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Abstract

Scott, D.S., A type-theoretical alternative to ISWIM, CUCH, OWHY, Theoretical Computer
Science 121 (1993) 411-440.

The paper (first written in 1969 and circulated privately) concerns the definition, axiomatization, and
applications of the hereditarily monotone and continuous functionals generated from the integers
and the Booleans (plus “undefined” elements). The system is formulated as a typed system of
combinators (or as a typed A-calculus) with a recursion operator (the least fixed-point operator), and
its proof rules are contrasted to a certain extent with those of the untyped A-calculus. For
publication (1993), a new preface has been added, and many bibliographical references and com-
ments in footnotes have been appended.

Preface (1993)

The main part of the text of this paper was written in England in October, 1969,
mid-way through the term the author spent on leave from Princeton University
visiting Professor Christopher Strachy and his Programming Research Group at
Oxford University. The preparation of this paper for its long-delayed publication has
been done while the author was on sabbatical leave from Carnegie Mellon University
visiting Professor Bruno Buchberger at his Research Institute for Symbolic Computa-
tion at the Johannes Kepler University, Linz, Austria. The author is very much
indebted not only to the universities mentioned for these various opportunities to take
leave and to enjoy hospitality at the places visited, but also to Todd and Mary Wilson
and Kim Wagner for typing the manuscript from a very old photocopy of a typescript,
for writing and fixing the necessary TEX macros to typeset the new version as
a report, and for helping assemble the bibliography.
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The author is also much indebted to the editors of this volume for the welcome
suggestion that such “historical” papers might be published this way. This particular
paper has, of course, an odd historical role: in it the author argues against the type-free
calculi of Church and Curry, Kleene and Rosser, and their later uses by B6hm and
Strachey. But then in November of 1969, after writing this report, the author himself
saw that the method of monotone continuous functions (which grew out of traditional
recursive function theory in discussing certain kinds of functionals) could be applied
to posets other than just those generated from the integers (with bottom) by the very
simple type constructors. In particular, it was recognized that there were posets whose
continuous function spaces of self-maps could be identified with the given posets
themselves. And so there actually were “traditional” models of A-calculus that could
be defined without first going through the proof theory of the formal system itself (and
which could be related to many other mathematically meaningful structures and
theories as well).

This revelation was both gratifying and embarrassing. After writing with tiresome
sarcasm about the lack of meaning in the type-free A-calculus introduced only
formally, the author himself found an interesting kind of semantical interpretation for
the “type-free” language. This total shift of gears is the reason the present paper was
not published: the foundational program being advocated had apparently been
completely outmoded by the discovery of the more general lattice-theoretic models.
However, the axiomatic program laid out here had much to recommend it, and it was
continued and extended in many directions by Milner, Plotkin, and many others, to
whom the paper had been circulated privately — often at nth hand. Gunter in his book
[9, p. 143] remarks, “The language PCF itself was introduced by Scott in what is
probably the most well-known unpublished manuscript in Programming Language
Theory”. That exaggerates history somewhat, but the proof system proposed was in
fact one of the main motivations for Milner to make automated proofs for such
axiomatics (see [8, p. 153]). And this project in turn led directly to the definition,
design and implementation of the programming language ML - a very important
event in the history of computer languages, since ML has since prospered and taken
on a role, importance and life of its own never dreamed of in the mid-1970s. Moreover,
the completeness problem for the theory of the type system of this paper turned out to
be far more delicate than was initially apparent (see the historical introduction to the
Kahn-Plotkin paper in this volume).

On the other hand, the type-theoretical approach has not died out at all, because it
has been taken over and absorbed into the applications of category theory to
semantics and computation theory. The author is fond of saying that a category
represents the “algebra of types”, just as abstract rings give us the algebra of
polynomials, originally understood to concern only integers or rationals. One can of
course think only of particular type systems, but, for a full understanding, one really
needs also to take into account the general theory of types, and especially translations
or interpretations of one system in another. Category theory together with the notion
of functor and natural transformation between functors has been proved over and
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over again in the last half-century to be the appropriate way to go about these studies.
The author himself does not always like or enjoy the discipline of category theory,
which seems ofttimes to carry along very, very heavy machinery and odd terminology,
but he long ago came to the conclusion that it is quite unavoidable. The extremely
active current research in semantics also shows that it is an especially fruitful way to
think. The book of Gunter [9] with its wide-ranging historical comments and
references is adequate proof of this assertion.

