr
ˆ
D′˜

=
X
S∈D

w(S) · Pr
ˆ
S ∈ A(D′)

˜
=

X
S∈D

w(S)y(S)

ThusEP(D) ≤ Z∗. We show thatZ∗/4k ≤ EP(D) by rounding
the fractional LP solutionx as follows. First,markeach setS inde-
pendently with probabilityx(S)/kp(S). Each setS then appears
with probability p(S). We call a set that appears and is marked
anactiveset. Our set packingP will consist of all active sets that
do not intersect other active sets. RecallΓ(S) := {S′ | S′ ∈
D, S′ ∩ S 6= ∅}. For eachS ∈ D we havePr[S active] = x(S)/k
and

Pr[S ∈ P ] = (x(S)/k) ·
Y

S′∈Γ(S)

`
1− x(S′)/k

´
(2.2)

≥ (x(S)/k) · 4−
P

S′∈Γ(S) x(S′)/k (2.3)

Here we have used(1 − x) ≥ 4−x for all x ∈ [0, 1/2] and
k ≥ 2 for nontrivial instances. Sincex is feasible for the LP,P

S′∈Γ(S) x(S′) ≤
P

v∈S x(Dv) ≤ |S|, and soPr[S ∈ P ] ≥
x(S)/4k. ThusE[w(P )] ≥

P
S w(S)x(S)/4k = Z∗/4k, and

clearlyEP(D) ≥ E[w(P )].

3. SPARSIFICATION RESULTS
Sparsificationof a graph typically involves removing many (of-

ten most) of its edges, while attempting to (approximately) preserve
some feature(s) of the original such as connectivity, expansion, etc.
In this paper, we are concerned with preserving the value ofEP(·).
Positive sparsification results along these lines would indicate that
we can ignore many or most of the potential deals, while approxi-
mately preserving the value of the deals that are executed. In other
words, sparsification results indicate a way to dramatically reduce
the cost of lost deals while only slightly reducing the payoff from
executed deals. In light of the above, Theorem 2.1 has some inter-
esting corollaries. For example, suppose we are in the graph case,
i.e., k = 2, and further suppose the input graphG = (V, E) is
bipartite and the probability that each edge appears is uniform, so
thatp(e) = p for all edgese. We letw(e) be arbitrary. For sim-
plicity, assume1/p is an integer – this assumption is fairly easy to



eliminate at some small cost to the approximation factor. We can
scale thex values by1/p and, letting∂v := {e | e incident onv},
rewrite LP (2.1) as

maximize
P

e∈E p · w(e)x(e)

subject to 0 ≤ x(e) ≤ 1 ∀ e ∈ E

x(∂v) ≤ 1/p ∀ v ∈ V

(3.4)

If input graph is bipartite, the constraint matrix for this LP is
known to betotally unimodular(see e.g.,§18.2 of [22]). Thus
this LP is integral. (In fact we can find an integral optimal solu-
tion combinatorially via a maximum matching algorithm running
on an appropriately defined graph built from the input graph.) Now
find an optimal integral solutiony and letH := {e|y(e) = 1}.
Let Z∗(G) be the optimal LP value using the edges inG. Then
Z∗(H) = Z∗(G). Thus using Theorem 2.1 we can prove the fol-
lowing corollary.

COROLLARY 3.1. Given a bipartite graphG = (V, E), proba-
bility p such that each edge appears independently with probability
p, and edge weightsw : E → R≥0, we can construct a subgraph
H of G of maximum degreed1/pe in polynomial time such that
EP(H) ≥ EP(G)/8.

In the extreme case, we can imagineG = (V, E) is the complete
bipartite graphKn,n, and imaginep = ε is some small constant.
Corollary 3.1 then says that we can reduce the number of edges
by a factor of aboutεn, while only losing a factor of at most8 in
EP(G). Incidentally, the constant8 is not tight, and a more careful
application of our techniques will slightly improve it, however if
G is a star of infinite degree and asp approaches zero, we see that
this constant cannot be improved beyonde/(e − 1). Looking at
Corollary 3.1, we can see that there is nothing particularly special
aboutd1/pe, and in fact we can push this line of reasoning a bit
further.

