Summary of Rules

Course Staff

In these notes, we provide a self-contained summary of the rules of a few of the
logics that we have looked at recently.

1 Modal Natural Deduction

The modal logic that we have studied in class uses three forms of judgment, in which
A is a multiset of A valid and I is a multiset of A true:

(truth) AT A true
(validity) A+ A wvalid
(possibility) A;T = A poss

Rules of weakening and contraction are admissible for both contexts; exchange is
silent because we treat the contexts as multisets. We omit the rules for introduction
and elimination of the non-modal connectives, noting that these always target the
form of judgment A;T" - A true and leave A unchanged throughout.

Structural
A;- - A true i A;T - A true poss h
A+ Avalid V" A; T F A poss A, Avalid;T' - A true ypy
A;T, A truet A true hyp
Modalities
A A valid ai A;THOA true A, Awvalid;T' = C true OF
A; T+ OA true A;TF C true t
AT HOA true A, Awvalid; T = C poss OE
A;T F C poss P
A; T+ A poss | AT HOA true A; Atruet C poss £
AT H QA true A;T' = C poss 0



2 Lax Natural Deduction

Lax natural deduction involves two forms of judgment, in which I' is a multiset of
A true:

(truth) ' A true
(lax truth) 'k A lax

Rules of weakening and contraction are admissible; exchange is silent because we
treat the contexts as multisets.

Structural
h I'F A true l
I', A truet A true yp TF Alax &
Modalities
'k Alax O I'+-QAtrue T, Atruet C lax OF
I'EQOA true T'FC lax

3 Ordered Natural Deduction

Ordered natural deduction uses a single form of judgment, where €2 is an ordered list
of assumptions A true:

(ordered truth) Q= A true

Structural

-  h
A truet- A true P

Additive disjunction

Q=0 true

01,90 F C true °F
Q= A true ol Q= B true
QO A® B true =" QO A® B true

Ot A® B true Q,Atrue,Qs = C true Qq, B true, Qs = C true .
01,9, 0 - C true ®

Additive conjunction

QT true T
Q= A true QH—Btrue&I Q- A& B true E QH—A&Btrue&E
QW A& B true Qi A true ! QW B true 2



Multiplicative conjunction

1] Qi1 true Q1,05 C true
<=1 true 01,9, = C true

Q1 = Atrue Qo = B true
Ql,QQ - Ae B true

Q- AeBtrue 4, A true, B true, Qs I+ C true
01,9, t+ C true

The following connective, called “twist”, was not covered in class; but we include it
to complete the adjoint duality induced by the two versions of implication, »— and —».

O B true Qo = A true
Q1,0+ Ao B true

QO Ao B true Qy,B true, A true,Qs = C true

01,0, 0 - C true °
Implication
O, A truel- B true | Qi A— Btrue Qo t A true .
QO A— Btrue Q1,05 + B true -
A true, Q i+ B true | O = Atrue Qo= A— B true
QO A— B true Q1,00 I+ B true —

4 Linear Natural Deduction

Ordered natural deduction uses a single form of judgment, where I is a multiset of
assumptions A true:

(linear truth) 't~ A true

The rule of exchange is silent, because we have treated the context as a multiset.

Structural

A truel A true hyp



Additive disjunction

I'- 0 true
)T C true
't A true | 't B true
T A®Btrue T A®Btrue 2
I't~A® B true IV, Atruet- C true T' B truet- C true
I, T 1 C true
Additive conjunction
'~ T true Tl
' Atrue T'W B true | I't~ A& B true E FH—A&Btrue&E
I't+ A& B true 't A true 1 T't B true 2

Multiplicative conjunction

1l I'i-1true TV I C true 1E
=1 true I,T' C true

' Atrue T'st B true
I',I'ot+ A® B true

'~ A® B true T', A true, B true - C true SE

D, T { C true
Implication
I', A truet B true | 't A-—oBtrue T"H Atrue E
—0 —0
't A— B true I, T' + B true

5 Focused Sequent Calculus

Focused sequent calculus has several class of propositio and context. We summarize
them below, noting that 2 ranges over ordered lists, whereas I" ranges over multisets:

(negative) A- == a |T |A N B |ATDB |47
(positive) AT u= @t |TT|L|ATATBT|AT VBT | A
(inv. antecedents) QFr n= ] Q7 AT

(stable antecedents) T = -|TA |T,a

(stable succedent) p = A" |a

1We are writing a—, a™ for negative and positive atoms respectively. You may also see these written as
pP-,P".



Focused sequent calculus features several forms of judgment:

(right inversion) ot 54

(left inversion) rot -5 p
(stable) r—p
(right focus) I — [AT]
(left focus) AT —»p

Right inversion

N —Sa Ot 5 At 0t At 5 B
- E— aR - ™R A DR
o —a 0" — 1A O — A">B
ro 5S4 ot 5
- AR ———— TR
o —A A B r;0f —T
Left inversion
r—p F,(J*;Q*é/) F,A’;Q'—L>p
— stable — | al - JL
r,-—op Q" ,a™ —p Lo lAa —p
L
Lo —p
— | 1L - 1L
L, 70 —p Lo, L —p
F;Q*,A*é/) F;Q*,B*—Iﬁp ;07 AN B —L>p
VL ATL
F;Q*,AjL\/B*#/) F;Q*,A*/\*B*#/}
Stable
FH[A’}f R A el T, A ]—p
T — A+ o€ r—, focL
Right focus
R
+ r;- A~
oLy R ———— TR
I'—[a"] I — [JA7] I —[T7]
I — [AT] I — [B"]

VRa

VR

I —[AtvBT] ! I — [ATV B

I — [AT] T — [B']
I — [A" A" BT

AR



Left focus
I —[AT] T,[B]—p
DL

o IyA™ L>/) ™
Ia ] —a id L [1AT] — p LATDB | —p

AT —p I[B]—p
E— N Ly ‘ E— N Lg
IL[A-N B ]—p LJA-AN B ]—p
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