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Abstract

Low rank approximationtechniquesarewidespreadin patternrecogni-
tion research— they includeLatentSemanticAnalysis (LSA), Proba-
bilistic LSA, PrincipalComponentsAnalysus(PCA),theGenerativeAs-
pectModel,andmany formsof bibliometricanalysis.All make useof a
low-dimensionalmanifoldontowhichdataareprojected.

Such techniquesare generally“unsupervised,” which allows them to
model datain the absenceof labelsor categories. With many practi-
cal problems,however, someprior knowledgeis available in the form
of context. In this paper, I describea principledapproachto incorpo-
rating suchinformation,anddemonstrateits applicationto PCA-based
approximationsof severaldatasets.

1 Introduction

Many practicalproblemsinvolve modelinglarge, high-dimensionaldatasetsto uncover
similaritiesor latentstructure.Linearlow rankapproximationtechniquessuchasPCA[12],
LSA [5], PLSA [6] andgenerative aspectmodels[1] arepowerful tools for approaching
thesetasks.They identify (relatively) low-dimensionalhyperplanesthatbestapproximate
thedataaccordingto agivennoisemodel.In doingso,they exploit andexposeregularities
in thedata:thehyperplanesrepresenta latentspacewhosedimensionsareoftenobserved
to correspondto distinct latentcategoriesin the dataset. For example,an LSA-derived
low-rank approximationto a corpusof news storiesmay have dimensionscorresponding
to “politics,” “finance,” “sports,” etc.Documentswith thesameinferredsources(therefore
“about” thesametopic)generallylie closeto eachotherin thelatentspace.

The broadapplicability of thesetechniquescomesfrom the fact that they areessentially
“unsupervised”– a modelis learnedin the absenceof labelsindicatingclassor category
memberships.Thereare, however, many situationsin which someprior information is
available; in thesecases,we would like to have someway of using that information to
improve ourmodel.

Nigam et al. [10] studiedthe problemof learningto classify datainto pre-existing cat-
egoriesin the presenceof labeledandunlabeledexamples.Their approachaugmenteda
traditionalsupervisedlearningalgorithmwith distributioninformationmadeavailablefrom
theunlabeleddata.In contrast,this paperconsidersa methodfor augmentinga traditional
unsupervisedlearningproblemwith theadditionof equivalenceclasses.



Equivalenceclassesarea naturalconceptfor many real-world problems. We frequently
havesomereasonfor believing thatasetof observationsaresimilar in somesensewithout
wantingto or beingableto saywhy they aresimilar. Notethat thesetsarenot requiredto
becomprehensive— wemayonly haveknown associationsbetweenahandfulof observa-
tions. Further, thesetsarenot requiredto bedisjoint; we mayknow thatmembersof a set
aresimilar, but thereis no implicationthatmembersof two differentsetsaredissimilar.

In any case,thehopeis thatby indicatingwhich observationsaresimilar, we canbiasour
modelfocuson relevant featuresandto ignoredifferencesthat,while statisticallysignif-
icant, arenot correlatedwith our ideaof similarity in the problemat hand. This paper
describesanalgorithmvalidatingtheuseof this approach.

1.1 Related work

Thereis too largea literatureexaminingthecombinationof supervisedandunsupervised
learningto cover here;below I mentionin passingsomeof themostrelevantresearch.

In termsof conceptualsimilarity, multiplediscriminantanalysis(MDA) andorientedprin-
cipal componentsanalysis(OPCA)aretechniquesthatattemptto maximizethefidelity of
a linear low rankapproximationwhile minimizing thevarianceof databelongingto des-
ignatedequivalenceclasses[2]. The differencewith the approachdiscussedhereis that
MDA andOPCAmaximizea ratio of variancesratherthana mixture; this is equivalentto
makingtheassumptionthat thecovariancematricesfor eachsetaretied. Anotherrelated
techniqueis multidimensionalscaling(MDS) which,asidefrom sharingtheratio-basedcri-
terion,makestheaddedassumptionthat theprecisedegreeof similarity (or dissimilarity)
of two datapointsis to beenforced.In general,which setof assumptionsis bestdepends
on theproblemathand.