The strange title of this paper ought perhaps to be explained. In 1966, Landin
published an influential paper [14] which introduced a syntactical design style for
programming languages, one of which he called ISWIM, standing for “If you See
What I Mean”. Also B6hm in 1966 published the paper [3] which named a language
of combinators called CUCH, standing for “Curry—Church”. There seemed to be
a worrisome trend in funny acronyms starting here (of which perhaps the ultimate
examplar is the well-known and very widely used editing/programming interface
called GNU, recursively standing for “GNU is NOT Unix”). The author hoped to
stop some proliferation by suggesting a return to the logically standard type-theoret-
ical framework and thereby deter the creation of programming languages of doubtful
foundation called (as a group) OWHY, standing for “Or What Have You.” No one
really understood the joke, and the effort was doomed to be of no avail. And history
proved the author to be too conservative in any case.

In the body of the paper footnotes giving relevant comments and some references
have been added for this publication. A brief afterthought has been added as a last
section. Some comments in the original text have also been transposed to footnotes to
help readability. Several editorial changes and corrections were incorporated, but the
original text has essentially been preserved. The bibliography is to be found at the end
of the paper.

0. Introduction (1969)

No matter how much wishful thinking we do, the theory of types is here to stay.
There is no other way to make sense of the foundations of mathematics. Russell (with
the help of Ramsey) had the right idea, and Curry and Quine are very lucky that their
unmotivated formalistic systems are not inconsistent." This is not to disparage
formalistic work. In my view it is only through formalism that we can find a clear idea
of the scope of mathematical knowledge. And I freely admit that one’s research may be
advanced by some purely formalistic play with symbols. My point is that formalism
without eventual interpretation is in the end useless. Now, it may turn out that a system
such as the A-calculus will have an interpretation along standard lines (and I have
spent more days than I care to remember trying to find one), but until it is produced

1 The author still believes this statement.
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I would like to argue that its purposes can just as well be fulfilled by a system
involving types. Indeed, as far as proofs are concerned, the system with types seems to
be much better.?

It is a pity that a system such as Zermelo—Fraenkel set theory is usually presented in
a purely formal way, because the conception behind it is quite straightforwardly based
on type theory. One has the concept of an arbitrary subset of a given domain and that
the collection of all subsets of the given domain can form a new domain (of the next
type!). Starting with a domain of individuals (possibly empty), this process of
forming subsets is then iterated into the transfinite. Thus, each set has a type
(or rank) given by the ordinal number of the stage at which it is first to be found
in the iteration. One advantage of this method is that the types are built into the
sets themselves and need not be made manifest in the formalism. (Computer people
might say that the type checking in set theory is done at runtime rather than at compile
time.) One disadvantage is that people tend to forget what is out of sight. But it is
there, and one can make quite clear what is the type-theoretic background of set
theory.?

For the purposes of understanding computation, however, set-theoretical formal-
ism is not too helpful in any direct way. In the first place, too much of set theory
concerns the transfinite, and ordinary computation has rather to do with finite
processes. In the second place the axioms of set theory are meant to capture
something essential of the idea of an arbitrary subset, while computation theory is
more interested in the notion of an algorithmically defined subset (or function). Of
course, one can define in set theory such notions as that of a general recursive
function, but such definitions do not emphasize enough what is special about algo-
rithms. Nor is it generally clear when a defined function is recursive. So what we want
is a “restricted” system that is specially designed for algorithms.* What I shall present
below is an independent system with its own axioms and rules; but, since I observe the
canons of type theory, it can be (and indeed must be) read as a fragment of set theory
so that its theorems can be recognized as valid. This is the main feature missing from
the A-calculus. Now I have only thought of this system in the last few days, so it may
still be imperfect.®* However, none of it is wrong (as will be seen from the simple
character of the system), and it does seem to do in a much better way what I discussed

2 This statement remarkably remains true! Even with the subsequent 20-year development of the theory
of domains, the proof principles for recursively defined (or reflexive) domains are still being discovered. This
can be well appreciated by reading the two very recent papers of Pitts [18, 19].

3 Though set theory, and especially ZF set theory, underwent a truly vast development in the last 30
years, the common understanding of the type structure is probably not yet fully appreciated — to judge by
the many arguments the author has had with category theorists.

#The subsequent development of intuitionistic ZF and the expansion of realizability interpretations has
completely changed this position. Unfortunately, the axiomatics of “synthetic domain theory” have not
been completely clarified so that a convenient foundation for computation theory and semantics can be
given in set-theoretic terms (see [12, 25] and the references therein).

5 The report was written at one sitting over a very short period and never revised.

















































































