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Abstract.  Most image registration problems are formulated in an asym-
metric fashion. Given a pair of images, one is implicitly or explicitly
regarded as template, and warped onto the other to match. In this pa-
per, we focus on this seemingly arbitrary choice of the roles, and reveal
how it may lead to biased warp estimates in the presenceof relative
scaling. We presert a principled way of selecting for the template, and
explain why only the correct asymmetric form, with the potential inclu-
sion of a blurring step, can yield unbiased estimators. Our analysis also
shows that commonly-used symmetrization/regularization of the warps
may actually lead to biased estimators. We experimentally validate our
analysis by measuring the bias of L1 and L2 norm motion estimators
when the template choice is wrong, and conclude that image registration
is inherently an asymmetric problem.



1 Intro duction

The problem of image registration underlies a vast array of computer vision
applications, such as motion estimation, model-basedrecognition, and change
detection [5,9,22]. Image registration is usually tackled by rst de ning a geo-
metric deformation model, and then warping oneimage onto another such that
they becomeassimilar aspossibleaccordingto somecriterion. For instance,the
popular \sum of normed d)i(erﬁnces" objectivefun(ition [25] takesthe form

) 12 Wia(y) @)
y2Il,
wherel; and |, are images,W 1, is the mapping from the coordinate frame of
I; to that of I,, and y is a pixel coordinate in ;. For p = 2 (L2 norm), this
amounts to modeling | 1's pixel intensities asi.i.d. Gaussiannoiseaddedversions
of those of the warped |,. Consequetly, the warp which minimizes (1) is the
Maximum-Lik elihood (ML) estimate, known to be asymptotically unbiased[4].
Notice that the formulation above is asymmetric: | , is regardedastemplate,
and is warped onto ;. Indeed, a survey of existing methods revealsthat most
image registration problems are formulated in a similar way. This paper focuses
on this seeminglyarbitrary choice of the roles, and shows that it leadsto biased
warp estimatesunder certain conditions.
The asymmetry issueof (1) has beenaddressedin prior work [12,13,15,20,
21], where, in an attempt to remove it, the objective functions were explicitly
symmetrize)c(jl, I){ielding
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In somecases,it was also necessaryto enforce the relationship between W 1,
and W ,; through additional consistency terms such as
X h ip, X h ip
y Wa(Wa(y) + z Wip(Wa(2)
y21g 2213,

which imposed further symmetry constraints on the warps. These past ap-
proachesessetially regardedthe asymmetry as an opportunity to incorporate
more data and regularization priors into the problem at hand.

From our point of view, the scope of relevant work actually goesbeyond sym-
metrization: independert of the de nition of an objective function, its numerical
optimization (i.e., the tting algorithm) may also be treating the two imagesin
an asymmetric fashion. For example, the original Lucas-Kanade algorithm [2]
useda Taylor expansioRof the warp around its current estimate, yielding

X i
li(y) 12 W+ Wiy (y) p;
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! Note that simply re-expressing(1) in the domain of | » would intro duce the Jacobian
jJ(W 21)j as a weighting term. However, the symmetrized form is not necessarily
limited to the original noise model. It may instead combine two noise models.



and iterativ ely solvedfor the warp updates W 1,. Obserwethat only imagel is
warpedin this scheme.In contrast, Baker and Matthews [23] proposedan inverse
compositional algorithm that performs the expansionon |1, and minimizes
X h ip
li Woai(y) 12 Waa(y)
y211

with respectto W ,;, resulting in a more e cien t tting. Note that this algo-
rithm warps both imagessimultaneously, albeit to di erent degrees.

This paper revealsa fundamental problem overlooked in the past work for
symmetrical use of images,and arguesthat it canonly be overcomeby using an
asymmetric form with the correct choice of the template, along with a necessary
blurring step. We validate our claims experimentally by showing the biasthat L1
and L2 norm motion estimators have when the template choiceis incorrect. Our
results also con rm that the correct template choice and correct warp direction
yield unbiasedwarp estimates.