COROLLARY 3.2. Given a bipartite graphG = (V, E), proba-
bility p such that each edge appears independently with probability
p, and edge weightsw : E → R≥0, then for anyc ∈ (0, 1] we can
construct a subgraphH of G of maximum degreedc/pe in polyno-
mial time such that

EP(H) ≥ EP(G)

8
· dc/pe
d1/pe

This follows from the fact that we can replace the LP constraints
x(∂v) ≤ d1/pe with x(∂v) ≤ dc/pe while losing only a factor of
dc/pe / d1/pe in the optimal value of the LP. Total unimodularity
ensures that this change does not alter the integrality of the LP. In
general, these results will hold for any instances ofk-Set Packing
whose constraint matrices are totally unimodular, however we will
lose a factor ofk in the results and obtain a subhypergraphH with
degree at mostdc/pe (i.e., each ground element is contained in at
mostdc/pe hyperedges) such that

EP(H) ≥ EP(G)

4k
· dc/pe
d1/pe

For problems with constraint matrices that are not totally uni-
modular, we note that so long as we can round an optimal fractional
LP solutionx to an integral solutiony while losing a factor ofα,
if we again defineH := {e|y(e) = 1} thenZ∗(H) ≥ Z∗(G)/α,
whereG is the hypergraph that represents the Set Packing instance.
Thus we obtain the following

COROLLARY 3.3. Given ak-Set Packing instance represented
as hypergraphG = (V,D), weightsw : D → R≥0 and a prob-
ability p ∈ [0, 1] such that each hyperedge appears independently
with probabilityp, and given an algorithm that efficiently rounds a
fractional solution to the LP described in (3.4) defined onG to an
integral solution while losing a factor of at mostα in the objective,
we can efficiently construct a subhypergraphH of G of maximum
degreed1/pe such that

EP(H) ≥ EP(G)

4αk

For example, ifk = 2 andG is an arbitrary, possibly non-bipartite
graph, thenα ≤ 3/2 and we can obtain a subgraphH of G of
maximum degreed1/pe such thatEP(H) ≥ EP(G)/12.

3.1 Easier Instances and the Compression Gap
Some real world instances ofk-Set Packing in combinatorial

auctions may be significantly easier than the worst case [4]. In
this section we will thus consider the problem of finding a sparse
subhypergraphH of G that approximatesG well with respect to
EP(·) with particular emphasis on “easier” instances of Set Pack-
ing whose linear programming relations have smallintegrality gaps
(e.g., totally unimodular instances). The integrality gap of an IP
formulation of a maximization problem is the worst case (i.e., max-
imum) ratio between the optimum value of the LP relaxation of the
IP and the optimum value of the IP itself.

Consider a class ofk-Set Packing instances with integrality gap
α, such that we can efficiently round any fractional solutionx to
their LP relaxations to an integral solution of value at least1/α
times the value ofx. We require that this class be closed under the
operation of removing sets from the instance.

Now, given an SPM as a hypergraphG = (V, E), p : E →
[0, 1], andw : E → R≥0 consider the following LP, which we
explain below.

(3.5)maximize
P

e∈E w(e)z(e)

subject to z(e) =
P

G′⊆G Pr[G′] · y(G′, e) ∀ e ∈ E

0 ≤ y(G′, e) ≤ 1 ∀G′ ⊆ G, e ∈ EP
e:e∈G′,v∈e y(G′, e) ≤ 1 ∀G′ ⊆ G, v ∈ V

In LP (3.5) above, there are variablesy(G′, e) which indicate the
extent to which hyperedgee is selected whenG′ is exactly the set
of hyperedges that appears. Thez variables are there only for sim-
plicity of exposition.Pr[G′] is the probability that exactly the hy-
peredges inG′ appear, that isPr[G′] =

Q
e∈G′ p(e) ·

Q
e/∈G′(1−

p(e)). Let IP (3.5) indicate the IP where we have replaced con-
straints of the form0 ≤ y(G′, e) ≤ 1 with constraints of the form
y(G′, e) ∈ {0, 1}. Note that the optimal value of IP (3.5) is exactly
EP(G). Now consider the following procedure for sparsifying a
hypergraph:

1. Solve LP (2.1) optimally and round the resulting (fractional)
solutionx to a solutionx′ such thatx′(e) ∈ {0, p(e)} while
losing a factor ofα for as small anα as possible. LetH :=
{e | x′(e) = p(e)}.

2. Construct a fractional solution(y, z) that is feasible for LP
(3.5) using only hyperedges inH (that is x′(e) = 0 im-
plies y(G′, e) = 0 for all G′) such that

P
e w(e)z(e) ≥

1
λ

P
e w(e)x′(e) for as small aλ as possible.

3. Round(y, z) to a feasible solution(y′, z′) for IP (3.5) such
thate /∈ H impliesy′(G′, e) = 0 for all G′, while losing a
factor ofα′ for as small anα′ as possible.



Only step1 needs to be executed to find a sparse subhypergraph.
Steps2 and3 are only for purposes of proof, and need not be effi-
cient at all.

FACT 3.4. If the above procedure is possible for someα, λ, and
α′, thenEP(H) ≥ EP(G)/αλα′.

PROOF. Consider the following chain of inequalities.

