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Outline

* Introduction — Motivation

» Task 1: Node importance

e Task 2: Community detection

* Task 3: Recommendations

e Task 4: Connection sub-graphs

e Task 5: Mining graphs over time

» Task 6: Virus/influence propagation

e Task 7: Spectral graph theory

» Task 8: Tera/peta graph mining: hadoop
* Observations — patterns of real graphs
* Conclusions
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Graphs - why should we care?

Food Web
[Martinez '91]

Internet Map
. lumeta.coml

Protein Interactions
[genomebiology.com]

Friendship Network
[Moody '01]
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Graphs - why should we care?

* IR: bi-partite graphs (doc-terms) b

°
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* web: hyper-text graph

e ... and more:
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Graphs - why should we care?

* network of companies & board-of-directors
members

* ‘viral’ marketing

* web-log (‘blog’) news propagation

» computer network security: email/IP traffic and
anomaly detection

* Any M:N relationship -> Graph
* Any subject-verb-object construct: -> Graph

KDD'09 Faloutsos, Miller, Tsourakakis PO-5
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Graphs and matrices

* Closely related

* Powerful tools from matrix algebra, for
graph mining

* (and, conversely, great problems for
CS/Math to solve)

KDD'09 Faloutsos, Miller, Tsourakakis PO-6
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Examples of Matrices:
Graph - social network

John Peter Mary Nick
John 0 11 22 55 ...
Peter 5 0 6 7.
Mary
Nick
KDD'09 Faloutsos, Miller, Tsourakakis PO-7
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Examples of Matrices:
Market basket

* market basket as in Association Rules

milk bread choc. wine
John 13 11 22 55 ...
Peter 5 4 6 7 ...
Mary
Nick

KDD'09 Faloutsos, Miller, Tsourakakis PO-8




Faloutsos, Miller, Tsourakakis
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Examples of Matrices: Examples of Matrices:
Documents and terms Authors and terms
data mining  classif. tree . data mining  classif. tree
Paper#1 13 11 22 55 ... John 13 11 22 55 ...
Paper#2 5 4 6 7. Peter 5 4 6 7.
Mary | .
Paper#3 Nick
Paper#4
KDD'09 Faloutsos, Miller, Tsourakakis PO-9 KDD'09 Faloutsos, Miller, Tsourakakis PO-10
B . B Examples of Matrices:
4 Examples without networks P :
cloud of n-d points
* (or, at least, no straightforward network
interpretation) chol#  blood#  age .
John 13 11 22 55]...
Peter 5 4 6 7 ..
Mary
Nick
KDD'09 Faloutsos, Miller, Tsourakakis PO-11 KDD'09

PO-12
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Examples of Matrices:
sensor-ids and time-ticks

templ temp2  humid. pressure
tl 13 11 22 55 ...
2 5 4 6 7 ...
3
4
KDD'09 Faloutsos, Miller, Tsourakakis
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Outline

* Introduction — Motivation
# » Task 1: Node importance
e Task 2: Community detection

¢ Conclusions
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Outline

* Introduction — Motivation
.. m). Task 1: Node importance
Large Graph Mlmng: Power Tools e Task 2: Community detection
and a Practitioner’s suide * Task 3: Recommendations
g e Task 4: Connection sub-graphs
e Task 5: Mining graphs over time

. » Task 6: Virus/influence propagation
Task 1: Node importance e Task 7:

Spectral graph theory
Faloutsos, Miller, Tsourakakis e Task 8: Tera/peta graph mining: hadoop
CMU * Observations — patterns of real graphs

¢ Conclusions
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Node importance - Motivation: Node importance - Motivation:
» Given a graph (eg., web pages containing * Given a graph (eg., web pages containing
the desirable query word) the desirable query word)
* Q: Which node is the most important? * Q: Which node is the most important?
e Al: HITS (SVD = Singular Value
Decomposition)

* A2: eigenvector (PageRank)

L L

KDD'09 Faloutsos, Miller, Tsourakakis P1-3 KDD'09 Faloutsos, Miller, Tsourakakis P1-4
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Node importance - motivation

* SVD and eigenvector analysis: very closely
related

* See ‘theory Task’, later

KDD'09 Faloutsos, Miller, Tsourakakis P1-5
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SVD - Detailed outline

#° Motivation
* Definition - properties
* Interpretation
* Complexity
* Case studies

KDD'09 Faloutsos, Miller, Tsourakakis Pl1-6

SVD - Motivation

* problem #1: text - LSI: find ‘concepts’
* problem #2: compression / dim. reduction

KDD'09 Faloutsos, Miller, Tsourakakis P1-7

CMU SCS
s,

SVD - Motivation

* problem #1: text - LSI: find ‘concepts’

termy | dete  ioformoetion  eetrievel  brein  lung

docuroent

U5 THI 1 1 1 1] 1]
(5 TH2 1 i 2 0 0
U5 TH3 1 1 1 1 1]
C5-TH4 b ] ] 0 1]
MED-TR1 0 0 ] 2 2
MED-THR2 0 0 i E E
MED-TR3 0 0 0 1 1

KDD'09 Faloutsos, Miller, Tsourakakis P1-8
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SVD - Motivation

* Customer-product, for recommendation

. &
system: s & &

IIF SoF

v&\e\e veao

T 11100

. 22200

vegetarians | | | | , o

v 55500

T 00 0 2 2

000 3 3

meat eate¢rs 00 0 1 1
KDD'09 Faloutsos, Miller, Tsourakakis P1-9
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SVD - Motivation

* problem #2: compress / reduce
dimensionality

KDD'09 Faloutsos, Miller, Tsourakakis

detail

P1-10
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Problem - specs

* ~10%*6 rows; ~10**3 columns; no updates;

» random access to any cell(s) ; small error: OK

duy We Th Fr 1% Su
cattome | T0/06 T/LL06 TAR06 TA3/00 T/14/06
ABC fac. i 1 i [ ]
DEF Lid b 2 E [ 0
GHI Inc. 1 1 a 0 0
KLM Lo, [ ] 5 0 0
Hmith [ B 1] [] 2 2]
Johsaon ] ] 1] 3 3
Thampmn 0 0 [} 1

KDD'09 Faloutsos, Miller, Tsourakakis Pl1-11
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SVD - Motivation

day 2
L]
L]

day 1

KDD'09 Faloutsos, Miller, Tsourakakis
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SVD - Motivation

day 2

day 1
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SVD - Detailed outline

* Motivation
~° Definition - properties
* Interpretation
* Complexity
* Case studies
» Additional properties

KDD'09 Faloutsos, Miller, Tsourakakis Pl1-14
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SVD - Definition

(reminder: matrix multiplication

3x2 2x1

KDD'09 Faloutsos, Miller, Tsourakakis P1-15
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SVD - Definition

(reminder: matrix multiplication

—
3x2 2x1 3x1
S~ >

—

KDD'09 Faloutsos, Miller, Tsourakakis P1-16
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SVD - Definition

(reminder: matrix multiplication

g CMU SCS
SVD - Definition

(reminder: matrix multiplication

) -1 1 2 | -1
3 4| x I:l ] = X I:l ] =|-1
56 . 56 .
— —
3x2 2x1 Ix1 3x2 2x1 Ix1
~—_ > «~— > S~ > «~— >
KDD'09 Faloutsos, Miller, Tsourakakis P1-17 KDD'09 Faloutsos, Miller, Tsourakakis P1-18
SVD - Definition SVD - Definition
. . . C e _ T
(reminder: matrix multiplication A[n xm] = U[n xr] A [rxr] (V[m X r])
* A:n X m matrix (eg., n documents, m
terms)
1 2 -1 e U: n x r matrix (n documents, r concepts)
3 4 x ! =1-1 * A:rxrdiagonal matrix (strength of each
5 6 -1 -1 ‘concept’) (r : rank of the matrix)
* V:m x r matrix (m terms, r concepts)
KDD'09 Faloutsos, Miller, Tsourakakis P1-19 KDD'09 Faloutsos, Miller, Tsourakakis

P1-20
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SVD - Definition

* A=UA VT-example:
A u Lmeriacdm W

Péen Hr = =

- .E-D

KDD'09 Faloutsos, Miller, Tsourakakis P1-21
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SVD - Properties

THEOREM [Press+92]: always possible to
decompose matrix A into A =U A VT, where

* U, A, V: unique (¥)

¢ U, V: column orthonormal (ie., columns are unit
vectors, orthogonal to each other)
- UTU =L VTV = (I: identity matrix)

* A: singular are positive, and sorted in decreasing
order

KDD'09 Faloutsos, Miller, Tsourakakis P1-22
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SVD - Example

* A=UAVT-example:

_ retrieval
datamf'l brain UN8
T 11100 0.18 0
22 2 0 0 0.36 0
CS {1100 0180 | | 9640
v 5550 0|=| 0900 0 529
T 000 2 2 0 053
MD 88 g i i 0 080 0.58 0.58 0.58 0 0
v 0 027 0 0 0 071071
KDD'09 Faloutsos, Miller, Tsourakakis P1-23
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SVD - Example

* A=UAVT-example:

) fretrieval CS-concept
datam 1 brain lung MD-concept
e
T 1110 0 0.18 0
22 2 0 0 0.36 0
CS 111 00 0.18 0 X 9.64 0
Volss s oo0]|=] 090 0 529
T 00 0 2 2 0 0.53
MD g g g i i 0 0.80 0.58 0.58 0.58 0 0
v 0 027 0 0 0 071071

KDD'09 Faloutsos, Miller, Tsourakakis P1-24
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SVD - Example

doc-to-concept
similarity matrix

* A=UA VT-example:
retrieval  CS-concept

datainf'l brain 1UN8 MD-concept
T 11100
22200
Cs 11100 9.64 0 X
Vilss s ooof= 0 529
T 00 0 2 2
MD gg g ? ? 0.58 0.58 0.58 0 0
I 0 0 0 071071
KDD'09 Faloutsos, Miller, Tsourakakis P1-25
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SVD - Example

* A=UA VT-example:

retrieval . s e
inf. . lung strength’ of CS-concept

data | brain
T 11100 0.180

2220 0 036 0
CS1i1 100 0180 | 0 X
Volss s o ofl=] 090 0 529
T 00 0 2 2 0 053
MD gg g ? ? 0 080 0.58 0.58 0.58 0 0
b 0 027 0 0 0 071071

KDD'09 Faloutsos, Miller, Tsourakakis P1-26
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SVD - Example

* A=UAVT-example:
_ retrieval
mf’l brain lung

term-to-concept
similarity matrix

data
T 1 CS-concept
2
CS |, 9.64 0
¢ 5 5.29
T 0
MD g 0.58 0.58 058 0 0
v 0 0 0 071071
KDD'09 Faloutsos, Miller, Tsourakakis P1-27
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SVD - Example

* A=UAVT-example:

. term—lo—concepl

_ retrieval imilarit tri
R . similarity matrix

data™} brain "N y

T CS-concept

CS 9.64 0

v 5.29

MD 0458 0580 0

v 0 0 0 071071

KDD'09 Faloutsos, Miller, Tsourakakis P1-28
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SVD - Detailed outline SVD - Interpretation #1
* Motivation ‘documents’, ‘terms’ and ‘concepts’:
* Definition - properties » U: document-to-concept similarity matrix
* Interpretation * V: term-to-concept sim. matrix
e Complexity * A:its diagonal elements: ‘strength’ of each
* Case studies concept

» Additional properties

KDD'09 Faloutsos, Miller, Tsourakakis P1-29 KDD'09 Faloutsos, Miller, Tsourakakis P1-30

SVD - Interpretation #1 SVD - Interpretation #1

‘documents’, ‘terms’ and ‘concepts’: ‘documents’, ‘terms’ and ‘concepts’:
Q: if A is the document-to-term matrix, what Q: if A is the document-to-term matrix, what

is ATA? is ATA?
A: A: term-to-term ([m x m]) similarity matrix
Q:AAT? Q:AAT?
A: A: document-to-document ([n x n]) similarity

matrix

KDD'09 Faloutsos, Miller, Tsourakakis P1-31 KIDIEO®) CdfufcightsPAbliEsosT Fomgh2669) P2-32
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SVD properties

* V are the eigenvectors of the covariance
matrix ATA

» U are the eigenvectors of the Gram (inner-
product) matrix AAT

Further reading:

1. lan T. Jolliffe, Principal Component Analysis (2" ed), Springer, 2002.
2. Gilbert Strang, Linear Algebra and Its Applications (4" ed), Brooks Cole, 2005.

SVD - Interpretation #2

* best axis to project on: (‘best’ = min sum of
squares of projection errors)

KDD'09

Faloutsos, Miller, Tsourakakis

P1-34
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SVD - Motivation

[}
2 .
= . L
.
L]
. ®e
s L
]
day 1

KDD'09 Faloutsos, Miller, Tsourakakis

P1-35
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SVD - interpretation #2

-~

SVD: gives if é * ®
best axis to project » .
. \0 . first singular
e
vector
. *
- .
vl
.
* minimum RMS error day 1

KDD'09

Faloutsos, Miller, Tsourakakis

P1-36

detail
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SVD - Interpretation #2

dagy We Th Fr Ba Hu
customer TA0/06  T/11006  T/IH06  TIE/06 /14006
ABC Ine. 1 1 1 ] 0
DEF L. 2 2 2 ] ]
GHI T 1 1 1 0 0
ELM Ca. a 4 o ] ]
Smith ] 0 0 2 2
Johaszon 0 0 o 3 3
Thampaon 1] 0 [ 1 1

KDD'09 Faloutsos, Miller, Tsourakakis P1-37
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SVD - Interpretation #2

* A=UA VT-example:

11100 0.18 0

22200 0.36 0

11 100| [0180 x[9.640]

5550 0|=| 0900 0 529

000 2 2 0 053 vl
000 3 3 0 080 0.58 0.58 0.58 0 0 7]
00011 0 027 0 0 o o071 0.7ﬂ
KDD'09 Faloutsos, Miller, Tsourakakis P1-38
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SVD - Interpretation #2

* A=UAVT-example:

variance (‘spread’) on the v1 axis
0.18 0

11 1 0 0 Z

22 2 0 0 0.36 0

11100 0180 f o X

5550 0[] 090 0 529

00 0 2 2 0 0.53

88 g i i 0 080 0.58 0.58 0.58 0 0
0 027 0 0 0 071071

KDD'09 Faloutsos, Miller, Tsourakakis P1-39
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SVD - Interpretation #2

* A=UAVT-example:
—UA gives the coordinates of the points in the
projection axis

11100 0.18 0

22 2 0 0 0.36 0

11100 0180 | | 9640

5550 0[] 090 0 529

000 2 2 0 053

88 g i i 0 080 0.58 0.58 0.58 0 0
0 027 0 0 0 071071

KDD'09 Faloutsos, Miller, Tsourakakis P1-40
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SVD - Interpretation #2

* More details
* Q: how exactly is dim. reduction done?

11100 0.18 0

22200 0.36 0

11100 0180 | | 9640 “

5550 0|=| 090 0 529

00 0 2 2 0 0.53

gg g f ? 0 080 0.58 0.58 0.58 0 0
0 027 0 0 0 071071

KDD'09 Faloutsos, Miller, Tsourakakis P1-41
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SVD - Interpretation #2

* More details
* Q: how exactly is dim. reduction done?