2 Problem De nition

Let us considerthe simplied scenarioshown in Fig. 1 (left), in which a planar
sceneS is obsened by two pinhole cameraswhich capture cortinuous images.
Under the certral projection model, scene-to-imageand image-to-imagecoordi-
nate transformations will be homographies[17]. Note that this classof geometric
transformation will accourt for obsened imagesexactly. In order to avoid com-
plications arising from non-correspnding image points, we assumethat both
imageshave in nite extent and are free of occlusion.

As shown in Fig. 1 (right), the sceneradiance S, image |1 and image I,
are related by homographies.W s; and W s, denote transformations which take
homogeneousscenecoordinates, and compute their corresponding image point
locationsin 11 and |, respectively. W 1, denotesthe transformation from | to
l2, and W, from |, to |1. To render the problem as well-posed as possible,
all transforms are assumedto be invertible, i.e., W 1, = W ,.*. Thus, the image
registration task is to estimate the homography W 1, (or W ;1) betweenl;'s and
I»'s coordinate frames basedon image intensity measuremets.
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Fig. 1. A planar sceneis observed by pinhole cameras(left). Under certral projection,
scene-to-imageand image-to-image transformations (right) are homographies.



We will usetwo equivalent notations to expressthe fact that oneimageis a ge-
ometrically transformed versionof another. The rst oneisli(y) = S W s(y) .
Using point coordinates, this notation indicates where a particular image point
mapsonto the other image, and states how thoseimageintensities relate to each
other. Alternativ ely, we will usel; = W g1 (S). This is an abuseof notation for
convenience,and refersto an ertire domain's transformation. It statesthat |,
is the image obtained by transforming every point in the domain of S by W s; .
Note the useof W s; instead of W 15, sincethe transformed points are in S.

3 Image Registration Scenarios
3.1 Theoretical Case: Ideal Camera and Kno wn Scene

We start our discussionwith an idealized scenario. Supposethat we have full
knowledge of the underlying sceneradiance function S, and both camerasare
ideal; their lensescan precisely focus incoming light rays parallel to the optical
axis onto the camera’sfocal point, and their photo-receptive elds are contin uous
(i.e., they havein nite resolution). We model the intensity at an image point as
a noisy (i.i.d., additive Gaussian)obsenation of the corresponding scenepoint's
radiance,

l1(y) = S Wis(y) + (y) 8y 2 13; ()

12(2) = S Was(2) + (2) 8z 2 1z; 3)

wherey and z are points in the domains of 1, and |,, respectively. Using the
alternativ e notation, (2) and (3) can be also expressedas

l1(y) = Ws1(S)(y) + (¥) 8y 2 Iy; (4)
12(2) = Ws2(S)(2) + (2) 8z 2 1;: )]

In the following, we presen three equivalent methods which compute the ML
estimate of W 1. Given our assumptionsat this momert, thesealgorithms may
appear trivial. Nevertheless,the algorithms will be minimally a ected while the
assumptionswill be gradually relaxed throughout the paper. This will allow us
to highlight the applicability of thesealgorithms to di erent situations.

Al. Comp ositional Algorithm

Step 1: Find the ML parametersfor scene-to-imagewarps W s and W s

Z h iy

W = arg min l1(y) Wsi(S)(y) dy: (6)
72 i)

W, = arg min 12(z) Ws2(S)(2) dz: (7
z21,

Step 2: Composethem to obtain the ML estimate of the relative warp W 15 :

Wip=Wis We=Ws) P We



B1l. Forw ard Algorithm

Step 1: Find W s; and W s, by (6) and (7).

Step 2: Basedon the scenefunction S and ML estimatesW s; and W s,, setup
a direct estimation problem for the relative warp W 15 :
W " &
= argmin S)(z) W S) (z) dz: 8
12 g mir |_§[%(_2( ) 12 W_?%(_? (2) ®)
r\z r\1
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By computing 1 = W 1 (S) and 2 = W s2(S), this method essetially simulates
the formation of ML imagesof |1 and|,. In other words, the registration problem
is posedin terms of ML images:

Z

h i
W1, = arg min H(z) W 1 (2) “dz: (9)

ZZ|2

Note the similarity between (9) and (1): they are both asymmetric, i.e., only
one of the imagesis warped.