EP(H) ≥
X

e

w(e)z′(e)

≥ 1

α′

X
e

w(e)z(e)

≥ 1

λα′

X
e

w(e)x′(e)

≥ 1

αλα′

X
e

w(e)x(e)

≥ EP(G)

αλα′

The first inequality is true becauseEP(H) is the value of the opti-
mal solution to IP (3.5) under the additional constraints thate /∈ H
impliesy(G′, e) = 0 for all G′, and(y′, z′) is feasible for IP (3.5)
and respects these additional constraints. The second inequality is
true because by definition we lose at most a factor ofα′ in convert-
ing (y, z) to (y′, z′). Similarly the third and fourth inequalities are
true by definition ofλ andα, respectively. Finally, the last inequal-
ity is true from Theorem 2.1.

Now, for the class of Set Packing problems whose constraint
matrix is totally unimodular (which is closed under taking subin-
stances) and in whichp(e) is the same for all hyperedgese, we
have thatα = α′ = 1. For these problems the key concern is then
the parameterλ, which we call thecompression gap, based on the
idea that LP (2.1) is in some sense a (lossy) compressed represen-
tation of LP (3.5). We will prove the following bound onλ

THEOREM 3.5. For instances of Set Packing with maximum set
sizek, the compression gap is bounded byλ = O(log k), even
whenp : E → [0, 1] andw : E → R≥0 are arbitrary.

PROOF. Let x be an arbitrary feasible solution to LP (2.1). For
all G′ ande ∈ G′ let y(G′, e) = x(e)

d·p(e)
, whered ≈ λ is a pa-

rameter to be determined later. Otherwisey(G′, e) = 0. Clearly,
0 ≤ y(G′, e) ≤ 1/d, andz(e) =

P
G′⊆G,e∈G′ Pr[G′] · x(e)

d·p(e)
=

x(e)/d. Now fix anyv ∈ V , and note that

EG′

24 X
e:e∈G′,v∈e

y(G′, e)

35 ≤ 1/d

That is, in expectation over the random sampling ofG, hyperedge
e containingv contributesp(e) · x(e)

d·p(e)
to

P
e:e∈G′,v∈e y(G′, e),

and by feasibility ofx we have
P

e:e∈G,v∈e x(e) ≤ 1. How-
ever, we require that

P
e:e∈G′,v∈e y(G′, e) ≤ 1 for everyG′, so

(y, z) is not necessarily feasible. We respond by decreasingy on
some coordinates to obtain a feasible solutiony′. Call a hyper-
edgee0 problematicfor G′ if

P
e:e∈G′,v∈e y(G′, e) > 1 for some

v ∈ e0. If e is problematic forG′, sety′(G′, e) = 0. Other-
wise, sety′(G′, e) = y(G′, e). By construction,(y′, z′) is feasible
for LP (3.5) for somez′. The compression gap is bounded by the
ratio of

P
e w(e)x(e) to

P
e w(e)z′(e). Now, let Yv be the ran-

dom variable that mapsG′ to
P

e:e∈G′,v∈e y(G′, e). LettingYv,e

be a random variable that mapsG′ to y(G′, e), we see thatYv is
the sum of independent random variablesYv,e which take on val-
ues in the range[0, 1/d] and E[Yv] ≤ 1/d. Thus we can use a
Chernoff-type inequality (see e.g., [3]) to show thatPr[Yv ≥ 1] ≤
exp{−Θ(d)} for d ≥ 1. Thus we can setd = Θ(log k) to en-
sure thatPr[Yv > 1] ≤ 1/100k. Fixing anye and taking a union
bound over allv ∈ e we see thatPr[e problematic] ≤ 1/100, and
so

P
e w(e)z′(e) ≥ 99

100
·
P

e w(e)z(e). Sincez(e) = x(e)/d, we
obtain a compression gap ofλ ≤ 100·d

99
= O(log k).

COROLLARY 3.6. Given ak-Set Packing instance represented
as hypergraphG = (V,D) whose constraint matrix is totally uni-
modular, weightsw : D → R≥0 and a probabilityp ∈ [0, 1] such
that each hyperedge appears independently with probabilityp, we
can efficiently construct a subhypergraphH of G of maximum de-
greed1/pe such thatEP(H) = Ω (EP(G)/ log k)

4. THE MAIN ALGORITHM
We will now describe the SPMP algorithm, and prove the main

result of the paper:

THEOREM 4.1. LetOPT be the value of an optimal SPMP so-
lution, and letE[A] be the expected value of the output returned by
the algorithm in Figure1. Defineρ := maxS (c(S)/w(S)) and
assumeρ ≤ 1. ThenOPT/E[A] ≤ 4k/(1− ρ/2).

To describe the algorithm, we first define a family of linear pro-
grams parameterized byβ as follows

maximize
P

S∈D w(S)x(S)

subject to 0 ≤ x(S) ≤ p(S) ∀ S ∈ D

x(Dv) ≤ β ∀ v ∈ V

(4.6)

For a fixedβ, let LP (β) denote the corresponding LP in the fam-
ily. The algorithm for selecting which deals to notify is given in
Figure1.