In termsof implementation,thepresentalgorithmowesagreatdealto the“shadow targets”
algorithmfor Neuroscale[8, 15], whoseeponymousdatapointsenforceequivalenceclasses
on setsof (otherwise)unsuperviseddata. That algorithmtradesfidelity of representation
againstfidelity of equivalenceclassesmuch in the sameway asEquation4, althoughit
doessoin thecontext of aKohonenneuralnetwork insteadof a linearmapping.

Anotherclosely-relatedtechniqueis CI-LSI [7], which useslatentsemanticanalysisfor
cross-languageretrieval. Thetechniqueinvolvestrainingontext documentsfrom aparallel
corpusfor two or morelanguages(e.g.FrenchandEnglish),suchthateachdocumentexists
asbothanEnglishandFrenchversion.In CI-LSI, eachdocumentis mergedwith its twin,
andthehyperplaneis fit to thesetof paireddocuments.

Thegoalof CI-LSI matchesthegoalof thispaper, andthetechniquecanin factbeseenas
aspecialcaseof theinformedprojectionsdiscussedhere.By usingthe“mean”of apairof
documentsasa proxy for thedocumentsthemselves,we assertthat the two comefrom a
commonsource;fitting a modelto a collectionof suchmeansfindsa maximumlikelihood
solutionsubjectto theconstraintthatbothmembersof apaircomesfrom acommonsource.

2 Informed and uninformed projections

To introduceinformedprojections,I will first briefly review principalcomponentsanalysis
(PCA)andanalgorithmfor efficiently computingtheprincipalcomponentsof adataset.

2.1 PCA and EMPCA

Given a finite datasetX � Rn, whereeachcolumncorrespondsto oneobservation,PCA
canbe usedto find a rank m approximationX̂ (wherem � n) which minimizesthe sum
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Figure1: PCA maximizesthe varianceof the observations(on left), while an informed
projectionminimizesvarianceof projectionsfrom observationsbelongingto thesameset.

squareddistortionwith respectto X. It doesthisby identifying themorthogonaldirections
in which X exhibits thegreatestvariance,correspondingto them largesteigenvectorsC ��
C1 ��������� Cm� . X canthenbeprojectedontothehyperplanedefinedby C as

X̂ � C 	 CTC 
�� 1CTX � (1)

Althoughnot strictly a generative model,PCA offersa probabilisticinterpretation:C rep-
resentsa maximumlikelihoodmodelof the dataunderthe assumptionthat X consistsof
(Gaussian)noise-corruptedobservationstakenfrom linearcombinationsof msourcesin an
n-dimensionalspace.Thevaluesfor X̂ thenrepresentmaximumlikelihoodestimatesof the
mixturesresponsiblefor thecorrespondingvaluesin X.

Roweis [13] describedanefficient iterative techniquefor identifyingC usinganEM pro-
cedure.Beginningwith anarbitraryguessfor C, thelatentrepresentationof X is computed

Y ��	 CTC 

� 1CTX (2)

afterwhichC is updatedto maximizetheestimatedlikelihoods

C � XYT 	 YYT 
�� 1 � (3)

Equations2 and3 areiterateduntil convergence(typically lessthan10iterations),atwhich
time thesumsquarederrorof X̂’s approximationto X will have beenminimized.

2.2 Informed projections

PCA only penalizesaccordingto squareddistanceof anobservationxi from its projection
x̂i . Givena Gaussiannoisemodel,x̂i is themaximumlikelihoodestimateof xi ’s “source,”
which is theonly constraintwith whichPCA is concerned.

If webelievethatasetof observationsSi ��� x1 � x2 ��������� xn � haveacommoncause,thenthey
shouldshareacommonsource.For ahyperplanedefinedby eigenvectorsC, themaximum
likelihoodsourceis themeanof Si ’sprojectionsontoC, denotedSi . As such,thelikelihood
shouldbe penalizednot only on the basisof the varianceof observationsaroundtheir
projections ∑ j ��� x j � x̂ j ��� 2 , but alsothevarianceof theprojectionsaroundtheirsetmeans

∑i ∑x j � Si ��� x̂ j � Si ��� 2 .