C1. Backward Algorithm

Step 1: Find W s; and W s, by (6) and (7).

Step 2: Just as in the forward algorithm B1, set up a new warp estimation
problem. This time, however, solve for the warp in the opposite direction. This
can be done by warping the other ML image:
W "y W K
= argmin S W S dy: 10
21 g fmin |_§[£(_?(Y) 21 |_§[%(_? (y) dy (10)

y2h i (2

We intentionally de ned both algorithms to be asymmetric: the forward algo-
rithm B1 warps [ onto %, and the backward algorithm C1 doesthe opposite.
Using this setup, we can investigate whether there is a fundamenal di erence
betweenthe two. In Appendix A, we show that the ML warp estimates of all
three algorithms would be the samefor similarity transforms.

3.2 Practical Case: Real Camera and Unkno wn Scene

A real camerahasblur e ects. The responseof a camerato an ideal point light
sourceis characterized by its point spreadfunction (PSF). This meansthat the
sceneirradiance will be subject to a convolution with the PSF. For convenience,
we still assumethe imagesto be continuous. Instead of (4) and (5), we have

l1(y) = B Wsi1(S) () + aly) 8y 21y (11)
12(2) = B Ws2(S) (2) + 2(2) 8z21y; (12)



where the blur operator B( ) indicates a convolution with the PSF:
z

BS(X)= SW)PSF(w x)dw:
w2S

Due to imperfect lensesand density constraints on photo-receptive sensingel-
emerts, the PSF of a real camerais not a delta function [1]. In fact, the PSF
is closely related to measuremen noise characteristics. In order to operate at
prescribed frame rates and signal-to-noiseratio levels, CCD camerasaccumnu-
late photon counts over a nite spatial extent, a procedure called binning. The
blur model must not only accourt for realistic lensoptics, but alsocapture those
binning operations which take place at the sensingelemert level.

In practice, we do not know the sceneradiance function S. The estimation
of S is an interesting task, and has beenposedas a super-resolution problem by
[7]. However, we limit the scope of our paper to warp estimation. Let us discuss
the three algorithms corresponding to those consideredin Section 3.1 for the
ideal case.

A2. Comp ositional Algorithm

Z n io
Step 1: Wi = arg min l1(y) B Wsi(S) (y) dy; (13)
1S

7' i,
W, = arg min 12(z) B Ws2(S) (2) dz: (14)
221,
Step2: \/\\/12:\/\\/15 \/\\/52:(\/\\/51) 1 \/\\/52

Sincewe do not know S, this algorithm remains impractical.

B2. Forw ard Algorithm

Step 1: Find W s; and W s, by (13) and (14).
Zh i
Step 2: W 1, = argmin BWs(S). (20 B Wi Wsi(S) (2) 2dz: (15)
W |_{fz_}

ZZ|2

Even though S is unknown, one can still attempt to estimate the objective
function (15). Note that the obsernedimagel, is the ML estimate for

=B Ws(S) :
Supposewe denote by T the following \imaging" function
T=B W Wsi(S)

Then the image registration problem of (15) becomes
Z i s
W1, = arg min 1,(z) T(z) dz: (16)
12

ZZ|2
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Fig. 2. The order of blurring and geometric warp operations is important: In this
example, we used the same Gaussian blur kernel ( = 2 pixels) before (top row) or
after (bottom row) geometric scaling by a factor of 1/2. Resulting images, shovn on
the right, dier from ead other.

SinceT is still afunction of the unknown S, it cannot be readily computed. For
the sake of argumernt, considerchanging the order of warp and blur operatorsin
T, and de ne a new imaging function

0_—
T W p W)
f

The obsened image |, is the ML estimate for 3, = B W ;(S) , and therefore,

TO9= Wy, I . That is, if we replaceT by T%in (16), we would arrive at the

commonly usedform (1) of objective function in image registration (for p = 2):
Z h i)

W9, = arg min 12(z) Wai2(l1)(2) dz: (17)

2215,

However, the warp and blur operations do not commute in general. Fig. 2 il-
lustrates this fact on a simple example. We therefore have T 6 T, resulting in
W9, 6 Wi,. SinceW 9, doesnot coincide with the ML solution W 1, it will
be a biasal estimator.