* A: set the smallest singular values to zero:

11100 0.18 0

22 2 00 0.36 0

11100 0180 | | 9640

5550 0% 090 0 p

00 0 2 2 0 0.53

gg g ? ? 0 080 0.58 0.58 0580 0
0 027 0 0 0 07107]

KDD'09 Faloutsos, Miller, Tsourakakis P1-42

SVD - Interpretation #2

11100 0.18 0

22 2 0 0 0.36 0

11100 0180 | | 9640

5550 0]~ 090 0

00 0 2 2 0 0.53

88 g i i 0 080 0.58 0.58 0.58 0 0
0 027 0 0 0 071071

KDD'09 Faloutsos, Miller, Tsourakakis P1-43
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SVD - Interpretation #2

11100 0.18

2220 0 0.36

1110 0 0.18 | o040

555 0 07| 09 0

00 0 2 2 0 153

00033 0 [0.30 0.58 0.58 0.58 0 0
000 1 1 o [od7

KDD'09 Faloutsos, Miller, Tsourakakis P1-44
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SVD - Interpretation #2

1110 0 0.18

2220 0 036

11100 0.18 | oo .
5550 0|7 09

000 2 2 0

00033 0 058 0.58 058 0 0
000 1 1 0

KDD'09 Faloutsos, Miller, Tsourakakis P1-45
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SVD - Interpretation #2

A, 11100
22 2 0 0 22200
110 o 11100
ssso0o0l~ 55500
000 2 2 000100
000 33 ggg :
000 1 1

KDD'09 Faloutsos, Miller, Tsourakakis

detail

P1-46

SVD - Interpretation #2

Exactly equivalent:
‘spectral decomposition’ of the matrix:

111 0 0 0.18 0

22 2 0 0 0.36 0

11 1 0 0 0.18 0 X 9.64 0

5550 0[] 090 0 529

00 0 2 2 0 0.53

88 g i i 0 080 0.58 0.58 0.58 0 0
0 027 0 0 0 071071

KDD'09 Faloutsos, Miller, Tsourakakis P1-47
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SVD - Interpretation #2

Exactly equivalent:
‘spectral decomposition’ of the matrix:

%)
u Xlig )\'zil X

KDD'09 Faloutsos, Miller, Tsourakakis

Vi

(==l

SO O W = N =

(==l

_wNn oo o O

_—wN oo o O
|

Va

fetais

P1-48
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SVD - Interpretation #2

Exactly equivalent:
‘spectral decomposition’ of the matrix:

~— m —

11100
22200
11100
— T T
n ss 50 0= A ou Vi+ A ouy vy
000 2 2
000 3 3
000 1 1
KDD'09 Faloutsos, Miller, Tsourakakis P1-49
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SVD - Interpretation #2

Exactly equivalent:
‘spectral decomposition’ of the matrix:

~— m —

L1100 r terms
22200
11100
— T T
n ss 50 0= A ou Vi+ A ouy vy
000 2 2 / \
0003 3
00 0 1 1 nxl 1xm
KDD'09 Faloutsos, Miller, Tsourakakis P1-50

SVD - Interpretation #2

approximation / dim. reduction:
by keeping the first few terms (Q: how many?)

~— m —

11100
22200
11100 T N
n 355 00|F Ao Vi Ay uy Vg
000 2 2
000 3 3 h el e
00 0 1 1 assume: A, >= A, >= ...
KDD'09 Faloutsos, Miller, Tsourakakis P1-51
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SVD - Interpretation #2

A (heuristic - [Fukunagal]): keep 80-90% of
‘energy’ (= sum of squares of A, ’s)

11100
22200
11100 T N
n |35 50 0|F Ao Vi Ry uy Vg
000 2 2
000 3 3 h el
00 0 1 1 assume: A, >= A, >= ...
KDD'09 Faloutsos, Miller, Tsourakakis P1-52
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SVD - Detailed outline

* Motivation
* Definition - properties
* Interpretation
— #1: documents/terms/concepts
— #2: dim. reduction
q — #3: picking non-zero, rectangular ‘blobs’
* Complexity
* Case studies
* Additional properties

KDD'09 Faloutsos, Miller, Tsourakakis P1-53

g CMU SCS
SVD - Interpretation #3

¢ finds non-zero ‘blobs’ in a data matrix

1110 0 0.18 0

22200 0.36 0

11100 0.18 0 9.64 0

555 00|~ 0900 5.29

00 0 2 2 0.53

gg g ? ? 0.80 0.58 0.58 0.58 0 0
0 0.27. 0 0 0 071071

KDD'09 Faloutsos, Miller, Tsourakakis P1-54
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SVD - Interpretation #3

¢ finds non-zero ‘blobs’ in a data matrix

0.18 0
0.36 0
0.18 0 9 64 0
=1 o. 90 0 5.29
0.53
0.80 0.58 0.58 0.58 0 0
0 0.27 [0 0 0 071 0.7]
KDD'09 Faloutsos, Miller, Tsourakakis P1-55
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SVD - Interpretation #3

e finds non-zero ‘blobs’ in a data matrix =
* ‘communities’ (bi-partite cores, here)

Row 1
Col 1
Row 4 Col 3
Row 5 %ﬁi Col 4
Row 7
KDD'09 Faloutsos, Miller, Tsourakakis P1-56
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SVD - Detailed outline

* Motivation
* Definition - properties
* Interpretation

#- Complexity

* Case studies
» Additional properties

KDD'09 Faloutsos, Miller, Tsourakakis P1-57
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SVD - Complexity

e O(n*m*m)or O(n *n * m) (whichever
is less)

* less work, if we just want singular values

*  orif we want first k singular vectors

. or if the matrix is sparse [Berry]

* Implemented: in any linear algebra package
(LINPACK, matlab, Splus, mathematica ...)

KDD'09 Faloutsos, Miller, Tsourakakis P1-58

CMU SCS

SVD - conclusions so far

e SVD: A=U A VT : unique (¥)

e  U: document-to-concept similarities
. V: term-to-concept similarities

*  A:strength of each concept

* dim. reduction: keep the first few strongest
singular values (80-90% of ‘energy’)

— SVD: picks up linear correlations

SVD: picks up non-zero ‘blobs’

KDD'09 Faloutsos, Miller, Tsourakakis P1-59

CMU SCS

detais

SVD - Detailed outline

* Motivation
* Definition - properties
* Interpretation

» Complexity

#- SVD properties

¢ Case studies

¢ Conclusions

KDD'09 Faloutsos, Miller, Tsourakakis P1-60
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SVD - Other properties - summary

* can produce orthogonal basis (obvious)
(who cares?)

* can solve over- and under-determined linear
problems (see C(1) property)

» can compute ‘fixed points’ (= ‘steady state
prob. in Markov chains’) (see C(4)
property)

KDD'09 Faloutsos, Miller, Tsourakakis Pl-61
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: el
SVD -outline of properties

¢ (A): obvious
e (B): less obvious
* (C): least obvious (and most powerful!)

KDD'09 Faloutsos, Miller, Tsourakakis P1-62

N gelails
Properties - by defn.:

A(O) A[nxm] = U [nxr] A [rxr] VT [rxm]

A):UT UL =1 (identity matrix)

A(Z) VT[rxn]V[nxr]= I[rxr]

A(3): Ak =diag( LK Ak, ... AK) (ki ANY real
number)

A4):AT=VAUT

KDD'09 Faloutsos, Miller, Tsourakakis P1-63

CMU SCS
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Less obvious properties

AO: A = U (nor A ey V!

[nxr] [rxr] [rxm]
B(): A (AT mxn = 27
KDD'09 Faloutsos, Miller, Tsourakakis Pl1-64
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detail

Less obvious properties

A(O) A[nxm] :U[nxr]A[rxr] VT
B(1): A 1y (AT (= U A2 UT

symmetric; Intuition?

[ rxm]

KDD'09 Faloutsos, Miller, Tsourakakis P1-65
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Less obvious properties

A(O) A[nxm] :U[nxr]A[rxr] VT
B(1): A 1y (AT (= U A2 UT

symmetric; Intuition?

[ rxm]

‘document-to-document’ similarity matrix
B(2): symmetrically, for ‘V’
(AT)[mxn]Anxm]=VL2VT

Intuition?

KDD'09 Faloutsos, Miller, Tsourakakis P1-66

CMU SCS
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Less obvious properties

A: term-to-term similarity matrix

B@3): ((AD nxmA nxmy) =V AKXV

and

B4): (ATA )X ~ v, A% v,T for k>>1
where

v,: [m x 1] first column (singular-vector) of V
A,: strongest singular value

KDD'09 Faloutsos, Miller, Tsourakakis P1-67
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Less obvious properties

B(4): (ATA)k ~v, A% v,T for k>>1

B(5): (ATA )X v’ ~ (constant) v,

ie., for (almost) any v’, it converges to a
vector parallel to v,

Thus, useful to compute first singular
vector/value (as well as the next ones, t0o0...)

KDD'09 Faloutsos, Miller, Tsourakakis P1-68
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Less obvious properties -
repeated:

A(O) A[nxm] = U [nxr] A [rxr] VT [rxm]

B(1): A (s (AT) (= U A2 UT
B(2): (AT) (A oy = V A2 VT
B(3): ((AT) [y A [nxm )= VARVT
B@4): (ATA )k ~v A2k v,T

B(5): (ATA )* v’ ~ (constant) v,

KDD'09 Faloutsos, Miller, Tsourakakis P1-69
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Least obvious properties - cont

A(O):A[nxm] =U[nxr]A[rxr] VT [rxm]

C2:A nxm Vimx 1= Ay mx1]
where v, , u, the first (column) vectors of V, U. (v,
== right-singular-vector)
C(3): symmetrically: u;T A = A, v,T
u, == left-singular-vector
Therefore:

KDD'09 Faloutsos, Miller, Tsourakakis P1-70

CMU SCS
_ .
fetals

Least obvious properties - cont’d

A(O) A[nxm] :U[nxr]A[rxr] VT

[rxm]

| C@):ATAv,=A2v, |
(fixed point - the dfn of eigenvector for a
symmetric matrix)

KDD'09 Faloutsos, Miller, Tsourakakis P1-71

Least obvious properties - [lﬂm“s
altogether

A(O) A[nxm] :U[nxr]A[rxr] VT[rxm]
COA Lxm Xmx 1= P ey

then, x, = V ACD UT b: shortest, actual or least-
squares solution

C2rA pim Vimen= Ay, mx1]
C3):uTA=\v,"
C4):ATAv,=A2vV,

KDD'09 Faloutsos, Miller, Tsourakakis P1-72
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KDD'09

A0): A

detail

Properties - conclusions

— T
[n x m] _U[nxr]A[rxr] Vv [rxm]

B(5): (ATA )* v’ ~ (constant) v,
COA Lxm Xmx 1= P e

then, x, = V ACD UT b shortest, actual or least-
squares solution

C4): ATAv,=A2vV,

Faloutsos, Miller, Tsourakakis P1-73

g CMU SCS
SVD - detailed outline

* SVD properties

* case studies
— Kleinberg’s algorithm
— Google’s algorithm

* Conclusions

KDD'09 Faloutsos, Miller, Tsourakakis P1-74

CMU SCS
e,

KDD'09

Kleinberg’s algo (HITS)

Kleinberg, Jon (1998).
Authoritative sources in a
hyperlinked environment.
Proc. 9th ACM-SIAM
Symposium on Discrete
Algorithms.

Faloutsos, Miller, Tsourakakis P1-75

CMU SCS
s,

Recall: problem dfn

» Given a graph (eg., web pages containing
the desirable query word)

* Q: Which node is the most important?

7L

KDD'09 Faloutsos, Miller, Tsourakakis P1-76
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Kleinberg’s algorithm

* Problem dfn: given the web and a query

* find the most ‘authoritative’ web pages for
this query

Step 0O: find all pages containing the query
terms

Step 1: expand by one move forward and
backward

KDD'09 Faloutsos, Miller, Tsourakakis P1-77

g CMU SCS
Kleinberg’s algorithm

 Step 1: expand by one move forward and
backward

KDD'09 Faloutsos, Miller, Tsourakakis P1-78

CMU SCS

Kleinberg’s algorithm

* on the resulting graph, give high score (=
‘authorities’) to nodes that many important
nodes point to

* give high importance score (‘hubs’) to
nodes that point to good ‘authorities’)

P
hubs authorities

KDD'09 Faloutsos, Miller, Tsourakakis P1-79

CMU SCS
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Kleinberg’s algorithm

observations
¢ recursive definition!

* each node (say, ‘i’-th node) has both an
authoritativeness score g; and a hubness
score h;

KDD'09 Faloutsos, Miller, Tsourakakis P1-80
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Kleinberg’s algorithm

Let E be the set of edges and A be the
adjacency matrix:
the (i,j) is 1 if the edge from i to j exists

Let 4 and a be [n x 1] vectors with the
‘hubness’ and ‘authoritativiness’ scores.

Then:

KDD'09 Faloutsos, Miller, Tsourakakis P1-81

g CMU SCS
Kleinberg’s algorithm

Then:
a;=h,+h+h,

k ~ thatis
1 ! a;=Sum (h;)  over all j that

m (j,7) edge exists
or
a=ATh
KDD'09 Faloutsos, Miller, Tsourakakis P1-82

‘g cuuscs
Kleinberg’s algorithm

symmetrically, for the ‘hubness’:
i n

p that is

h;=a,+a,+a,

h;=Sum (g;) over allj that
q (i,j) edge exists

or

h=Aa

KDD'09 Faloutsos, Miller, Tsourakakis P1-83

CMU SCS
s,

Kleinberg’s algorithm

In conclusion, we want vectors h and a such
that:
h=Aa
a=ATh [-L 11
Recall properties:

C2rA pim Vimxn= Auy nx1]
C3):uTA=Av,T

KDD'09 Faloutsos, Miller, Tsourakakis P1-84
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Kleinberg’s algorithm

In short, the solutions to

h=Aa
a=ATh
are the left- and right- singular-vectors of the
adjacency matrix A.

Starting from random a’ and iterating, we’ll
eventually converge

(Q: to which of all the singular-vectors? why?)

KDD'09 Faloutsos, Miller, Tsourakakis P1-85

g CMU SCS
Kleinberg’s algorithm

(Q: to which of all the singular-vectors?
why?)
A: to the ones of the strongest singular-value,
because of property B(5):
B(5): (ATA )X v’ ~ (constant) v,

KDD'09 Faloutsos, Miller, Tsourakakis P1-86

Kleinberg’s algorithm - results
Eg., for the query ‘java’:
0.328 www.gamelan.com
0.251 java.sun.com

0.190 www.digitalfocus.com (“the java
developer™)

KDD'09 Faloutsos, Miller, Tsourakakis P1-87

CMU SCS
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Kleinberg’s algorithm - discussion

* ‘authority’ score can be used to find ‘similar
pages’ (how?)

KDD'09 Faloutsos, Miller, Tsourakakis P1-88
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SVD - detailed outline

* Complexity

* SVD properties

* Case studies
— Kleinberg’s algorithm (HITS)
— Google’s algorithm

* Conclusions

KDD'09 Faloutsos, Miller, Tsourakakis P1-89

g CMU SCS
PageRank (google)

*Brin, Sergey and Lawrence
Page (1998). Anatomy of a
Large-Scale Hypertextual
Web Search Engine. 7th Intl

World Wide Web Conf.
Larry Sergey
Page Brin
KDD'09 Faloutsos, Miller, Tsourakakis P1-90

Problem: PageRank

Given a directed graph, find its most
interesting/central node

AL

KDD'09 Faloutsos, Miller, Tsourakakis P1-91

A node is important,
if it is connected
with important nodes
(recursive, but OK!)

CMU SCS
s,

Problem: PageRank - solution

Given a directed graph, find its most
interesting/central node

Proposed solution: Random walk; spot most
‘popular’ node (-> steady state prob. (ssp))

AL

KDD'09 Faloutsos, Miller, Tsourakakis P1-92

A node has high ssp,
if it is connected
with high ssp nodes
(recursive, but OK!)

23
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(Simplified) PageRank algorithm

* Let A be the adjacency matrix;

® let B be the transition matrix: transpose, column-normalized - then

g CMU SCS
(Simplified) PageRank algorithm
*Bp=p

A Adjacency matrix (from-to)
D  Degree matrix = (diag (d1, d2, ..., dn) )
B Transition matrix: to-from, column

normalized
B=ATD!
KDD'09 Faloutsos, Miller, Tsourakakis P1-95

E B
Tom
\ B
To
1 1
12 12 12 12
12 12
12 12
KDD'09 Faloutsos, Miller, Tsourakakis P1-93 KDD'09 Faloutsos, Miller, Tsourakakis P1-94
% CMU SCS ¥ CMU SCS
= =
o e e
Definitions

(Simplified) PageRank algorithm
*Bp=1*p
o thus, p is the eigenvector that corresponds

to the highest eigenvalue (=1, since the matrix is

column—normalized)
* Why does such a p exist?