SPMP(V,D, p, w, c){
Let β̂ := 1/2k.
Optimally solveLP (β̂). Let x be the solution obtained.
Roundx to an integral solutiony ∈ {0, 1}|D| via
simple randomized rounding:
For eachS ∈ D independently

sety(S) = 1 with probabilityx(S)/p(S),
otherwise sety(S) = 0.

OutputD′ := {S | y(S) = 1}.
}

Figure 1: Main algorithm for the Stochastic Packing Market
Planning problem.

4.1 Analysis
We first show that the expected payoff of the algorithm’s output

is reasonably large. Later, we will prove that the expected compen-
sation cost,E[

P
{c(S)|S a lost deal}], is not too great. Below, the

constants were chosen for clarity of exposition, and have not been
optimized.

LEMMA 4.2. LetD be the set of all potential deals, and letD′

be the output of the algorithm. ThenE[EP(D′)] ≥ EP (D)
4k



PROOF. LetZ∗(β) be the value of an optimal solution toLP (β).
Note for all β ∈ [0, 1], Z∗(β) ≥ Z∗(1) · β since we can map
feasible solutions forLP (1) to feasible solution forLP (β) via
the mapx 7→ βx. Applying Theorem 2.1 we obtain̂βEP(D) ≤
β̂Z∗(1) ≤ Z∗(β̂), whereβ̂ := 1/2k. Thus it suffices to show

E[EP(D′)] ≥ Z∗(β̂)

4kβ̂
= Z∗(β̂)

2
. By analogy with the proof of

Theorem 2.1, letx be an optimal solution toLP (β̂), and mark
each setS independently with probabilityx(S)/p(S). Each set
S then appears with probabilityp(S). We call a set that appears
and is marked anactiveset. Here, the marked sets correspond to
the algorithm’s output. As before, our set packingP will consist
of all active sets that do not intersect other active sets. Since the
events{S active} are independent andPr[S active] = x(S), suit-
able modifications to equations 2.2 and 2.3 give us that

Pr[S ∈ P ] ≥ x(S) · 4−
P

S′∈Γ(S) x(S′)

Sincex is feasible forLP (β̂), we infer thatX
S′∈Γ(S)

x(S′) ≤
X
v∈S

x(Dv) ≤ β̂|S| ≤ 1/2

ThusPr[S ∈ P ] ≥ x(S)/2 and

E
ˆ
EP(D′)

˜
≥ E[w(P )]

≥ 1

2

X
S

w(S)x(S)

= Z∗(β̂)/2

≥ β̂EP(D)/2

=
EP(D)

4k

LEMMA 4.3. LetD′ be the output of the algorithm, and letρ :=
maxS (c(S)/w(S)). Using a greedy second stage algorithm, the
expected compensation cost forD′, E[

P
{c(S) | S a lost deal}], is

at mostρ
2
E[EP(D′)].

PROOF. As before, letx be an optimal solution toLP (β̂), mark
each setS independently with probabilityx(S)/p(S), and let each
setS appear with probabilityp(S). Call setS active if it is marked
and appears. In decreasing order ofw(S), greedily construct a
set packingP using only active sets. For each activeS′ /∈ P ,
amortize the compensation costc(S′) by charging it to the setS ∈
P ∩ Γ(S) maximizingw(S). Now fix anyS ∈ P and letYS be
a random variable indicating the number of active sets inΓ(S),
which is an upper bound on the number of sets charged toS. Since
Pr[S′ active] = x(S′)

E[YS ] =
X

S′∈Γ(S)

x(S′) ≤
X
v∈S

x(Dv) ≤ |S|β̂

Note that if we chargec(S′) to S then by the construction ofP ,
w(S′) ≤ w(S). By the definition ofρ, c(S) ≤ ρw(S) for all S.
Thus, the expected charge toS ∈ P is at most|S| · β̂ · ρ ·w(S) ≤
ρw(S)/2. Thus for any set packingP that we construct, the ex-
pected total compensation cost (conditioned onP being the out-
put of the greedy set packing algorithm) is at mostρ

2

P
S∈P w(S),

from which we may immediately infer that the expected total com-
pensation cost is at mostρ

2
E[EP(D′)].

We can now bound the approximation ratio of the optimal SPMP
valueOPT to the expected value of the algorithm’s output, which
we will denote asE[A]. NoteOPT ≤ EP(D), sinceEP(D) is the
expected payoff received if all deals are notified and no compen-
sation is made for lost deals. Lemmas 4.2 and 4.3 together with
linearity of expectation imply thatE[A] ≥ EP (D)

4k

`
1− ρ

2

´
, which

concludes the proof of Theorem 4.1.