While W 9, is biased,there exist, in fact, conditions under which T°can help
us compute the unbiasedestimate W 1, . To reveal when this would be possible,
we expressthe blur operatorsin T and T%explicitly ascorvolution integrals. For
notational concisenesslet us de ne S°= \f\731(S).

T(x)=B Wi Wsi(S) (x)

B Wi S° (x)
Z

Wi SO (W)PSF w  x dw: (18)

w2W 15 (S9)



On the other hand,

TY%) = Wi B Wsi(S) (x)
=Wy, B(S9) (x)
=B S® Wi, Y(x)
= SY)PSF v Wi, Y(x) dv:
v2S0

To rewrite the integral abovein the domain of W 1, (S%, wede ne w = W 15 (V).
Asdv = J(W 1 1) dw, changingthe variable of integration of v to w will yield
VA

TV = Wiz SP(W)PSF W2 '), Waz ') J(Waz %) dw: (19)

w2W 15 (S9) !

Obsene that the di erence between(18) and (19) is due to the transformation
of PSF's argumen in (19). Let us considerthe casewhere W 1, is a similar-
ity transformation, which can be parameterized using scales, rotation , and
translation (tx;ty) varbables.The argumert of thengF in (19) is then

1 1

1
lel(W) lel(x):@sc_os SSin Wy Ty A @SCFJS SSIn Xx Ty A
ssin  scos  w, ty ssin scos Xy ty
cos sin cos sin
= sh cos o sh cos Xx
s s Wy s s Xy
_ coST1 s;r; Wy Xy
si cos
S S Wy Xy
=Wiw x);

whereW ®is a similarity transform with scale$, rotation , and zerotranslation.
Furthermore, if the camera'sPSF is rotation-in variant (i.e., isotropic),

PSE Wow x) = PSF(WS Xy

In summary, when W 1, is limited to similarity transforms and the PSF is
isotropic, (19) becomezc,
TYX) = Wi S° (w)PSF W—SX J(Wo ) dw: (20)

w2W 15 (S9)

A comparison of (20) with (18) reveals how the imaging functions T® and T
relate to ead other. Although they are both obtained by blurring W12(S9), the
actual blur kernels are di erent. Imagine that T has the blur kernel PSF (),
shown in the middle of Fig. 3. Sincethe blur kernelof TCis PSF (5), it will have
a dilated or compressedshape. For 0 < s < 1, the kernel gets compressedFig.3,
left), resulting in a T%lessblurry than T. For s = 1, we have equality betweenT
and TC Finally, for s> 1, the e ectiv e blur kernel becomeswider (Fig.3, right),
causing T%to be even more blurred than T.
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Fig. 3. Given |1, we can compute T® = W 1, (l1). However, to nd the ML warp
estimates, we needto evaluate T, which originally results from a convolution operation
with the PSF of the camera (middle). Depending on the value of s, estimating T from
T%turns out to be a blurring (0 < s < 1) or deblurring (s> 1) problem.

The analysis above provides the conditions under which T? can be usedin
emulating T, and the forward algorithm B2 still work even if the scenefunction
S is unknown:

For s= 1, T%can readily replaceT.

For 0< s< 1, we may blur T?further to make up for the di erence in blur
kernels PSF () and PSF(5). Only after this blur compensation is made
would the minimizer of (17) correspond to the unbiased ML estimate.

For s > 1, the wider blurring kernel producesan overblurred TC and emu-
lating T then turns out to be a deblurring problem: this is a typical ill-p osed
inverseproblem, and di cult to solve [8].