Thesetwo penaltytermsmaybeat oddswith eachother, sowe mustintroducea hyperpa-
rameterβ representinghow muchweight to placeon accuratelyreproducingthe original
observationsandhow muchto placeonpreservingtheintegrity of theknown sets:

Eβ ��	 1 � β 
 ∑
j
��� x j � x̂ j ��� 2 � β∑

i
∑

x j � Si

��� x̂ j � Si ��� 2 � (4)



Whenβ � 0� 5, Equation4 is equivalentto minimizing ∑i ∑x j � Si ��� x j � Si ��� 2 underthe as-
sumptionthatall otherwiseunaffiliated xi aremembersof their own singletonsets.This is
justthesquareddistancefrom eachobservationto its projectedclustermean,whichappears
to bethecriterionCI-LSI minimizesby averagingdocuments.

2.3 Finding an informed projection

The error criterion in 4 may be efficiently optimizedwith an expectation-maximization
(EM) procedurebasedon Roweis’ EMPCA [13], alternatelycomputingestimatedsources
x̂ andmaximizingthelikelihoodsof theobserveddatagiventhosesources.

Thelikelihoodof asetis maximizedby minimizing thevarianceof projectionsfrom mem-
bersof a set aroundtheir mean. This is at oddswith the efforts of PCA to maximize
likelihoodby maximizingthe varianceof projectionsfrom the datasetat large. We can
make theseforceswork togetherby addinga “complementset” S̃i for eachsetSi suchthat
thevarianceof Si ’sprojectionsis minimizedby maximizingthevarianceof S̃i ’sprojections.

Thecomplementsetmaybedeterminedanalytically, but canalsobecomputedefficiently
asanextra stepbetweenthe“E” and“M” stepsof theEM iteration.Givenanobservation
x j � Si , the complementfor x j may be computedin termsof its projection x̂ j onto the
hyperplaneandSi , themeanof theset.

Figure2: Locationof a point’s complement̃x j with respectto its meansetprojectionSi
andthecurrenthyperplane.

In orderto “pull” the currenthyperplanein the directionthat will minimize x j ’s distance
from the setmean,x̃ j mustbe positionedat a distanceof ��� x j � x̂ j ��� from the hyperplane
suchthatits projectionliesalongline from Si to x̂ j atadistancefrom Si equalto ��� x j � x̂ j ��� .
With somegeometricmanipulation(Figure2), it canbeshown that

x̃ j � Si
� 	 x̂ j � Si 
 ��� x̂ j � x���

��� x̂ j � Si ���
� 	 x̂ j � x 
 ��� x̂ j � Si ���

��� x̂ j � x��� �

For efficiency, it is worth noting that by subtractingeachset’s meanfrom its constituent
observations,all setsmay be combinedinto a singlezero-mean“superset”S̃ from which
complementsarecomputed.

Oncethecomplementsethasbeencomputed,it canbeappendedto theoriginal observa-
tionsato createajoint dataset,denotedX ��� �

X � S̃� , andthe“M” stepof theEM procedure
is continuedasbefore:1

Y ��	 CTC 
�� 1CTX � � C � X � YT 	 YYT 
�� 1 � (5)

Applying β to theoptimizationis straightforward– if wepreprocessthedataby subtracting
themeanof theobservations(asis standardfor PCA), theeffect of eachobservation is to

1SinceS̃i dependson the projections,and thereforethe positionof the hyperplane,it must be
recomputedwith eachiteration.



applya“torque” to thecurrenthyperplanearoundtheorigin. By multiplying all coordinates
of anobservationby thesamescalar, we scalethetorqueappliedby thesameamount.As
such,wecantradeoff theweightattachedto enforcingthesetsagainsttheweightattached
to reconstructingtheoriginaldataby multiplying S̃andX by β and1 � β respectively:

X �β � � 	 1 � β 
 X � β � S̃�

3 Experiments

I examinedthe effect of “informing” projectionson threedatasetsfrom two domains.
Thefirst two weretext datasetstakenfrom theWebKB projectandthe“20 newsgroups”
dataset. The third datasetconsistedof acousticfeaturesfrom recordedmusic. Finally, I
examinetheeffect of addingsetinformationto the joint probabilisticmodeldescribedby
CohnandHofmann[3].