A Word on Second Stage Algorithms.
Note that after the deals inD′ are notified, andF ⊆ D′ are

committed to by all the relevant parties, any algorithm may be
used to find a set packingP ⊆ F that maximizes

P
S∈P w(S) −P

S /∈P c(S). One possibility is the greedy algorithm for Set Pack-
ing. (The greedy algorithm tries to add sets to its output in decreas-
ing order ofw(S), and will addS if an only if S does not intersect
a set it has already added.) Another algorithm, which we will call
therandom markalgorithm, simply marks each set that appears in-
dependently with some probabilityα and outputs the setsS that are
marked and have no marked neighbors (i.e., for allS′ ∈ Γ(S), S′

is unmarked). Ifα = 1, we call this thetrivial algorithm. Note that
in the proof of Lemma 4.2 we show that the expected payoff which
the trivial algorithm receives is at leastZ∗(β̂)/2, while in the proof
of Lemma 4.3 we show that the expected compensation the greedy
algorithm pays is at mostρ/2 of the payoff it collects. Because
the greedy algorithm returns a strictly better set packing that the
trivial algorithm, these observations imply that using the greedy al-
gorithm to select which deals to make results in an expected profit
to the system ofOPT

4k

`
1− ρ

2

´
.

5. TRUTHFULNESS IN EXPECTATION
So far we have left strategic issues aside, instead focusing exclu-

sively on the design of approximation algorithms. In this section
we show how to devise a randomized mechanism for the SPMP
problem that is truthfulin expectation, assuming the compensation
costs are not paid to the agents, but rather to some third party.

Recall that a (direct revelation) mechanism is an algorithm that
receives as inputn valuation functionsvi : O → R≥0, whereO is
the set of possible outcomes, and must select an outcomeσ ∈ O,
as well as pricesρi ∈ R to charge each of then agents. Theith

inputvi is provided by agenti, who may report any of the allowed
valuation functions. We let̄vi denote agenti’s true valuation func-
tion. Given a tuple of valuation functionsv, let σ(v) ∈ O denote
the outcome and letρ(v) := (ρ1(v), . . . , ρn(v)) denote the prices
selected by the mechanism on inputv. We assume the agents’ util-
ities are quasi-linear. That is, the utility that agenti obtains from
outcomeσ is v̄i(σ) − ρi. As usual, each agent seeks to maximize
its utility. It is often desirable that a mechanism betruthful, by
which we mean that each agent may maximize its utility by report-
ing its true valuation function as input, irrespective of the behavior
of the other agents. A randomized mechanism is said to betruth-
ful in expectationif each agent may maximize itsexpectedutility
by reporting its true valuation function as input, irrespective of the
behavior of the other agents.

In our setup, agents place bids and asks for various goods and
services. These bids induce the set of potential dealsD and pay-
offs. These, together with our estimates for the deal probabilities
and the compensation costs generate a stochastic packing market.
Note thatw(S) is the social surplus of executing dealS. We then
notify some of the potential deals, and agents probabilistically ap-
pear. The agents may not change their bids. A second stage al-
gorithm then determines which deals are to be executed and what
payments are to be made. The valuation functions we consider have



the form{(Si, bi, ti) | i ∈ I}, whereSi is a set of goods and ser-
vices,bi ∈ R is its perceived value,ti ∈ {bid, ask} is the type of
the bid, andI is a finite set. The value to the agent of executing the
deals{Si | i ∈ J} for someJ ⊆ I (without making or receiving
any payments) is then

P
j∈J:tj=bid bj −

P
j∈J:tj=askbj . For sim-

plicity of exposition, we will imagine that each agent is associated
with a single set (either as a supplier or customer), and simulate
agents with several bids as a group of virtual agents.

5.1 Our Approach
Lehmannet al. [18] have shown that merely using an approxi-

mation algorithm instead of an exact algorithm may render a truth-
ful mechanism non-truthful. However, as noted previously, Lavi
and Swamy [17] gave a general procedure for converting certain
linear programming based approximation algorithms for combina-
torial auctions into randomized mechanisms that are truthful in ex-
pectation. At a high level, their approach is as follows. First, they
encode an auction as a packing IP, relax the integrality constraints,
and use a linear programming algorithm in conjunction with the
VCG approach to obtain a truthful fractional mechanism (which
may assign fractions of an item to various agents). Next, they ex-
tend previous work on randomized rounding. They show how a
LP-based approximation algorithm that bounds the integrality gap
of the LP relaxation by some parameterα can be used to obtain a
convex decomposition of any fractional assignment of items into
α times some weighted average of polynomially many integral as-
signments. The weights can then be treated as probabilities to con-
vert the convex decomposition into a probability distribution over
integral assignments with polynomially sized support. The ran-
domized mechanism then draws an outcome from this distribution.
The prices are set as follows. LetσF (v) be the outcome of the
fractional mechanism and letρF (v) be its prices. Suppose the ran-
domized mechanism selects outcomeσ(v) and vi(σ