Note that the quarntites T and T%in (18) and (20) were derived for the
forward algorithm. By de nition, when the forward algorithm scalesup (i.e.,
s > 1), the backwad algorithm scalesdown (0 < % < 1). Therefore, in situa-
tions wheres > 1, the deblurring problem can be avoided by simply switching
to the algorithm which solves for the warp in the opposite direction. Hence,
for obtaining an unbiased estimate of the warp betweentwo images,there is a
natural choice betweenthe forward and backward algorithms: One should pick
the direction of warp sud that, after necessaryblurring, it scalesone image
down onto the other, i.e., the higher-resolution image should be warped onto
the lower-resolution image.

In caseswhere Wy, is not just a similarity transform but a full homogra-
phy, the inequality betweenT and T°will still stem from the di erence of blur
kernels. This time, however, the blur can vary spatially. Under a homography,
some parts of the warped image could be subject to compression(0 < s < 1)
while other parts are being dilated (s > 1). This fact calls for a mix of forward
& backwad algorithms to be applied to appropriate parts of the image. While
sudh a hybrid algorithm is the theoretically sound way of image registration in
general, such perspective distortions do not occur frequertly in practice. Thus,
we leave the discussionof such a method for future work.

C2. Backward Algorithm

The above analysis also applies to the backwaid algorithm.
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4 Experiments

We have found out that the potential asymmetry between forward and back-
ward registration algorithms is due to the di erence in their e ectiv e blur kernel
widths. Based on our analysis, we expect this di erence to becomemore pro-
nouncedas the relative magni cation factor betweenimagesbecomeslarger. In
order to obtain an unbiasedestimate, one must start with the higher-resolution
image (I or I), blur it appropriately, then warp it onto the lower-resolution
one. If the scale-inducedblur e ect is ignored, or the lower-resolution image is
warped onto the higher-resolution one, one should expect the warp estimatesto
be biased.In this section, we empirically verify these predictions.

4.1 Exp erimen tal Pro cedure

Our analysisshows that when the sceneS is not known, any blur in the imaging
systemwill causethe forward and backwaid algorithms to dier from ead other
in the presenceof relative scaling. Quantifying the blur e ect, however, is not
trivial becauseit is ultimately related to image content: While blurring (i.e.,
low-pass Itering) visually rich and detailed imageswould produce a signi cant
e ect, it would barely alter already smooth images. This consideration led us
to considera particular classof images,namely those of human faces.Accurate
registration algorithms are crucial in this domain, becauseit determines the
performanceof various tracking, recognition, and biometric veri cation systems.
We ran our face-domainexperiments on a setof 140grayscale,frontal faceimages
from the FERET database[16].

In order to quantify the magnitude of image registration bias, we generated
synthetic experiments by simulating the image formation process.A real face
image, acting as S, was rst blurred, then geometrically transformed according
to speci ¢ warp parameters,and nally resampledto generateimagesl; and I,.
In solving this synthetically generatedregistration problem, only I; and I, were
used(i.e., unknown scenecase).

Sincethe ground truth warp parameterswere known, we could test whether
minimizing our objective function gave accurate estimatesof the warp. For sim-
plicity, we limited our investigation to similarity transforms with known scaling
parameter (s). This left us with three degreesof freedom, namely, translation
(tx, ty) and rotation ( ), which we consideredindependertly. Having assigneds
and their ground truth values,we exhaustively seartedfor the global best val-
uesfor translation. Similarly, the global minimum for rotation was sough, with
s and (tx;ty) set to their correct values. These seardes were repeated in the
neighborhood of their free parameters' ground truth values,and the magnitude
of their biaseswas recorded.

4.2 Testing Conditions

Starting from a 384x256 pixel faceimage, v e di erent scalereduction parame-
ters (by factors of 1, 2, 4, 8, and 16) were usedin generating the test imagesl ;
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Fig. 4. Our quantitativ e results are organized in a matrix of registration problem in-
stances(left). Entries of this matrix show the bias statistics of the forward algorithm,
with blur compensation applied as needed.

and | ,. Without lossof generality, rotation and translation parameterswere set
to zero. As shown in Fig. 4 (left), this resulted in a 5x5 scenariomatrix M of
imagepairs being registeredfor ead faceimage. Note that the diagonal elemers
of this matrix correspond to problem instanceswhereimageshave the sameres-
olution, whereaso -diagonal elemens represen caseswhere they dier in this
respect. Our tests aimedto measurehow accurately the ground truth translation
and rotation values(i.e., no translation and rotation) could be estimated.