3.1 WebKB data

Thefirst setof experimentsbegan with a subsetof theWebKB dataset[4]. UsingRain-
bow [9], I tokenized1000randomly-selecteddocuments,strippingout HTML anddigits,
andkept the 1000termswith highestclass-dependentinformationgain (the reducedvo-
cabulary greatlydecreasedprocessingtimes). The resultwas1000documentswith 1000
features,wherefeaturefi � j representedthefrequency with which term j occurredin docu-
mentxi . Setswereconstructedfrom thecategoriesprovidedwith eachdocument.

Theexperimentsvariedboththefractionof thetrainingdatafor whichsetassociationswere
provided(0-1) andtheweightgivento preservingthosesets(also0-1). For eachcombina-
tion, I ran40 trials, eachusinga randomizedsplit of 200trainingdocumentsand100test
documents.Accuracy wasevaluatedbasedonleave-one-outnearestneighborclassification
over thetestset.2
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Figure3: Nearestneighborclassificationof WebKB data,wherea 5D PCA of document
termshasbeeninformedby webpagecategory-determinedsets(40 independenttrain/test
splits). Thefractionof observationsthathave beengivensetassignmentsis variedfrom 0
to 1 (left plot), asis β, theweightattachedto preservingsetassociations(right plot).

Figure3 summarizesthe resultsof theseexperiments.As expected,the moredocuments
that hadsetassociations,the greaterthe improvementin classificationaccuracy, but this

2Obviously, simplenearestneighboris far from the most effective classificationtechniquefor
this domain. But the point of the experimentis to evaluateto what degreeinforming a projection
preservesor improvestopic locality, whichnearestneighborclassifiersarewell-suitedto measure.



improvementwasonly evidentfor 0� 3 � β � 0� 7; below 0.3,thesetswerenotgivenenough
weightto makeadifference,while above 0.7thereis a rapiddeteriorationin accuracy.

3.2 20 Newsgroups
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Figure 4: Five categoriesfrom 20
newsgroupsdata set, where a 5D
PCA of documenttermshasbeen
informed by source category (30
train/testsplits,for 0 � β � 1).

The secondset of experimentsalso useda stan-
dard text classificationcorpus,but with an unre-
strictedvocabulary. Beginningwith thedocuments
of the 20 newsgroupsdata set, I again prepro-
cessedthedocumentsasabove with Rainbow, but
this timekepttheentirevocabulary (27214unique
terms),insteadof preselectingmaximallyinforma-
tive terms.

Becauseof theadditionalrunningtimerequiredto
handlethecompletevocabularies,theexperiments
usedall set labelsandonly variedthe weighting.
Thirty independenttraining and test setsof 100
documentseachwere run for 0 � β � 1, and as
before,accuracy was evalutedin termsof leave-
one-outclassificationerroron thetestset.

Figure 4 summarizesthe resultsof theseexperi-
ments. The characteristiclearningcurve is very
similar to that for theWebKB data— aninterme-
diatesetweightingyields significantlybetterperformancethanthe purely supervisedor
unsupervisedcases.Thereis, however, onenotabledistinction:in theseexperiments,there
is muchlessvariationin accuracy for largevaluesof β — it almostappearsthat thereare
threestableregionsof performance.

3.3 Album recognition from acoustic features

Thethird testusedaproprietarydatasetof acousticpropertiesof recordedmusic.Thedata
setcontained11252recordedmusictracksfrom 939albums.Eachobservationconsistedof
85highly-processedacousticfeaturesextractedautomaticallyvia digital signalprocessing.

Thegoalof this experimentwasto determinewhetherinforming a projectedmodelcould
improve theaccuracy with which it could identify tracksfrom thesamealbum. Recalling
Platt’splaylistselectionproblem[11], thiscanserveasaproxyfor estimatinghow well the
modelcanpredictwhethertwo tracks“belong together”by thesubjective measureof the
artistwhocreatedthealbum.