— p exists if B is nxn, nonnegative, irreducible
[Perron—Frobenius theorem]

KDD'09 Faloutsos, Miller, Tsourakakis P1-96
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(Simplified) PageRank algorithm

* In short: imagine a particle randomly
moving along the edges

» compute its steady-state probabilities (ssp)

Full version of algo: with occasional random
jumps

Why? To make the matrix irreducible

g CMU SCS
Full Algorithm

» With probability /-c, fly-out to a random
node

e Then, we have
p=cBp+(lc)nl=>
p=(-c)n [I-cB]' 1

H H

KDD'09 Faloutsos, Miller, Tsourakakis P1-97 KDD'09 Faloutsos, Miller, Tsourakakis P1-98
% CMU SCS ¥ CMU SCS
. . e Parenthesis: intuition behind
Alternative notation .
eigenvectors
M Modified transition matrix
M=cB+(l-c)n 1 17
Then
p=Mp
That is: the steady state probabilities =
PageRank scores form the first eigenvector of
the ‘modified transition matrix’
KDD'09 Faloutsos, Miller, Tsourakakis P1-99 \KDD'O‘J Faloutsos, Miller, Tsourakakis P1-100
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Formal definition

If A is a (n x n) square matrix

(A, x) is an eigenvalue/eigenvector pair
of A if

Ax=AXx

CLOSELY related to singular values:

KDD'09 Faloutsos, Miller, Tsourakakis P1-101

Eia
Property #1: Eigen- vs singular-values
if
B[nxm] = U[nxr] A [rxr] (V[mxr])T
then A = (BTB) is symmetric and

C4):BTBv,=A2v,
ie, v, , v, , ... eigenvectors of A = (B™B)

KDD'09

Faloutsos, Miller, Tsourakakis P1-102

‘g cuuscs
PrOperty #2

o If Ap,yy 1s a real, symmetric matrix
* Then it has n real eigenvalues

(if A is not symmetric, some eigenvalues may
be complex)

KDD'09 Faloutsos, Miller, Tsourakakis P1-103

CMU SCS
s,

Property #3

o If Ap,yy 1s a real, symmetric matrix
* Then it has n real eigenvalues

* And they agree with its n singular values,
except possibly for the sign

KDD'09 Faloutsos, Miller, Tsourakakis P1-104
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g CMU SCS

Intuition

¢ A as vector transformation

Faloutsos, Miller, Tsourakakis

g CMU SCS

Intuition

* By defn., eigenvectors remain parallel to
themselves (‘fixed points’)

4
3
A \2 A \ 7
0.52 2 1 0.52
3.62*085]=[ 1 3 0.85| .
&
&
a4
KDD'09 Faloutsos, Miller, Tsourakals * %" ® " g 1dg *

CMU SCS
e,

Convergence

* Usually, fast:

KDD'09 Faloutsos, Miller, Tsourakak‘ls :

T By

CMU SCS
s,

Convergence

 Usually, fast:

KDD'09

27
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* Usually, fast:
* depends on ratio

Convergence )

Al A2 s
El
Fl
i
a
&
&
4
KDD'09 Faloutsos, Miller, Tsourakakls =+ %" % " pf 1Y ')

g CMU SCS
Kleinberg/google - conclusions

SVD helps in graph analysis:

hub/authority scores: strongest left- and right-
singular-vectors of the adjacency matrix

random walk on a graph: steady state
probabilities are given by the strongest

eigenvector of the (modified) transition
matrix

KDD'09 Faloutsos, Miller, Tsourakakis P1-110

Conclusions
¢ SVD: a valuable tool

* given a document-term matrix, it finds
‘concepts’ (LSI)

* ... and can find fixed-points or steady-state
probabilities (google/ Kleinberg/ Markov
Chains)

KDD'09 Faloutsos, Miller, Tsourakakis P1-111

CMU SCS
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Conclusions cont’d

(We didn’t discuss/elaborate, but, SVD
* ... can reduce dimensionality (KL)
e ... and can find rules (PCA; RatioRules)

* ... and can solve optimally over- and under-
constraint linear systems (least squares /
query feedbacks)

KDD'09 Faloutsos, Miller, Tsourakakis P1-112
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g CMU SCS
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Large Graph Mining:

Power Tools and a Practitioner’s guide

Task 2: Community Detection

Faloutsos, Miller, Tsourakakis
CMU

KDD'09 Faloutsos, Miller, Tsourakakis

P2-1

g CMU SCS

Outline

* Introduction — Motivation
» Task 1: Node importance
#- Task 2: Community detection
* Task 3: Recommendations
e Task 4: Connection sub-graphs
e Task 5: Mining graphs over time
» Task 6: Virus/influence propagation
e Task 7: Spectral graph theory
» Task 8: Tera/peta graph mining: hadoop
* Observations — patterns of real graphs
* Conclusions

KDD'09 Faloutsos, Miller, Tsourakakis P2-2

CMU SCS
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Detailed outline

* Motivation
ﬂ- Hard clustering — k pieces
* Hard co-clustering — (k,[) pieces
* Hard clustering — optimal # pieces

¢ Observations

KDD'09 Faloutsos, Miller, Tsourakakis

P2-3

CMU SCS
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Problem

* Given a graph, and k
* Break it into k (disjoint) communities

KDD'09 Faloutsos, Miller, Tsourakakis P2-4




% CMU SCS
fr

Problem

* Given a graph, and k

* Break it into k (disjoint) communities

A e

CMU SCS

Solution #1: METIS

* Arguably, the best algorithm
* Open source, at

— http://www.cs.umn.edu/~metis

and *many* related papers, at same url
Main idea:

— coarsen the graph; Q\ @

* G. Karypis and V. Kumar. METIS 4.0:
Unstructured graph partitioning and sparse
matrix ordering system. TR, Dept. of CS,
Univ. of Minnesota, 1998.

* <and many extensions>

KDD'09 Faloutsos, Miller, Tsourakakis P27

" t
- partltlon; Q
— un-coarsen \ /"@
@
KDD'09 Faloutsos, Miller, Tsourakakis P2-5 KDD'09 Faloutsos, Miller, Tsourakakis P2-6
¥ CMU SCS # CMU SCS
Solution #1: METIS Solution #2

(problem: hard clustering, k pieces)

Spectral partitioning:

* Consider the 2" smallest eigenvector of the
(normalized) Laplacian

See details in ‘Task 7, later

KDD'09 Faloutsos, Miller, Tsourakakis P2-8
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Solutions #3, ...

Many more ideas:

* Clustering on the A? (square of adjacency
matrix) [Zhou, Woodruff, PODS’04]

e Minimum cut / maximum flow [Flake+,
KDD’00]

KDD'09 Faloutsos, Miller, Tsourakakis P2-9

. g CMU SCS
Detailed outline

* Motivation
* Hard clustering — k pieces
ﬂ- Hard co-clustering — (k,[) pieces
* Hard clustering — optimal # pieces
* Soft clustering — matrix decompositions
* Observations

KDD'09 Faloutsos, Miller, Tsourakakis P2-10

_g CMU SCS
Problem definition

* Given a bi-partite graph, and &, [
* Divide it into k row groups and / row groups
* (Also applicable to uni-partite graph)

KDD'09 Faloutsos, Miller, Tsourakakis P2-11

CMU SCS
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Co-clustering

¢ Given data matrix and the number of row
and column groups k and [

* Simultaneously
— Cluster rows into & disjoint groups
— Cluster columns into / disjoint groups

=
KDD'09 Faloutsos, Miller, Tsourakaki P2-12




g CMU SCS .
fetas

Co-clustering

e Let Xand Y be discrete random variables
— X and Y take valuesin {1, 2, ..., mjand {1, 2, ..., n}
— p(X, Y) denotes the joint probability distribution—if
not known, it is often estimated based on co-occurrence

g CMU SCS
=

0505050 0 0 |
0505050 0 0 eg, terms x documents
0 0 0 .05.05.05

0 0 0 050505 |

04 04 0 04 04 04 |

04 04 04 0 04 04

data k 1 n
— Application areas: text mining, market-basket analysis, 300 30 1[36 3628 00 OJ = |0 054 02210 0 0
analysis of browsine behavior. etc 500 k[0 3" o o 28 36 3 054 054 042[0 0 0
Y g et mlo 5o 22 0 0 0 |042 054 054
» Key Obstacles in Clustering Contingency Tables 050 0 0 0 [o42 054 054
. . . . A . 00 5 036 036 028 [028 036 036
- High Dimensionality, Sparsity, Noise 00 5 036 036 0281028 036 036
— Need for robust and scalable algorithms
Reference: KDD'09 Faloutsos, Miller, Tsourakakis P2-14
1. Dhillon et al. Information-Theoretic Co-clustering, KDD’03
CMU SCS CMU SCS
'2'! med. doc ‘g
s doc .
— Co-clustering
0505050 0 0 med. terms .
| Observations

0505050 0 0
0 0 0 050505
0 0 0 050505
04 .04 0 04 .04 04

| cs terms
term group X

common terms
doc. group 0404 04 0 04 .04 |
500 30 [36 36 28 0 0 OJ — |054 054 042]0 0 0
500 03 lo o o 28 36 3 054 054 042[0 0 0
050 2 2 0 0 0 [042 054 054
050 0 0 0 |042 054 054
005 doc x 036 036 028 |028 036 036
005 doc group 036 036 0281028 036 036
term x

Faloutsos, Miller, Tsourakakis P2-15

term-group

 uses KL divergence, instead of L2

* the middle matrix is not diagonal

— we’ll see that again in the Tucker tensor
decomposition

e s/w at:
www.cs.utexas.edu/users/dml/Software/cocluster.html

KDD'09 Faloutsos, Miller, Tsourakakis P2-16
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Detailed outline

* Motivation
* Hard clustering — k pieces
* Hard co-clustering — (k,I) pieces
#- Hard clustering — optimal # pieces
* Soft clustering — matrix decompositions
* Observations

KDD'09 Faloutsos, Miller, Tsourakakis P2-17

Problem with Information Theoretic

Co-clustering
* Number of row and column groups must be
specified

Desiderata:
v' Simultaneously discover row and column groups

X Fully Automatic: No “magic numbers”

v' Scalable to large graphs

KDD'09 Faloutsos, Miller, Tsourakakis P2-18

CMU SCS
e,

Cross-association

Desiderata:

v’ Simultaneously discover row and column groups
q v Fully Automatic: No “magic numbers”

v’ Scalable to large matrices

Reference:
1. Chakrabarti et al. Fully Automatic Cross-Associations, KDD'04

CMU SCS

What makes a cross-association

(13 b2l
good”’?
Y Why is this
1%}
= better?
>
O x
g ~
23
QO !
o<
Column Column
groups groups
KDD'09 Faloutsos, Miller, Tsourakakis P2-20
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KDD'09

What makes a cross-association
“good”?

Why is this

better?
/

versus

Row groups
s wsEEunus

Column
groups

simpler; easier to describe
easier to compress!

Faloutsos, Miller, Tsourakakis P2-21

CMU SCS

What makes a cross-association
“good”?

Problem definition: given an encoding scheme
* decide on the # of col. and row groups k and /
* and reorder rows and columns,

* to achieve best compression

KDD'09 Faloutsos, Miller, Tsourakakis P2-22
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fetais
Main Idea

Compression

Better
Clustering

Good

Total E

KDD'09

zi size, * H(x) + Cost of desgriping
cross—assomahons/

J

ncoding Cost =

N

Code Cost Description

Cost
Minimize the total cost (# bits)

for lossless compression

Faloutsos, Miller, Tsourakakis P2-23
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Algorithm
| = 5 col groups
I ‘fs

KDD'09 Faloutsos, Miller, Tsourakakis P2-24
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Documents

KDD'09

Experiments

Words

“CLASSIC”
+ 3,893 documents
* 4,303 words
* 176,347 “dots”

Combination of 3 sources:

+ MEDLINE (medical)

+ CISI (info. retrieval)

» CRANFIELD (aerodynamics)

g CMU SCS
=

Experiments

Documents

Words

Faloutsos, Miller, Tsourakakis

P2-25

“CLASSIC” graph of documents &
words: k=15, [=19 P2-26

CMU SCS
e,

Experiments

insipidus, alveolar, aortic,
death, prognosis, intravenous

i

tissue, patient

blood, disease, clinical, cell,

MEDLINE
(medical)

“CLASSIC” graph of documents &

words: k=15, 1=19

P2-27

CMU SCS
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Experiments

abstract, notation, works,
providing, studying, records, construct, bibliographies

development, students, rules \ /

(medical)

MEDLINE { I

Cisl
(Information Retrieval)

“CLASSIC” graph of documents &
words: k=15, 1=19 P2-28
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Experiments

shape, nasa, leading,
assumed, thin

MEDLINE B
(medical)

Cisl
(Information Retrieval)

CRANFIELD ;
(aerodynamics) |

“CLASSIC” graph of documents &
words: k=15, [=19 P2-29

g CMU SCS
=

Experiments

paint, examination, fall,
raise, Ieavq, based

1

MEDLINE
(medical)

Cisl
(Information Retrieval)

CRANFIELD
(aerodynamics)

“CLASSIC” graph of documents &
words: k=15, I=19 P230

g CMUSCS
Algorithm

Code for cross-associations (matlab):

www.cs.cmu.edu/~deepay/mywww/software/CrossAssociation
s-01-27-2005.tgz

Variations and extensions:
* ‘Autopart’ [Chakrabarti, PKDD’04]
*  www.cs.cmu.edu/~deepay

KDD'09 Faloutsos, Miller, Tsourakakis P2-31

g CMUSCS
Algorithm

» Hadoop implementation [ICDM’08]

Spiros Papadimitriou, Jimeng Sun: DisCo: Distributed Co-clustering with Map-
Reduce: A Case Study towards Petabyte-Scale End-to-End Mining. ICDM

2008: 512-521
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Detailed outline

* Motivation

* Hard clustering — k pieces

* Hard co-clustering — (k,[) pieces

* Hard clustering — optimal # pieces
ﬂ- Observations

KDD'09 Faloutsos, Miller, Tsourakakis P2-33

g CMU SCS

Observation #1

» Skewed degree distributions — there are
nodes with huge degree (>0(10"4), in
facebook/linkedIn popularity contests!)

KDD'09 Faloutsos, Miller, Tsourakakis P2-34

Observation #2
* Maybe there are no good cuts: ~“jellyfish’’

shape [Tauro+’01], [Siganos+,’06], strange
behavior of cuts [Chakrabarti+’04],

[Leskovec+,”08]
KDD'09 Faloutsos, Miller, Tsourakakis P2-35
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Observation #2

* Maybe there are no good cuts: ~“jellyfish’’
shape [Tauro+’01], [Siganos+,’06], strange
behavior of cuts [Chakrabarti+,”04],
[Leskovec+,’08]

KDD'09 Faloutsos, Miller, Tsourakakis P2-36
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Jellyfish model [Tauro+]

g CMU SCS
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Strange behavior of min cuts

* ‘negative dimensionality’ (!)

A Simple Conceptual Model for the Internet Topology, L. Tauro, C. Palmer, G.
Siganos, M. Faloutsos, Global Internet, November 25-29, 2001

NetMine: New Mining Tools for Large Graphs, by D. Chakrabarti,
Y. Zhan, D. Blandford, C. Faloutsos and G. Blelloch, in the SDM 2004
Workshop on Link Analysis, Counter-terrorism and Privacy

Jellyfish: A Conceptual Model for the AS Internet Topology G. Siganos, Sudhir
L Tauro, M. Faloutsos, J. of Communications and Networks, Vol. 8, No. 3, pp
339-350, Sept. 2006.

Statistical Properties of Community Structure in Large Social and
Information Networks, J. Leskovec, K. Lang, A. Dasgupta, M. Mahoney.
WWW 2008.