We limited our experiments to the forward algorithm, which always warps | ;
onto |,, regardlessof their scale.However, sincethe full scenariomatrix includes
all possiblepairings, both downscaling and upscaling caseswere covered, as ex-
emplied by the instancesM(1,4) and M(5,3) in Fig. 4. Bilinear interpolation
was used whenewer the sourceimage |; of the warp was smaller than the des-
tination imagel,, and no deblurring was attempted. In simulating the imaging
process,we useda pillb ox PSF whosewidth in scenepixels equaledthe integer
downscalefactor. Similarly, when |; was being downscaled, the extra blurring
to be applied to T%in (19) was also obtained using a pillb ox PSF whosewidth
in 11 pixels equaledthe relative scalefactor.

For practical reasons,our \global seard" for the best parameter settings was
limited to the immediate neighborhood of corresponding ground truth values.
For translation, we sampled the interval of [ 0:20;+0:20] pixels in 0.01 pixel
incremerts for both ty and ty. Similarly, we sampledthe [ 2;+2] degreeinterval
in 0.1 degreeincremerts for rotation (around the certer of the image). Fig. 5
shaws example surfacesobtained by sampling translation parametersof L1 and
L2 norm objective functions for the problem M(5,3) of Fig. 4, wherel ; is lower
in resolution than 1,. As predicted, the global minima of thesefunctions do not
lie at the origin, con rming a bias due to the problem formulation (i.e., objective
function) itself, rather than the assumednoise or the minimization method.
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Fig. 5. L1 (left) and L2 (right) norm objective functions for translation parameters
of problem instance M(5,3) of Fig. 4. The forward algorithm is biased in this case,
becauseits global solution ( ) doesnot coincide with the ground truth (?).

4.3 Results

The forward algorithm wasinvestigatedfor all 25 entries of the scenariomatrix,
and repeatedfor 140faceimages.Fig. 6 reports meansand standard deviations
of the computed bias magnitudes, organized in the same matrix form as the
scenariomatrix. Note that the translation biasesare originally measuredin 1,
pixel units, becauset, andt, are addedonto |, pixel coordinates after scaling.
Fig. 7 displays selectedhistograms of translation biases.

The lower triangle of the matrices corresponds to caseswhere I is lower
in resolution than 1, calling for bilinear interpolation of 11 during the warp.
Con rming our analysis, both translation and rotation parametersare found to
be biased. For a given column (i.e., xed I, resolution), we obsene that the
bias in question gets larger as |1 is degradedin resolution. This is due to the
increasedmismatch betweenT and TP as discussedin Section 3.2, and the fact
that the computed objective function increasingly relies on interpolation.

The diagonal and upper triangle of the matrices represent caseswherel; is
equal or higher in resolution than | ,. Following our analysis,we rst compensate
for the di erence betweenT and T°by blurring |, as needed,and then proceed
with the geometricwarp. As expected,the biasin thesecasess empirically found
to be zero. For clarity, theseertries are not shown.
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Translation Bias [pixel]

L1 Norm Obj. Func. L2 Norm Obj. Func.

[ [t [12 [Uas [Us [1A6][ [ 1 |12 | U4 | 1/8 [116]
1 1

172 ||.01/.01 172 ||.01/.01

1/4_||.01/.01].01/.01 1/4_||.01/.01].02/.01
1/8|[.02/.01].02/.01[.02/.01 1/8_|[.037.02[.03.02[.03/.02

1/16 ||.03/.02[.04/.02[.04/.02].04/.02 1716 ||.04/.02].06/.02].07/.04].07.04

Rotation Bias [degree]

L1 Norm Obj. Func. L2 Norm Obj. Func.