F (v)) > 0.
Then set

ρi(v) =
vi(σ(v))

vi(σF (v))
· ρF

i (v)

α

and otherwise setρi(v) = 0.
There are some difficulties with applying this technique in our

case. First, the natural LP relaxation of our problem (which we
will not work with directly, but still give below for completeness)
has both exponentially many variables and constraints. (In LP (5.7)
below, thex(e) variable indicates the extent to which hyperedgee
is notified. They(G′, e) variables indicate the extent to which hy-
peredgee is executed whenG′ is exactly the set of hyperedges that
appears. Finally, thez(e) andf(e) variables indicate the probabil-
ity that we collect payment fore or pay the compensation cost for
e, respectively.)

(5.7)maximize
P

e∈E (w(e)z(e)− c(e)f(e))

subject to z(e) =
P

G′⊆G Pr[G′] · y(G′, e) ∀ e ∈ E

f(e) = p(e)x(e)− z(e) ∀ e ∈ E

0 ≤ y(G′, e) ≤ x(e) ≤ 1 ∀G′ ⊆ G, e ∈ EP
e:e∈G′,v∈e y(G′, e) ≤ 1 ∀G′ ⊆ G, v ∈ V

It is unclear how we could solve this LP exactly to run the cor-
responding fractional VCG mechanism, as the Lavi and Swamy
procedure would dictate. Note that we need not use this particular
fractional mechanism. In fact, we can useany truthful fractional
mechanism satisfying the following properties.

1. The mechanism can be efficiently converted into a truthful

randomized mechanism whose outcomes are integral alloca-
tions of sets.

2. The resulting randomized mechanism well approximates the
social welfare for the original SPMP problem if the agents
report their true valuations.

The fractional mechanism we will use is the VCG mechanism
derived from LP (4.6), withβ = 1/2k as in the main algorithm
from section 4. Recall that when the VCG mechanism for a combi-
natorial exchange is given inputv it computes the surplus-maximizing
outcomeσ∗(v), as well as the surplus-maximizing outcomeσ∗−i(v)
in the exchange where we have removed agenti, for each agenti in
turn. The VCG mechanism then selects outcomeσ∗ = σ∗(v) and
sets the payments so that agenti pays the exchange

ρi(v) = vi(σ
∗)−

0@X
j

vj(σ
∗)−

X
j:j 6=i

vj(σ
∗
−i)

1A
In our fractional VCG mechanism the outcomes are feasible solu-
tions to LP (4.6) withβ = 1/2k. We extend the valuation functions
of the agents to handle fractional allocations in the obvious way: if
x is a fractional allocation,{yj | j = 1, 2, . . .} are integral alloca-
tions, andx =

P
j λjy

j , then we definevi(x) :=
P

j λjvi(y
j).

The high level idea is that we will use the fractional VCG mecha-
nism to determine a fractional outcomex along with pricesρF

i . We
will then roundx exactly as in the main algorithm from section 4
to determine which deals to notify. Next, we will carefully solve
the second stage winner-determination problem so that each dealS
is executed with probability exactlyα · x(S), whereα ∈ (0, 1) is
some constant. Finally, we will ensure that each agenti pays ex-
actlyα · ρF

i in expectation, and that individual rationality is main-
tained. Agents that only care about maximizing their expected util-
ity will consider the resulting randomized mechanism to be equiv-
alent to the fractional VCG mechanism in which the outcome and
prices are scaled by a factor ofα. The resulting randomized mech-
anism will thus be truthful in expectation. One caveat is that we
will not be able to handle compensation costs paid directly to the
agents. Instead, we will imagine they are paid to some third party.
In this way the compensation costs will not affect the strategic be-
havior of the agents, but will penalize the system for notifying lost
deals.

5.2 The Mechanism
The mechanism is given in Figure2. Recall thatw(S) is the so-

cial surplus of executing dealS, and is computed from the input
vectorv of valuation functions. For example, in a combinatorial
auction,w(S) would simply be the maximum value any agent bid
onS. We will now proceed to prove various properties of the mech-
anism.

CLAIM 5.1. The randomized mechanism executes each dealS
with probability exactlyα · x(S).

PROOF. Fix a dealS. The deal is executed ifS is notified and
S materializes and each setS′ ∈ Γ(S) fails to materialize and
an independent coin toss with bias(α/αS) comes up heads. The
probability of this isPr[S executed] = x(S)

p(S)
· p(S) · αS · (α/αS)

which equalsα · x(S).