“Min-cut” plot

* Do min-cuts recursively.

log (mincut-size / #edges)

Mincut size
= sqrt(N) i
log (# edges)
N nodes
KDD'09 Faloutsos, Miller, Tsourakakis P2-39
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“Min-cut” plot
* Do min-cuts recursively.
New min-cut

: log (mincut-size / #edges)

| <

] * b
- ‘

: *

1

: log (# edges)

N nodes

KDD'09 Faloutsos, Miller, Tsourakakis P2-40
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“Min-cut” plot

* Do min-cuts recursively.

g CMU SCS
=

“Min-cut” plot
log (mincut-size / #edges) log (mincut-size / #edges)

log (mincut-size / #edges)

~

log (# edges)

KDD'09 Faloutsos, Miller, Tsourakakis P2-43

:'"éi'ébe =-1/d o
New min-cut
! log (mincut-size / #edges)
i . Slope =-0.5
. log (# edges) log (# edges)
; For a d-dimensional For a random graph,
; grid, the slope is -1/d the slope is 0
i log (# edges)
N nodes Fgr a d-dlmenglonal
grid, the slope is -1/d
KDD'09 Faloutsos, Miller, Tsourakakis P2-41 KDD'09 Faloutsos, Miller, Tsourakakis P2-42
“Min-cut” plot Experiments
¢ What does it look like for a real-world ¢ Datasets:
graph? — Google Web Graph: 916,428 nodes and
5,105,039 edges

— Lucent Router Graph: Undirected graph of
network routers from
www.isi.edu/scan/mercator/maps.html; 112,969
nodes and 181,639 edges

— User =» Website Clickstream Graph: 222,704
nodes and 952,580 edges

NetMine: New Mining Tools for Large Graphs, by D. Chakrabarti,
Y. Zhan, D. Blandford, C. Faloutsos and G. Blelloch, in the SDM 2004
Workshop on Link Analysis, Counter-terrorism and Privacy
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Experiments
* Used the METIS algorithm [Karypis, Kumar,
~1995]
3 _:] _____ google-averaged ——
g, Slope~ -0.4 + Google Web graph
8 "Lip" * Values along the y-
g s axis are averaged
£ « We observe a “lip” for
8- large edges
2 5 10 15 /20 25
log (# edges) . Slope of -0.4,
corresponds to a 2.5-
dimensional grid!
KDD'09 Faloutsos, Miller, Tsourakakis P2-45

g CMU SCS
=

Experiments

* Same results for other graphs too...
g > e N N
k! 3
= # [ \Slope~-0.45
2 s
5 2
‘E/ 7 é -4
j=2

log (# edges) log (# edges)
Lucent Router graph Clickstream graph
KDD'09 Faloutsos, Miller, Tsourakakis P2-46

CMU SCS

Conclusions — Practitioner’s guide

* Hard clustering — k pieces METIS

* Hard co-clustering — (k,[) pieces Co-clustering
* Hard clustering — optimal # pieces Cross-associations

e Observations ‘jellyfish’:
Maybe, there are

no good cuts

KDD'09 Faloutsos, Miller, Tsourakakis P2-47
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fr

Large Graph Mining:
Power Tools and a Practitioner’s guide

Task 3: Recommendations & proximity
Faloutsos, Miller & Tsourakakis

CMU SCS

Outline

* Introduction — Motivation

» Task 1: Node importance

e Task 2: Community detection

* Task 3: Recommendations

e Task 4: Connection sub-graphs

e Task 5: Mining graphs over time

» Task 6: Virus/influence propagation

e Task 7: Spectral graph theory

» Task 8: Tera/peta graph mining: hadoop

Most of the foils in ‘Task 3’ are by

Hanghang TONG

www.cs.cmu.edu/~htong

KDD'09 Faloutsos, Miller, Tsourakakis P3-3

=

CMU * Observations — patterns of real graphs
* Conclusions
KDD'09 Faloutsos, Miller, Tsourakakis P3-1 KDD'09 Faloutsos, Miller, Tsourakakis P3-2
* CMU SCS g CMU SCS
Acknowledgement: Detailed outline

* Problem dfn and motivation
 Solution: Random walk with restarts

* Efficient computation

* Case study: image auto-captioning

* Extensions: bi-partite graphs; tracking

¢ Conclusions

KDD'09 Faloutsos, Miller, Tsourakakis P3-4
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Motivation: Link Prediction

Should we introduce
Mr. A to Mr. B?

KDD'09 Faloutsos, Miller, Tsourakakis P3-5

) Motivation - recommendations
customers Products / movies
H
‘smith’ 1
Terminator 2 ??
H
KDD9 Faloutsos, Millr, Tsourakakis P16

CMU SCS
e,

Answer: proximity
* ‘yes’, if ‘A’ and ‘B’ are ‘close’

* ‘yes’, if ‘smith’ and ‘terminator 2’ are
‘close’

QUESTIONS in this part:
- How to measure ‘closeness’/proximity?
- How to do it quickly?

- What else can we do, given proximity
scores?

KDD'09 Faloutsos, Miller, Tsourakakis P3-7

CMU SCS
s,

How close is ‘A’ to ‘B’?

YoRtoN
o

a.k.a Relevance, Closeness, ‘Similarity’... P3-8




g CMU SCS
Why is it useful?

¢ Recommendation

And many more

« Image captioning [Pan+]

¢ Conn./ CenterPiece subgraphs [Faloutsos+], [Tong+],
[Koren+]

and

Link prediction [Liben-Nowell+], [Tong+]

Ranking [Haveliwala], [Chakrabarti+]

Email Management [Minkov+]

Neighborhood Formulation [Sun+]

Pattern matching [Tong+]

Collaborative Filtering [Fouss+]

KDD'09 Faloutsos, Miller, Tsourakakis P3-9

g CMU SCS Region

Automatic Image Captioning

. Image

Test Image

Keyword

(se2) (5um) (5) (wave)

Q: How to assign keywords to the test image?
A: Proximity! [Pan+ 2004]

g CMUSCS
Center-Piece Subgraph(CePS)

Original Graph

Q: How to find hub for the black nodes?
KDD09 A: Proximity! [Tong+ KDD 2006]

CMU SCS
s,

Detailed outline

Problem dfn and motivation
® « Solution: Random walk with restarts
* Efficient computation
* Case study: image auto-captioning
* Extensions: bi-partite graphs; tracking

¢ Conclusions

KDD'09 Faloutsos, Miller, Tsourakakis P3-12
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How close is ‘A’ to ‘B’?

Should be close, if they have ! : 1

ot Q%?
- short L )
- ‘heavy’ paths

KDD'09 Faloutsos, Miller, Tsourakakis P3-13

g CMU SCS
=

Some ““bad” proximities

Why not shortest path?
@ o @
.—1—( \}—1—.

On©
A: ‘pizza delivery guy’ problem

KDD'09 Faloutsos, Miller, Tsourakakis P3-14

CMU SCS
e,

Some “bad” proximities

Why not max. netflow?
® - @
| SOROR
A: No penalty for long paths

KDD'09 Faloutsos, Miller, Tsourakakis P3-15

CMU SCS
s,

What is a ““good’’ Proximity?

* Multiple Connections

‘ \@ ¢ Quality of connection
@ *Direct & In-directed Conns
*Length, Degree, Weight...

KDD'09 Faloutsos, Miller, Tsourakakis P3-16
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Random walk with restart

[Haveliwala’02]

KDD'09 Faloutsos, Miller, Tsourakakis P3-17

g CMU SCS
=

Random walk with restart

Node 4

Node 1 0.13
Node 2 0.10
Node 3 0.13
Node 4 0.22
Node 5 0.13
Node 6 0.05
Node 7 0.05
Node 8 0.08
Node 9 0.04
Node 10 0.03
Node 11 0.04
Node 12 0.02

Nearby nodes, higher scores
More red, more relevant r,

KDD'09 Faloutsos, Miller, Tsourakakis P3-18

Ranking vector]

CMU SCS

Why RWR is a good score?
Ji QG j)o<r
o= _CW)_I = i W adjacency matrix.

c: damping factor

Q:C W +CZ WZ ]‘+ C3 W3] +

all paths from i all paths from i all paths from i
to jwith length 1 to jwith length 2  to jwith length 3

KDD'09 Faloutsos, Miller, Tsourakakis P3-19

CMU SCS
s,

Detailed outline

* Problem dfn and motivation

 Solution: Random walk with restarts
® - variants

* Efficient computation

* Case study: image auto-captioning

* Extensions: bi-partite graphs; tracking

* Conclusions

KDD'09 Faloutsos, Miller, Tsourakakis P3-20




g CMU SCS

Variant: escape probability

* Define Random Walk (RW) on the graph
* Esc_Prob(CMU->Paris)
— Prob (starting at CMU, reaches Paris before returning to CMU)

.

graph w

Esc_Prob = Pr (smile before cry)

KDD'09 P3-21

g CMU SCS

, detais
Other Variants

* Other measure by RWs
— Community Time/Hitting Time [Fouss+]
— SimRank [Jeh+]
* Equivalence of Random Walks
— Electric Networks:
* EC [Doyle+]; SAEC[Faloutsos+]; CFEC[Koren+]
— Spring Systems
Katz [Katz], [Huang+], [Scholkopf+]
* Matrix-Forest-based Alg [Chobotarev+]

KDD'09 Faloutsos, Miller, Tsourakakis P3-22

CMU SCS
_ .
getas

Other Variants
* Other measure by RWs

— Community Time/Hitting Time [Fouss+]
— SimRank [Jeh+]

All are “related to” or “similar to”

random walk with restart!

» Katz [Katz], [Huang+], [Scholkopf+]
* Matrix-Forest-based Alg [Chobotarev+]

KDD'09 Faloutsos, Miller, Tsourakakis P3-23

CMU SCS
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=

Map of proximity measurements

Regularized
Un-constrained

{_Normai
RWR f"ﬁigaj
‘ Quad Opt.

Katz

'
\E/ 4 ssp decides 1 esc_prob

A

Esc_Prob __ Hitting Time/ | relox
+ Sink Commute
' Time '

:
y X outdegree Harmonic Func.

Constrained
Quad Opt.

Effective Conductance

4 -
H voltage = position




CMU SCS

Notice: Asymmetry (even in

undirected graphs)
B c C-> A : high
A-> C: low
A
D
E
KDD'09 Faloutsos, Miller, Tsourakakis P3-25

g CMU SCS

Summary of Proximity Definitions
e Goal: Summarize multiple relationships

e Solutions

— Basic: Random Walk with Restarts

« [Haweliwala’02] [Pan+ 2004][Sun+ 2006][Tong+ 2006]
— Properties: Asymmetry

* [Koren+ 2006][Tong+ 2007] [Tong+ 2008]

— Variants: Esc_Prob and many others.
« [Faloutsos+ 2004] [Koren+ 2006][Tong+ 2007]

KDD'09 Faloutsos, Miller, Tsourakakis P3-26

\g CMU SCS

Detailed outline

* Problem dfn and motivation

* Solution: Random walk with restarts
= . Efficient computation

* Case study: image auto-captioning

» Extensions: bi-partite graphs; tracking

¢ Conclusions

KDD'09 Faloutsos, Miller, Tsourakakis P3-27
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Preliminary: Sherman-Morrison Lemmadﬁ

X
+ u
+ +3
KDD'09 Faloutsos, Miller, Tsourakakis P3-28
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Preliminary: Sherman—-Morrison Lemm

fotais

g CMU SCS
=

Sherman — Morrison Lemma —

intuition:
If: * Given a small perturbation on a matrix
X v A->A
A = + |u * We can quickly update its inverse
Then:
~_ _ L AT uAT
A ! =(A+M'VT) ! =A l—ﬁ
1+v -A" u
KDD'09 Faloutsos, Miller, Tsourakakis P3-29 KDD'09 Faloutsos, Miller, Tsourakakis P3-30
jetails | A | g . fetais
SM: The block-form SM Lemma: Applications
] | c D_ * RLS (Recursive least squares)
- -1 -1 1yl -1 ! -1 1 py-1
{A B} :{_AL _TAB(D-CA B) CA_: —A B(D-CA B) | — and almost any algorithm in time series!
CD (DA Y A 1 Ay - ]
(D—CA"B) CA \ (D-CA"B) » Kalman filtering
Or... . * Incremental matrix decomposition
AB|' [a-BD"C)" ' —A"'B(D-CA™'B)” .
cp] |“picca=Bpieyt T (D-cAByT e ... and all the fast solutions we will
1 1 |
And many other variants... introduce!
Also known as Woodbury Identity
KDD'09 Faloutsos, Miller, Tsourakakis P3-31 KDD'09 Faloutsos, Miller, Tsourakakis P3-32




E CMU SCS
Reminder: PageRank

» With probability /-c, fly-out to a random
node

e Then, we have
p=cBp+(lc)nl=>
p=(-c)n [I-cB]' 1

KDD'09 Faloutsos, Miller, Tsourakakis P3-33

g CMU SCS

Ranking vector

KDD'09

cBp+(1-c)n

I The only

~ _, difference
cWr.+(—-c)e,

N TN

Adjacency matrix ~ Restart p Starting vector

Faloutsos, Miller, Tsourakakis P3-34

CMU SCS
(e
—

i

p=cBp+(1-cyn1 Computing RWR

cWF +(1-c)é,

/ LN

Starting vector

Ranking vector ~ Adjacency matrix ~ Restart p

013 (0 1313130000 000 0 )0I3
0.10 3013000014000 0 (010
013 3130 130000 000 0 013

022 130 13014000 000 0 022
0.13 0 0 0 130121214000 0 0.13
0.05 _09x] 00 0 0 140120 000 0 0.05
0.05 00 0 0 141200 000 0 0.05
0.08 0130 014000120130 (008
0.04 00 00 00011401300 (004
0.03 00 00 0000 1201/312(003
0.04 00 0 0 000140130 12[004
0.02 {00 00 0000 0131300002

nxi nxn

KDD'09 Faloutsos, Miller, Tsourakakis P3-35

CMU SCS
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Q: Given query i, how to solve it?

1

Ranking vector

KDD'09

)| =09x

0O 1313130000 000 0 0
130 13000014000 0 0
13130 1130 0 00 000 0 0
730 1/3 014000 000 O 1 «— Query
0 0 0 1730121214 000 0 0
0 0 0 140120 000 0 ') 0.Ix 0
00 0 0 141200 000 0 H 0
0130 0 14000 12013 0 0
00 00 0001401300 0
00 00 0O0O0O0 1201312 0
00 00 00014013012 0
00 00 0

0000 013130 \
A 1

Adjacency matrix Ranking vector Starting vector

Faloutsos, Miller, Tsourakakis P3-36
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18 0 1313130000 000 0
t] 1730 113000 014 000 0
g 13130 1300 00 000 0
25 V3 0 13 014000 000 0
s 0 0 0 130 1212214 000 0
05 —0.9% 00 0 0 140120 000 0
05 0O 0 0 0 14120 0 000 0
(1] 0 130 0 1400 0 120130
01 00 0 0 000114011300 [
03 00 0 0 0000 12201312
02 0O 0 0 0 00014013012 ;\
Loz 00 0 0 0000 013130)\0
T W
S . .
= No pre-computation/ light storage

A
s

Slow on-line response  O(mE)

KDD'09 Faloutsos, Miller, Tsourakakis P3-37

)

g CMU SCS

PreCompute

R=cxQ
Q= -cWy!

KU VI

Faloutsos, Miller, Tsourakakis

P3-38

CMU SCS
e,

PreCompute: ¢ =

[ X XN N N XN J
Q0 =(—cH)'

(0.13) 129
0.10 096
013 129
022 206
013 127
0054=01% o5
005 052
008 08
004 028
003 034
004 038
L0.02) 021
~E

 Faston-line response

-+ Heavy pre-computation/storage cost
KD O(n3) iller, Tsourakakis O(n 2) P3-39

CMU SCS
s,

Q: How to Balance?