For theseexperiments,I selectedthefirst 8439tracks(3� 4 of thedata)for training,assign-
ing eachtrackto bea memberof thesetdefinedby thealbum it camefrom. Many tracks
appearedonmultiplealbums(“Bestof...” andsoundtrackcollections).Theremaining2813
trackswereusedastestdata.

The 85 dimensionalfeatureswereprojecteddown into a 10 dimensionalspace,inform-
ing the projectionwith setsdefinedby tracksfrom the samealbum. The relatively low
dimensionof the problempermittedalsorunningOPCA on the dataset for comparison.
As above, I measuredthefrequency with which eachtesttrackhadanothertrackfrom the
samealbumasits nearestneighborwhenprojecteddown into this samespace.

While theimprovementsin performancearenot asstriking asthosefrom thepreviousex-
periments,they arenonethelesssignificant(Table1). Onereasonfor themeagerimprove-
mentmaybethatthefeaturesfrom which theprojectionswerecomputedhadalreadybeen



weight β � 0� 0 β � 0� 5 β � 1� 0 OPCA
accuracy 0.1070 0.1241 0.0551 0.1340
ratio 0.3859 0.3223 0.3414 0.3144

Table 1: Album recognitionresultsusing 2813 test tracksfrom 316 albums. For each
weightingβ, “accuracy” is thefractionof timeswhich theclosesttrackto a testtrackcame
from thesamealbum; “ratio” indicatestheaverageratio of intra-album distancesto inter-
album distancesin the test set. In all cases,informing the projectionwith a weight of
β � 0� 5 increasestheaccuracy anddecreasestheratioof themodel.

manuallyoptimizedfor classificationaccuracy. Interestingly, OPCAslightly outperforms
theinformedprojectionfor bothcriteriaon this problem.

3.4 Content, context and connections

Priorwork [3] discussedbuilding joint probabilisticmodelsof adocumentbase,usingboth
thecontentof thedocumentsandtheconnections(citationsor hyperlinks)betweenthem.
A documentbasefrequentlycontainscontext aswell, in the form of documentsfrom the
samesourceor by thesameauthor. Informedprojectionprovidesawayfor usto inject this
third form of informationandfurtherimprove ourmodels.

Figure5 summarizestheresultsof usingsetinformationto “inform” thejoint content+link
modelsdiscussedin the previous paper. That work useda multinomial modelfor its ap-
proximation,sowecannotusetheequationsdefinedin Section2.3. Instead,wecanmake
useof the observation of Section1.1 to approximatethe informing processby merging
documentsfrom thesameset.Figure5 illustratesthatthisprocesscomplementstheearlier
content+connectionsapproach,providing a joint modelof documentcontent,context and
connections.
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Figure5: (left) Classificationaccuracy of informedvs.uninformedmodelsof separateand
joint modelsof documentcontentandconnections,usingtheWebKBdataset.(right) Effect
of addingmoredocumentcontext in theform of setmembershipinformationon theCora
dataset.SeeCohnandHofmann[3] for details.

4 Discussion and future work

The experimentsso far indicatethat addingset informationto a low rank approximation
doesimprove the quality of a model,but only to the extent that the information is used
in conjunctionwith theunsupervisedinformationalreadypresentin thedataset. The im-
provementin performanceis evidentfor contentmodels(suchasLSA), connectionmodels,
andjoint modelsof contentandconnections.



4.1 Future work

Beyondexperimentsthatto clarify theeffectof β onmodelfitness,therearemany obvious
directionsfor future work. The first is further exploration on the relationshipbetween
informedPCAandandthevariantsof MDA discussedin Section1.1.While thedifferences
aremathematicallystraightforward,theeffectof sum-vs.-ratiocriteriabearsfurtherstudy.

A secondbroadareafor futurework is theapplicationof thetechniquesdescribedhereto
richerlow rankapproximationmodels.While thispaperconsideredtheeffectof informing
PCA,it wouldbefruitful to examineboththeprocessandeffectof informingmultinomial-
basedmodels[3, 6], fully-generative models[1] andlocal linearembeddings[14].

A third areafor explorationis thestudyof potentialapplicationsfor this approach,which
includeimprovedrelevancemodeling,directedwebcrawling, andpersonalizedsearchand
recommendationacrossawidevarietyof media.
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