CLAIM 5.2. The randomized mechanism ensures each agenti
paysα · ρF

i in expectation, and maintains individual rationality.

PROOF. Fix an agenti and letS be the deal which agenti bid
on. (Recall that for simplicity we have assumed each agent only



First-Stage(V,D, p, c, v){
Computex andρF using the fractional VCG mechanism.
Roundx to an integraly as in the main SPMP algorithm:
For eachS ∈ D independently

sety(S) = 1 with probabilityx(S)/p(S),
otherwise sety(S) = 0.

Notify the set of dealsD′ := {S | y(S) = 1}.
}
Second-Stage(V,F , x, ρF ){

For eachS ∈ D, let αS :=
Q

S′∈Γ(S)(1− x(S′)).
Let α := minS∈D{αS}.
For eachS ∈ F

If Γ(S) ∩ F = ∅
Independently with probability(α/αS) do

ExecuteS.
For each agenti associated withS,
set paymentsρi = ρF

i /x(S).
}

Figure 2: The Randomized Mechanism. In the second stage,F
is the set of deals that materialized (i.e., the active deals).

bid on one set.) IfS is executed, then agenti paysρF
i /x(S). Oth-

erwise agenti pays nothing. SinceS is executed with probability
α · x(S) by Claim 5.1, the expected payment isα · ρF

i . Individual
rationality is maintained because the fractional VCG mechanism
ensures individual rationality, which impliesρF

i ≤ vi(x). If we
abuse notation slightly and letvi(S) denote the value to agenti of
executing dealS, then by the definition ofvi(·) over fractional do-
mainsvi(x) = vi(S)x(S). ThusρF

i /x(S) ≤ vi(S) and so agent
i never pays more than its bid forS.

CLAIM 5.3. The randomized mechanismO(k) approximates the
social surplus in expectation, assumingmaxS{ c(S)

w(S)
} ≤ 1− ε.

PROOF. By Claim 5.1, each dealS is executed with probabil-
ity α · x(S) so the expected surplus is

P
S w(S) · α · x(S). We

can lower boundα by noting thatαS =
Q

S′∈Γ(S)(1 − x(S′)) ≥
4−

P
S′∈Γ(S) x(S′) and

P
S′∈Γ(S) x(S′) ≤ |S|β ≤ 1/2 by fea-

sibility of x. Thus αS ≥ 4−1/2 = 1/2 for all S, which im-
plies α := minS{αS} ≥ 1/2. To bound the expected com-
pensation cost, note that each dealS is notified and materializes
with probability Pr[S active] = (x(S)/p(S)) p(S) = x(S). To-
gether with Claim 5.1, this implies the expected compensation cost
for S is exactlyc(S) · (1 − α)x(S). AssumingmaxS{ c(S)

w(S)
} ≤

1 − ε, the social surplus minus the compensation costs is at least
ε
2

P
S w(S)x(S). However,

P
S w(S)x(S) ≥ EP(D)/2k, as we

showed in the proof of Lemma 4.2.

CLAIM 5.4. The randomized mechanism is truthful in expecta-
tion.

PROOF. By the standard VCG analysis, the fractional VCG mech-
anism is truthful, because it aligns the computation of the mecha-

nism with each individual agent. That is, the utility of agenti is

ui(σ
∗) = v̄i(σ

∗)− ρF
i

= v̄i(σ
∗)− vi(σ

∗) +

0@X
j

vj(σ
∗)−

X
j:j 6=i

vj(σ
∗
−i)

1A
= v̄i(σ

∗) +
X
j:j 6=i

vj(σ
∗)−

X
j:j 6=i

vj(σ
∗
−i)

The last term is independent ofi’s bid and can thus be ignored.
Howeverσ∗ is chosen to maximize

P
j vj(σ

∗), and thus agenti
can do no better than revealing its true valuation function, in which
case the mechanism maximizesv̄i(σ

∗) +
P

j:j 6=i vj(σ
∗) and thus

ui(σ
∗). Clearly, scaling the outcome and the prices by a factor ofα

does not affect truthfulness. Moreover, replacing theα-scaled frac-
tional VCG mechanism with the randomized mechanism does not
change the behavior of agents who only care about their expected
utility, since their expected values and payments are the same in
both cases by Claims 5.1 and 5.2. In other words, if we assume
the each agenti is indifferent between receiving anα · x(S) frac-
tion of S and payingα · ρF

i on the one hand, and receiving all of
S with probabilityα · x(S) and payingρF

i /x(S) in that event on
the other hand, then the agents will not distinguish between theα-
scaled fractional VCG mechanism and the randomized mechanism.
Thus the randomized mechanism is truthful in expectation.