KDD'09

Faloutsos, Miller, Tsourakakis

P3-40
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How to balance?
Idea (‘B-Lin’)
¢ Break into communities

* Pre-compute all, within a community
* Adjust (with S.M.) for ‘bridge edges’

H. Tong, C. Faloutsos, & J.Y. Pan. Fast Random Walk with
Restart and Its Applications. ICDM, 613-622, 2006.

ESl B_Lin: Basic Idea

[Tong+ ICDM 2006]

Find Community

Combine

Fix the remaining

'2'5 awuses :
B_Lin: details demll

W > within community

KDD'09 Faloutsos, Miller, Tsourakakis P3-43

CMU SCS
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detail
B_Lin: details

I [ , -1
ﬁ—c:VN\l}z 1—cW,i-

Easy to be inverted

SM Lemmal!

KDD'09 Faloutsos, Miller, Tsourakakis P3-44
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B_Lin: summary
« Pre-Computational Stage i

+ Q: Efficiently compute and store Q
« A: Afew small, instead of ONE BIG, matrices inversions

» On-Line Stage =3

S
+ Q: Efficiently recover one column of Q
« A:A , instead of MANY, matrix-vector multiplications
KDD'09 Faloutsos, Miller, Tsourakakis P3-45

g CMU SCS
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Query Time vs. Pre-Compute Time

LOg Query Time W OnTherly
1000 B_Lin(100, 4000)
® B LinEo40o | ]
A B_Lin(50 4000}
n W PreCompute

*Quality: 90%+
. | +On-line:

*Up to 150x speedup
*Pre-computation:

*Two orders saving

Log Pre-compute Time
= WEI WEID 1IJ‘EIEI* WEII‘lIEIEI

Pre_Compute Time(Hour)

Query Time(Second)

KDD'09 Faloutsos, Miller, Tsourakakis P3-46

\g CMU SCS
Detailed outline

* Problem dfn and motivation
 Solution: Random walk with restarts
 Efficient computation

® - Case study: image auto-captioning
* Extensions: bi-partite graphs; tracking
* Conclusions

KDD'09 Faloutsos, Miller, Tsourakakis P3-47

CMU SCS
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gCaP: Automatic Image Caption

- Q.
B

i{Sea Sun  Sky Wave}%

i
{Cat Forest Grass Tiger}!
i

A: Proximity!

[Pan+ KDD2004]

KDD'09 Faloutsos, Miller, Tsourakakis P3-48




g CMU SCS g CMU SCS

{Grass, f@stintageTiger,

) 50 0 o o ) 620 = 0 D B

, Keyword Keyword

P3-49 KbDo P3-50

S C-DEl\l/f [Iﬁlﬂ“s hg h SZ-DEM: Multi-Modal Query System for Drosophila d&[a“s
( creen-s Ot) % Embryo Databases [Fan+ VLDB 2008]

: Images
m £ (CG10917)

Genes
insitu1234.jpg

Keywords

embryonic hindgut

KDD'09 KDD'09 Faloutsos, Miller, Tsourakakis P3-52
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Detailed outline

Problem dfn and motivation
* Solution: Random walk with restarts
* Efficient computation
* Case study: image auto-captioning
m * Extensions: bi-partite graphs; tracking

¢ Conclusions

KDD'09 Faloutsos, Miller, Tsourakakis

P3-53

g CMU SCS
=

authors RWR on Bipartite Graph

Author-Conf. Matrix

I .
Observation: n >> m!
|
n Examples:

L 1. DBLP: 400k aus, 3.5k confs
2. NetFlix: 2.7M usrs,18k mvs

|

Conferences
KDD'09 P3-54

'2'5 CMUSCS
RWR on Skewed bipartite graphs

* Q: Given query i, how to solve it?

s

9 =09x ’) +0.1x

[l
cCoo0oo0oCco oo~ oo

m confs

naus

P3-55

CMU SCS
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Idea:

* Pre-compute the smallest, m X m matrix

e Use it to compute the rest proximities, on
the fly

H. Tong, S. Papadimitriou, P.S. Yu & C. Faloutsos. Proximity Tracking
on Time-Evolving Bipartite Graphs. SDM 2008.
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BB_Lin: Examples

Dataset Off-Line Cost | On-Line Cost
- DBLP a few minutes frac. of sec.
i NetFlix 1.5 hours <0.01 sec.
: ~~~~~~~~
T .
1, 400k authors 2.7m user
x 3.5k conf.s x 18k movies
KDD'09 Faloutsos, Miller, Tsourakakis P3-57
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Detailed outline

Problem dfn and motivation
* Solution: Random walk with restarts
* Efficient computation
* Case study: image auto-captioning
m * Extensions: bi-partite graphs; tracking

¢ Conclusions

KDD'09 Faloutsos, Miller, Tsourakakis P3-58

'2'5 cuuscs
Problem: update

edges changed n authors

Involves n’ authors, m’ confs. ® m Conferenced
o— /"

2

KDD'09 Faloutsos, Miller, Tsourakakis P3-59
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Solution:

* Use Sherman-Morrison to quickly update
the inverse matrix

KDD'09 Faloutsos, Miller, Tsourakakis P3-60
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Fast-Single-Update
10000 T T
log(Time)
(Seconds) 176x speedup
1000 R 4
100 - 4

40x speedup Our method

Our method

o1 DBILP NeIIFI\x Datasets

g CMU SCS

pTrack: Philip S. Yu’s Top-5 conferences up to each year

ICDE CIKM KDD ICDM
ICDCS ICDCS SIGMOD KDD
SIGMETRICS ICDE ICDM ICDE
PDIS SIGMETRICS CIKM SDM
VLDB ICMCS ICDCS VLDB
1992 1997 2002 2007

DBLP: (Au. x Conf.)
- 400k aus,

- 3.5k confs

- 20 yrs

KDD'09 Faloutsos, Miller, Tsourakakis P3-62

CMU SCS
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pTrack: Philip S. Yu’s Top-5 conferences up to each year

CIKM KDD
ICDCS SIGMOD
ICDE ICDM
SIGMETRICS CIKM
ICMCS ICDCS
1997 2002 2007

DBLP: (Au. x Conf.) ‘l’

Databases - 400k aus, g:%:b'\f;llisneirs]g
Distributed Sys. ~ ~ 3ok confs
- 20 yrs
KDD'09 Faloutsos, Miller, Tsourakakis P3-63
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KDD’s Rank wrt. VLDB over years

Rank of Proximity from VLDB to KDD

Prox.'
Rank®[

1B i : : : 1

o

251 ceaaay/A
30 /

350 . g 5 . 4

Data Mining.and Databases
are getting closer & closer

Rank

4o/ - - 1

45

o . VYear
KDD 1995 1997 1999 2001 2003 2005 2007 4
Year




CA cTrack:10 most influential authors in
NIPS community up to each year

T. Sejnowski

1987 1989 1991 1993 1995 1997 1999
ApboTt LT "Bower_J' ‘Hinton_G' Lscinoweii 70 | roeinoyempi or | seinowsii 70 | *Sednowsti 1|
"Bure D" "Hinton_G' "Hoch_C' "Roch_C' TJordan M "Jordan M | SEoch O
"Denker_1° "Tesanro_&* : "hinton &' Tanton G e *Jordan M'
rscofield o "Denkzer 37 "Mozer M "Koch_c| "Hinten_G' N e
"Bower J° "Mead_C” "LeCun_y' mozer M Mozer M "Mozer I’
*Brown_i' "Tenorio M’ “Mozer_M' "Denker_" "Bengio_v' *Dayan_ e’ *Dayan_p'
Tcarley 17 "Denker_3° *Bower 7' "Lippmann R' | 'Bengio_t' "Singh_s*
*chou_e” TroRenT T ‘Waitel B *Rawato_t" ecun_ v "Barto_ A’ ‘Eengin ¥
Chover_J* "Touretzky D' | "Moody_J' "Waibel AT "waibel A" "Tresp_v' "Tresp_v°
"Becknan_F' "Koch_c' "Lippmann_R" *simard_P' *Sinard 7 Moody_1° "Moody_I'

I

M. Jordan
Author-paper bipartite graph from NIPS 1987-1999.
3k. 1740 papers, 2037 authors, spreading over 13 years

KDD'09 Faloutsos, Miller, Tsourakakis P3-65

g CMU SCS

Conclusions - Take-home messages
* Proximity Definitions

- RWR P =cWri+(1-c)e,

— and a lot of variants
e Computation

— Sherman—Morrison Lemma

— Fast Incremental Computation
* Applications

— Recommendations; auto-captioning; tracking

— Center-piece Subgraphs (next)

— E-mail management; anomaly detection, ...
KDD'09 Faloutsos, Miller, Tsourakakis P3-66
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Proximity on Graphs with Side Information. ICDM
2008

KDD'09 Faloutsos, Miller, Tsourakakis

P3-73

CMU SCS

Resources

o www.cs.cmu.edu/~htong/soft.htm
For software, papers, and ppt of presentations

o www.cs.cmu.edu/~htong/tut/cikm2008/cikm_tutor
ial.html

For the CIKM’08 tutorial on graphs and proximity

Again, thanks to Hanghang TONG
for permission to use his foils in this
part
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Large Graph Mining:
Power Tools and a Practitioner’s
guide

Task 4: Center-piece Subgraphs
Faloutsos, Miller and Tsourakakis
CMU

KDD'09 Faloutsos, Miller, Tsourakakis P5-1

. g CMU SCS .
Outline

* Introduction — Motivation
* Task 1: Node importance
e Task 2: Community detection
* Task 3: Recommendations
ﬂ » Task 4: Connection sub-graphs
* Task 5: Mining graphs over time

¢ Conclusions

KDD'09 Faloutsos, Miller, Tsourakakis P5-2

CMU SCS
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Detailed outline

m) + Problem definition
* Solution
* Results

H. Tong & C. Faloutsos Center-piece subgraphs: problem
definition and fast solutions. In KDD, 404-413, 2006.

CMU SCS
s,

Center-Piece Subgraph(Ceps)

* Given Q query nodes ol g \Q
¢ Find Center-piece (<b ) % \
’ o 5. 9

* Input of Ceps ‘Q Q\*

— Q Query nodes —O0—0—

— Budget b m

— k softAnd number

/ AN

* App. © =

— Social Network & 4 o

— Law Inforcement | @

— Gene Network 6‘45%@; h
KDDG9 *** Faloutsos, Miller, Tsourakakis P5-4
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Challenges in Ceps

* Q1: How to measure importance?

* (Q2: How to extract connection subgraph?
* Q3: How to do it efficiently?)

KDD'09

Faloutsos, Miller, Tsourakakis

P5-5

g CMU SCS
Challenges in Ceps

* Q1: How to measure importance?
e A: “proximity” —
scores?

but how to combine

* (Q2: How to extract connection subgraph?
* Q3: How to do it efficiently?)

KDD'09

Faloutsos, Miller, Tsourakakis

P5-6

AND: Combine Scores AND: Combine Scores
* Q: How to

combine scores?

KDD'09 Faloutsos, Miller, Tsourakakis

* Q: How to
combine scores?

e A: Multiply

L

P

e ...=prob.3 .HH
random particles . L ‘
coincide on node j ()

o o Juo

KDD'09 Faloutsos, Miller, Tsourakakis
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K_SoftAnd: Relaxation of AND K_SoftAnd: Combine Scores
I O —0O—— . .
o Y Generalization —
° ~o-9 % SoftAND: . o ﬂﬂ

<o\ e We want nodes close ® ‘
O &0 to k of Q (k<Q) 1
C.Y 20 query nodes. . I .H IH .
8?;%?3%::: Q: How to do that? @

What if AND query =» No Answer?

KDD'09 Faloutsos, Miller, Tsourakakis P5-9 KDD'09 Faloutsos, Miller, Tsourakakis P5-10
'g . B AND query vs. K_SoftAnd
K_SoftAnd: Combine Scores query -
query
Generalization — o s oous
softAND: ' ﬂu xled /?\
We want nodes close . ‘ Mm %{"
to k Of Q (k<Q) ' mom,ﬂ"’ L

\ 01010

0.0710

query nodes. . IUL .“H
@

Q: How to do that? | (]
0.1010 0.1010

A: Prob(at least k- ° - Jw 7 ° Yo @ w g :

out-of-Q will meet
each other at j) And Query 2_SoftAnd Query

KDD'09 Faloutsos, Miller, Tsourakakis P5-11 KDD'09

Faloutsos, Miller, Tsourakakis P5-12
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1_SoftAnd query = OR query

0.0103

0.0103 0.0103

KDD'09 Faloutsos, Miller, Tsourakakis P5-13
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Detailed outline

¢ Problem definition
¢ Solution
)+ Results

KDD'09 Faloutsos, Miller, Tsourakakis P5-14
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Case Study: AND query

CMU SCS
s,

Case Study: AND query




CMU SCS

15 B 13

Statistic
2
N\

2_SoftAnd query

g CMU SCS

Conclusions

Proximity (e.g., w/ RWR) helps answer
‘AND’ and ‘k_softAnd’ queries

KDD'09 Faloutsos, Miller, Tsourakakis P5-18
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Large Graph Mining:
Power Tools and a Practitioner’s guide

Task 5: Graphs over time & tensors

Faloutsos, Miller, Tsourakakis

. g CMU SCS
Outline

* Introduction — Motivation
» Task 1: Node importance
e Task 2: Community detection
* Task 3: Recommendations
e Task 4: Connection sub-graphs
my Task 5: Mining graphs over time
» Task 6: Virus/influence propagation
e Task 7: Spectral graph theory
» Task 8: Tera/peta graph mining: hadoop

e Tamara Kolda (Sandia)

for the foils on tensor
definitions, and on TOPHITS

KDD 09 Faloutsos, Miller, Tsourakakis P5-3

MU * Observations — patterns of real graphs
¢ Conclusions
KDD '09 Faloutsos, Miller, Tsourakakis P5-1 KDD '09 Faloutsos, Miller, Tsourakakis P5-2
* CMU SCS ¥ CMU SCS
Thanks to Detailed outline

e Motivation
¢ Definitions: PARAFAC and Tucker
* Case study: web mining

KDD 09 Faloutsos, Miller, Tsourakakis P5-4
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Examples of Matrices:
Authors and terms

g CMU SCS
=

Motivation: Why tensors?

¢ Q: what is a tensor?