[ [t [Tz [va (18 1A6)[ [ 1 [12 [U4 | U8 [1/16]
1 1

1/2_|[.00/.00 1/2_|[.00/.00

1/4_|[.00/.00/.007.00 1/4_|[.00/.00/.007.00
1/8_|[.00/.02[.007.00].00/.00 1/8_|[.01/.03[.00/.01].00/.00

1/16 |[.17/.26[.11/.26[.02/.13].00/.00 1/16 |[.14/.19].11/.21].04/.14[.01/.07

Fig. 6. The translation and rotation bias magnitude of the forward algorithm orga-
nized in the 5x5 scenariomatrix form. Rows and columns correspond to scaling factors
applied to 11 and |, respectively. Entries are: Mean/Standard Deviation. The diagonal
and upper triangle of the matrices are expected, and empirically veried to be zero.
For clarity, zero's are not shown in the table. Sincethe translation parametersarein |»
pixel units, so are their reported biases.SeeApp endix B for scale-normalized versions
of translation biases.

5 Discussion

5.1 Signicance of the Bias in Realistic Cases

Although our discussionhas been limited to image-to-imagewarp estimation,
model-basedvision algorithms represert a rich domain in which the importance
of asymmetry would be pronounced.For instance, [24] preseris an e cien t track-
ing algorithm which makesuseof Activ e AppearanceModels (AAM) [19] of face
shape and appearance.In a surveillance scenario, this algorithm would be t-
ting high-resolution face modelsonto low-resolution obsenations, whererelative
scalesof 1:10would be common.

In our subsequeh work [26], we derived a novel, \resolution-aware” AAM
tting algorithm which took into accourt the asymmetry due to scaling. We
obsenedimportant performancedi erences betweenthe (equivalent of) forward
and backwad algorithms, and quarti ed it for the estimation accuracy of an
AAM's shape ? and appearanceparameters. As expected, the algorithm which
blurred and warped the high-resolution model onto low-resolution obsenations
was signi cantly more accurate. This suggeststhat e cien t tting formulations
of [23,24] may not be readily applicableto low-resolution model- tting scenarios.

2 including a few non-rigid modesin addition to the similarity transform
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Fig. 7. Translation bias histograms for the L2 Norm objectiv e function, corresponding
to the last row (i.e., |1 scaledby 1/16) of the upper-right scenario matrix M in Fig. 6.

5.2 The Bootstrapping Problem

In [15], authors arguedthat \without any other prior knowledge,the registration
problem is symmetric". We claim that the blurry nature of real imagesbreaks
this symmetry as soon asthere is relative scaling (i.e., jJ(W12)j 6 1). Nonethe-
less,we agreethat we dorit know a priori whether to expect any relative scaling
between two images, and if so, which of them ought to be downscaled. This
uncertainty raisesthe question, which algorithm should be employed initially

to guessthe scaling. The empirical evidence we gathered in the face domain
suggeststhat the bias induced by using the non-optimal warp algorithm is not
big enoughto instigate a wrong decisionabout the direction of the scaling (i.e.,
whether 0 < s < 1 or s> 1). In other words, we expect both algorithms to be
acceptably correct in hinting at the relative scaling, basedon which one could
commit to the correct warp direction and obtain unbiased estimates.

5.3 Related Issues in Image Registration Algorithms

We have discussedthe bias problem of registration algorithms. The systematic
bias issuein optical ow methods which has beenaddressedpreviously [3,6, 10,
18] stemmedfrom errors in image gradient estimation. In contrast, we explored
a potential bias arising from the problemformulation itself. As such, our results
remain independert of the limitations of particular numerical implementation
and optimization methods.

In an image matching formulation with point features, the authors of [11]
and [14] obsened that their interest points were not invariant to scale. As a
remedy, these points were computed for a variety of scale (i.e., blur) levels,
which parallels the extra blurring advocated in this paper.

From a practical point of view, we would expect to have di culties if the
two cameraswere defocusedby di erent degrees:Since our blur compensation
step estimatesthe amount of necessaryblurring from the relativ e scaling factor,
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it would not be able to accourt for the blur accurately. We plan to explore this
failure mode in future work.