6. APPLICATIONS

Excess Capacity Markets.
We begin by revisiting the airline seat market example from the

introduction. Let us represent the SPM by a hypergraph. There
will be a vertex for each available seat on each flight in the market,
as well as a vertex for each customer. Customers bid on pairs of
flights, corresponding to desired departing and returning flights, or
perhaps on sets of flights that correspond to tours of some country
or region. These bids are represented as sets in the SPM that include
their flights and the customer’s vertex. The latter ensures that each
customer is awarded only one deal at a time. We can add hotel
rooms and rental cars by adding vertices for them as well. If a
typical bid consists of the customer, two flights, a hotel and a rental
car, thenk = 5. Thus our model can support a bidding language
that can express arbitrary disjunctions of conjunctions (e.g., “I want
(A andB at priceP1) OR (A andC at priceP2) OR . . .”), where
each conjunction has at mostk − 1 items.

In addition to selling residual airline capacity, we can use the
SPMP algorithm to run an exchange market to sell “residual capac-
ity” in other markets where there is a low marginal cost to provide
service to an additional customer. Consider the market for movie
tickets. Customers will have different substitution effects based
on geometry (preferring theaters near their residences), dates and
times of shows, and which movie is playing. Naturally the same
applies for concert tickets for a symphony or an opera, or any kind
of performances that occur on a recurring basis.

Online Dating Services.
In an online dating service, user profiles can be used to create a

graph of potentially romantically-compatible people. We can imag-
ine there are payoffs on edges associated with the value of initiating
a relationship between the people incident on the edge. Notifying
an edge corresponds to suggesting a date. Presumably there is a
non-negligible cost associated with suggesting a date only to have



exactly one of the parties agree to it. These lost deals (aka roman-
tic rejections) are likely to drive customers away from the service.
However our sparsification and SPMP results give a way to dramat-
ically reduce the number of lost deals while losing only a constant
factor in the number of dates that are made.

Coordinated Second-hand Markets.
The SPM framework provides a structured way of looking at ev-

erything from used car markets to used book markets. The system
can be used in at least two ways. First, it can act primarily as a
recommendation system, as in the case of an online dating service.
That is, it can notify agents of potential deals and then leave the
agents to negotiate the terms themselves. Combined with some al-
gorithm to estimate the deal probabilities, this system provides a
nice way to facilitate trade without flooding the agents with spam.
Alternately, the system can determine which deals are to be made,
and what the payments should be. Of course, many other payment
schemes are possible, and there are complex design tradeoffs and
strategic issues inherent in combinatorial exchange markets. (Cer-
tain tradeoffs are necessary. See [19] for a treatment of impossibil-
ity results for combinatorial exchange markets).

7. CONCLUSIONS AND OPEN PROBLEMS
In this paper we show how to approximate a stochastic general-

ization ofk-Set Packing nearly as well ask-Set Packing itself, and
show how to apply this result to perform approximate market clear-
ing in a market with probabilistic supply and demand while main-
taining truthfulness in expectation. We also show how toO(k)-
approximate the expected weight of a maximum weight set packing
in a random set system sampled from an arbitrary set system with
maximum set sizek. Thus, for example, we provide a linear pro-
gramming based8-approximation on the expected size of a match-
ing in a random subgraph of an arbitrary graph. Lastly, we have
given sparsification results that show how to dramatically reduce
the number of potential deals to consider (as well as the number
of unwanted messages sent to the users), while approximately pre-
serving the expected value of the maximum weight set packing. Of
course, there remain many fascinating open problems, including

1. Estimation of deal probabilitiesp(S): How can we estimate
the deal probabilities over many rounds of market clearing in
a way that is unbiased and discourages strategic manipulation
of the system?

2. Handling more complex distributions over subhypergraphs:
Researchers working on two stage stochastic covering prob-
lems with recourse have developed algorithms that give good
approximation guarantees even in ablack boxmodel [23],
where the distribution on future scenarios is arbitrary and the
algorithm can only learn about the distribution by sampling
from it. Following their lead, can we obtain good algorithms
in the case that the subhypergraph of the notified hyperedges
that appears is drawn from an arbitrary distribution repre-
sented by a black box?

3. Online variants: In an online setting, what kind of guarantees
on competitive ratio can be obtained? For example, suppose
edges in a graph arrive one by one, and upon arrival you must
decide to pursue it or not. If you pursue edgee, with prob-
ability p(e) you receivew(e) and the vertices incident one
are used up. Otherwise, you payc(e) and the vertices remain
available for future edges.

4. Strategic issues: There is the full range of combinatorial ex-
change market design (including truthfulness, welfare max-
imization, budget balancing), with the additional complex-
ities of probabilistic demand and supply and the economic
friction of costs to send information to the agents. For ex-
ample, can we obtain truthfulness with certainty rather than
truthfulness in expectation? Can we maintain truthfulness
if the compensation costs are paid to the agents rather than
some third party?
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