Faloutsos, Miller, Tsourakakis

data mining  classif. tree
John 13 11 22 55 ...
Peter 5 6 7.
Mary |
Nick
KDD '09 Faloutsos, Miller, Tsourakakis P5-5 KDD '09 Faloutsos, Miller, Tsourakakis P5-6
* CMU SCS ¥ CMU SCS
Motivation: Why tensors? Motivation: Why tensors?
* A: N-D generalization of matrix: * A: N-D generalization of matrix:
KDD'07
KDD'08
KDD'09 data mining  classif. tree KDD'09 /| data mining  classif. tree
1
John 13 11 22 55 ... John 13 11 22 55 ...
Peter 5 4 6 7. Peter 5 4 6 7.
Mary . Mary .
Nick Nick
KDD '09 Faloutsos, Miller, Tsourakakis P5-7 KDD '09

P5-8
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Tensors are useful for 3 or more

modes
Terminology: ‘mode’ (or ‘aspect’):

g CMU SCS

Notice

e 3" mode does not need to be time

¢ we can have more than 3 modes
1

f Dest. port |
M 1 1
ode#3 ! 125 !
,’] data mining  classif. tree ,’]
/ 80 /
13 11 22 55 ... 13 11 22 55
5 4 6 7 ... 5 6 7
Mode#2 T P source1
KDD 09 =P Mode (== aspect) #1 P5-9 KDD 09 —)  Falous |P destination P5-10
Notice Motivating Applications
* 3 mode does not need to be time * Why tensors are useful?
e we can have more than 3 modes — web mining (TOPHITS)
— Eg, fFMRI: x,y,z, time, person-id, task-id — environmental sensors
— Intrusion detection (src, dst, time, dest-port)
— Social networks (src, dst, time, type-of-contact)
— face recognition
—etc ...
i From DENLAB, Temple U.
Eatatadadadadid (Prof. V. Megalooikonomou +)
wiifp//denlab.temple edi/Ridms/cgi-bin/browse cgi KDD 09 Faloutsos, Miler, Tsourakii P5-12
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Detailed outline

* Motivation
#° Definitions: PARAFAC and Tucker

* Case study: web mining

KDD '09

P5-13

g CMU SCS

Tensor basics

¢ Multi-mode extensions of SVD — recall
that:

KDD 09 Faloutsos, Miller, Tsourakakis P5-14

£ Reminder: SVD

n

(—/%

—
&HE=
r VI

A ~ m

U

— Best rank-k approximation in L2

KDD '09

A~ UZVT =3, 0;u; 0v;

P5-15
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Reminder: SVD

~ T JE—

A~USVT =500 0v;
n

(—/% G1u1°v1 62u2°V2

Ol [m

A = +

— Best rank-k approximation in L2

KDD 09 P5-16
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Goal: extension to >=3 modes

Q~
\Ly
IxJxK
IxR JxR
) [N
H H
RxRxR

f)C%[[A;A,B,C]]:Z)\TaTobTOCT
T

KDD '09 P5-17

g CMU SCS
Main points:

* 2 major types of tensor decompositions:
PARAFAC and Tucker

* both can be solved with “"alternating least
squares’’ (ALS)

KDD '09 Faloutsos, Miller, Tsourakakis P5-18

-g CMU SCS
Specially Structured Tensors

¢ Tucker Tensor ¢ Kruskal Tensor

X=Gx1UxpVx3W

X=) Murovrowy
=33 grseurovsow ; R
:[[ézji/'w]] =[\;U,V,W]
A
&
IxJxK

X

R JxS IXdxK w Wq
=

Vi \
X RxSxT H H

KDD 09 P5-19

CMU SCS
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Tucker Decomposition - intuition

A

&

IxJxK I x

R JxS
Z

X RxSxT

* author x keyword x conference
* A: author x author-group

* B: keyword x keyword-group
* C: conf. x conf-group

* G: how groups relate to each other
KDD '09 P5-20
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Intuition behind core tensor

e 2-d case: co-clustering

¢ [Dhillon et al. Information-Theoretic Co-
clustering, KDD’03]

&ﬁn_’og Faloutsos, Miller, Tsourakakis P5-21
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0505050 0 0

0505050 0 0 | eg, terms x documents

m |0 0 o 050505 |

0 0 0 050505

04.04 0 04 04 04

04.04 04 0 04 04 |
k l n

500 l:-3 0:| 1136 3628 0 0 oJ _ [oss 054 0210 0 o
50 0| k03" 0 o 2 36 3 054 054 042|000
050 22 0 0 0 |042 054 054
My s o 0 0 0 |0a2 054 054
00 5 036 036 028 [028 036 036
005 036 036 028 1028 036 036
KDD 09 Faloutsos. Miler, Tsourakakis P5-22

3 CMU SCS
g med. doc . \

s doc
0505050 0 0 | med. terms
0505050 0 0
0 0 0 050505
cs terms
term group x 84 3 2 gj ~g§ gj |
04.04 0 04 .04
mmon term
doc. grOLQ) 04.04 04 0 04 04 | E@mmE S
500 30 [36 3628 0 0 OJ _ [os4 054 ;2] 0 0o 0
500 031 lo o 0 28 36 3 054 054 042/ 0 0 0
050 2 2 0 0 0 [042 054 054
050 0 0 0 |042 054 054
005 doc x 036 036 028 [028 036 036
05 doc group 036 036 0281028 036 036
term x

term-group
KDD 09 Faloutsos, Miller, Tsourakakis p5_2/

CMU SCS
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Tensor tools - summary

* Two main tools
— PARAFAC
— Tucker
* Both find row-, column-, tube-groups
— but in PARAFAC the three groups are identical

* ( To solve: Alternating Least Squares )

KDD 09 Faloutsos, Miller, Tsourakakis P5-24
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Detailed outline

e Motivation
¢ Definitions: PARAFAC and Tucker
#- Case study: web mining

KDD 09 Faloutsos, Miller, Tsourakakis P5-25

g CMU SCS
Web graph mining

* How to order the importance of web pages?
— Kleinberg’s algorithm HITS
— PageRank

— Tensor extension on HI;I:OE'(TOPHITS)

Ya

Google =

Web =S EET

¥ Asoy tenserianps senserianing tensercorpnaton
tansoriniul e

Ter

Tensorprokct Wigpech he e sncycoperi
o v onors, 35 . T

e Texboo o
X152 comicags ot on o ot sy e oo

% ™" Kileinberg’s Hubs and Authorities
(the HITS method)

P

1 if page i links to page j
=
K 0 otherwise

XzZarhroaT
T

authority scores

ekt ! Wetnle I authority scores for 2 topic
b : for 1 topic\, /
", . - o | ee— | e—
- v 2
e d hub scores hub scores
[ Hoas d for 15! topic for 21 topic
KDD '09 P5-27

Kleinberg, JACM, 1999

Sparse adjacency matrix and its SVD:

CMU SCS

HITS Authorities on Sample Data

1st Principal Factor
.97 |www.ibm.com
.24 |www.alphawg 2nd P

_ al Factor
-08 |www-128.ibn—g g T high.edu We started our crawl from
-05 {www.developl 4 www2.lehigh e L http:/www-neos.mcs.anl.gov/neos,
2 s 0 i 3 P e
o1 [nows com.od <08 [Wwwehighs| “ 2 [EEEEA resulting in 560
- .02 |www.bethleh| >36 suncom cross-linked hosts.
.02 |www.adobe.q '24 see.sun.com
.02 [lewisweb.cc| -sun- .60
02 |www.leolehi{ 19 |-samag.col 5
02 |www.distanc] -13 |docs.sun.com | 4
02 |fpt.cc.lehigh| 12 [P10gS-SUN-COM | 5 1yae) state] 6th Principal Factor
08 |sunsolve.sun.cq o5 |wuw,gsa.g -7 asu.edu

08 jwww.sun-catald o0 |\yww.ssa.q .18 [math.la.asu.edu
08 |news.com.com

4th Principal Factor
www.pueblo.gsa.gov
www.whitehouse.gov
Wwww.irs.gov.

.16 |www.censy .17 [www.asu.edu

thorit authority scores 14 [www.govod .04 |www.act.org
authortly SCOres  for 2nd topic 13 [www.kids.d .03 [www.eas.asu.edu
for 1% topic \, 13 |www.usdoj| .02 |archives.math.utk.edu

02 |www.geom.uiuc.edu
02 |www.fulton.asu.edu
.02 [www.amstat.org
.02 [www.maa.org

hub scores
for 15! topic

7
hub scores P5-28
for 2" topic
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Three-Dimensional View of the Web

if page i — page j

e e e e -

pr g ——me

== ! . Ty = with term k
rer— —— 0  otherwise

Observe that this
tensor is very sparse!

Three-Dimensional View of the Web

[P—— —
ey g g = i i m—
o— P o e e e e g B . . .
plpmml RS e, — 4 e m e e if page i — page j
S e e e M
== - Tijk = with term k&
Y mvseme e et e S — 0 otherwise
Jayudyvimpaur i b el i e £
ey s e e e o e, e,
Observe that this

tensor is very sparse!

-
Webmel ™ eeaed
b - - = [} C : e
mf | O 0
A —
W _M'-:l__-_-‘—-#/ e . i -
'ﬂ“’! T Watate 4 R Tk st T s s
KpD09 Kolda, Bader, Kenny, ICDM05 P5-29 Kolda, Bader, Kenny, ICDM05 P5-30

\g CMU SCS

Three-Dimensional View of the Web

tensor is very sparse!

R EE]
P5-31

Kolda, Bader, Kenny, ICDM05

pr— e Srpg——
el e ey B i
i o e o B . )
T i e if page i — page j
== ] : Ty = with term &
y Pt ’_ e 0 otherwise
O p——— [ ——
i e—— ey
e T R = Bk
" | e e )
Observe that this

‘-g CMU SCS
Topical HITS (TOPHITS)

Main Idea: Extend the idea behind the HITS model to incorporate
term (i.e., topical) information.
R
X ~ Z A hy o ap

r=1

to
= N+ \ +
authority scores
for 2" topic

authority scores

/‘ for 1¢t topic
hub scores

hub scores core:
for 15t topic for 2 topic

from

KDD 09 P5-32
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Topical HITS (TOPHITS)

Main Idea: Extend the idea behind the HITS model to incorporate
term (i.e., topical) information.

R
X =~ Z Arhyoayot,

% “"TOPHITS Terms & Authorities

on Sample Data

St Principal Factor |
86 [java.sun.com

d 2nd Principal Factor

20 [NO-READABLE-TEXT |99 [www.lehigh edu

3rd Principal Factor

TOPHITS uses 3D analysis to find
the dominant groupings of web
pages and terms.

if i — j with term k

,
]

» Real data are often in high dimensions with
multiple aspects (modes)

* Tensors provide elegant theory and
algorithms
— PARAFAC and Tucker: discover groups

KDD 09 Faloutsos, Miller, Tsourakakis P5-35

otherwise
r=1 W = # unique links using term k
7__term scores ¢ _term scores
L “ for 18t topic “for 2nd topic
@
o I I
£ th it Tensor PARAFAC
g authomy scores aul Of'ndy scores 5th Principal Factor
for 1%t topic for 279 topic T2 TAX 73 [wewirs.gov
17 | TAXES 43 |travel state.gov
15|CHILD 22 |www.ssa.gov
hub scores hUb scores 15|RETIREMENT .08 |www.govbenefits.gov
for 1°' top for 2" topic 14[BENEFITS 06 [www.usdoj. gov
or 15! topic 14[STATE 03 [www.census.gov
., \ ! 14| INCOME 03 |www.usmint.gov
KDD '09 P5-33 KDD '09: e 13|SERVICE 02 |www.nws.noaa.gov
13|REVENUE .02 [www.gsa.gov
12]CREDIT 01
CMU SCS CMU SCS
ps, e
Conclusions References

* T. G. Kolda, B. W. Bader and J. P. Kenny.
Higher-Order Web Link Analysis Using
Multilinear Algebra. In: ICDM 2005, Pages 242-

249, November 2005.

* Jimeng Sun, Spiros Papadimitriou, Philip Yu.
Window-based Tensor Analysis on High-
dimensional and Multi-aspect Streams, Proc. of
the Int. Conf. on Data Mining (ICDM), Hong
Kong, China, Dec 2006
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Resources

¢ See tutorial on tensors, KDD’07 (w/ Tamara

Kolda and Jimeng Sun):

www.cs.cmu.edu/~christos/TALKS/KDD-07-tutorial

KDD '09 Faloutsos, Miller, Tsourakakis

P5-37
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Tensor tools - resources

e Toolbox: from Tamara Kolda:
csmr.ca.sandia.gov/~tgkolda/TensorToolbox

* T. G. Kolda and B. W. Bader. Tensor Decompositions and
Applications. SIAM Review, Volume 51, Number 3, September 2009
csmr.ca.sandia.gov/~tgkolda/pubs/bibtgkfiles/TensorReview-preprint.pdf

* T. Kolda and J. Sun: Scalable Tensor Decomposition for Multi-Aspect
Data Mining (ICDM 2008)
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Large Graph Mining:
Power Tools and a Practitioner’s guide

Task 6: Virus/Influence Propagation
Faloutsos, Miller, Tsourakakis
CMU

KDD'09 Faloutsos, Miller, Tsourakakis P6-1

g CMU SCS

Outline

* Introduction — Motivation
» Task 1: Node importance
e Task 2: Community detection
* Task 3: Recommendations
e Task 4: Connection sub-graphs
e Task 5: Mining graphs over time
my Task 6: Virus/influence propagation
e Task 7: Spectral graph theory
» Task 8: Tera/peta graph mining: hadoop
* Observations — patterns of real graphs
* Conclusions

KDD'09 Faloutsos, Miller, Tsourakakis P6-2

‘g cuuscs
Detailed outline

* Epidemic threshold
— Problem definition
— Analysis
— Experiments

* Fraud detection in e-bay

KDD'09 Faloutsos, Miller, Tsourakakis P6-3

CMU SCS
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Virus propagation

- How do viruses/rumors propagate?
+ Blog influence?

+ Will a flu-like virus linger, or will it
become extinct soon?

KDD'09 Faloutsos, Miller, Tsourakakis P6-4
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The model: SIS

* ‘Flu’ like: Susceptible-Infected-Susceptible
* Virus ‘strength’ s= /8

g CMU SCS
Epidemic threshold ©

of a graph: the value of 7, such that

if strengths=pf/0< 1
an epidemic can not happen

* avg. degree? and/or highest degree?
 and/or variance of degree?

* and/or third moment of degree?
 and/or diameter?

KDD'09 Faloutsos, Miller, Tsourakakis P6-7

Healthy Thus,
Prob. 3 * given a graph
Prob. B . . .
P e compute its epidemic threshold
Infected .
KDD'09 Faloutsos, Miller, Tsourakakis P6-5 KDD'09 Faloutsos, Miller, Tsourakakis P6-6
Epidemic threshold t Epidemic threshold
What should t depend on?

* [Theorem 1] We have no epidemic, if

B <t=1/7,

KDD'09 Faloutsos, Miller, Tsourakakis P6-8
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Epidemic threshold

* [Theorem 1] We have no epidemic (*), if

epidemic threshold
recovery prob. ]

Py
7

1
largest eigenvalue
of adj. matrix A

attack prob./

Proof: [Wang+03]

(*) under mild, conditional-independence assumptions
KDD'09 Faloutsos, Miller, Tsourakakis P6-9

g CMU SCS .I s
Beginning of proof dalal
Healthy @ t+1:

- ( healthy or healed )
- and not attacked @ t

Let: p(i, t) = Prob node i is sick @ t+1

L-p(i, t+1 )= (1 =p(i, ) + p(i, 1) * &) *
I (1-Baji*p, 1)

Below threshold, if the above non-linear dynamical system
above is ‘stable’ (eigenvalue of Hessian < 1)

KDD'09 Faloutsos, Miller, Tsourakakis P6-10

CMU SCS

Epidemic threshold for various
networks

Formula includes older results as special cases:
* Homogeneous networks [Kephart+White]
— 4= <k>; = 1/<k> (<k>: avg degree)
* Star networks (d = degree of center)
— 4= Sqri(d); T =1/ sqrt(d)
* Infinite power-law networks

— ;4 =00; 7= 0; [Barabasi]

KDD'09 Faloutsos, Miller, Tsourakakis P6-11
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Epidemic threshold

* [Theorem 2] Below the epidemic threshold,
the epidemic dies out exponentially

KDD'09 Faloutsos, Miller, Tsourakakis P6-12
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Detailed outline

* Epidemic threshold
— Problem definition
— Analysis
m) - Experiments
* Fraud detection in e-bay

g CMU SCS
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Current prediction vs. previous

160 a0
Simulation —

Simulation

140 PL-3 Our model = " PL-3 St
120
100 Our thresh 20 Our

Ourlhreshold

Our }

Number of
infected nodes

/

Nurmber of infected nodes at fimetick 200

0 v oL —
S004 6006 oo6e 041 GOr2 o4 0016 0018 Gz o GG5 01 015 02 025 03 0% 04 045
p/o p/o
Oregon Star

The formula’s predictions are more accurate

KDD'09 Faloutsos, Miller, Tsourakakis P6-13 KDD'09 Faloutsos, Miller, Tsourakakis P6-14
* CMU SCS CMU SCS
B Experiments (O
xperiments (Oregon) SIS simulation - # infected nodes vs
500 - time
@ . SIS Infected log-lin
° 100 >
3 p/a>t Log - Lin T St AT = above
5 —— urder
= (above threshold) ; = overt
T P - owr2 — At
304 M\ o : - +-near threshold1
S 00 #inf. ] —s—::;m:ih;dz bel
-— b4 —a- hreshold: —
£ (log scale) £ L eabol elow
5 200 g
S | A\ TR petes =7 5
E 1001 (at the threshold) £
= [,
, ‘ Tsssereeedls »
0 250 500 750 ﬁ/8< T U
Time (below threshold) Time (linear scale)
8: =8 0.05 =6=0.06 = 0.07

KDD'09 Faloutsos, Miller, Tsourakakis P6-15 KDD'09 Faloutsos, Miller, Tsourakakis P6-16
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SIS simulation - # infected nodes vs

g CMU SCS

SIS simulation - # infected nodes vs

. .
time time
X SIS Infected log-lin o SIS Infected log-log
. e — abOVeE P = ndert - above
Log - Lin o ovsapomgimaomiaenol EUEN Log - Log P s I
wlt ol | — at : = —_
. g ::overz a . %’ —+-near threshold1 a
# f & near threshold1 # f 2
nt. g - =-near threshold?) bel nf. H :::::::E::Eg:gg bel
2 -z -near threshold3||  s— 3 —
(log scale) ¥ e e elow (log scale) § ~+ ear thresholdd elow
£
3 3
210 s
Exponential i
decay [
J 10°
o s 10 15w » 0 » @ 10° o' 10°
Time ticks Time ticks
Time (linear scale) Time (log scale)
KDD'09 Faloutsos, Miller, Tsourakakis P6-17 KDD'09 Faloutsos, Miller, Tsourakakis P6-18
CMU SCS

SIS simulation - # infected nodes vs
time

SIS Infected log-log

# —=—under1
LOg - LOg a —under2
3l ~v-over1
—x--over2 —
~+-near threshold1 at
—=-near threshold2

—&-near threshold3
reartesho] === below

— above

#inf.
(log scale) §

cted nodes

107

Power-law L
Decay (!) | e
107 uoos
B

1045 0 X 2

10 10 10
Time ticks

Time (log scale)
KDD'09 Faloutsos, Miller, Tsourakakis P6-19
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Detailed outline g)("a

* Epidemic threshold
m)* Fraud detection in e-bay

KDD'09 Faloutsos, Miller, Tsourakakis P6-20




E-bay Fraud detection g)("a

w/ Polo Chau &
Shashank Pandit, CMU

g CMU SCS
=

NetProbe: A Fast and Scalable System for Fraud Detection in
Online Auction Networks, S. Pandit, D. H. Chau, S. Wang, and C.
Faloutsos (WWW'07), pp. 201-210

E-bay Fraud detection g)("a

« lines: positive feedbacks
* would you buy from him/her?