In certain applications (e.g., non-rigid registration of medical images), cri-
teria sud as the repeatability and robustnessof registration results may be as
important astheir accuracy In such casestrade-o s might be considered.

6 Conclusion

In this paper, we posedthe bias problem in image registration in a simple yet
illuminating scenario:starting from an idealized setting wherein the underlying
sceneradiance eld S wasknown, we presertied three algorithms (compositional,
forward and backwand) to compute the ML estimate of the homography which
ties the image coordinate frames. We then investigatedwhich of thesealgorithms
could be usedin the absenceof sceneinformation S. Our analysis exposedthe
conditions under which forward and backward algorithms could compute the ML
estimate basedon I, and I, only, and prescribed a speci ¢ blurring step in the
presenceof relative scaling betweenimages. Such casesturned out to imposea
particular warp direction for ensuring unbiased estimates.

Our asymmetry claim is based on the scaling-induced extra blurring that
neither a forward nor a backwaid algorithm can overcome.It depends upon
whichever happensto be warping the lower-resolution image onto the higher-
resolution one. We have shown that an inability to deblur T%in an attempt to
approximate T results in a bias that is independert of the assumedobsenation
noise model: we con rmed this for both L1 and L2 norm objective functions.
Furthermore, by showcasingthis bias on actual objective function surfaces,we
eliminated the possibility of confoundingit with potential artifacts of particular
optimization methods that would normally seard for the bestwarp parameters.

Finally, our analysisremainsapplicable to other caseswvhereblur-related dis-
crepanciesresult not necessarilyfrom cameraposesand zoom levels, but from
imaging modalities or instrument characteristics.
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A The Equiv alence of Forward and Backward Algorithms

Assuming the idealized scenario of Section 3.1, let us expressthe image warp
operations of (10) using point coordinates
W “ s w W K
= argmin S S dy: 21
21 gmin 1s(Y) 2s YV_J{%(_Y; y (21)
z

y2ls

We can rewrite the integration in (21) in the domain of I, by dening z =
W 12 (y). Sincedy = J(W 21) dz, (21) can be written as

Zh i 5
Wy = argwin S Wis Wa(z) S Wos YVlZ \{\421(2)} J(W21) dz
I2
7% i,
=argmin S Wis Wa(z) SWas(z) JI(Wy)dz: (22)
21
221,

Switching badk to image warp notation, (22) becomes
W Mt W K
21 = argvr\rlnzrll W 50 |_?£(_S? (2) ?N_?%(_S;(z) J(W 1) dz: (23)

221, {\1 r\z

Recalling W 1, = W ,;', we obsene that the di erence betweenthe forward (8)
and backwaid (23) algorithms' objective functions is the extra Jacobian term
jI(W 21)j in (23). Since a general homography's Jacobian varies spatially, this
term would normally act asa spatial weighting function and in uence the minima
of the objective function considered.However, in practically common casesof
rigid and similarity transformations, the Jacobianwould remain constart across
the image. Then, the two algorithms would be equivalent, and interchangeable.
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B Scale-Normalized Translation Biases

As indicated in Section4.3, the translation bias results of Fig. 6 are reported in
I 2's pixel units. However, sincel, hasa di erent resolution in every column, the
erntries of the matrix are not directly comparable.In Fig. 8, we replicate these
bias valuesin a common (highest-resolution) scale.

Translation Bias [pixel]

L1 Norm Obj. Func. L2 Norm Obj. Func.

| [ 1 J12 Jvus [ 18 [1/16 | | [ 1 J1u2 [us [ 18 [1/16]
1 1

172 |.01/.01 172 |.01/.01

1/4 ].01/.01].03/.02 1/4 .01/.01].03/.02

1/8 |.02/.01].04/.03].09/.05 1/8 |.03/.03.06/.04].13/.07

1/16 ||.03/.02].08/.04[.17/.09].36/.19 1/16 ].04/.02].12/.04].30/.15].59/.33

Fig. 8. Scale-normalizedtranslation bias values (c.f. Fig. 6)