KDD'09 Faloutsos, Miller, Tsourakakis P6-22

E-bay Fraud detection ﬂm

« lines: positive feedbacks
* would you buy from him/her?

¢ or him/her?

KDD'09 Faloutsos, Miller, Tsourakakis P6-23
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s,

E-bay Fraud detection - NetProbe ex"a

Belief Propagation gives:

Q\ N?tProbe :
0000 N
LTSN
§- alisher «s W
°-
KDD'09 Faloutsos, Miller, Tsourakakis P6-24
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Conclusions

* 4,4 - Eigenvalue of adjacency matrix
determines the survival of a flu-like virus

— It gives a measure of how well connected is the
graph (~ # paths — see Task 7, later)

— May guide immunization policies

* [Belief Propagation: a powerful algo]

KDD'09 Faloutsos, Miller, Tsourakakis P6-25
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Large Graph Mining:
Power Tools and a Practitioner’s
Guide

Christos Faloutsos
Gary Miller
Charalampos (Babis) Tsourakakis
CMU

. g CMU SCS
Outline

= Reminders

¢ Adjacency matrix
— Intuition behind eigenvectors: Eg., Bipartite Graphs
— Walks of length k

e Laplacian
— Connected Components
— Intuition: Adjacency vs. Laplacian
— Cheeger Inequality and Sparsest Cut:

+ Derivation, intuition
+ Example

¢ Normalized Laplacian

KDD'09 Faloutsos, Miller, Tsourakakis P7-2

'2'5 CMUSCS
Matrix Representations of G(V,E)

Associate a matrix to a graph:

* Adjacency matrix
. Main focus
* Laplacian

* Normalized Laplacian

KDD'09 Faloutsos, Miller, Tsourakakis P7-3

CMU SCS
e,

Recall: Intuition

e A as vector transformation

x’ A X
2 2 1 1
1|1=(1! 3 0
1
: (30
1
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Intuition

* By defn., eigenvectors remain parallel to
themselves (‘fixed points’)

053] [2 17 [os2

-

3.62*[oss|=| 1 3 [ [o8s

L

P

g CMU SCS
=

Intuition

* By defn., eigenvectors remain parallel to
themselves (‘fixed points’)

* And orthogonal to each other

Keep in mind!

* For the rest of slides we will be talking for
square nxn matrices

m

nl nn
and symmetric ones, i.e,

M=M"

KDD'09 Faloutsos, Miller, Tsourakakis P7-7
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Outline

¢ Reminders
= Adjacency matrix

— Intuition behind eigenvectors: Eg., Bipartite Graphs
— Walks of length k

¢ Laplacian
— Connected Components
— Intuition: Adjacency vs. Laplacian
— Cheeger Inequality and Sparsest Cut:

+ Derivation, intuition
* Example

* Normalized Laplacian

KDD'09 Faloutsos, Miller, Tsourakakis P7-8
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g CMU SCS g CMU SCS
Adjacency matrix Adjacency matrix
Undirected Undirected Weighted
A 1 if (u,v) € E(G) g wwif (u,v) € E(G)
Yl 0 otherwise w10 otherwise
01 1 1 10 0 03 4 10
acl 10 10 03/ \4 a=| %0 2
100 10 0 0 O
2
1 0 0 0
KDD'09 Faloutsos, Miller, Tsourakakis P7-9 KDD'09 Faloutsos, Miller, Tsourakakis P7-10
g CMU SCS g CMU SCS
Adjacency matrix Spectral Theorem
Directed
1 £ ( ) E(G) Theorem [Spectral Theorem]
I (u,v) € T
= o If M=M1, th
Auo { 0  otherwise . .
0 ] ] ]Axlxlr+~-+ﬂnx"xf
0 011 A )| —x—
Observation _ 1010 .
If G is undirected, A= 01 0O Eimc;?ti?);:)hal
A=AT 0 0 0O "

Faloutsos, Miller, Tsourakakis P7-12
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Spectral Theorem

Theorem [Spectral Theorem]
o If M=MT, then

g CMU SCS
=

Outline
¢ Reminders
¢ Adjacency matrix
‘ — Intuition behind eigenvectors: Eg., Bipartite Graphs

— Walks of length k

* Give groups

* Specifically for bi-partite graphs, we get
each of the two sets of nodes

* Details:

T
| | A N , ’ * Laplacian
M=x .. x K =Axx +o+Ax,X, — Connected Components
| 0 A, | —x,— — Intuition: Adjacency vs. Laplacian
2 — Cheeger Inequality and Sparsest Cut:
i N * Derivation, intuition
Reminder 2:
Xi i-th principal axis + Example
N length of i-th principal ¢ Normalized Laplacian
axis
KDD09 T Faloutsos, Miller, Tsourakakis P7-13 KDD'09 Faloutsos, Miller, Tsourakakis P7-14
* CMU SCS ¥ CMU SCS
Fe, =
Eigenvectors:

Bipartite Graphs

Any graph with no cycles of odd length is bipartite

B 0

K3,3 A:<0 BT>

Q1: Can we check if a graph is bipartite
via its spectrum?

Q2: Can we get the partition of the vertices
in the two sets of nodes?

KDD'09 Faloutsos, Miller, Tsourakakis P7-16
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Bipartite Graphs

, (0 BT
Adjacency matrix = B 0
K3,3 111

where B = 1 1 1

1 1 1

Eigenvalues: A=[3,-3,0,0,0,0]

KDD'09 Faloutsos, Miller, Tsourakakis P7-17
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Bipartite Graphs
0 BT
Adjacency matrix A= B 0
K3,3 111
where B = 1 1 1
1 1 1
Why A,=-1,=3?

Recall: Ax=\x, (A,x) eigenvalue-eigenvector

KDD'09 Faloutsos, Miller, Tsourakakis P7-18

CMU SCS
e,

Bipartite Graphs
1 1 3=34 1
1 1 1
1 1 1

_ _ _ T
M =3u;=1=[1,1,1,1, 1, 1]
Value @ each node: eg., enthusiasm about a product

KDD'09 Faloutsos, Miller, Tsourakakis P7-19

CMU SCS
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Bipartite Graphs
1 1 3=3x1 1
1 1 1
1 1 1

T
M =3u=1=[1,1,1,1, 1, 1]
1-vector remains unchanged (just grows by ‘3’ =, )

KDD'09 Faloutsos, Miller, Tsourakakis P7-20




g CMU SCS
Bipartite Graphs

1 1 3=3x1 1
1 1 1
1 1 1

M =3u =1=[1,1,1,1,1, 1]¥
Which other vector remains unchanged?

KDD'09 Faloutsos, Miller, Tsourakakis P7-21
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Bipartite Graphs

1 -1 -3=(-3)x2 -1
1 -1 -1
1 -1 -1

Ao =—-3up=1=[1,1,1,-1, -1, -1]"

KDD'09 Faloutsos, Miller, Tsourakakis P7-22

'2'5 cuuscs
Bipartite Graphs

* Observation
u, gives the partition of the nodes in the two

sets S, V-S! OOO O O O
A= —-3up=1=[1,1,1,-1,-1, -1]"

S V-S
Question: Were we just “lucky”? Answer: No

Theorem: A,=-A, iff G bipartite. u, gives the partition.

KDD'09 Faloutsos, Miller, Tsourakakis P7-23
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Outline

¢ Reminders

¢ Adjacency matrix
— Intuition behind eigenvectors: Eg., Bipartite Graphs
B - Walks of length k
¢ Laplacian
— Connected Components
— Intuition: Adjacency vs. Laplacian
— Cheeger Inequality and Sparsest Cut:
« Derivation, intuition
* Example

* Normalized Laplacian

KDD'09 Faloutsos, Miller, Tsourakakis P7-24




T
Walks
* A walk of length r in a directed graph:
ug — U — ... — Uy

where a node can be used more than once.
* Closed walk when: Ug = Uy

Closed walk of length 3

SNakk of length 2
2-1-4

KDD'09 Faloutsos, Miller, Tsourakakis P7-25

. g CMU SCS
Walks

Theorem: G(V,E) directed graph, adjacency
matrix A. The number of walks from node u
to node v in G with length r is (A"),,

Proof: Induction on k. See Doyle-Snell, p.165

KDD'09 Faloutsos, Miller, Tsourakakis P7-26

‘g cuuscs
Walks

Theorem: G(V,E) directed graph, adjacency
matrix A. The number of walks from node u
to node v in G with length r is (A"),,

ij) (i, i9),(i1,0) (i,11) 0+ (i15))
KDD'09 Faloutsos, Miller, Tsourakakis P7-27
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Walks

i=2’f

KDD'09 Faloutsos, Miller, Tsourakakis P7-28
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g CMU SCS

Corollary: If A is the adjacency matrix of
undirected G(V,E) (no self loops), e edges
and t triangles. Then the following hold:
a) trace(A) =0
b) trace(A?) = 2e

¢) trace(A%) = 6t Cj; oO—0 >

Yy

KDD'09 Faloutsos, Miller, Tsourakakis P7-31

Walks Walks
01 0 O
42— 0 1 1
1 0 1
0 0/0 O
C o Always 0,
i=3, j=3 node 4 is a sink
KDD'09 Faloutsos, Miller, Tsourakakis P7-29 KDD09 Faloutsos, Mille. Tsourakakis P7-30
Walks Walks

Corollary: If A is the adjacency matrix of
undirected G(V,E) (no self loops), e edges
and t triangles. Then the following hold:
a) trace(A) =0
b) trace(A?) = 2e
c) trace(A%) = 6t Computing A" may be

expensive!

KDD'09 Faloutsos, Miller, Tsourakakis P7-32
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Remark: virus propagation

The earlier result makes sense now:

* The higher the first eigenvalue, the more
paths available ->

e Easier for a virus to survive

. g CMU SCS
Outline

¢ Reminders
¢ Adjacency matrix
— Intuition behind eigenvectors: Eg., Bipartite Graphs
— Walks of length k&
= Laplacian
— Connected Components
— Intuition: Adjacency vs. Laplacian
— Cheeger Inequality and Sparsest Cut:
* Derivation, intuition
+ Example

¢ Normalized Laplacian

KDD'09 Faloutsos, Miller, Tsourakakis

P7-34

Main upcoming result

the second eigenvector of the Laplacian (u,)
gives a good cut:

Nodes with positive scores should go to one
group
And the rest to the other

CMU SCS
s,

Diagonal matrix, d;=d,

KDD'09 Faloutsos, Miller, Tsourakakis

Laplacian
d, ifu=w
Ly = -1 if (u,v) € E(Q)
0 otherwise
3 -1 -1
L=D-A=| 5, 2
/ -1 0 0

—= O O

P7-36




g CMU SCS
Weighted Laplacian

dy =3, Wu fu=wv
Ly = Wy if (u,v) € E(G)
0 otherwise
10 143 —-0.3 —4 -10

-03 23 -2 0
—4 -2 6 0
—10 0 0 10

0.3 4 L=

g CMU SCS
=

Outline

¢ Reminders

¢ Adjacency matrix
— Intuition behind eigenvectors: Eg., Bipartite Graphs

— Walks of length k
e Laplacian
- — Connected Components

— Intuition: Adjacency vs. Laplacian
— Cheeger Inequality and Sparsest Cut:
* Derivation, intuition

+ Example

¢ Normalized Laplacian

* Proof: see p.279, Godsil-Royle

KDD'09 Faloutsos, Miller, Tsourakakis P7-39

KDD'09 Faloutsos, Miller, Tsourakakis
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Connected Components Connected Components

* Lemma: Let G be a graph with n vertices G(V E)
. 1 -1 0 0 O 0 0
and c connected components. If L is the ) 12 210 0 0 0
Laplacian of G, then rank(L)= n-c. 0096 I
o 0o 00 2 -1 -1
(@) 0 0 0 -1 2 -1
o 0 0 0 -1 -1 2
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Connected Components

#zeros ndi égted cut”

eig(L)=(o 0 0.0066 1.005 3 3 3.0084

g CMU SCS
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Outline

¢ Reminders
¢ Adjacency matrix
— Intuition behind eigenvectors: Eg., Bipartite Graphs
— Walks of length k&
e Laplacian
— Connected Components
‘ — Intuition: Adjacency vs. Laplacian
— Cheeger Inequality and Sparsest Cut:
« Derivation, intuition
+ Example

¢ Normalized Laplacian

KDD'09 Faloutsos, Miller, Tsourakakis P7-42
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Ch i

Adjacency vs. Laplacian
Intuition

Let x be an indicator vector:
x, =lifie S
x,=0,ifig S

Consider now y=Lx k-th coordinate

Yk = (La:)k = dk.’Ek — Z SL‘j
J:(Gk)EE(G)

KDD'09 Faloutsos, Miller, Tsourakakis P7-43

CAl o

Adjacency vs. Laplacian

Ganos Intuition

Consider now y=Lx

yk>0

ye = (La)y = dpze — Y, 7
J:(4:,k)EE(G)

KDD'09 Faloutsos, Miller, Tsourakakis P7-44
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G30,0.5

yr = (Lx)k = dpxy, —

i

Adjacency vs. Laplacian
Intuition

Consider now y=Lx

yr <0
>

g CMU SCS
=

il

Adjacency vs. Laplacian
Intuition

G30,0.5

Consider now y=Lx

Y =0

_L ian: ectivit ;
y, —Lgplagian: goppectivityy >,
Adjacency: #paths , . ;"= )

-

— Intuition behind eigenvectors: Eg., Bipartite Graphs
— Walks of length &

¢ Laplacian

— Connected Components
— Intuition: Adjacency vs. Laplacian
— Sparsest Cut and Cheeger inequality:

KDD'09

+ Derivation, intuition
* Example

* Normalized Laplacian

Faloutsos, Miller, Tsourakakis P7-47

J:(G,k)EB(G) J
KDD'09 Faloutsos, Miller, Tsourakakis P7-45 KDD'09 Faloutsos, Miller, Tsourakakis P7-46
¥ CMU SCS # CMU SCS
Outline Why Sparse Cuts?
¢ Reminders . . .
. . * Clustering, Community Detection
¢ Adjacency matrix A
Cu

* And more: Telephone Network Design,
VLSI layout, Sparse Gaussian Elimination,
Parallel Computation

KDD'09 Faloutsos, Miller, Tsourakakis P7-48




E CMU SCS
Quality of a Cut

* Isoperimetric number ¢ of a cut S:

#nodes in smallest
#edges across partition

e(S,V —-9)
min(|S|,|V = S|).

¢(5) =

({4}) - mm(l 3) =2

KDD'09 Faloutsos, Miller, Tsourakakis P7-49

g CMU SCS

Quality of a Cut

* Isoperimetric number ¢ of a graph = score
of best cut:

¢(G) = min ¢(5)
({1 4}) mzn(2 2) T =1

andthus ¢(G) =1

KDD'09 Faloutsos, Miller, Tsourakakis P7-50

‘g cuuscs
Quality of a Cut

* Isoperimetric number ¢ of a graph = score
of best cut:

Best cut:  hard to find

BUT: Cheeger’s inequality
gives bounds
Ay Plays major role

Let’s see the intuition behind A,

KDD'09 Faloutsos, Miller, Tsourakakis P7-51

CMU SCS
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Laplacian and cuts - overview

* A cut corresponds to an indicator vector
(ie., 0/1 scores to each node)

* Relaxing the 0/1 scores to real numbers,
gives eventually an alternative definition of
the eigenvalues and eigenvectors
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Why A,?
ot V-S
Characteristic Vector x S
m x=1ifieS
m x=0,ifig S
Edges
Then: across cut
/
TLe = V2 —
' Lr =3 hepe (@i — )" = e(S,V = 5)
KDD'09 Faloutsos, Miller, Tsourakakis P7-53

g CMU SCS
Why 2,2

S V-§
cut

XTLx=2 x=[1,1,1,1,0,0,0,0,0]"

KDD'09 Faloutsos, Miller, Tsourakakis P7-54
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e,

Why 1,2
_ oS.V=5) pp &(5) ¢(5)
r(S) = Tov=st W=~ < () < T
Ratio cut
g . 127Lx
Sparsest ratio cut  7(G) = minr(S) = nn ;%
NP-hard
Relax the constraint: z € {0,1}"* — z € R"
m) ?
Normalize: Zz ;=0 .
KDD'09 Faloutsos, Miller, Tsourakakis P7-55
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il

Why 1,2
. s ey 127Lx
Sparsest ratio cut () = min7(S) = - W
NP-hard

Relax the constraint:z € {0,1}" — 2 € R"
. ‘)\
Normalize: ZZ z; =0
because of the Courant-Fisher theorem (applied to L)

A\ . ul Lu Z(i‘j)eﬂ((}')("’l —uy)?
9 = EAEIEIN & e

min R min 7
Toui 00 U Y ui0u/0 ;U

KDD'09 Faloutsos, Miller, Tsourakakis P7-56
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Josoes

Each ball 1 unit of mass

Why 1,2

Lx=Ax
t

Dfn of eigenvector

Matrix viewpoint:

KDD'09 Faloutsos, Miller, Tsourakakis P7-57

g CMU SCS

Josoet

Each ball 1 unit of mass

Why 2,2

Lx = Ax
/ AN

Force due to neighbors

displacement

. . . Hooke’s constant
Physics viewpoint:

KDD'09 Faloutsos, Miller, Tsourakakis P7-58
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Why A,?
Je-e0-e)
Each ball 1 unit of mass Lx=Ax

Eigenvectorl :
value '

For the first eigenvector:
All nodes: same displacement (= value)

KDD'09 Faloutsos, Miller, Tsourakakis P7-59
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Why A,?
Each ball 1 unit of mass Lx= /lx
: Node id
Eigenvector
value
KDD'09 Faloutsos, Miller, Tsourakakis P7-60




E CMU SCS
Why 2,2

Fundamental mode of vibration
. “along” the separator

g CMU SCS

Cheeger Inequality

Score of best cut
(hard to compute)

2/ T
<\ < 20(G)

2dvncmc _ \
Max degree 27 smallest eigenvalue
(easy to compute)
KDD'09 Faloutsos, Miller, Tsourakakis ’ P7-61 KDD'09 Faloutsos, Miller, Tsourakakis P7-62
3 CMU SCS ¥ CMU SCS

Cheeger Inequality and graph .

e e . Outline

partitioning heuristic: ,
* Reminders
5 d¢2 < A2 <2¢(G) * Adjacency matrix
4 e Laplacian
» Step 1: Sort vertices in non-decreasing — Connected Components

order according to their score of the — Intition: Adjacency vs. Laplacian
second eigenvector — Sparsest Cut and Cheeger inequality:

. ¢ Derivation, intuition

» Step 2: Decide where to cut. L] - Example

* Bisection * Normalized Laplacian

. Two common heuristics
* Best ratio cut

KDD'09 Faloutsos, Miller, Tsourakakis P7-64
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Example: Spectral Partitioning

dumbbell
graph

Al smrizs (1@9@)ck analysis,

A0 B00IIsEB) ameall@d)cane(60diEs
A(501:1000,501:1000)= ones(500)-eye(500);
myrandperm = randperm(1000);

B = A(myrandperm,myrandperm);

KDD'09 Faloutsos, Miller, Tsourakakis P7-65

g CMU SCS

Example: Spectral Partitioning

* This is how adjacency matrix of B looks

spy(B)

KDD'09 Faloutsos, Miller, Tsourakakis P7-66
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Example: Spectral Partitioning

* This is how the 2" eigenvector of B looks
like.

L = diag(sum(B))-B; o
[uv] =eigs(L,2,SM"); .

plot(u(:,1),’x) ;
Not so much =
information yet... e

004

0 100 200 300 400 500 00 700 800 900 000

KDD'09 Faloutsos, Miller, Tsourakakis P7-67
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Example: Spectral Partitioning

 This is how the 2" eigenvector looks if we
sort it.

00

002

[ign ind] = sort(u(:,1));
plot(u(ind),'x’)

0o

But now we see
the two communities! .

0 100 200 300 400 00 600 700 600 900 1000

KDD'09 Faloutsos, Miller, Tsourakakis P7-68
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Example: Spectral Partitioning

* This is how adjacency matrix of B looks
now
spy(B(ind,ind))

ré!

ser&mﬂim@euristics
are equivalent for the dumbbel

KDD'09 Faloutsos, Miller, Tsourakakis P7-69
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Outline

* Reminders
* Adjacency matrix
» Laplacian
— Connected Components
— Intuition: Adjacency vs. Laplacian
— Sparsest Cut and Cheeger inequality:
= Normalized Laplacian

KDD'09 Faloutsos, Miller, Tsourakakis

P7-70
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Why Normalized Laplacian

The only
o Weighted
edge!

Cut here

Cut here
1
=500 >

1
P= 500+

So, ¢ is not good here...

KDD'09 Faloutsos, Miller, Tsourakakis P7-71
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Why Normalized Laplacian

The only
o Weighted
edge!

Cut here Cut here
Optimize Cheeger ~ ¢= =1 > 0= m07e
constant h(G), - 5V _9)
balanced cuts h(S) = min(vol(S),vol(V — S))
hg = mgn hG(S) | where vol(S) = 3 d,
veS
KDD'09 Faloutsos, Miller, Tsourakakis P7-72




Extensions

* Normalized Laplacian
— Ng, Jordan, Weiss Spectral Clustering
— Laplacian Eigenmaps for Manifold Learning

— Computer Vision and many more
applications. ..

Standard reference: Spectral Graph Theory
Monograph by Fan Chung Graham

KDD'09 Faloutsos, Miller, Tsourakakis P7-73

g CMU SCS

Conclusions

Spectrum tells us a lot about the graph:
* Adjacency: #Paths
* Laplacian: Sparse Cut

* Normalized Laplacian: Normalized cuts,
tend to avoid unbalanced cuts

KDD'09 Faloutsos, Miller, Tsourakakis P7-74
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Large Graph Mining:
Power Tools and a Practitioner’s guide

Task 8: hadoop and Tera/Peta byte graphs

Faloutsos, Miller, Tsourakakis

CMU SCS

Outline

* Introduction — Motivation

» Task 1: Node importance

e Task 2: Community detection

* Task 3: Recommendations

e Task 4: Connection sub-graphs

e Task 5: Mining graphs over time

» Task 6: Virus/influence propagation

e Task 7: Spectral graph theory

e Task 8: Tera/peta graph mining: hadoop

* How about if graph/tensor does not fit in
core?

* How about handling huge graphs?

KDD 09 Faloutsos, Miller, Tsourakakis P8-3

CMU * Observations — patterns of real graphs
* Conclusions
KDD '09 Faloutsos, Miller, Tsourakakis P8-1 KDD '09 Faloutsos, Miller, Tsourakakis P8-2
% CMU SCS ¥ CMU SCS
Scalability Scalability

* How about if graph/tensor does not fit in
core?

* ['MET’: Kolda, Sun, ICMD’08, best paper
award]

* How about handling huge graphs?

KDD 09 Faloutsos, Miller, Tsourakakis P8-4




E CMU SCS
Scalability

* Google: > 450,000 processors in clusters of
~2000 processors each [Barroso, Dean, Holzle,
“Web Search for a Planet: The Google Cluster
Architecture” TEEE Micro 2003 ]

* Yahoo: 5Pb of data [Fayyad, KDD’07]
* Problem: machine failures, on a daily basis
* How to parallelize data mining tasks, then?

KDD '09 Faloutsos, Miller, Tsourakakis P8-5
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Scalability

* Google: > 450,000 processors in clusters of ~2000
processors each [Barroso, Dean, Holzle, “Web Search for
a Planet: The Google Cluster Architecture” IEEE Micro
2003]

* Yahoo: 5Pb of data [Fayyad, KDD’07]
* Problem: machine failures, on a daily basis
* How to parallelize data mining tasks, then?

* A: map/reduce — hadoop (open-source clone)
http://hadoop.apache.org/

KDD '09 Faloutsos, Miller, Tsourakakis P8-6

_g CMU SCS
2’ intro to hadoop

* master-slave architecture; n-way replication
(default n=3)

» ‘group by’ of SQL (in parallel, fault-tolerant way)
* e.g, find histogram of word frequency

— compute local histograms

— then merge into global histogram

select course-id, count(*)
from ENROLLMENT
group by course-id
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2’ intro to hadoop

* master-slave architecture; n-way replication
(default n=3)

» ‘group by’ of SQL (in parallel, fault-tolerant way)
* e.g, find histogram of word frequency

— compute local histograms

— then merge into global histogram

select course-id, count(* reduce
from ENROLLMENT
group by course-id map
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[ User
~Program <
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D.L.S.C.

fork fork% ‘"‘n\‘fork
, » ‘Data Intensive Scientific Computing’ [R.
out b é’fsiii “assign, Bryant, CMU]
nput Data reduce ", bi >
(on HDFS) < — ‘big data
— www.cs.cmu.edu/~bryant/pubdir/cmu-cs-07-
Split 0 128.pdf
Split 1
Split 2
remote read,
sort
By default: 3-way replication;
Late/dead machines: ignored, transparently (!)
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¥ CMU SCS # CMU SCS
Analysis of a large graph Conclusions
~200Gb (Yahoo crawl) - Degree Distribution: * Hadoop: promising architecture for
¢ in 12 minutes with 50 machines Tera/Peta scale graph mining
* Many link spams at out-degree 1200
Resources:
108 InDegree 108 OutDegree
AR 1w ¢ http://hadoop.apache.org/core/
210 210 .
= = * http://hadoop.apache.org/pig/
3.5 3103 . .
oI o Higher-level language for data processing
10’ 10'
wom“ 10" 10 10° 10* 10° 10° 107 ‘0010" 10! 102 10° 10*
Degree, k Degree, k
KDD '09 Faloutsos, Miller, Tsourakakis P8-11

KDD 09 Faloutsos, Miller, Tsourakakis P8-12




g CMU SCS

References

e Jeffrey Dean and Sanjay Ghemawat, MapReduce:
Simplified Data Processing on Large Clusters, OSDI'04

e Christopher Olston, Benjamin Reed, Utkarsh Srivastava, Ravi
Kumar, Andrew Tomkins: Pig latin: a not-so-foreign language
for data processing. SIGMOD 2008: 1099-1110

KDD '09 Faloutsos, Miller, Tsourakakis P8-13




g CMU SCS
=

Large Graph Mining:
Power Tools and a Practitioner’s guide

Christos Faloutsos
Gary Miller
Charalampos (Babis) Tsourakakis
CMU
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Outline

* Introduction — Motivation

» Task 1: Node importance

e Task 2: Community detection

* Task 3: Recommendations

e Task 4: Connection sub-graphs

e Task 5: Mining graphs over time

» Task 6: Virus/influence propagation

e Task 7: Spectral graph theory

» Task 8: Tera/peta graph mining: hadoop
=) Observations — patterns of real graphs

* Conclusions
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Observations — ‘laws’ of real graphs

¢ Observation #1: small and SHRINKING
diameter

* Observation #2: power law / skewed degree
distributions

* Observation #3: power laws in several
aspects

¢ Observation #4: communities

KDD'09 Faloutsos, Miller, Tsourakakis P9-3
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Observation 1 — diameter

* Small diameter — ‘six degrees’

¢ ... and the diameter SHRINKS as the graph
grows (!)
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Diameter - “Patents”

o x; diameter
 Patent citation Ca .
30 - Post '85 subgraph, no past

network
e 25 years of data

Effective diameter

1%75 1980 1985 1990 1995

time [years]
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Observation 1 — diameter

* Small diameter — ‘six degrees’

* ... and the diameter SHRINKS as the graph
grows (!)

Practical implication: BFS may die:
— 3-step-away neighbors => half of the graph!
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Observations 2 — degree distribution
Skewed degree distribution

* Most nodes have degree 1 or 2

* ... but they probably have a neighbor with
degree 100,000 or so (!)

KDD'09 Faloutsos, Miller, Tsourakakis P9-7
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Degree distributions

» web hit counts [w/ A. Montgomery]

[e]
Web Site Traffic
log(count)
i1\ Zipf °
iy
g , ~ ebay’ 5 o
users .
j sites
o g(i n-degree)
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epinions.com
¢ who-trusts-whom
count [Richardson +
. T Domingos, KDD
- 2001]

= |~ trusts-2000-people user
, = _A peop
1 10 100 1000 10000
Qut-degree
(out) degree
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Observation 2 — degree distributions

Skewed degree distribution
* Most nodes have degree 1 or 2

* ... but they probably have a neighbor with degree
100,000 or so (!)

Practical implications:
* May need to delete/ignore those high degree nodes

* Could probably also trim the 1-degree nodes,
saving significant space and time
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Observation 3 — power laws

Power-laws / skewed distributions in
everything:
— Most pairs: within 2-3 steps; but, some pair:
~20 or more steps away
— Triangles: power laws[Tsourakakis’08]
— # of cliques: ditto [Du+’09]
— Weight vs degree: ditto [McGlohon+’08]
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Observation 4 — communities

* ‘Negative dimensionality’ paradox
[Chakrabarti+’04]

Practical implication:

* Graphs may have no good cuts

KDD'09 Faloutsos, Miller, Tsourakakis P9-12
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Conclusions

0) Graphs appear in numerous settings

1) Singular / eigenvalue analysis: valuable
— Fixed points — random walks — importance
— Eigenvalue and epidemic threshold
— Laplacians -> communities
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Conclusions - cont’d

2) Random walks -> proximity
— Recommendations, auto-captioning, etc
— Fast algo’s, through Sherman-Morrison
3) Tera-byte scale graphs: hadoop
4) Beware: counter-intuitive properties

— small diameters; power-laws; possible lack of
good cuts
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